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Abstract: In this paper, we introduce the notion of a wavelet multiplier in the setting of the linear
canonical deformed Hankel transform (LCDHT), which depends on a symbol and two bounded
functions. Then, we study the boundedness and compactness of these operators according to the
symbol and the bounded functions. We will then show that, under certain assumptions, the wavelet
multiplier is equal to the well-known time-frequency restriction operator. Then, we show that a
function that is almost time- and band-limited can be approximated by its projection on the subspace
spanned by the first eigenfunctions of such an operator, corresponding to the greatest eigenvalues,
which are near one. This study for the LCDHT includes, in particular, some known transforms, such
as the deformed Hankel, the Fresnel, and the fractional deformed Hankel transforms.
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1. Introduction

A fundamental tool for signal and image processing are time-limited and band-limited functions.
However, the uncertainty principle informs us that a function cannot at the same time be time- and
band-limited. Thus, the set of almost time- and almost band-limited functions is introduced, and has
been studied, first by Landau [1], then by Landau-Pollak [2] and Donoho-Stark [3]. In the current work,
the eigenvalue problem related to the time-frequency operator is examined. An orthonormal collection
of eigenfunctions that meet certain optimality in localization in an area of the time-frequency plane
are produced by the resultant operator. Taking a finite linear combination of these eigenfunctions,
we derive approximations for functions which are almost time- and band-limited, and we provide a
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characterization of such functions.
He and Wong were the first to introduce the idea of wavelet multipliers in their seminal paper [4];

this notion was then developed in [5], and detailed by Wong in [6]. Numerous mathematical analysis
issues may be resolved with the knowledge of wavelet multipliers, particularly in time-frequency
analysis. Furthermore, in the time-frequency plane, wavelet multipliers may be thought of as a filter
that time- and band-limit signals. Wavelet multipliers have been studied by several researchers in a
variety of settings, see for instance [7–17] and the references therein.

Collins [18] and Moshinsk-Quesne [19] were the first to introduce the linear canonical
transform (LCT) to study important problems in paraxial optics and quantum mechanics. This
transformatiom is more flexible than other known transformations, and is a suitable and powerful tool
for studying deep problems in optics, quantum physics, and signal processing [20–26].

LCT has recently attracted much interest and has been expanded to include a broad class
of integral transformations. Moreover, several researchers have been investigating the behavior
of the generalized LCT with respect to several problems already studied for the Fourier
transform; for instance, uncertainty principles [27, 28], sampling and multiplicative filtering [29],
localization operators [30, 31], Gabor transform [32, 33], wavelet transform [34, 35], convolution and
correlation [36–38], heat equation [39], Poisson summation formula [40], wave packet frames [41] and
so on.

In this paper, our main goal is to extend the notion of wavelet multipliers to the setting of the linear
canonical deformed Hankel transform (LCDHT) recently introduced in [28]. This transformation is
indeed unitary and provides a unified treatment of generalized Fourier transforms, in the sense that it
coincides with several well-known integral transforms, including the deformed Hankel, the fractional
deformed Hankel, the Fresnel, and the linear canonical Bessel transforms. To be more precise, let us
fix some notation. Let Lp

d,ℓ(R) be the space of measurable functions f on R with

∥ f ∥Lp
d,ℓ
=

(∫
R

| f (t)|pγd,ℓ(dt)
) 1

p

< ∞, 1 ≤ p < ∞, (1.1)

∥ f ∥L∞d,ℓ = ess sup
t∈R
| f (t)| < ∞, (1.2)

where for ℓ ≥ d−1
d , d ∈ N, we have

γd,ℓ(dx) := Cd,ℓ|x|2ℓ−2+2/ddx, Cd,ℓ =
dd(ℓ−1/2)

21+d(ℓ−1/2)Γ(1 + d(ℓ − 1/2))
. (1.3)

Then, the deformed Hankel transform (DHT) is defined by [42]

Fd,ℓ( f )(ξ) =
∫
R

f (x)ed,ℓ(ξ, x)γd,ℓ(dx), ξ ∈ R, (1.4)

where f ∈ L1
d,ℓ(R) and ed,ℓ(ξ, x) is the deformed Hankel kernel given by

ed,ℓ(ξ, x) = ȷdℓ−d/2
(
d|ξx|

1
d
)
+ (−i)d(d/2)dΓ(dℓ − d/2 + 1)

Γ(dℓ + d/2 + 1)
ξx ȷdℓ+d/2

(
d|ξx|

1
d
)
, (1.5)
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and

ȷα(t) := Γ(α + 1)
∞∑
j=0

(−1) j

j! Γ(α + j + 1)

( t
2

)2 j
. (1.6)

For M =

(
a b
a′ b′

)
∈ S L(2,R) be a matrix, so that b , 0, the linear canonical deformed Hankel

transform (LCDHT) is defined by [28],

F
M
d,ℓ( f )(ξ) =

1
(ib)1/d−1/2+ℓ

∫
R

DM
d,ℓ(ξ, x) f (x)γd,ℓ(dx), (1.7)

where f ∈ L1
d,ℓ(R) and

DM
d,ℓ(ξ, x) = e

i
2

(
b′
b ξ

2+ a
b x2

)
ed,ℓ (ξ/b, x) . (1.8)

Let φ1, φ2, and ς be measurable functions on R and p ∈ [1,∞]. Then, we introduce in this paper the
linear canonical deformed Hankel wavelet multiplier operator as follows:

P
M
φ1,φ2

(ς)( f )(t) =
1

(−ib)1/d−1/2+ℓ

∫
R

ς(ξ)FM
d,ℓ(φ1 f )(ξ)φ2(t)DM

d,ℓ(ξ, t)γd,ℓ(dξ), t ∈ R. (1.9)

Our first aim is to study the Lp-boundedness of PM
φ1,φ2

(ς), according to the symbol ς and the functions
φ1, φ2. More precisely, we prove the following results.
Theorem A:

(1) If the symbol ς belongs to Lp
d,ℓ(R), 1 ≤ p ≤ ∞, and φ1, φ2 are in L∞d,ℓ(R) ∩ L1

d,ℓ(R), then PM
φ1,φ2

(ς) :
L2

d,ℓ(R)→ L2
d,ℓ(R) is in S∞, such that∥∥∥PM

φ1,φ2
(ς)

∥∥∥
S∞
⩽ c1/p

ℓ,b,d

(
∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

) p−1
p
∥ς∥Lp

d,ℓ
, (1.10)

where S∞ = B
(
L2

d,ℓ(R)
)

is the set of bounded operators from L2
d,ℓ(R) onto itself and cℓ,b,d =

|b|−2ℓ−2/d+1.
(2) For ς ∈ L1

d,ℓ(R), we have:

(a) If φ1, φ2 ∈ L∞d,ℓ(R)∩L1
d,ℓ(R), thenPM

φ1,φ2
(ς) : Lp

d,ℓ(R) −→ Lp
d,ℓ(R), 1 ≤ p ≤ ∞, is bounded, with∥∥∥PM

φ1,φ2
(ς)

∥∥∥
B
(
Lp

d,ℓ(R)
) ⩽ cℓ,b,d

(
∥φ1∥L∞d,ℓ∥φ2∥L1

d,ℓ

) 1
p
(
∥φ1∥L1

d,ℓ
∥φ2∥L∞d,ℓ

) 1
p′
∥ς∥L1

d,ℓ
. (1.11)

(b) If φ1 ∈ Lp′

d,ℓ(R), p ∈ [1,∞], and φ2 ∈ Lp
d,ℓ(R), then PM

φ1,φ2
(ς) : Lp

d,ℓ(R) −→ Lp
d,ℓ(R) is bounded

such that ∥∥∥PM
φ1,φ2

(ς)
∥∥∥

B
(
Lp

d,ℓ(R)
) ⩽ cℓ,b,d∥φ1∥Lp′

d,ℓ
∥φ2∥Lp

d,ℓ
∥ς∥L1

d,ℓ
. (1.12)

(3) If ς ∈ Lr
d,ℓ(R), 1 ≤ r ≤ 2, and φ1, φ2 ∈ L1

d,ℓ(R) ∩ L∞d,ℓ(R), then PM
φ1,φ2

(ς) : Lp
d,ℓ(R) −→ Lp

d,ℓ(R) is
bounded for every p ∈ [r, r′], with∥∥∥PM

φ1,φ2
(ς)

∥∥∥
B
(
Lp

d,ℓ(R)
) ⩽ Ct

1C
1−t
2 ∥ς∥Lr

d,ℓ
, (1.13)

where C1, C2 are constants that depend on φ1, φ2 given respectively by (4.14), (4.15) and
1 − t

r′
+

t
r
=

1
p
.
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Next, we study the compactness of PM
φ1,φ2

(ς) and show the following results.
Theorem B:

(1) For φ1, φ2 ∈ L∞d,ℓ(R) ∩ L1
d,ℓ(R), we have:

(a) If ς ∈ Lp
d,ℓ(R), 1 ⩽ p < ∞, then PM

φ1,φ2
(ς) : L2

d,ℓ(R) −→ L2
d,ℓ(R) is in the Schatten class S p,

such that
∥PM

φ1,φ2
(ς)∥S p ⩽ c1/p

ℓ,b,d

(
∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

) p−1
p
∥ς∥Lp

d,ℓ
. (1.14)

(b) If ς ∈ Lr
d,ℓ(R), 1 ≤ r ≤ 2, then PM

φ1,φ2
(ς) : Lp

d,ℓ(R) −→ Lp
d,ℓ(R) is compact for every r ≤ p ≤ r′.

(2) If ς ∈ L1
d,ℓ(R), φ1 ∈ Lp′

d,ℓ(R), 1 ≤ p ≤ ∞, and φ2 ∈ Lp
d,ℓ(R), then PM

φ1,φ2
(ς) : Lp

d,ℓ(R) −→ Lp
d,ℓ(R) is

compact for every 1 ⩽ p ≤ ∞.

In Section 5, we give several examples of linear canonical deformed Hankel wavelet multipliers.
Specifically, if we take φ1 = φ2 = 1R1 , we prove that

P
M
φ1,φ2

(ς) = QR1 PM
R2

QR1 , ς = 1R2 , (1.15)

where for a subset R ⊂ R of finite measure, 0 < γd(R) < ∞, QR : L2
d,ℓ(R) −→ L2

d,ℓ(R) and PM
R :

L2
d,ℓ(R) −→ L2

d,ℓ(R) are the self-adjoint projections defined by

QR f = 1R f , PM
R f = FM−1

d,ℓ

(
QR F

M
d,ℓ( f )

)
. (1.16)

In time-frequency analysis, this operator also referred to as the time-frequency limiting operator.
Notice that QR1 PM

R2
QR1 =

(
QR1 PM

R2

) (
QR1 PM

R2

)∗
, where

(
QR1 PM

R2

)∗
= PM

R2
QR1 . We show in particular

the following theorem.
Theorem C:

(1) The operator QR1 PM
R2

is bounded and Hilbert-Schmidt, such that∥∥∥QR1 PM
R2

∥∥∥
S∞
≤

∥∥∥QR1 PM
R2

∥∥∥
HS
≤

√
cℓ,b,dγd,ℓ(R1)γd,ℓ(R2). (1.17)

(2) If γd,ℓ(R1)γd,ℓ(R2) < |b|2ℓ+2/d−1, then for every f ∈ L2
d,ℓ(R),

∥ f ∥2L2
d,ℓ
≤

(
1 −

√
cℓ,b,dγd,ℓ(R1)γd,ℓ(R2)

)−2
(∥∥∥QRc

1
f
∥∥∥2

L2
d,ℓ
+

∥∥∥∥PM
Rc

2
f
∥∥∥∥2

L2
d,ℓ

)
. (1.18)

(3) If γd,ℓ(R1)γd,ℓ(R2) < |b|2ℓ+2/d−1, then for every f ∈ L2
d,ℓ(R),

∥ f ∥2L2
d,ℓ
≤

(
1 −

√
cℓ,b,dγd,ℓ(R1)γd,ℓ(R2)

)−2
(∥∥∥1Rc

1
f
∥∥∥2

L2
d,ℓ
+

∥∥∥1Rc
2
F

M
d,ℓ( f )

∥∥∥2

L2
d,ℓ

)
. (1.19)

Notice that inequality (1.19) can be obtained from (1.18) by using the Plancherel-type formula for the
LCDHT. In particular, if supp f ⊂ R1 and suppFM

d,ℓ( f ) ⊂ R2, then f is the zero function. This means
that (R1,R2) is an annihilating pair, according to the terminology of Havin and Jöricke [43].

