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Abstract: In this paper, using the Schauder and the Banach fixed point (FP) theorems, we examine
the existence and uniqueness of solutions in the Banach space C([0, 1]) for a boundary value problem
(BVP) of non-linear third-order g-difference equations with the g-integral boundary condition. Then,
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offer some examples to support our main outcomes.
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1. Introduction

The theory of boundary value problems (BVPs) arises in different areas of applied mathematics and
physics (see, e.g., [1-4]). Especially the BVPs with integral boundary conditions have been a topic of
research for many scholars, such as chemical engineering, groundwater flow, heat conduction, thermo-
elasticity, and plasma physics (see, e.g., [5-9]). Over time, a wide range of studies has been conducted
on third-order differential equation BVPs, with research focusing on the existence and uniqueness of
solutions for third-order differential equations. Several methods have been used to prove the existence
and uniqueness of solutions. For example, Boucherif et al. [10] used the method of lower and upper
solutions to generate an iterative technique. Xie and Pang [11] obtained some new results by applying
the shooting method and provided the existence of at least one positive solution for a third-order
differential equation. Cabada and Dimitrov [12] investigated the existence of solutions of the third-
order non-linear differential equation using FP index theory. Recently, using the Banach and the Rus
FP theorems, Smirnov [13] provided the existence of a unique solution for the non-linear third-order
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differential equation
XD+ ¢, x(D)) =0, [€[cd], (1.1)

and the integral-type boundary conditions

d
x(c) =0, x(d)=0, f x(D)dl =0, (1.2)

where ¢ € C([c,d] X R) and ¥(1,0) # 0 for all / € [c, d]. Related works can also be found in [14-16].

The topic of g-difference equations arose in the early 20th century and has been applied to different
disciplines such as physics and mathematics (see [17,18]). There are some pioneering works on third-
order g-difference equations. For instance, in [19], Ahmad has worked on the existence of solutions
for the following non-linear BVP of third-order g-difference equations:

307 —
Dyx(l) =y, x(D), [<€][0,1],
and the boundary conditions
x(0)=0, x(1)=0, D,x(0)=0,

where i is a given continuous function, applying Leray-Schauder degree theory and some standard FP
theorems. In [20], Ahmad and Nieto have studied a nonlocal non-linear BVP of third-order g-difference
equations given by
D)x(l) = y(L, x()), 1€[0,1],,
and the boundary conditions
x(0) =0, Dyx(0)=0, x(1)=a-x(m),

where ¢ € C([0, 1], X R), [0, 1], = {¢* : k e N} U{0, 1}, g € (0,1) is a fixed constant, n € {¢* : k € N}
and a # nLZ is a real number. In [21], Yu and Wang have established the existence of positive solutions
of the following BVP of the non-linear singular third-order g-difference equation:

Dix() + - a(D) - y(x() = 0, 1€[0,1],
and the boundary conditions
x(0)=0, Dyx(0)=0, a-Dyx(1)+p-Dyx(1)=0,

where A is a positive parameter, by using the Krasnoselskii FP theorem on a cone. For further study, we
refer readers to [22]. However, the theory of third-order g-difference equations with integral boundary
conditions is not very common in the literature.

Motivated by the papers mentioned above, we will consider the following non-linear BVP of the
third-order g-difference equation

D)x()+y(Lx(D) =0, [e[0,1], (1.3)

and the integral-type boundary conditions
1
x(0)=0, x(1)=0, f x(hd,l = 0. (1.4)
0
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Here, ¥ € C([0,1] X R), and ¥(/,0) # O for all / € [0, 1], which ensures that the trivial solution does
not occur. This paper aims to obtain some existence and nonexistence outcomes for the problem (1.3)-
(1.4). The rest of the paper is organized as follows: In section 2, we recall some necessary definitions
and theorems; In section 3, we rewrite the BVP (1.3)-(1.4) as an integral equation and construct the
Green function. We also drive an inequality related to the Green function; In Section 4, we establish
the main results concerning the existence, uniqueness, and nonexistence of solutions. To complement
these findings, we include several examples as supporting evidence.

2. Preliminaries

This section is devoted to a brief review of fundamental notions from g-calculus [23,24].

Definition 1. The g-derivative of a real-valued function x is defined by

x(l) — x(ql)
(I -9l

where (D,x)(0) = llir{)l(qu)(l). Here lir? D,x(I) = x'(I). The higher-order g-derivatives are given by
— g—1-

(Dgx)(I) =

Dix(l) = DD ' x(), k€N,

where D)x(l) = x(I).

Definition 2. The g-integral of a function x on the interval [c, d] is defined by
l e8]
[ x0ds =Y -0 ¢ 13t - e xteql. el
¢ =0
and for ¢ = 0, it is denoted
1 o]
1,x(l) = f x(s)d,s = Z [-(1-¢q)-q" - x(qg").
0 k=0

Here, the right-side series must satisfy the convergence condition. If ¢ € [0, d] and the function x is
defined in [0, d], in this case the following statement holds true:

d d C
f x(l)d,l = f x(D)d,l - f x(D)d,l.
c 0 0

Ix() = LI 'x(),  keN,

Similarly, we have

where I9x(1) = x(0).
Observe that D 1,x(l) = x(I), and if x is continuous at [ = 0, then I,D x(I) = x(I) — x(0).
The change of order of integration is as

I s I
f f x(r)dyrdys = f f x(r)dysdgr.
0 Jo 0 Jgr
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Lemma 1. /[25]

1. If x is g-integrable on the interval [c,d], and a € [c, d], then

@ d
f x(Dd,l = f x()d,l + f x() d,l.

2. If |x| is g-integrable on the interval [0, d], then
d
< f lx(D)] d,l.
0

fd x(h)d,l
0

The existence and uniqueness of solutions are examined through the following two FP theorems.
For further information on FP theory, the readers may consult the works in [26-30].

Theorem 1. (Schauder FP theorem) [31,32] Let D be a nonempty, closed, bounded, convex subset of
a Banach space Q, and Y : D — D be a completely continuous map (i.e., (' is continuous and V(D)
is relatively compact). Then (" has at least one FP in D.

Theorem 2. (Banach FP theorem) [33] Let Q be a Banach space. If T : Q — Q is a contraction map,
that is, there exists 6 € [0, 1) with

IC@D) = LI <0l - sl
foranyl, s € Q, then " has a unique FP in Q.

3. Formulation of the Green’s function

The target of this section is to rewrite the BVP (1.3)-(1.4) as an equivalent integral equation. Hence,
we shall consider the linear equation

Dix()+u() =0, [€[0,1], (3.1)

where u € C([0, 1]), associated with the boundary conditions (1.4). In order to reach our results, we
need the following two preliminary lemmas.

Lemma 2. The BVP (3.1)-(1.4) has the solution

(=AU =)A= g5) + [PFA + g+ ¢») = I(1 + )1 — gs)(1 — ¢°s)
x()) = > u(s)d,s
0 g°(1 +¢q)
" =D+ (1 - gs)(1 = g s)(1 = ¢’s)
- > u(s)dys
0 g°(1 +q)
"EPA+ g+ -1 +9) - =D+ )1 - 9] - gs)(1 = ¢s)
+ 3 u(s)d,s
I g°(1+¢q)
that we can rewrite as .
x() = f G(l, gs) - u(s)dys,
0
where
—q*(I=g*5)(I—=q5)+[[(1 +q+q*) =11 +q)]-(P-D(1+q)(1-¢> 5)1(1-g5)(1=¢>s)
G(l, qs) = P(1+q) o gs<l, (3.2)
43T [P+ 10 +9)-P-DU+) (=g 91 ~g9)(1~¢>9) 1< as :
g*(1+9) ’ = 45
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Proof. Taking the g-integral of Eq (3.1) from O to /, and then changing the order of g-integration, we
get

!
Dix() = - fo u(s)d,s + A,
!
D, x(I) = - f(l —gs)u(s)dys + Al + B,
0

1 [ ) 5 12
x() = - Tq f(; [I7 = lgs(1 + q) + q(qs) 1u(s) dys + A1 Ta

+ Bl + C. 3.3)

Using the first boundary condition in Eq (3.3), we have

2
1+g¢
By writing / = 1 in Eq (3.4) and using the second boundary condition, we get

I
x() = —i[ f 7 - lgs(1 +q) + q(qs)z]u(s) dys+A + BI. 3.4)
0

I , A
= mfo [1 = gs(1 +q) + q(gs)"Ju(s) dgs - g (3.5)

Taking the g-integral of Eq (3.4) from O to 1 and using Eq (3.5) with the integral boundary condition,
we obtain

l+g+q (!
A:—Zz q f[1—qs(1+q)+q(qs)2]u(s)dqs
0

1-(gs)’
1+qg+q?