For finite-measure subsets R1 and R2, 0 < γd,ℓ(R1), γd,ℓ(R2) < ∞, one would want to reach a function
f ∈ L2

d,ℓ(R) that is band-limited on R2 ⊂ R (i.e. suppFM
d,ℓ( f ) ⊂ R2) and time-limited on R1 ⊂ R (i.e.

supp f ⊂ R1). However, there are no such functions since f = 0 if supp f ⊂ R1 and suppFM
d,ℓ( f ) ⊂ R2.

Therefore, it makes sense to substitute concentrated functions by ε-concentrated functions, 0 < ε < 1,
on an area of the time-frequency plane. That is,
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(1) f ∈ L2
d,ℓ(R)\{0} is said to be ε-concentrated on R ⊂ R if ∥QRc f ∥L2

d,ℓ
≤ ε∥ f ∥L2

d,ℓ
.

(2) f ∈ L2
d,ℓ(R)\{0} is said to be ε-concentrated with regard to an operator L if

∥L f − f ∥L2
d,ℓ
≤ ε∥ f ∥L2

d,ℓ
,

where Rc = R\R. Note that if FM
d,ℓ( f ) is ε-concentrated on R, then by Eq (2.14), we have

∥PM
Rc f ∥L2

d,ℓ
≤ ε∥ f ∥L2

d,ℓ
. (1.20)

In this case, it is common to say that the function f is ε-band-limited on R. Notice that if a function is ε-
concentrated on R, then it is ε-concentrated with regard to QR. Likewise, if a function is ε-band-limited
on R, then it is ε-concentrated with regard to PM

R .
If ε = 0 in (1.20), then R = suppFM

d,ℓ( f ) =
{
ξ ∈ R : FM

d,ℓ( f )(ξ) , 0
}
, and if ε ∈ (0, 1), then FM

d,ℓ( f ) is
almost concentrated on R, which will be the essential support of FM

d,ℓ( f ).
For 0 < ε1, ε2 < 1, let L2

d,ℓ(ε1, ε2,R1,R2) be the set containing any function f ∈ L2
d,ℓ(R) that is

ε1-concentrated on R1 and ε2-band-limited on R2. Then, L2
d,ℓ(0, 0,R1,R2) = ∅, and by Eq (1.18), if

f ∈ L2
d,ℓ(ε1, ε2,R1,R2), we prove that

γd,ℓ(R1)γd,ℓ(R2) ≥ |b|2ℓ+2/d−1
(
1 −

√
ε2

1 + ε
2
2

)2

. (1.21)

This inequality is known as the Donoho-Stark uncertainty principle, which means that the essential
supports of f and FM

d,ℓ( f ) cannot be too small.
According to Landau’s perspective [1], ρ is a pseudo-eigenvalue of L, if there is a f ∈ L2

d,ℓ(R),
satisfying

∥L f − ρ f ∥L2
d,ℓ
≤ ε∥ f ∥L2

d,ℓ
.

This means that if f ∈ L2
d,ℓ(R) is ε-concentrated with regard to L, then f is a pseudo-eigenfunction of

L with pseudo-eigenvalue 1. Specifically, in the case of ε = 0, the eigenvalue 1 corresponds to the
eigenfunction f ∈ L2

d,ℓ(R) of L that is ε-concentrated with regard to L. It should be noted that the
ε-concentration notion, which originates from the idea of pseudo-spectra of linear operators [1–3], was
extensively studied in [44].

We also prove that if f ∈ L2
d,ℓ(R) is ε1-concentrated with regard to PM

φ1,φ2
(1R1) and ε2-concentrated

with regard to PM
φ1,φ2

(1R2), then

γd,ℓ(R1)γd,ℓ(R2) ≥ |b|4(ℓ+1/d)−2(1 − ε1 − ε2), ε1 + ε2 < 1, (1.22)

where φ1, φ2 ∈ L2
d,ℓ(R) ∩ L∞d,ℓ(R) are two unit L2-norm functions, with ∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ = 1.

Next, we consider the time-frequency limiting operator

ΠM
R1,R2
=

(
QR1 PM

R2

)∗ (
QR1 PM

R2

)
= PM

R2
QR1 PM

R2
. (1.23)

This operator is self-adjoint and positive. Moreover since by (1.17), the operator QR1 PM
R2

is Hilbert-
Schmidt, then ΠM

R1,R2
is compact such that∥∥∥ΠM

R1,R2

∥∥∥
S 1
=

∥∥∥QR1 PM
R2

∥∥∥2

HS
≤ cℓ,b,dγd,ℓ(R1)γd,ℓ(R2). (1.24)
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On the other hand, since QR1 and PM
R2

are two orthogonal projections, then
∥∥∥QR1 PM

R2

∥∥∥
S∞
≤ 1, and then∥∥∥ΠM

R1,R2

∥∥∥
S∞
≤ 1. (1.25)

Thus, ΠM
R1,R2

: L2
d,ℓ(R)→ L2

d,ℓ(R) satisfies

ΠM
R1,R2

f =
∞∑

i=1

λi⟨ f , σi⟩L2
d,ℓ
σi, (1.26)

where {λi = λi(R1,R2)}∞i=1 is the set of eigenvalues, and {σi = σi(R1,R2)}∞i=1 corresponds to an
orthonormal sequence of eigenfunctions, such that

0 ≤ · · · ≤ λi+1 ≤ λi ≤ · · · ≤ λ2 ≤ λ1 ≤ 1. (1.27)

In particular,
∥ΠM

R1,R2
∥S∞ = λ1. (1.28)

Then, the greatest concentration on the set R1 × R2 is realized by the first eigenfunction σ1. Moreover,
for all i, ∥∥∥ΠM

R1,R2
σi − σi

∥∥∥
L2

d,ℓ
=

〈
σi − Π

M
R1,R2

σi, σi

〉
L2

d,ℓ

= 1 − λi, (1.29)

and ∥∥∥∥ΠM
R1,R2

(
ΠM

R1,R2
σi

)
− ΠM

R1,R2
σi

∥∥∥∥
L2

d,ℓ

= λ−1
i

〈
ΠM

R1,R2
σi − Π

M
R1,R2

(
ΠM

R1,R2
σi

)
,ΠM

R1,R2
σi

〉
L2

d,ℓ

= λi(1 − λi) = (1 − λi)
∥∥∥ΠM

R1,R2
σi

∥∥∥
L2

d,ℓ
. (1.30)

Hence, for every i, σi and ΠM
R1,R2

σi are (1 − λi)-concentrated with respect to ΠM
R1,R2

. Moreover, if we
denote by ΠM

R1,R2
(ε) the subset of L2

d,ℓ(R) consisting of functions that are ε-concentrated with regard to
ΠM

R1,R2
, and

L2
d,ℓ(ε,R1,R2) =

{
f ∈ L2

d,ℓ(R) :
〈

f − ΠM
R1,R2

f , f
〉

L2
d,ℓ

≤ ε∥ f ∥2L2
d,ℓ

}
, (1.31)

then we prove the following comparison:

(1) If f ∈ L2
d,ℓ(ε1, ε2,R1,R2), then f ∈ ΠM

R1,R2
(ε1 + 2ε2) and is (ε1 + ε2)-concentrated with regard to

QR1 PM
R2

.
(2) If f ∈ ΠM

R1,R2
(ε), then 〈

f − ΠM
R1,R2

f , f
〉

L2
d,ℓ

≤ (ε + ε2)∥ f ∥2L2
d,ℓ
. (1.32)

(3) If f ∈ L2
d,ℓ(ε,R1,R2), then f ∈ ΠM

R1,R2
(
√
ε).

(4) If f ∈ L2
d,ℓ(ε1, ε2,R1,R2), then〈

f − ΠM
R1,R2

f , f
〉

L2
d,ℓ

< (ε1 + 2ε2)∥ f ∥2L2
d,ℓ
. (1.33)
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Notice that if f ∈ L2
d,ℓ(ε,R1,R2), then〈

ΠM
R1,R2

f , f
〉

L2
d,ℓ

≥ (1 − ε)∥ f ∥2L2
d,ℓ
. (1.34)

Therefore, by (1.29) and (1.30),

∀ i ≥ 1, σi, Π
M
R1,R2

σi ∈ L2(1 − λi,R1,R2). (1.35)

Moreover, according to (1.33), if f ∈ L2
d,ℓ(ε1, ε2,R1,R2), then f ∈ L2

d,ℓ(ε1 + 2ε2,R1,R2), and according
to (1.32), if f ∈ ΠM

R1,R2
(ε), then f ∈ L2(2ε,R1,R2). Thus, we are willing to resolve this optimization

issue:
Maximize

〈
ΠM

R1,R2
f , f

〉
L2

d,ℓ

, ∥ f ∥L2
d,ℓ
= 1, (1.36)

which seeks to find orthonormal functions in L2
d,ℓ(R), that are almost time- and band-limited to an area

of the time-frequency plane. Consequently, the number of eigenfunctions ΠM
R1,R2

with eigenvalues that
are extremely near to one is an optimal solution of (1.36). This is because, if λi ≥ 1 − ε, then〈

ΠM
R1,R2

σi, σi

〉
L2

d,ℓ

= λi ≥ 1 − ε. (1.37)

Let N = N(ε,R1,R2) be the number of λi, that are close to one, i.e.,

λ1 ≥ · · · ≥ λN ≥ 1 − ε > λ1+N ≥ · · · , (1.38)

and let VN = span {σi}
N
i=1.

Thus, from (1.35) and (1.37), σi and ΠM
R1,R2

σi belong to L2
d,ℓ(ε,R1,R2), if and only if 1 ≤ i ≤ N, and

if f ∈ VN , then 〈
ΠM

R1,R2
f , f

〉
L2

d,ℓ

=

N∑
i=1

λi

∣∣∣∣⟨ f , σi⟩L2
d,ℓ

∣∣∣∣2 ≥ λN

N∑
i=1

∣∣∣∣⟨ f , σi⟩L2
d,ℓ

∣∣∣∣2 ≥ (1 − ε)∥ f ∥2L2
d,ℓ
.