_(+g+g)1+9)
7
Substituting (3.5) and (3.6) in (3.4), we have

+q(gs)*(1 — gs) — gs(1 = (gs)*) |u(s) dys. (3.6)

-1 /
O fo [P — lgs(1 + @) + q(gsTu(s) d,s
lq2+(lz—l)(1 +qg+q
+
> (1 +¢q)
@ l><1+q+q2>f

2 1
) f [1 - gs(1 +q) + q(gs)*lu(s)d,s

1-(gs)°
l+qg+q>

+q(g9)*(1 = gs) — gs(1 = (gs)*) |u(s) d,s.

Thus, we achieve the desired result. O

Remark 1. In this lemma, we generalize the solution x(/) of the problem (1.1)-(1.2) in [13,
Proposition 1] to g-calculus where ¢ = 0 and d = 1. We also observe that G(/, gs) is reduced to
G(l, s) in [13, Proposition 1] when g — 1~ forc =0 and d = 1.

Now, we prove the following inequality involving the Green’s function for the integral.

Lemma 3. The Green’s function G(l, qs) in (3.2) satisfies the inequality

1

8 10g% + 2 +2
- GUg9)dys g'+q’ + 104" +2q +

T AP0+ + ) +g+q?)

=M, (3.7)

<f IG(l,g9)ldys <
foralll e [0,1].
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Proof. For alll € [0, 1], from Lemma 1 and the Green function (3.2), we have

1
f G(l,qs)dys
0

1
Sf |G, gs)|dys
0

[ 1
- f G(l, gs)| d,s + f Gl gs)| d,s
0 [

1 /
=20+ fo (q* (U= g*s)1 = g5) + [ = )1 + @) + P11 = g5)(1 = ¢°5)) s

1 [
+ 2(1—+q> f (1= P)(1+ )1 - gs)(1 - qlgs))(1 — (s))dys
2(1 ) f [(I-P)Y1 +q)+ Pg*1(1 — gs)(1 — g S)d s

f (=)0 +@)(1 = gs)(1 = gg))(1 = ¢*(gs)) dys

2(1 +q)
_ B L (=PI +q)+Pg (I - P)
¢+ +q+q¢*) ¢+ +q+q*) g1+ +4q?)
gL +rg (=DI1+U+g)+(+q+q)]
P+l +q+ g 1+ + ¢+ g+

Smax( 1+ g )+ max((l “DIA+ U+ )+ (L+g+ q2>])
osisi\@*(1 + @)(1 + g+ ¢*))  osisi P+ +¢*)(1 +q+q%)

< 247 N [(1+ )1 +¢*) +(1 +CI+q2)]( 1)
TP+ +g+q) U+ +g)(+q+q>) \2 4
8¢+ +10¢7 +2g+2

AP+ + @)1+ g+

4. Main outcomes

In this section, we firstly demonstrate the existence and uniqueness of the solutions of the
problem (1.3)-(1.4), using some FP theorems. Therefore, we convert this problem into an FP problem,
Tx = x, by defining a map Y. In this case, let C([0, 1]) show the Banach space of all continuous
functions

x:[0,1] >R

equipped with the norm
|[x]] = max |x(])].
1€[0,1]

Thus, by Lemma 2, we can define a map T : C([0, 1]) — C([0, 1]) as follows:

1
(Tx)() = j(; G(l, gs) - Y(s, x(s)) dys. “4.1)

We begin by presenting our first outcome, which is established through the use of the Schauder FP
theorem.
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Theorem 3. Let Y be defined as in (4.1) and let € C([0, 1] X R) satisfy the following conditions:
(S1) Suppose that there exist h,v € L'([0, 1]) such that

(L, 0l < [R(D] - x| + [v(D)]
where (I, x) € [0, 1] X R.
(S2) There exists a constant L > 0 such that
W, x) =yl < L-|x =yl
foralll €[0,1] and x,y € R.
Then, the problem (1.3)-(1.4) has at least one nontrivial solution x(l) in the Banach space C([0, 1]).