Hence, VN is the subspace of L2
d,ℓ(R) with a maximum dimension, which is in L2

d,ℓ(ε,R1,R2).
Finally, we used time-frequency localization operators to approximate time-frequency localized

functions with finite combinations of basis functions. These approximations allow for the construction
of localized time-frequency frames, which are sets of vectors that can be used to reconstruct the original
function. Research focuses on the properties of these operators and frames, especially on how well
finite expansions represent functions within a specific region of interest in the time-frequency plane.
In fact, we prove the following characterization and approximation inequality.
Theorem D:

(1) A function f belongs to L2
d,ℓ(ε,R1,R2), if and only if,

N∑
i=1

(λi + ε − 1)
∣∣∣∣⟨ f , σi⟩L2

d,ℓ

∣∣∣∣2 ≥ (1 − ε)∥ fker∥
2
L2

d,ℓ
+

∞∑
i=1+N

(1 − ε − λi)
∣∣∣∣⟨ f , σi⟩L2

d,ℓ

∣∣∣∣2. (1.39)

(2) For any f ∈ L2
d,ℓ(ε,R1,R2), ∥∥∥∥∥∥∥ f −

N0∑
i=1

⟨ f , σi⟩L2
d,ℓ
σi

∥∥∥∥∥∥∥
L2

d,ℓ

≤

√
ε

ε0
∥ f ∥L2

d,ℓ
, (1.40)
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where fker is the orthogonal projection of f onto Ker
(
ΠM

R1,R2

)
, and N0 = N(ε0,R1,R2) for a fixed ε0 ∈

(0, 1). By (1.32) and (1.33), we have:

(1) If f ∈ L2
d,ℓ(ε1, ε2,R1,R2), then∥∥∥∥∥∥∥ f −

N0∑
i=1

⟨ f , σi⟩L2
d,ℓ
σi

∥∥∥∥∥∥∥
L2

d,ℓ

≤

√
2ε1 + ε2

ε0
∥ f ∥L2

d,ℓ
. (1.41)

(2) If f ∈ ΠM
R1,R2

(ε), then ∥∥∥∥∥∥∥ f −
N0∑
i=1

⟨ f , σi⟩L2
d,ℓ
σi

∥∥∥∥∥∥∥
L2

d,ℓ

≤

√
2ε
ε0
∥ f ∥L2

d,ℓ
. (1.42)

2. Preliminaries

For any f ∈ C1(R), the Dunkl operator Tℓ on R is defined by

Tℓ f (x) := f ′(x) + 2ℓ
(

f (x) − f (−x)
x

)
, (2.1)

where the corresponding Dunkl-Laplace operator △ℓ for any f ∈ C2(R) is given by

△ℓ f (x) := T 2
ℓ f (x) = f ′′(x) + 2ℓ

(
f ′(x)

x
−

f (x) − f (−x)
2x2

)
. (2.2)

Consider the operator ∆d,ℓ defined by

∆d,ℓ :=
∣∣∣x∣∣∣2− 2

d△ℓ −
∣∣∣x∣∣∣ 2

d . (2.3)

In what follows, we recall some spectral properties of the differential-difference operator ∆n,k.

• ∆d,ℓ is an essentially self-adjoint operator on L2
d,ℓ(R).

• There is no continuous spectrum of ∆d,ℓ.
• The discrete spectrum of −∆d,ℓ is

{ 4m
d + 2ℓ + 2

d ± 1 : m ∈ N
}
.

An important motivation to study Dunkl operators originates in their relevance for the analysis
of quantum many-body systems of Calogero-Moser-Sutherland type. These describe algebraically
integrable systems in one dimension and have gained considerable interest in mathematical physics,
especially in conformal field theory. A good bibliography is given in [45]. One of the motivations
for the introduction of the deformed Laplace operator ∆n,k and its generalized Fourier transform is to
generalize the previous subjects, which are bound with the physics.

The deformed Hankel transform (DHT) is defined by [42]

Fd,ℓ( f )(ξ) =
∫
R

f (x)ed,ℓ(ξ, x)γd,ℓ(dx), ξ ∈ R, (2.4)
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where f ∈ L1
d,ℓ(R) and ed,ℓ(ξ, x) is the deformed Hankel kernel given by

ed,ℓ(ξ, x) = ȷdℓ−d/2
(
d|ξx|

1
d
)
+ (−i)d(d/2)dΓ(dℓ − d/2 + 1)

Γ(dℓ + d/2 + 1)
ξx ȷdℓ+d/2

(
d|ξx|

1
d
)
, (2.5)

and

ȷα(t) := Γ(α + 1)
∞∑
j=0

(−1) j

j! Γ(α + j + 1)

( t
2

)2 j
. (2.6)

Here, we list some important properties of the deformed Hankel kernel:
(i) ed,ℓ(z, t) = ed,ℓ(t, z), ed,ℓ(z, 0) = 1, ed,ℓ(z, t) = ed,ℓ((−1)dz, t), ed,ℓ(λz, t) = ed,ℓ(z, λt),∀z, t, λ ∈ R.
(ii) ed,ℓ(·, ·) solves the following differential-difference equations on R × R:

|λ|2−
2
d△λℓed,ℓ(λ, x) = −|x|

2
d ed,ℓ(λ, x) (2.7)

and

|x|2−
2
d△x

ℓed,ℓ(λ, x) = −|λ|
2
d ed,ℓ(λ, x), (2.8)

where the superscript in △x
ℓ denotes the relevant variable.

Let M =

(
a b
a′ b′

)
∈ S L(2,R) be a matrix such that b , 0. Then, the linear canonical deformed

Hankel transform (LCDHT) is defined by [28],

F
M
d,ℓ( f )(ξ) =

1
(ib)1/d−1/2+ℓ

∫
R

DM
d,ℓ(ξ, x) f (x)γd,ℓ(dx), (2.9)

where f ∈ L1
d,ℓ(R) and

DM
d,ℓ(ξ, x) = e

i
2

(
b′
b ξ

2+ a
b x2

)
ed,ℓ (ξ/b, x) . (2.10)

The relation between the LCDHT and DHT is given by

F
M
d,ℓ( f )(ξ) =

e
i
2

b′
b ξ

2

(ib)1/d−1/2+ℓFd,ℓ

(
e

i
2

a
b x2

f
)

(ξ/b). (2.11)

Involving (2.11), and the fact that the DHT of any function f ∈ L1
d,ℓ(R) belongs to C0(R) (see [28]), we

derive that FM
d,ℓ( f ) belongs to C0(R) such that∥∥∥FM

d,ℓ( f )
∥∥∥

L∞d,ℓ
≤ c1/2

ℓ,b,d∥ f ∥L1
d,ℓ
, (2.12)

where cℓ,b,d = |b|−2ℓ−2/d+1. Moreover, we have the following Plancherel-type results [28]:

(1) For each f , g ∈ L1
d,ℓ(R),∫

R

F
M
d,ℓ( f )(ξ)g(ξ)γd,ℓ(dξ) =

∫
R

f (t)FM−1

d,ℓ (g)(t)γd,ℓ(dt), (2.13)

where M−1 :=
(

b′ −b
−a′ a

)
.
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(2) If f ∈ L1
d,ℓ(R) ∩ L2

d,ℓ(R), then FM
d,ℓ( f ) ∈ L2

d,ℓ(R) with

∥FM
d,ℓ( f )∥L2

d,ℓ
= ∥ f ∥L2

d,ℓ
. (2.14)

(3) The LCDHT has a unique extension to an isometric isomorphism of L2
d,ℓ(R).

(4) For each f , g ∈ L2
d,ℓ(R),

⟨FM
d,ℓ( f ), g⟩L2

d,ℓ
= ⟨ f ,FM−1

d,ℓ (g)⟩L2
d,ℓ
. (2.15)

(5) For each f ∈ L1
d,ℓ(R) such that FM

d,ℓ( f ) ∈ L1
d,ℓ(R),(

F
M−1

d,ℓ ◦ F
M
d,ℓ

)
( f ) =

(
F

M
d,ℓ ◦ F

M−1

d,ℓ

)
( f ) = rd( f ), a.e, (2.16)

where rd( f )(t) := f
(
(−1)dt

)
.

Let ∆M
d,ℓ be the operator defined by

∆M
d,ℓ := |ξ|2(1− 1

d )
{

d2

dx2 +

(
2ℓ
ξ
− 2i

b′

b
ξ

)
d
dx
−

(
b′2

b2 ξ
2 + (2ℓ + 1)i

b′

b
+
ℓ

ξ2 (1 − s)
)}
, (2.17)

where s(u(ξ)) := u(−ξ). Then,

(1) We have
e−

i
2

b′
b ξ

2
◦ ∆M

d,ℓ ◦ e
i
2

b′
b ξ

2
= ∆d,ℓ + |ξ|

2
d , (2.18)

where ∆d,ℓ := |ξ|2−
2
d∆ℓ − |ξ|

2
d is the deformed Laplace operator.

(2) For every f , g in the Schwartz space S(R),∫
R

∆M
d,ℓ f (ξ)g(ξ)γd,ℓ(dξ) =

∫
R

f (ξ)∆M
d,ℓg(ξ)γd,ℓ(dξ). (2.19)

(3) For each x ∈ R, the kernel DM
d,ℓ(·, x) satisfies

∆M
d,ℓD

M
d,ℓ(·, x) = −

∣∣∣ x
b

∣∣∣ 2
d DM

d,ℓ(·, x),

DM
d,ℓ(0, x) = e

i
2

a
b x2
.

(2.20)

(4) For each x, ξ ∈ R, ∣∣∣DM
d,ℓ(ξ, x)

∣∣∣ ≤ 1. (2.21)

Let Πs, s ∈ R, and δs be the operators defined by

Πs f (x) = e
is
2 x2

f (x), δs f (x) =
1

|s|ℓ−1/2+1/d f (x/s), s , 0. (2.22)

Then,
δs ◦ Fd,ℓ = Fd,ℓ ◦ δ 1

s
, ei(ℓ−1/2+1/d) π2 sgn(b)

F
M
d,ℓ = Π b′

b
◦ δb ◦ Fd,ℓ ◦ Π a

b
. (2.23)

We define the LCDHT on Lp
d,ℓ(R), p ∈ [1, 2], by

F
M
d,ℓ = e−i sgn(b)(ℓ−1/2+1/d) π2

(
Π b′

b
◦ δb ◦ Fd,ℓ ◦ Π a

b

)
,
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where Fd,ℓ : Lp
d,ℓ(R)→ Lp′

d,ℓ(R) is the DHT on Lp
d,ℓ(R). Then, we have a Young-type inequality∥∥∥∥FM

d,ℓ( f )
∥∥∥∥

Lp′
d,ℓ

≤ c−1/p′+1/2
ℓ,b,d ∥ f ∥Lp

d,ℓ
, p ∈ [1, 2], (2.24)

where q′ is the conjugate exponent of q ∈ [1,∞].
The main symbols used in this paper are summarized in the Table 1.

Table 1. List of symbols.

Name Symbol Equation
Deformed Hankel transform Fd,ℓ( f ) (2.4)
Deformed Hankel kernel ed,ℓ (2.5)
Linear canonical deformed Hankel transform (LCDHT) FM

d,ℓ (2.9)
LCDH kernel DM

d,ℓ (2.10)
Linear canonical deformed Hankel multiplier MM

ς (3.1)
Linear canonical deformed Hankel wavelet multiplier PM

φ1,φ2
(ς) (3.11)

Time-frequency limiting operator QR2 PM
R QR1 (5.9)

Generalized projection operators QR and PM
R (5.8)

Time-frequency limiting operator ΠM
R1,R2

(1.23)

3. Linear canonical deformed Hankel wavelet multipliers

We introduce the two-wavelet multiplier operator in the linear canonical deformed Hankel setting.
Knowing the fact that the study of this operator is both theoretically interesting and practically
useful, we investigated several subjects of spectral analysis for the new operator. First, we present
a comprehensive analysis of the generalized two-wavelet multiplier operator. Next, we introduce
and study the generalized Landau-Pollak-Slepian operator. As applications, some problems of the
approximation theory and the uncertainty principles are studied. Finally, we give many results on the
boundedness and compactness of the LC deformed Hankel wavelet multipliers on Lp

d,ℓ(R), 1 ≤ p ≤ ∞.
For ς ∈ L∞d,ℓ(R), the linear canonical deformed Hankel multiplier MM

ς : L2
d,ℓ(R) → L2

d,ℓ(R) is given
by

M
M
ς ( f ) = FM−1

d,ℓ

(
ςFM

d,ℓ( f )
)
. (3.1)

Then, by Eq (2.14), it is bounded with ∥∥∥MM
ς

∥∥∥
S∞
≤ ∥ς∥L∞d,ℓ . (3.2)

In the following we give two examples of the linear canonical deformed Hankel multiplier.

Example 3.1. Let r > 0 and t ∈ R. Consider the functions

ς(t) =
(
2|b|

2d−2
d

)D(ℓ,d)
e−

d2

4r|b|2/d
|t|

2
d

(3.3)

and
f (t) = e−i a

2b t2e−r|t|2/d , (3.4)
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where D(ℓ, d) := (2ℓ−1)d+2
2 .

First, we recall that

Fd,ℓ

(
e−r|·|2/d

)
(y) =

(
d
2r

)D(ℓ,d)

e−
d2
4r |y|

2/d
. (3.5)

Then, in view of (2.11) and (3.1), we obtain

M
M
ς ( f )(λ) =

(
d

r|b|2/d

)D(ℓ,d)

e−i a
2bλ

2
Fd,ℓ

(
e−

d2

2r|b|2/d
|·|2/d

) (
λ

b

)
. (3.6)

Thus, by (3.5), we derive
M

M
ς ( f )(λ) = e−

r
2 |λ|

2/d
e−i a

2bλ
2
. (3.7)

Figure 1:
(a) Real part of Example 3.1 for r = 2, a = 1, b = 1, and λ ∈ [−5, 5], respectively, for d =

1, 2, 3, 4, 5.
(b) Imaginary part ofMM

ς ( f ) of Example 3.1 for r = 2, a = 1, b = 1, and λ ∈ [−5, 5], respectively,
for d = 1, 2, 3, 4, 5.

(c) Absolute value of (a).
(d) absolute value of (b).
(e) Modulus of MM

ς ( f ) of Example 3.1 for r = 2, a = 1, b = 1, and λ ∈ [−5, 5], respectively, for
d = 1, 2, 3, 4, 5.

(f) Graph ofMM
ς ( f ) in the complex plane of Example 3.1 for r = 2, a = 1, b = 1, and λ ∈ [−5, 5],

respectively, for d = 1, 2, 3, 4, 5.
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Figure 1. Example 3.1.

Example 3.2. Let r > 0 and t ∈ R. Consider the functions

ς(t) =
(
|b|

2d−2
d

)D(ℓ,d)
Γ(D(ℓ, d))1[−1,1](t), and f (t) = e−i a

2b t2e−r|t|2/d . (3.8)
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Involving (3.1) and (3.5), we get

M
M
ς ( f )(λ) =

(
d

2r|b|2/d

)D(ℓ,d)

Γ(D(ℓ, d))e−i a
2bλ

2
Fd,ℓ

(
1[−1,1]e−

d2
4r |.|

2/d
) (
λ

b

)
= Cd,ℓ

(
d

2r|b|
2
d

)D(ℓ,d)

Γ(D(ℓ, d))e−i a
2bλ

2

∫ 1

−1
jld− d

2

d |λt|
1
d

|b|
1
d

 e
− d2

4r|b|
2
d
|t|

2
d

|t|
(2ℓ−2)d+2

d dt

 .
By a suitable change of variables, we infer that

M
M
ς ( f )(λ) = Iℓ,d,r,b(λ)e−i a

2bλ
2
, (3.9)

where

Iℓ,d,r,b(λ) :=
∫ d

2
√

r|b|1/d

0
jℓd− d

2

(
2
√

rx|λ|1/d
)

e−x2
x(2ℓ−1)d+1dx. (3.10)

Figure 2: (a) Real part and (b) imaginary parts ofMM
ς ( f ) in Example 3.2 for r = 2, a = 1, b = 1, ℓ = 1

2 ,
and λ ∈ [−5, 5], respectively, for d = 1, 2, 3, 4, 5; (c) Absolute value of (a); (d) Absolute value of (b).

Figure 2. Example 3.2.
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Figure 3: (a) Modulus of MM
ς ( f ) of Example 3.2 for r = 2, a = 1, b = 1, ℓ = 1

2 , and λ ∈ [−5, 5],
respectively, for d = 1, 2, 3, 4, 5. (b) Modulus ofMM

ς ( f ) of Example 3.2 for r = 2, a = 1, b = 1, ℓ = 1
2 ,

and λ ∈ [−5, 5], respectively, for d = 1, 2, 3, 4, 5. (c) Modulus of MM
ς ( f ) of Example 3.2 for r = 2,

a = 1, b = 1, λ ∈ [−5, 5], d = 1, and ℓ ∈ [1
2 , 5]. (d) Real part ofMM

ς ( f ) of Example 3.2 for r = 2, a = 1,
b = 1, λ ∈ [−5, 5], d = 1, and ℓ ∈ [ 1

2 , 5]. (e) Imaginary part ofMM
ς ( f ) of Example 3.2 for r = 2, a = 1,

b = 1, λ ∈ [−5, 5], d = 1, and ℓ ∈ [ 1
2 , 5]. (f) Modulus ofMM

ς ( f ) of Example 3.2 for r = 2, a = 1, b = 1,
λ ∈ [−5, 5], ℓ = 1, and d ∈ [1, 5].

Figure 3. Example 3.2.
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Let p ∈ [1,∞] and let φ1, φ2, and ς be measurable functions on R. Then, the linear canonical
deformed Hankel wavelet multiplier operator is defined on Lp

d,ℓ(R) by

P
M
φ1,φ2

(ς)( f )(t) =
1

(−ib)1/d−1/2+ℓ

∫
R

ς(ξ)FM
d,ℓ(φ1 f )(ξ)φ2(t)DM

d,ℓ(ξ, t)γd,ℓ(dξ), t ∈ R. (3.11)

To be well defined on Lp
d,ℓ(R), some conditions on ς, φ1, and φ2 are required, and, in a weak sense, it

can be written as

⟨PM
φ1,φ2

(ς)( f1), f2⟩L2
d,ℓ
=

∫
R

ς(ξ)FM
d,ℓ(φ1 f1)(ξ)FM

d,ℓ(φ2 f2)(ξ)γd,ℓ(dξ), (3.12)

for every f1 ∈ Lp
d,ℓ(R) and f2 ∈ Lp′

d,ℓ(R). The adjoint PM
φ1,φ2

(ς) : Lp
d,ℓ(R)→ Lp

d,ℓ(R), p ∈ [1,∞), is defined
on Lp′

d,ℓ(R) onto itself by (
P

M
φ1,φ2

(ς)
)∗
= PM

φ2,φ1
(ς). (3.13)

Proposition 1. Let ς ∈ L1
d,ℓ(R) ∪ L∞d,ℓ(R) and let φ1, φ2 ∈ L∞d,ℓ(R) ∩ L2

d,ℓ(R). Then,〈
P

M
φ1,φ2

(ς)( f1), f2

〉
L2

d,ℓ

=
〈
φ2M

M
ς (φ1 f1), f2

〉
L2

d,ℓ

. (3.14)

Proof. From (2.13), (3.12), and (3.1), we have

⟨PM
φ1,φ2

(ς)( f1), f2⟩L2
d,ℓ
=

∫
R

ς(ξ)FM
d,ℓ(φ1 f1)(ξ)FM

d,ℓ(φ2 f2)(ξ)γd,ℓ(dξ)

=

∫
R

F
M
d,ℓ(M

M
ς (φ1 f1))(ξ)FM

d,ℓ(φ2 f2)(ξ)γd,ℓ(dξ)

=

∫
R

M
M
ς (φ1 f1)(x)(φ2 f2)(x)γd,ℓ(dx) = ⟨φ̄2M

M
ς (φ1 f1), f2⟩L2

d,ℓ
,

as desired. □

In the remainder of this section, we will assume that φ1, φ2 ∈ L2
d,ℓ(R) ∩ L∞d,ℓ(R) with ∥φ1∥L2

d,ℓ
=

∥φ2∥L2
d,ℓ
= 1.

3.1. Study of L2-boundedness

In this subsection, we study the boundedness of the linear operator PM
φ1,φ2

(ς) : L2
d,ℓ(R) → L2

d,ℓ(R)
with respect to the symbol ς.

Proposition 2. If ς is in L1
d,ℓ(R), then the linear canonical deformed Hankel wavelet multiplierPM

φ1,φ2
(ς)

is in S∞ such that ∥∥∥PM
φ1,φ2

(ς)
∥∥∥

S∞
⩽ cℓ,b,d∥ς∥L1

d,ℓ
. (3.15)

Proof. For every f1, f2 ∈ L2
d,ℓ(R), by (3.12), we have∣∣∣∣⟨PM

φ1,φ2
(ς)( f1), f2⟩L2

d,ℓ

∣∣∣∣ ≤ ∫
R

|ς(ξ)|
∣∣∣FM

d,ℓ(φ1 f1)(ξ)FM
d,ℓ(φ2 f2)(ξ)

∣∣∣ γd,ℓ(dξ)
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⩽ ∥FM
d,ℓ(φ1 f1)∥L∞d,ℓ∥F

M
d,ℓ(φ2 f2)∥L∞d,ℓ∥ς∥L1

d,ℓ
.

Then, by (2.12),
∥FM

d,ℓ(φ1 f )∥L∞d,ℓ ≤ c1/2
ℓ,b,d∥φ1∥L2

d,ℓ
∥ f1∥L2

d,ℓ
,

and
∥FM

d,ℓ(φ2 f2)∥L∞d,ℓ ≤ c1/2
ℓ,b,d∥φ2∥L2

d,ℓ
∥ f2∥L2

d,ℓ
.

Hence, ∣∣∣∣∣〈PM
φ1,φ2

(ς)( f1), f2

〉
L2

d,ℓ

∣∣∣∣∣ ⩽ cℓ,b,d∥ f1∥L2
d,ℓ
∥ f2∥L2

d,ℓ
∥ς∥L1

d,ℓ
.

Thus,
∥∥∥PM

φ1,φ2
(ς)

∥∥∥
S∞
⩽ cℓ,b,d∥ς∥L1

d,ℓ
. □

Proposition 3. If ς ∈ L∞d,ℓ(R), then the linear canonical deformed Hankel wavelet multiplier operator
PM
φ1,φ2

(ς) is in S∞, with ∥∥∥PM
φ1,φ2

(ς)
∥∥∥

S∞
⩽ ∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ∥ς∥L∞d,ℓ . (3.16)

Proof. We have ∣∣∣∣∣〈PM
φ1,φ2

(ς)( f1), f2

〉
L2

d,ℓ

∣∣∣∣∣ ⩽ ∫
R

|ς(ξ)|
∣∣∣FM

d,ℓ(φ1 f1)(ξ)
∣∣∣ ∣∣∣∣FM

d,ℓ(φ2 f2)(ξ)
∣∣∣∣ γd,ℓ(dξ)

⩽ ∥ς∥L∞d,ℓ∥F
M
d,ℓ(φ1 f1)∥L2

d,ℓ
∥FM

d,ℓ(φ2 f2)∥L2
d,ℓ
.

Using Plancherel’s formula (2.14), we get

|⟨PM
φ1,φ2

(ς)( f1), f2⟩L2
d,ℓ
| ⩽ ∥φ1∥L∞d,ℓ∥ς∥L∞d,ℓ∥φ2∥L∞d,ℓ∥ f1∥L2

d,ℓ
∥ f2∥L2

d,ℓ
.

Thus, ∥PM
φ1,φ2

(ς)∥S∞ ⩽ ∥φ1∥L∞d,ℓ∥ς∥L∞d,ℓ∥φ2∥L∞d,ℓ . □

Remark 1. If ς = ς1 + ς∞ ∈ L1
d,ℓ(R) + L∞d,ℓ(R), then from Propositions 2 and 3, the operator PM

φ1,φ2
(ς)

belongs to S∞, with

∥PM
φ1,φ2

(ς)∥S∞ ⩽ cℓ,b,d∥ς1∥L1
d,ℓ
+ ∥φ1∥L∞d,ℓ∥ς∞∥L∞d,ℓ∥φ2∥L∞d,ℓ

⩽ max
{
cℓ,b,d, ∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

}
∥ς∥,

where
∥ς∥ = inf

{
∥ς1∥L1

d,ℓ
+ ∥ς∞∥L∞d,ℓ , ς = ς1 + ς∞, ς1 ∈ L1

d,ℓ(R), ς∞ ∈ L∞d,ℓ(R)
}
. (3.17)

From the previous study, PM
φ1,φ2

(ς) : L2
d,ℓ(R) → L2

d,ℓ(R) is well defined for each symbol ς in Lp
d,ℓ(R),

1 ≤ p ≤ ∞, and belongs to S∞.