Proof. We consider the set D = {x € C([0, 1]) : ||x]| £ K}. Itis clear that the set D is a closed, bounded,
and convex subset of C([0, 1]). Firstly, we prove that Y : © — D. For that purpose, we choose

V- M,
>
K= 1-M,-H’

where maxejo 11 [2(])] = H and max 17 [v(D)] = V. For any x € D, we possess

1
ITX(S)|=f0G(l,QS)'w(S,X(S))qu

1
< fo IG(L, g9)| - W (s, x(5))] dys
1
Sfo G, gs)I - {{h(s)] - [x()] + [v(9)]} dys
1
< fo Gl gs)] - {max [h(s)] - max [x(s)] + max [V(s)[}dys
1
sf IG(L,gs)| - (H - K +V)d,s
0

<S(H-K+V)-M <K. (4.2)

Thus, we get T : D — D. Now we must show that Y is completely continuous. In order to prove
that the map Y is completely continuous, it is necessary to show that it is continuous and relatively
compact. As a first step, we establish the continuity of the map . For this, let {x;} be a sequence in D
that converges to x in D. In this case, for / € [0, 1], we have

1
ITLx](D) = Tx](DI = f G(1,g5) - [Y(s, x1(5)) = Y(s, x(5)] dys
0

1
Sj; G, g9)| - (s, xi(5)) = (s, x(5) dgs
1
SLfo G, g9) - [xi(s) — x($) dys
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1
SLf Gl gs)l - max xi(s) — x(s)] dys
0 NSILVA

1
=L [lx — x| - f |G, gs)|dys. 4.3)
0
Taking the norm of Eq (4.3) for [ € [0, 1], it follows that
I [xe] = YLx]ll < My - L - [lx — xl. 4.4)

This implies that the right side of (4.4) approaches zero as {x;} approaches x. Therefore, ¥ : D — D
is continuous. Finally, we demonstrate the relatively compactness of the map Y. D is bounded and one
can easily show that (D) is bounded. On the other hand, let /; < [, for all [}, [, € [0, 1]. In this case,
we acquire

1
ICLx](%2) = Yx]AD)] = f [G(L2, g5) = G(L1, g5)] - Y (s, x(5)) dys
0

1
< f IG(L>, gs) — G(Ly, )| - {|A(S)] - |1x($)] + [V($)I} dys
0
1
< f IG(L, g5) — Gy, g5)| - rr%gﬁ{lh(S)l x(9)] + [v(s)I} dys
0 s€[0,
1
<(K-H+ (V)f IG(L2, g5) — G(ly, g5)|d,s.
0

Because the Green’s function is continuous, we have ||T[x](/;)—Y[x](l})|| — 0 as I, — [;, which means
that the map Y is equicontinuous. Thus, T is relatively compact since it is bounded and equicontinuous.
Consequently, since all the conditions of Theorem 1 are satisfied, the problem (1.3)-(1.4) has at least
one nontrivial solution in D. |

Example 1. Consider the following BVP:

5(1+412) VIx[+1 el cosl

D3x() + M+ Lo =0, 1€]0,1],
X0) =0, x(1)=0, [ x(I) dyl =0,

where ¢ = 1 and
B |x] . 1
5(1+42)+[x|+1 e'cosl

is continuous in [0, 1] X R, and ¥(/,0) = m # 0 for all [ € [0, 1]. Clearly, for (1, x) € [0, 1] X R, we
see that

(. x)

|x| N 1
5(1 +42)  elcosl

where |h(])| = m and |v())| = elclosl' Now, for every (/, x), (l,y) € [0, 1] X R, we have
1 Vx| Iyl

W2 =yl =537 75 VRF T i+l

(L, 0l <
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ST i 412)"’4 ~ 1|

<oy
<—|x-
5 y

where L = % > 0. As a result, it follows from Theorem 3 that the problem has at least one nontrivial

solution x(/) in C([0, 1]).
The second outcome is derived by employing the Banach FP theorem.

Theorem 4. Assume that (S2) holds and L - My < 1, where M, is given by (3.7). Then the BVP (1.3)-
(1.4) has a unique nontrivial solution in the Banach space C([0, 1]).