Theorem 1. If ς is in Lp
d,ℓ(R), 1 ≤ p ≤ ∞, then PM

φ1,φ2
(ς) : L2

d,ℓ(R)→ L2
d,ℓ(R) is in S∞, such that

∥∥∥PM
φ1,φ2

(ς)
∥∥∥

S∞
⩽ c1/p

ℓ,b,d

(
∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

) p−1
p
∥ς∥Lp

d,ℓ
. (3.18)
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Proof. For f ∈ L2
d,ℓ(R), define the operator T M : L1

d,ℓ(R) ∩ L∞d,ℓ(R)→ L2
d,ℓ(R) by

T M(ς) := PM
φ1,φ2

(ς)( f ).

Then, by (3.15) and (3.16),
∥T M(ς)∥L2

d,ℓ
⩽ cℓ,b,d∥ f ∥L2

d,ℓ
∥ς∥L1

d,ℓ
(3.19)

and
∥T M(ς)∥L2

d,ℓ
≤ ∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ∥ f ∥L2

d,ℓ
∥ς∥L∞d,ℓ . (3.20)

Therefore, by (3.19), (3.20), and [6, Theorem 2.11], T M has a unique extension to a linear operator on
Lp

d,ℓ(R), p ∈ [1,∞], and

∥PM
φ1,φ2

(ς)( f )∥L2
d,ℓ
= ∥T M(ς)∥L2

d,ℓ

≤ c1/p
ℓ,b,d(∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ)

p−1
p ∥ f ∥L2

d,ℓ
∥ς∥Lp

d,ℓ
, (3.21)

which implies the result. □

3.2. Study of L2-compactness and schatten class

In this subsection, we study the compactness of the operator PM
φ1,φ2

(ς) : L2
d,ℓ(R) → L2

d,ℓ(R). More
precisely, we will show that it belongs to S p.

Proposition 4. If ς ∈ L1
d,ℓ(R), then PM

φ1,φ2
(ς) is in S 2, with∥∥∥PM
φ1,φ2

(ς)
∥∥∥

S 2
⩽ cℓ,b,d∥ς∥L1

d,ℓ
. (3.22)

Proof. If {ϕ j} is an orthonormal basis for L2
d,ℓ(R), then by (3.12) and (3.13),∑

j∈N

∥∥∥PM
φ1,φ2

(ς)(ϕ j)
∥∥∥2

L2
d,ℓ
=

∑
j∈N

〈
P

M
φ1,φ2

(ς)(ϕ j),PM
φ1,φ2

(ς)(ϕ j)
〉

L2
d,ℓ

= cℓ,b,d
∑
j∈N

∫
R

ς(ξ)
〈
ϕ j, φ1DM

d,ℓ(ξ, ·)
〉

L2
d,ℓ

〈
PM
φ1,φ2

(ς)(ϕ j), φ2DM
d,ℓ(ξ, ·)

〉
L2

d,ℓ

γd,ℓ(dξ)

= cℓ,b,d

∫
R

ς(ξ)
∑
j∈N

〈(
P

M
φ1,φ2

(ς)
)∗

(φ2DM
d,ℓ(ξ, ·)), ϕ j

〉
L2

d,ℓ

〈
ϕ j, φ1DM

d,ℓ(ξ, ·)
〉

L2
d,ℓ

γd,ℓ(dξ)

= cℓ,b,d

∫
R

ς(ξ)
〈(
P

M
φ1,φ2

(ς)
)∗

(φ2DM
d,ℓ(ξ, ·)), φ1DM

d,ℓ(ξ, ·)
〉

L2
d,ℓ

γd,ℓ(dξ).

Thus, from (2.21) and (3.15),∑
j∈N

∥∥∥PM
φ1,φ2

(ς)(ϕ j)
∥∥∥2

L2
d,ℓ
≤ cℓ,b,d

∫
R

|ς(ξ)|
∥∥∥(PM

φ1,φ2
(ς))∗

∥∥∥
S∞
γd,ℓ(dξ) (3.23)

≤ c2
ℓ,b,d∥ς∥

2
L1

d,ℓ
< ∞. (3.24)

Hence, by (3.23) and [6, Proposition 2.8], the operator PM
φ1,φ2

(ς) : L2
d,ℓ(R)→ L2

d,ℓ(R) is in S 2. □
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Proposition 5. If ς ∈ Lp
d,ℓ(R), 1 ⩽ p < ∞, then PM

φ1,φ2
(ς) is compact.

Proof. Given (ς j) a sequence in L1
d,ℓ(R) ∩ L∞d,ℓ(R), where ς j → ς in Lp

d,ℓ(R), Then by (3.18),∥∥∥PM
φ1,φ2

(ς j) −PM
φ1,φ2

(ς)
∥∥∥

S∞
≤ c1/p

ℓ,b,d(∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ)
p−1

p ∥ς j − ς∥Lp
d,ℓ
.

Hence, PM
φ1,φ2

(ς j)→ PM
φ1,φ2

(ς) in S∞. Moreover, since by (3.22) PM
φ1,φ2

(ς j) is compact, then PM
φ1,φ2

(ς) is
compact. □

Theorem 2. If ς ∈ L1
d,ℓ(R), then PM

φ1,φ2
(ς) : L2

d,ℓ(R)→ L2
d,ℓ(R) is in S 1, with

2cℓ,b,d
∥φ1∥

2
L∞d,ℓ
+ ∥φ2∥

2
L∞d,ℓ

∥ς̃∥L1
d,ℓ
⩽ ∥PM

φ1,φ2
(ς)∥S 1 ⩽ cℓ,b,d∥ς∥L1

d,ℓ
, (3.25)

where ς̃ is given by

ς̃(ξ) =
〈
P

M
φ1,φ2

(ς) DM
d,ℓ(ξ, ·)φ1, DM

d,ℓ(ξ, ·)φ2

〉
L2

d,ℓ

, ξ ∈ R. (3.26)

Proof. Since ς ∈ L1
d,ℓ(R), then by Proposition 4, PM

φ1,φ2
(ς) ∈ S 2. From [6, Theorem 2.2], there is {ψ j}

an orthonormal sequence in L2
d,ℓ(R) and an orthonormal basis {ϕ j} for the orthogonal complement of

the kernel of the operator PM
φ1,φ2

(ς), which consists of eigenvectors of |PM
φ1,φ2

(ς)|, satisfying

P
M
φ1,φ2

(ς)( f ) =
∑
j∈N

e j⟨ f , ϕ j⟩L2
d,ℓ
ψ j. (3.27)

Here, {e j} is the sequence of nonnegative singular values of PM
φ1,φ2

(ς) which corresponds to {ϕ j}. It
follows that

∥PM
φ1,φ2

(ς)∥S 1 =
∑
j∈N

e j =
∑
j∈N

⟨PM
φ1,φ2

(ς)(ϕ j), ψ j⟩L2
d,ℓ
. (3.28)

Then, by Bessel’s inequality and (2.21),

∥PM
φ1,φ2

(ς)∥S 1 =
∑
j∈N

⟨PM
φ1,φ2

(ς)(ϕ j), ψ j⟩L2
d,ℓ

=
∑
j∈N

∫
R

ς(ξ)FM
d,ℓ(φ1ϕ j)(ξ)FM

d,ℓ(φ2ψ j)(ξ)γd,ℓ(dξ)

= cℓ,b,d

∫
R

ς(ξ)
∑
j∈N

〈
ϕ j, φ1DM

d,ℓ(ξ, ·)
〉

L2
d,ℓ

〈
φ2DM

d,ℓ(ξ, ·), ψ j

〉
L2

d,ℓ

γd,ℓ(dξ)

≤ cℓ,b,d

∫
R

|ς(ξ)|

∑
j∈N

∣∣∣∣∣∣〈ϕ j, φ1DM
d,ℓ(ξ, ·)

〉
L2

d,ℓ

∣∣∣∣∣∣2


1
2
∑

j∈N

∣∣∣∣∣∣〈φ2DM
d,ℓ(ξ, ·), ψ j

〉
L2

d,ℓ

∣∣∣∣∣∣2


1
2

γd,ℓ(dξ)

≤ cℓ,b,d

∫
R

|ς(ξ)|
∥∥∥∥φ1DM

d,ℓ(ξ, ·)
∥∥∥∥

L2
d,ℓ

∥∥∥∥φ2DM
d,ℓ(ξ, ·)

∥∥∥∥
L2

d,ℓ

γd,ℓ(dξ) ≤ cℓ,b,d∥ς∥L1
d,ℓ
.

In addition, ς̃ belongs to L1
d,ℓ(R), and by (3.27),

|̃ς(ξ)| =
∣∣∣∣∣〈PM

φ1,φ2
(ς)

(
DM

d,ℓ(ξ, ·)φ1

)
,DM

d,ℓ(ξ, ·)φ2

〉
L2

d,ℓ

∣∣∣∣∣
AIMS Mathematics Volume 10, Issue 11, 26958–26993.



26977

=

∣∣∣∣∣∣∣∑j∈N e j

〈
DM

d,ℓ(ξ, ·)φ1, ϕ j

〉
L2

d,ℓ

〈
ψ j, DM

d,ℓ(ξ, ·)φ2

〉
L2

d,ℓ

∣∣∣∣∣∣∣
⩽

1
2

∑
j∈N

e j

(∣∣∣∣∣〈 DM
d,ℓ(ξ, ·)φ1, ϕ j

〉
L2

d,ℓ

∣∣∣∣∣2 + ∣∣∣∣∣〈 DM
d,ℓ(ξ, ·)φ2, ψ j

〉
L2

d,ℓ

∣∣∣∣∣2) .
Then, by (2.14),∫
R

|̃ς(ξ)|γd,ℓ(dξ) =
1
2

∑
j∈N

e j

(∫
R

∣∣∣∣∣〈 DM
d,ℓ(ξ, ·)φ1, ϕ j

〉
L2

d,ℓ

∣∣∣∣∣2 γd,ℓ(dξ) +
∫
R

∣∣∣∣∣〈 DM
d,ℓ(ξ, ·)φ2, ψ j

〉
L2

d,ℓ

∣∣∣∣∣2 γd,ℓ(dξ)
)
.

Thus, ∫
R

|̃ς(ξ)|γd,ℓ(dξ) ≤
∥φ1∥

2
L∞d,ℓ
+ ∥φ2∥

2
L∞d,ℓ

2cℓ,b,d

∑
j∈N

e j

=
∥φ1∥

2
L∞d,ℓ
+ ∥φ2∥

2
L∞d,ℓ

2cℓ,b,d

∥∥∥PM
φ1,φ2

(ς)
∥∥∥

S 1
.