Proof. Suppose that max;ejo.1; [(/, 0)] = M, and choose a constant R satisfying

M - M,
R> .
1-L

First, we will evidence that T(D) c D, where D = {x € C([0, 1]) : |[|x]| < R}. Then, for any x € D, by
following similar steps as in (4.2), we obtain the following inequality:

ITx|| < (L- R+ M)M, <R.

Therefore, T(D) c D. Now, we will prove that Y is a contraction. For all x,y € C([0,1]) and [ € [0, 1],
we get

1
I(TX)(l)—(Ty)(l)ISfoG(LQS)~[sl/(s,X(S))—t//(S,y(S))]dqs

1
Sf IG(L,g$)| - L- max |x(s) — y(s)l dys
0 s€|0,
<L-Mi-llx—)yl. (4.5)

Taking the maximum of both sides of (4.5) over [0, 1], we obtain
[I"Cx =yl < L- M -[lx =yl

for all x,y € C([0,1]), where L - M; < 1. Hence, by Theorem 2, we achieve the unique solution in
D. O
Example 2. Consider the following BVP:
D} x() + B2 = 0, [ € [0, 1],
2
x(0) =0, x(1) =0, fol x(l)d%l =0,
where ¢ = 1 and

2 +9+sinx

Y(l, x) = 9
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is continuous in [0, 1]XR, and ¥(/,0) = §+1 # Oforall/ € [0, 1]. Now, for every ([, x), (I, y) € [0, 1]xXR
we have

I . .
Wl x) = g0,y =g] sinx = siny
<slr )l
=9 y

where L = §. On the other hand, if we write ¢ = 1 in (3.7), we get M; = 2. From here, we conclude
that L - M, = é . % = % < 1. Thus, by Theorem 4, there exists a unique nontrivial solution x(/)
in C([0, 1]). In this case, the inequality L - M; = 0.2 < 1 holds for g = % Similarly, for g = % and
q= i, L- M, < 1 (see Table 1), and thus the conditions of Theorem 4 are also satisfied. Therefore, the
problem has a unique nontrivial solution for these values of g.

In the following theorem, we establish a condition that guarantees the integral equation (4.1) admits
no nontrivial solution in C([0, 1]).

Theorem 5. Assume that 0 < ¥(l, x) < Mileor every 0 <[ < 1, where M is given by (3.7). Then the
problem (1.3)-(1.4) has no nontrivial solution in the Banach space C([0, 1]).

Proof. Assume that there exists x € C([0, 1]) with x = Tx. Let [, € [0, 1] be such that ||x]| = x(l). In
this case,

[lxll = [Cxd] = max

1
ax f G, gs) - Y(s, x(s)) dys

<max f IG(L, gs)| - (s, x(s)| dys
= f IG(lo, )| - ¥(s, x(s5)) dys

0

1 1
<Ef0 IG(ly, gs)| - x(s) dys

1 1
<— G(lp, d
_MIIIXIII0 1Glo, gs)l dys

<[lxl,

which is a contradiction. O

Example 3. Consider (1.3)-(1.4) with ¥(l, x) = 100, x> 0,and g = io. Then, from (3.7), we have
= (, 02 such that
8¢+ + 1047 +2g +2
AA+ 1+ (A + g+ P

Consequently, we get 0 < ¢(,x) = {55 < 755 < 765 = 3% Thus by Theorem 5, the problem (1.3)-

(1.4) has no nontrivial solution in C([0, 1]). Also, when g = ¢, we obtain 5~ = 0.06 and 0<uy(x) =

Ix X 6x _ —
00 < 105 < 100 = Ex. Therefore, the conditions of Theorem S5 are sat1sﬁed for g = ¢ as well. The

values of - 57~ corresponding to different choices of g are presented in Table 1.
1

= 46, 66.
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Table 1. Some numerical results (L = é).

M, 1.86 | 4.11 | 7.27 | 11.39 | 16.47 | 46.66
L-M; |02 045 |08 126 | 1.83 |5.18

1/M; | 053 |024 |0.13 |0.08 |0.06 |0.02

W=

5. Conclusions

In this study, we establish the existence and uniqueness of solutions for the problem (1.3)-(1.4)
by employing the Schauder and Banach FP theorems, respectively. We also determine a sufficient
condition under which the considered problem admits no solution. Furthermore, several numerical
examples are presented to demonstrate the applicability and effectiveness of the theoretical results
obtained. It is worth noting that Lemma 2 reduces to Proposition 1 in [13] when ¢ — 1~ for ¢ = 0 and
d=1.

This paper contributes to the growing body of research on BVPs involving g-difference equations,
particularly by addressing problems with integral boundary conditions, which have received relatively
less attention. The present approach, based primarily on the Banach and Schauder FP theorems, can
be further extended by employing alternative FP principles, such as Krasnoselskii’s FP theorem, to
derive more general existence and uniqueness criteria or to study problems with hybrid and nonlocal
boundary conditions.

As a further direction, the present problem may be generalized to the (p, g)-calculus framework,
whose fundamental theory is given in [34]. For more details on (p, g)-difference equations, we refer
readers to [35,36]. In addition, recent studies such as Yu et al. [37] and Yu et al. [38] have investigated
non-linear g-difference equations with the p-Laplacian and non-linear fractional g-integro-difference
systems with nonlocal boundary conditions. These works provide valuable insights and may serve as
a basis for further extensions of the present problem.

Author contributions

Nihan Turan: Writing-original draft; Aynur Sahin: Writing-review and editing. All authors have
read and agreed to the final version of the manuscript for publication.

Use of Generative Al tools declaration

The authors declare they have not used Artificial Intelligence (Al) tools to create this article.
Acknowledgments

This work was supported by the Scientific Research Projects Coordinator of Sakarya University
under grant number 2024-25-63-170.

We would like to thank the anonymous referees for their helpful comments, which significantly

contributed to the improvement of the paper’s quality.

AIMS Mathematics Volume 10, Issue 11, 27044-27057.



27055

Contflict of interest

The authors declare there are no conflicts of interest.

References

1. S. Alkan, A. Secer, A collocation method for solving boundary value problems of fractional order,
Sakarya Univ. J. Sci., 22 (2018), 1601-1608. https://doi.org/10.16984/saufenbilder.352088

2. S. Cetinkaya, @A. Demir, Time fractional equation with non-homogenous
Dirichlet boundary conditions, Sakarya Univ. J. Sci., 24 (2020), 1185-1190.
https://doi.org/10.16984/saufenbilder.749168

3. B. Durak, H. O. Ozer, A. Sezgin, L. E. Sakman, Approximate solutions of nonlinear boundary
value problems by collocation methods compared to newer methods, Sakarya Univ. J. Sci., 27
(2023), 1345—1354. https://doi.org/10.16984/saufenbilder.1342645

4. A. T. Deresse, A. S. Bekela, T. T. Dufera, MT-PINNs: Multi-term physics-informed neural
networks for solving initial boundary value problems of 2D and 3D nonlinear telegraph equations,
Bound Value Probl., 2025 (2025), 1-29. https://doi.org/10.1186/s13661-025-02062-2

5. A. A. Samarski, Some problems in the modern theory of differential equations, Differ. Uravn., 16
(1980), 1221-1228.

6. P. Shi, Weak solution to evolution problem with a nonlocal constraint, SIAM J. Math. Anal., 24
(1993), 46-58. https://doi.org/10.1137/0524004

7. B. Cahlon, D. M. Kulkarni, P. Shi, Stepwise stability for the heat equation with a nonlocal
constraint, SIAM J. Math. Anal., 32 (1995), 571-593. https://doi.org/10.1137/0732025

8. M. Dehghan, On the solution of an initial-boundary value problem that combines Neumann
and integral condition for the wave equation, Numer. Meth. Part. D. E., 21 (2005), 24-40.
https://doi.org/10.1002/num.20019

9. A. Atangana, J. F. Botha, A generalized groundwater flow equation using the concept of variable-
order derivative, Bound. Value Probl., 2013 (2013), 1-11. https://doi.org/10.1186/1687-2770-2013-
53

10. A. Boucherif, S. M. Bouguima, Z. Benbouziane, N. Al-Malki, Third order problems with nonlocal
conditions of integral type, Bound. Value Probl., 2014 (2014), 137. https://doi.org/10.1186/s13661-
014-0137-z

11. W. Xie, H. Pang, The shooting method and integral boundary value problems of third-order
differential equation, Adv. Differ. Equ., 2016 (2016), 138. https://doi.org/10.1186/s13662-016-
0824-4