As desired. □

Corollary 1. For ς ∈ L1
d,ℓ(R), we have

tr
(
P

M
φ1,φ2

(ς)
)
= cℓ,b,d

∫
R

ς(ξ)
〈
φ2DM

d,ℓ(ξ, ·), φ1DM
d,ℓ(ξ, ·)

〉
L2

d,ℓ

γd,ℓ(dξ). (3.29)

Proof. From (3.25), PM
φ1,φ2

(ς) is in S 1. It follows that,

tr
(
P

M
φ1,φ2

(ς)
)
=

∑
j∈N

〈
P

M
φ1,φ2

(ς)(ϕ j), ϕ j

〉
L2

d,ℓ

= cℓ,b,d
∑
j∈N

∫
R

ς(ξ)
〈
ϕ j, DM

d,ℓ(ξ, ·)φ1

〉
L2

d,ℓ

〈
ϕ j, DM

d,ℓ(ξ, ·)φ2

〉
L2

d,ℓ

γd,ℓ(dξ)

= cℓ,b,d

∫
R

ς(ξ)
∑
j∈N

〈
ϕ j, DM

d,ℓ(ξ, ·)φ1

〉
L2

d,ℓ

〈
DM

d,ℓ(ξ, ·)φ2, ϕ j

〉
L2

d,ℓ

γd,ℓ(dξ)

= cℓ,b,d

∫
R

ς(ξ)
〈
DM

d,ℓ(ξ, ·)φ2,DM
d,ℓ(ξ, ·)φ1

〉
L2

d,ℓ

γd,ℓ(dξ),

for every orthonormal basis {ϕ j} of L2
d,ℓ(R). □

Corollary 2. If ς ∈ Lp
d,ℓ(R), 1 ⩽ p ⩽ ∞, then PM

φ1,φ2
(ς) : L2

d,ℓ(R) −→ L2
d,ℓ(R) belongs to S p, with

∥PM
φ1,φ2

(ς)∥S p ⩽ c1/p
ℓ,b,d

(
∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

) p−1
p
∥ς∥Lp

d,ℓ
. (3.30)

Proof. Using Eqs (3.16), (3.25), and, interpolation theorems [6, Theorem 2.10 and Theorem 2.11], we
obtain (3.30). □
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Specifically, if φ1 = φ2 and ς ∈ L1
d,ℓ(R) is nonnegative, then PM

φ1,φ2
(ς) : L2

d,ℓ(R) → L2
d,ℓ(R) is

nonnegative, and by (3.29),∥∥∥PM
φ1,φ2

(ς)
∥∥∥

S 1
= cℓ,b,d

∫
R

ς(ξ)
∥∥∥DM

d,ℓ(ξ, ·)φ1

∥∥∥2

L2
d,ℓ
γd,ℓ(dξ). (3.31)

We denote by:

(1) B(Lp
d,ℓ(R)), 1 ≤ p ≤ ∞, the space of bounded operators from Lp

d,ℓ(R) into itself.
(2) CO(Lp

d,ℓ(R)), 1 ≤ p ≤ ∞, the set of all compact operators from Lp
d,ℓ(R) into itself.

Then, the main results for boundedness and compactness of PM
φ1,φ2

(ς) on L2
d,ℓ(R) are summarized in

the Table 2.

Table 2. Boundedness and compactness of PM
φ1,φ2

(ς) on L2
d,ℓ(R).

Symbol Windows Operator
ς φ1 φ2 PM

φ1,φ2
(ς)

Lp
d,ℓ(R), p ∈ [1,∞] L2

d,ℓ(R) L2
d,ℓ(R) S∞

Lp
d,ℓ(R), p ∈ [1,∞] L2

d,ℓ(R) L2
d,ℓ(R) S p

Lp
d,ℓ(R), p ∈ [1,∞) L2

d,ℓ(R) L2
d,ℓ(R) CO(L2

d,ℓ(R))

4. Study of Lp-boundedness and compactness

In this section, we prove that PM
φ1,φ2

(ς) is bounded and compact on Lp
d,ℓ(R), p ∈ [1,∞], for every

φ1 ∈ Lp′

d,ℓ(R), φ2 ∈ Lp
d,ℓ(R), and ς ∈ Lr

d,ℓ(R), 1 ≤ r ≤ 2.

Proposition 6. If φ1 ∈ L∞d,ℓ(R), φ2 ∈ L1
d,ℓ(R), and ς ∈ L1

d,ℓ(R), then PM
φ1,φ2

(ς) : L1
d,ℓ(R) −→ L1

d,ℓ(R) is
bounded such that ∥∥∥PM

φ1,φ2
(ς)

∥∥∥
B(L1

d,ℓ(R))
⩽ cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L1

d,ℓ
∥ς∥L1

d,ℓ
. (4.1)

Proof. By (2.12), (2.21), and (3.11), for every f ∈ L1
d,ℓ(R),

∥PM
φ1,φ2

(ς)( f )∥L1
d,ℓ
⩽ c1/2

ℓ,b,d

∫
R

∫
R

|ς(ξ)|
∣∣∣FM

d,ℓ(φ1 f )(ξ)
∣∣∣ ∣∣∣DM

d,ℓ(ξ, y)φ2(y)
∣∣∣ γd,ℓ(dξ)γd,ℓ(dy)

⩽ cℓ,b,d∥ f ∥L1
d,ℓ
∥φ2∥L∞d,ℓ∥φ1∥L1

d,ℓ
∥ς∥L1

d,ℓ
.

Thus,
∥∥∥PM

φ1,φ2
(ς)

∥∥∥
B(L1

d,ℓ(R))
⩽ cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L1

d,ℓ
∥ς∥L1

d,ℓ
. □

Proposition 7. If ς ∈ L1
d,ℓ(R), φ1 ∈ L1

d,ℓ(R), and φ2 ∈ L∞d,ℓ(R), then PM
φ1,φ2

(ς) : L∞d,ℓ(R) −→ L∞d,ℓ(R) is
bounded such that ∥∥∥PM

φ1,φ2
(ς)

∥∥∥
B(L∞d,ℓ(R))

⩽ cℓ,b,d∥φ1∥L1
d,ℓ
∥φ2∥L∞d,ℓ∥ς∥L1

d,ℓ
. (4.2)

Proof. Let f ∈ L∞d,ℓ(R). By (2.12), (2.21), and (3.11),∣∣∣PM
φ1,φ2

(ς)( f )(y)
∣∣∣ ⩽ c1/2

ℓ,b,d

∫
R

|ς(ξ)| |FM
d,ℓ(φ1 f )(ξ)| |DM

d,ℓ(ξ, y)φ2(y)|γd,ℓ(dξ)
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⩽ cℓ,b,d∥ f ∥L∞d,ℓ∥φ1∥L1
d,ℓ
∥φ2∥L∞d,ℓ∥ς∥L1

d,ℓ
,

Then,
∥∥∥PM

φ1,φ2
(ς)

∥∥∥
B(L∞d,ℓ(R))

⩽ cℓ,b,d∥φ1∥L1
d,ℓ
∥φ2∥L∞d,ℓ∥ς∥L1

d,ℓ
. □

Notice that we can prove (4.2), by using (3.13) and (4.1).

Theorem 3. If ς ∈ L1
d,ℓ(R) and φ1, φ2 ∈ L∞d,ℓ(R)∩L1

d,ℓ(R), thenPM
φ1,φ2

(ς) : Lp
d,ℓ(R) −→ Lp

d,ℓ(R), 1 ≤ p ≤ ∞
is bounded, with ∥∥∥PM

φ1,φ2
(ς)

∥∥∥
B
(
Lp

d,ℓ(R)
) ⩽ cℓ,b,d∥φ1∥

1
p′

L1
d,ℓ
∥φ2∥

1
p

L1
d,ℓ
∥φ1∥

1
p

L∞d,ℓ
∥φ2∥

1
p′

L∞d,ℓ
∥ς∥L1

d,ℓ
. (4.3)

Moreover PM
φ1,φ2

(ς) : Lp
d,ℓ(R) −→ Lp

d,ℓ(R) is compact for every 1 ≤ p ≤ ∞.

Proof. The boundedness (4.3) follows by interpolating (4.1) and (4.2). On the other hand, to prove the
compactness, we first prove that PM

φ1,φ2
(ς) : L1

d,ℓ(R) −→ L1
d,ℓ(R) is compact. For this, let { f j} ∈ L1

d,ℓ(R)
be a sequence that converges to zero weakly in L1

d,ℓ(R). Then, there is C > 0 such that ∥ f j∥L1
d,ℓ
≤ C.

Moreover, we have∥∥∥PM
φ1,φ2

(ς)( f j)
∥∥∥

L1
d,ℓ
⩽ cℓ,b,d

∫
R2
|ς(ξ)|

∣∣∣∣∣〈 f j,DM
d,ℓ(ξ, ·)φ1

〉
L2

d,ℓ

∣∣∣∣∣ ∣∣∣DM
d,ℓ(−ξ, y)φ2(y)

∣∣∣ γd,ℓ(dξ)γd,ℓ(dy). (4.4)

Therefore, for every ξ, y ∈ R,

lim
j→∞
|ς(ξ)|

∣∣∣∣∣〈 f j,DM
d,ℓ(ξ, ·)φ1

〉
L2

d,ℓ

∣∣∣∣∣ ∣∣∣DM
d,ℓ(ξ, y)φ2(y)

∣∣∣ = 0, (4.5)

and then
|ς(ξ)|

∣∣∣∣∣〈 f j,DM
d,ℓ(ξ, ·)φ1

〉
L2

d,ℓ

∣∣∣∣∣ ∣∣∣DM
d,ℓ(ξ, y)φ2(y)

∣∣∣ ≤ C|ς(ξ)| ∥φ1∥L∞d,ℓ |φ2(y)|. (4.6)

Now, by (2.21), ∫
R

∫
R

|ς(ξ)|
∣∣∣∣∣〈 f j,DM

d,ℓ(ξ, ·)φ1

〉
L2

d,ℓ

∣∣∣∣∣ ∣∣∣DM
d,ℓ(ξ, y)φ2(y)

∣∣∣ γd,ℓ(dξ)γd,ℓ(dy)

≤ C∥φ1∥L∞d,ℓ

∫
R

|ς(ξ)|
∫
R

|φ2(y)|γd,ℓ(dy)γd,ℓ(dξ)

≤ C∥φ1∥L∞d,ℓ∥φ2∥L1
d,ℓ
∥ς∥L1

d,ℓ
< ∞. (4.7)

Hence, from (4.4)–(4.7) we obtain lim
n→∞
∥PM

φ1,φ2
(ς)( fn)∥L1

d,ℓ(R) = 0, which implies the compactness of

PM
φ1,φ2

(ς) : L1
d,ℓ(R) −→ L1

d,ℓ(R). Then, PM
φ1,φ2

(ς) : L∞d,ℓ(R) −→ L∞d,ℓ(R) becomes compact since it is the
adjoint of PM

φ2,φ1
(ς) : L1

d,ℓ(R) −→ L1
d,ℓ(R). Finally, by interpolation [46, pages 202 and 203], we get the

desired result. □

In order to give another version of Lp-boundedness, we need the next proposition.

Proposition 8. Let ς ∈ L1
d,ℓ(R), φ1 ∈ Lp′

d,ℓ(R), 1 < p ≤ ∞, and φ2 ∈ Lp
d,ℓ(R). Then, PM

φ1,φ2
(ς) :

Lp
d,ℓ(R) −→ Lp

d,ℓ(R) is bounded such that∥∥∥PM
φ1,φ2

(ς)
∥∥∥

B
(
Lp

d,ℓ(R)
) ⩽ cℓ,b,d∥φ1∥Lp′

d,ℓ
∥φ2∥Lp

d,ℓ
∥ς∥L1

d,ℓ
. (4.8)
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Proof. For f1 ∈ Lp
d,ℓ(R), let IM

f1
: Lp′

d,ℓ(R) → C given by IM
f1

( f2) =
〈

f2,P
M
φ1,φ2

(ς)( f1)
〉

L2
d,ℓ

. Then,

from (3.12), ∣∣∣∣∣〈PM
φ1,φ2

(ς)( f1), f2

〉
L2

d,ℓ

∣∣∣∣∣ ⩽ ∫
R

|ς(ξ)|
∣∣∣FM

d,ℓ(φ1 f1)(ξ)
∣∣∣ ∣∣∣FM

d,ℓ(φ2 f2)(ξ)
∣∣∣ γd,ℓ(dξ)

⩽ ∥ς∥L1
d,ℓ

∥∥∥FM
d,ℓ(φ1 f1)

∥∥∥
L∞d,ℓ

∥∥∥FM
d,ℓ(φ2 f2)

∥∥∥
L∞d,ℓ
.