12. A. Cabada, N. D. Dimitrov, Third-order differential equations with three-point boundary
conditions, Open Math., 19 (2021), 11-31. https://doi.org/10.1515/math-2021-0007

13. S. Smirnov, Existence of a unique solution for a third-order boundary value problem
with nonlocal conditions of integral type, Nonlinear Anal.-Model., 26 (2021), 914-927.
https://doi.org/10.15388/namc.2021.26.23932

AIMS Mathematics Volume 10, Issue 11, 27044-27057.


https://dx.doi.org/https://doi.org/10.16984/saufenbilder.352088
https://dx.doi.org/https://doi.org/10.16984/saufenbilder.749168
https://dx.doi.org/https://doi.org/10.16984/saufenbilder.1342645
https://dx.doi.org/https://doi.org/10.1186/s13661-025-02062-2
https://dx.doi.org/https://doi.org/10.1137/0524004
https://dx.doi.org/https://doi.org/10.1137/0732025
https://dx.doi.org/https://doi.org/10.1002/num.20019
https://dx.doi.org/https://doi.org/10.1186/1687-2770-2013-53
https://dx.doi.org/https://doi.org/10.1186/1687-2770-2013-53
https://dx.doi.org/https://doi.org/10.1186/s13661-014-0137-z
https://dx.doi.org/https://doi.org/10.1186/s13661-014-0137-z
https://dx.doi.org/https://doi.org/10.1186/s13662-016-0824-4
https://dx.doi.org/https://doi.org/10.1186/s13662-016-0824-4
https://dx.doi.org/https://doi.org/10.1515/math-2021-0007
https://dx.doi.org/https://doi.org/10.15388/namc.2021.26.23932

27056

14

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.
217.

28.

29.

30.

31.
32.

S. Smirnov, Multiplicity of positive solutions for a third-order boundary value problem
with nonlocal conditions of integral type, Miskolc Math. Notes, 25 (2024), 967-975.
https://doi.org/10.18514/MMN.2024.4433

S. S. Almuthaybiri, C. C. Tisdell, Existence and uniqueness of solutions to third-order boundary
value problems: analysis in closed and bounded sets, Differ. Equ. Appl., 12 (2020), 291-312.
https://dx.doi.org/10.7153/dea-2020-12-19

O. Zikirov, M. Sagdullayeva, Solvability of nonlocal problem with integral condition for third order
equation, J. Math. Sci., 284 (2024), 287-298. https://doi.org/10.1007/s10958-024-07350-3

S. Sergeev, Quantization scheme for modular g-difference equations, Theor. Math. Phys., 142
(2005), 422-430. https://doi.org/10.1007/s11232-005-0033-x

C. R. Adams, On the linear ordinary g-difference equation, Ann. Math., 30 (1928), 195-205.
https://doi.org/10.2307/1968274

B. Ahmad, Boundary value problems for nonlinear third-order g-difference equations, Electron. J.
Differ. Equ., 2011 (2011), 1-7.

B. Ahmad, J. J. Nieto, On nonlocal boundary value problems of nonlinear g-difference equations,
Adv. Differ. Equ., 2012 (2012), 1-10. https://doi.org/10.1186/1687-1847-2012-81

C. Yu, J. Wang, Eigenvalue of boundary value problem for nonlinear singular third-order g-
difference equations, Adv. Differ. Equ., 2014 (2014), 1-10. https://doi.org/10.1186/1687-1847-
2014-21

B. Ahmad, J. J. Nieto, Basic theory of nonlinear third-order g-difference equations and inclusions,
Math. Model. Anal., 18 (2013), 122—135. https://doi.org/10.3846/13926292.2013.760012

G. Gasper, M. Rahman, Basic hypergeometric series, Cambridge University Press, Cambridge,
1990.

V. Kac, P. Cheung, Quantum Calculus, Springer, New York, 2002.

X. Li, Z. Han, S. Sun, Existence of positive solutions of nonlinear fractional g-difference equation
with parameter, Adv. Differ. Equ., 2013 (2013), 1-13. https://doi.org/10.1186/1687-1847-2013-260

V. Berinde, Iterative approximation of fixed points, Springer-Verlag Berlin Heidelberg, 2007.

A. Sahin, Z. Kalkan, H. Arisoy, On the solution of a nonlinear Volterra integral equation with delay.
Sakarya Univ. J. Sci., 21 (2017), 1367-1376. https://doi.org/10.16984/saufenbilder.305632

S. Khatoon, I. Uddin, M. Basarir, A modified proximal point algorithm for a nearly asymptotically
quasi-nonexpansive mapping with an application, Comput. Appl. Math., 40 (2021), 1-19.
https://doi.org/10.1007/s40314-021-01646-9

A. Sahin, E. Oztiirk, G. Aggarwal, Some fixed-point results for the KF-iteration process in
hyperbolic metric spaces, Symmetry, 15 (2023), 1-16. https://doi.org/10.3390/sym 15071360

Z. Kalkan, A. Sahin, A. Aloqaily, N. Mlaiki, Some fixed point and stability results in b-metric-like
spaces with an application to integral equations on time scales, AIMS Math., 9 (2024), 11335-
11351. https://doi.org/10.3934/math.2024556

R. Precup, Methods in nonlinear integral equations, Kluwer, Dordrecht, 2002.

D. R. Smart, Fixed point theorems, Cambridge University Press, 1980.

AIMS Mathematics Volume 10, Issue 11, 27044-27057.


https://dx.doi.org/https://doi.org/10.18514/MMN.2024.4433
https://dx.doi.org/https://dx.doi.org/10.7153/dea-2020-12-19
https://dx.doi.org/https://doi.org/10.1007/s10958-024-07350-3
https://dx.doi.org/https://doi.org/10.1007/s11232-005-0033-x
https://dx.doi.org/https://doi.org/10.2307/1968274
https://dx.doi.org/https://doi.org/10.1186/1687-1847-2012-81
https://dx.doi.org/https://doi.org/10.1186/1687-1847-2014-21
https://dx.doi.org/https://doi.org/10.1186/1687-1847-2014-21
https://dx.doi.org/https://doi.org/10.3846/13926292.2013.760012
https://dx.doi.org/https://doi.org/10.1186/1687-1847-2013-260
https://dx.doi.org/https://doi.org/10.16984/saufenbilder.305632
https://dx.doi.org/https://doi.org/10.1007/s40314-021-01646-9
https://dx.doi.org/https://doi.org/10.3390/sym15071360
https://dx.doi.org/https://doi.org/10.3934/math.2024556

27057

33. S. Banach, Sur les opérations dans les ensembles abstraites et leurs applications aux équations
intégrales, Fund. Math., 3 (1922), 133-181.

34. P. N. Sadjang, On the fundamental theorem of (p, g)-calculus and some (p, g)-Taylor formulas,
Result. Math., 73 (2018), 1-21. https://doi.org/10.1007/s00025-018-0783-z

35.N. Turan, M. Bagsarr, A. Sahin, On the solutions of the second-order (p,q)-difference
equation with an application to the fixed-point theory, AIMS Math., 9 (2024), 10679-10697.
https://doi.org/10.3934/math.2024521

36. O. B. Ozen, E. Cetin, 0. Ulke, A. Sahin, F. S. Topal, Existence and uniqueness of solutions for
(p, g)-difference equations with integral boundary conditions, Electron. Res. Arch., 33 (2025),
3225-3245. https://doi.org/10.3934/era.2025142

37. C. Yu, J. Li, J. Wang, Existence and uniqueness criteria for nonlinear quantum difference equations
with p-Laplacian, AIMS Math., 7 (2022), 10439-10453. https://doi.org/10.3934/math.2022582

38.C. Yu, S. Wang, J. Wang, J. Li, Solvability criterion for fractional g-integro-difference
system with Riemann-Stieltjes integrals conditions, Fractal Fract. 6 (2022), 1-21.
https://doi.org/10.3390/fractalfract6100554

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 10, Issue 11, 27044-27057.


https://dx.doi.org/https://doi.org/10.1007/s00025-018-0783-z
https://dx.doi.org/https://doi.org/10.3934/math.2024521
https://dx.doi.org/https://doi.org/10.3934/era.2025142
https://dx.doi.org/https://doi.org/10.3934/math.2022582
https://dx.doi.org/https://doi.org/10.3390/fractalfract6100554
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Formulation of the Green’s function
	Main outcomes
	Conclusions