Using (2.9) and (2.21),∣∣∣∣∣〈PM
φ1,φ2

(ς)( f1), f2

〉
L2

d,ℓ

∣∣∣∣∣ ⩽ cℓ,b,d∥ς∥L1
d,ℓ
∥φ1∥Lp′

d,ℓ
∥φ2∥Lp

d,ℓ
∥ f1∥Lp

d,ℓ
∥ f2∥Lp′

d,ℓ
. (4.9)

Then, IM
f1

is continuous on Lp′

d,ℓ(R), such that∥∥∥IM
f1

∥∥∥
B(Lp′

d,ℓ(R))
⩽ cℓ,b,d∥φ1∥Lp′

d,ℓ
∥φ2∥Lp

d,ℓ
∥ f1∥Lp

d,ℓ
∥ς∥L1

d,ℓ
. (4.10)

As IM
f1

( f2) =
〈

f2,P
M
φ1,φ2

(ς)
〉

L2
d,ℓ

, then by the Riesz representation theorem,

∥PM
φ1,φ2

(ς)( f1)∥Lp
d,ℓ(R) = ∥I

M
f1 ∥B(Lp′

d,ℓ(R)) ≤ cℓ,b,d∥φ1∥Lp′
d,ℓ
∥φ2∥Lp

d,ℓ
∥ f1∥Lp

d,ℓ
∥ς∥L1

d,ℓ
, (4.11)

as desired. □

Theorem 4. If ς ∈ L1
d,ℓ(R), φ1 ∈ Lp′

d,ℓ(R), p ∈ [1,∞], and φ2 ∈ Lp
d,ℓ(R), then PM

φ1,φ2
(ς) : Lp

d,ℓ(R) −→
Lp

d,ℓ(R) is bounded such that∥∥∥PM
φ1,φ2

(ς)
∥∥∥

B
(
Lp

d,ℓ(R)
) ⩽ cℓ,b,d∥φ1∥Lp′

d,ℓ
∥φ2∥Lp

d,ℓ
∥ς∥L1

d,ℓ
. (4.12)

Moreover, PM
φ1,φ2

(ς) : Lp
d,ℓ(R) −→ Lp

d,ℓ(R) is compact for every 1 ≤ p ≤ ∞.

Proof. The boundedess follows by combining Eqs (4.1) and (4.8). In addition, the compactness follows
by interpolation [46, pages 202 and 203], Corollary 2, and the fact that PM

φ1,φ2
(ς) : L1

d,ℓ(R) −→ L1
d,ℓ(R)

is compact. □

Theorem 5. If ς ∈ Lr
d,ℓ(R), 1 ≤ r ≤ 2, and φ1, φ2 ∈ L1

d,ℓ(R)∩L∞d,ℓ(R), thenPM
φ1,φ2

(ς) : Lp
d,ℓ(R) −→ Lp

d,ℓ(R)
is bounded for every p ∈ [r, r′], with∥∥∥PM

φ1,φ2
(ς)

∥∥∥
B
(
Lp

d,ℓ(R)
) ⩽ Ct

1C
1−t
2 ∥ς∥Lr

d,ℓ
, (4.13)

where

C1 =
(
cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L1

d,ℓ

) 2
r −1(

cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

) 1
r′
, (4.14)

C2 =
(
cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

) 1
r′
(
cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L1

d,ℓ

) 2
r −1
, (4.15)

and
1 − t

r′
+

t
r
=

1
p
. (4.16)

Moreover, PM
φ1,φ2

(ς) : Lp
d,ℓ(R) −→ Lp

d,ℓ(R) is compact for every r ≤ p ≤ r′.
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Proof. Let IM
d,ℓ :

(
L1

d,ℓ(R) ∩ L2
d,ℓ(R)

)
×

(
L1

d,ℓ(R) ∩ L2
d,ℓ(R)

)
→ L1

d,ℓ(R) ∩ L2
d,ℓ(R), given by

IM
d,ℓ(ς, f ) = PM

φ1,φ2
(ς)( f ).

Then, by (3.18) and (4.1),

∥IM
d,ℓ(ς, f )∥L1

d,ℓ
⩽ cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L1

d,ℓ
∥ f ∥L1

d,ℓ
∥ς∥L1

d,ℓ
(4.17)

and
∥IM

d,ℓ(ς, f )∥L2
d,ℓ
≤

√
cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ∥ς∥L2

d,ℓ
∥ f ∥L2

d,ℓ
. (4.18)

Thus, by (4.17), (4.18), and [47, Section 10.1], there exists a unique linear bounded operator IM
d,ℓ(ς, f ) :

Lr
d,ℓ(R) × Lr

d,ℓ(R)→ Lr
d,ℓ(R), with

∥IM
d,ℓ(ς, f )∥Lr

d,ℓ
≤ C1∥ f ∥Lr

d,ℓ
∥ς∥Lr

d,ℓ
, (4.19)

where
C1 =

(
cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

) 1−θ
2
(
cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L1

d,ℓ

)θ
,

1 − θ
2
+ θ =

1
r
.

It follows that ∥∥∥PM
φ1,φ2

(ς)
∥∥∥

B(Lr
d,ℓ(R))

⩽ C1∥ς∥Lr
d,ℓ
.

Since
(
PM
φ1,φ2

(ς)
)∗
= PM

φ2,φ1
(ς), then PM

φ1,φ2
(ς) is bounded on Lr′

d,ℓ(R), such that∥∥∥PM
φ1,φ2

(ς)
∥∥∥

B(Lr′
d,ℓ(R))

= ∥PM
φ2,φ1

(ς)∥B(Lr
d,ℓ(R)) ≤ C2∥ς∥Lr

d,ℓ
, (4.20)

where
C2 =

(
cℓ,b,d∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ

) 1−θ
2
(
cℓ,b,d∥φ1∥L1

d,ℓ
∥φ2∥L∞d,ℓ

)θ
.

Interpolating Eqs (4.19) and (4.20), for every p ∈ [r, r′], we obtain∥∥∥PM
φ1,φ2

(ς)
∥∥∥

B
(
Lp

d,ℓ(R)
) ⩽ Ct

1C
1−t
2 ∥ς∥Lr

d,ℓ
,

with t
r +

1−t
r′ =

1
p .

On the other hand, the compactness follows by interpolation [46, pages 202 and 203], Corollary 2,
and the fact that PM

φ1,φ2
(ς) : L1

d,ℓ(R) −→ L1
d,ℓ(R) is compact. □

The main results for boundedness ofPM
φ1,φ2

(ς) on Lp
d,ℓ(R), 1 ≤ p ≤ ∞, are summarized in the Table 3.

Table 3. Boundedness of PM
φ1,φ2

(ς) on Lp
d,ℓ(R), p ∈ [1,∞].

ς Windows Operator
φ1 φ2 PM

φ1,φ2
(ς)

L1
d,ℓ(R) L1

d,ℓ(R) ∩ L∞d,ℓ(R) L1
d,ℓ(R) ∩ L∞d,ℓ(R) B(Lp

d,ℓ(R)), p ∈ [1,∞]
L1

d,ℓ(R) Lp′

d,ℓ(R), p ∈ [1,∞] Lp
d,ℓ(R) B(Lp

d,ℓ(R))
Lr

d,ℓ(R), r ∈ [1, 2] L1
d,ℓ(R) ∩ L∞d,ℓ(R) L1

d,ℓ(R) ∩ L∞d,ℓ(R) B(Lp
d,ℓ(R)), p ∈ [r, r′].
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The main results for compactness ofPM
φ1,φ2

(ς) on Lp
d,ℓ(R), 1 ≤ p ≤ ∞, are summarized in the Table 4.

Table 4. Compactness of PM
φ1,φ2

(ς) on Lp
d,ℓ(R), p ∈ [1,∞]

ς Windows Operator
φ1 φ2 PM

φ1,φ2
(ς)

L1
d,ℓ(R) L1

d,ℓ(R) ∩ L∞d,ℓ(R) L1
d,ℓ(R) ∩ L∞d,ℓ(R) CO(Lp

d,ℓ(R)), p ∈ [1,∞]
Lr

d,ℓ(R), r ∈ [1, 2] L1
d,ℓ(R) ∩ L∞d,ℓ(R) L1

d,ℓ(R) ∩ L∞d,ℓ(R) CO(Lp
d,ℓ(R)), p ∈ [r, r′]

5. Examples and applications

In this section, we will formulate certain typical examples of the linear canonical deformed Hankel
wavelet multipliers and give certain applications.

5.1. Examples

By equality (3.11), it is enough to formulate some examples of the LCDHT. Then, inspired by [28],
we state the following four examples.

(1) If M :=
(

0 1
−1 0

)
, then ∆M

d,ℓ = ∆d,ℓ and the LCDHT is equal with a constant multiplier to the DHT.

(2) For α ∈ R, let M =
(
1 α

0 1

)
. Then, the LCDHT is the Fresnel transform related to the DHT given

by:

Wα
d,ℓ f (ξ) =


1

(iα)1/d−1/2+ℓ

∫
R

Eα
d,ℓ(ξ, t) f (t)γd,ℓ(dt), α , 0,

f (ξ), α = 0,

(5.1)

where
Eα

d,ℓ(ξ, t) = e
i

2α (ξ2+t2)ed,ℓ

(
ξ

α
, t
)
. (5.2)

(3) For β ∈ R, let M =
(
cosh(β) sinh(β)
sinh(β) cosh(β)

)
. Then, the LCDHT is given by

V
β
d,ℓ f (ξ) =


1(

i sinh(β)
)1/d−1/2+ℓ

∫
R

Rβ
d,ℓ(ξ, t) f (t)γd,ℓ(dt), β , 0,

f (ξ), β = 0,

(5.3)

where

Rβ
d,ℓ(ξ, t) = e

i
2 coth(β)(ξ2+t2)ed,ℓ

(
ξ

sinh(β)
, t
)
. (5.4)
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(4) For η ∈ R, let M =

(
cos(η) sin(η)
− sin(η) cos(η)

)
. Then, the LCDHT is the fractional deformed Hankel

transform given by:

F
η
d,ℓ f (ξ) =



c(d, η)
∫
R

K
η
d,ℓ(ξ, t) f (t)γd,ℓ(dt), (2q − 1)π < η < (2q + 1)π,

f (ξ), η = 2qπ,

f (−ξ), η = (2q + 1)π,

(5.5)

where

c(d, η) =
ei(ℓ−1/2+1/d)(η−2dπ− π2 sgn(sin(η)))

| sin(η)|ℓ−1/2+1/d (5.6)

and

K
η
d,ℓ(ξ, t) = e−

i
2 cot(η)(ξ2+t2)ed,ℓ

(
ξ

sin(η)
, t
)
. (5.7)

(5) We introduce the well-known time-frequency limiting operator QR2 PM
R QR1 : L2

d,ℓ(R) −→ L2
d,ℓ(R),

where for a subset R ⊂ R of finite measure, 0 < γd(R) < ∞, the self-adjoint projections QR :
L2

d,ℓ(R) −→ L2
d,ℓ(R) and PM

R : L2
d,ℓ(R) −→ L2

d,ℓ(R) are defined by

QR f = 1R f , PM
R f = FM−1

d,ℓ

(
QR F

M
d,ℓ( f )

)
. (5.8)

Then, if we take φ1 = 1R1 and φ2 = 1R2 , by some calculations we prove that

QR2 PM
R QR1 = P

M
φ1,φ2

(ς), ς = 1R. (5.9)

Indeed, by (2.15), for all u, v ∈ L2
d,ℓ(R),

〈
QR2 PM

R QR1u, v
〉

L2
d,ℓ

=
〈
PM

R QR1u, φ2v
〉

L2
d,ℓ

=
〈
F

M
d,ℓ

(
PM

R QR1u
)
,FM

d,ℓ(φ2v)
〉

L2
d,ℓ

=
〈
1R F

M
d,ℓ (φ1u) ,FM

d,ℓ(φ2v)
〉

L2
d,ℓ

=
〈
φ2F

M−1

d,ℓ

(
1R F

M
d,ℓ (φ1u)

)
, φ2v

〉
L2

d,ℓ

.

Thus, by (3.14), we have the desired result.

The main extensions and new results, which have not been studied in the literature, that arise from
this article are summarized in Table 5.
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Table 5. Generalization for the wavelet multipliers for the known integral transforms.

Matrix M Parameters Conclusion and References
d ℓ

M ∈ S L(2,R) d = 1 ℓ = 0 FM
d,ℓ ≡ F

M. Our results cover on R the wavelet
multipliers for the LCT.

M =
(

0 1
−1 0

)
d ∈ N ℓ ≥ 1

2 FM
d,ℓ ≡ Fd,ℓ. Our results generalize on R the

wavelet multipliers for the (ℓ, 2
d )-generalized

Fourier transform [11, 14].

M =
(

0 1
−1 0

)
d = 2 ℓ ≥ 1

2 FM
d,ℓ ≡ F2,ℓ. Our results generalize the wavelet

multipliers for the Bessel transform [10, 12].

M =
(

0 1
−1 0

)
d = 1 ℓ ≥ 0 FM

d,ℓ ≡ Dℓ. Our results generalize on R the

wavelet multipliers for the Dunkl
transform [7].

M =
(
1 α

0 1

)
, α ∈ R d ∈ N ℓ ≥ 1

2 FM
d,ℓ ≡ W

α
d,ℓ. Our results cover the wavelet

multipliers for the generalized Fresnel
transform.

M =
(
1 α

0 1

)
, α ∈ R d = 1 ℓ = 0 FM

d,ℓ ≡ W
α
d,ℓ. 0ur results cover the wavelet

multipliers theory for the usual Fresnel
transform.

M =
(
cos(η) − sin(η)
sin(η) cos(η)

)
, η ∈ R d ∈ N ℓ ≥ 1

2 FM
d,ℓ ≡ F

η
d,ℓ. Our results cover the wavelet

multipliers for the deformed fractional Fourier
transform.

M =
(
cos(η) − sin(η)
sin(η) cos(η)

)
, η ∈ R d = 1 ℓ ≥ 0 FM

d,ℓ ≡ F
η
d,ℓ. Our results cover the wavelet

multipliers for the fractional Dunkl transform.

M =
(
cos(η) − sin(η)
sin(η) cos(η)

)
, η ∈ R d = 2 ℓ ≥ 1

2 FM
d,ℓ ≡ F

η
d,ℓ. Our results cover the wavelet

multipliers for the fractional Bessel transform.

M =
(
cos(η) − sin(η)
sin(η) cos(η)

)
, η ∈ R d = 1 ℓ = 0 FM

d,ℓ ≡ F
η
d,ℓ. Our results cover the wavelet

multipliers for the usual fractional Fourier
transform.
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5.2. Uncertainty and approximation relations

The uncertainty principle fundamentally defines the limits of simultaneous time and frequency
localization. In signal reconstruction, this is not a crippling barrier, but a critical design parameter.
By respecting its limitations, engineers and researchers have developed sophisticated techniques like
compressed sensing, wavelet analysis, and graph-based signal processing. These methods exploit the
inherent trade-offs to achieve robust and efficient reconstruction, even in the presence of incomplete
data and noise.

We recall in the following points how the uncertainty principle applies:
(1) Trade-off between domains: The principle mathematically represents the fundamental trade-

off in signal processing: A signal cannot be both very short in time and very narrow in frequency.
The more concentrated a signal is in one domain (e.g., time), the more spread out it must be in the
other (e.g., frequency) [48].

(2) Guarantees for recovery: In signal reconstruction, uncertainty principles are used to establish
conditions under which a unique and accurate reconstruction can be achieved from incomplete data.
For example, Donoho and Stark showed that the generalized uncertainty principle can prove that a
signal can be recovered from missing information if it is sparse in a certain basis [49].

(3) Foundation for compressed sensing: This is particularly relevant for compressed sensing, where
a signal is sampled at a rate lower than the Nyquist rate. The uncertainty principle, in the context of
sparse signals, provides the theoretical basis for why a signal can still be perfectly reconstructed from
these few samples through optimization [50].

(4) Design of transforms and dictionaries: The principle is also crucial for designing transforms,
such as the Fourier transform or more advanced transforms like the linear canonical transform, that
are used to represent signals. The goal is often to find ”dictionaries” of basis functions that are well-
localized in both time and frequency, and the uncertainty principle helps to quantify the best possible
localization achievable [51].

(5) Graph signal processing: The application extends to more complex data structures, such as
graphs. In graph signal reconstruction, uncertainty principles are used to define the properties of signals
on graphs and to guide the development of reconstruction algorithms that can recover signals even
when only a small subset of vertices is known [52].

Profiting off our study in the first part of this paper, in the following theorem we give some
uncertainty principles for the LCDHT.

Let ℓM
R1

:= PM
φ1,φ2

(1R1), ℓ
M
R2

:= PM
φ1,φ2

(1R2), where φ1, φ2 ∈ L2
d,ℓ(R) ∩ L∞d,ℓ(R) are two unit L2-norm

functions, with
∥φ2∥L∞d,ℓ∥φ1∥L∞d,ℓ = 1. (5.10)

Theorem 6.

(1) Assume that ε1 + ε2 < 1. If f ∈ L2
d,ℓ(R) is ε1-concentrated with regard to ℓM

R1
and ε2-concentrated

with regard to ℓM
R2

, then

γd,ℓ(R1)γd,ℓ(R2) ≥ |b|4(ℓ+1/d)−2(1 − ε1 − ε2). (5.11)

(2) If γd,ℓ(R1)γd,ℓ(R2) < |b|2ℓ+2/d−1, then for every f ∈ L2
d,ℓ(R),

∥ f ∥2L2
d,ℓ
≤

(
1 −

√
cℓ,b,dγd,ℓ(R1)γd,ℓ(R2)

)−2
(∥∥∥QRc

1
f
∥∥∥2

L2
d,ℓ
+

∥∥∥∥PM
Rc

2
f
∥∥∥∥2

L2
d,ℓ

)
. (5.12)
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Specifically, if f ∈ L2
d,ℓ(ε1, ε2,R1,R2), then

γd,ℓ(R1)γd,ℓ(R2) ≥ |b|2ℓ+2/d−1
(
1 −

√
ε2

1 + ε
2
2

)2

. (5.13)

Proof. By (3.16) and (5.10),

∥ f − ℓM
R2
ℓM

R1
f ∥L2

d,ℓ
≤ ∥ f − ℓM

R2
f ∥L2

d,ℓ
+ ∥ℓM

R2
f − ℓM

R2
ℓM

R1
f ∥L2

d,ℓ

≤ ∥ℓM
R2

f − f ∥L2
d,ℓ
+ ∥ℓM

R2
∥S∞∥ℓ

M
R1

f − f ∥L2
d,ℓ

≤ (ε1 + ε2)∥ f ∥L2
d,ℓ
.

Then,

∥ℓM
R2
ℓM

R1
f ∥L2

d,ℓ
≥ ∥ f ∥L2

d,ℓ
− ∥ f − ℓM

R2
ℓM

R1
f ∥L2

d,ℓ
≥ (1 − ε1 − ε2)∥ f ∥L2

d,ℓ
.

Therefore, by (3.15),

1 − ε1 − ε2 ≤ ∥ℓ
M
R2
ℓM

R1
∥S∞ ≤ ∥ℓ

M
R1
∥S∞∥ℓ

M
R2
∥S∞

≤ c2
ℓ,b,dγd,ℓ(R1)γd,ℓ(R2).

This proves the first part. On the other hand, we will use this well-known inequality [53, Lemma 4.1],
that is, if

∥∥∥QR1 PM
R2

∥∥∥
L2

d,ℓ
< 1, then for every f ∈ L2

d,ℓ(R),

∥ f ∥2L2
d,ℓ
≤

(
1 −

∥∥∥QR1 PM
R2

∥∥∥
S∞

)−2
(∥∥∥QRc

1
f
∥∥∥2

L2
d,ℓ
+

∥∥∥∥PM
Rc

2
f
∥∥∥∥2

L2
d,ℓ

)
. (5.14)

Indeed,

QR1 PM
R2

(y) =
1

(−ib)1/d−1/2+ℓ 1R1(y)
∫
R

1R2(η)FM
d,ℓ( f )(η)DM

d,ℓ((−1)dη, y)γd,ℓ(dη)

=
1

b2/d−1+2ℓ 1R1(y)
∫
R

1R2(η)
(∫
R

f (x)DM
d,ℓ(η, x)γd,ℓ(dx)

)
DM

d,ℓ((−1)dη, y)γd,ℓ(dη)

=

∫
R

f (x)K(x, y)γd,ℓ(dx),

where

K(x, y) =
1

b2/d−1+2ℓ 1R1(y)
∫
R

1R2(η)DM
d,ℓ(η, x)DM

d,ℓ((−1)dη, y)γd,ℓ(dη)

=
e

i
2

a−b′
b x2

b2/d−1+2ℓ 1R1(y)
∫
R

1R2(η)e
i
2

b′−a
b η2

DM
d,ℓ(x, η)DM

d,ℓ((−1)dη, y)γd,ℓ(dη)

=
e

i
2

a−b′
b x2

(−ib)1/d−1/2+ℓ 1R1(y)FM
d,ℓ

(
e

i
2

b′−a
b |·|

2
1R2(·)D

M
d,ℓ((−1)d . , y)

)
(x).

Then, by (2.14) and (2.21),

∥QR1 PM
R2
∥2HS = ∥K∥

2
L2

d,ℓ(R)⊗L2
d,ℓ(R)
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= cℓ,b,d

∫
R

∫
R

∣∣∣1R1(y)
∣∣∣2 ∣∣∣∣∣FM

d,ℓ

(
e

i
2

b′−a
b |·|

2
1R2(·)D

M
d,ℓ((−1)d . , y)

)
(x)

∣∣∣∣∣2 γd,ℓ(dx)γd,ℓ(dy)

= cℓ,b,d

∫
R

∣∣∣1R1(y)
∣∣∣ ∫
R

∣∣∣∣e i
2

b′−a
b x2

1R2(x)DM
d,ℓ((−1)d x, y)

∣∣∣∣2 γd,ℓ(dx)γd,ℓ(dy)

≤ cℓ,b,d

∫
R

∣∣∣1R1(y)
∣∣∣ ∫
R

∣∣∣1R2(x)
∣∣∣ γd,ℓ(dx)γd,ℓ(dy)

≤ cℓ,b,dγd,ℓ(R1)γd,ℓ(R2).

Now, since
∥QR1 PM

R2
∥S∞ ≤ ∥QR1 PM

R2
∥HS ≤

√
cℓ,b,dγd,ℓ(R1)γd,ℓ(R2), (5.15)

then by (5.14) we have the result. Inequality (5.13) is a simple consequence. □

Notice that (5.12) can be written by Plancherel formula (2.14): If γd,ℓ(R1)γd,ℓ(R2) < |b|2ℓ+2/d−1, then,
for every f ∈ L2

d,ℓ(R),

∥ f ∥2L2
d,ℓ
≤

(
1 −

√
cℓ,b,dγd,ℓ(R1)γd,ℓ(R2)

)−2
(∥∥∥1Rc

1
f
∥∥∥2

L2
d,ℓ
+

∥∥∥1Rc
2
F

M
d,ℓ( f )

∥∥∥2

L2
d,ℓ

)
. (5.16)

In particular, if supp f ⊂ R1 and suppFM
d,ℓ( f ) ⊂ R2, then f is the zero function. This means that (R1,R2)

is an annihilating pair.

Proposition 9.

(1) If f ∈ L2
d,ℓ(ε1, ε2,R1,R2), then f belongs to ΠM

R1,R2
(ε1 + 2ε2) and is (ε1 + ε2)-concentrated with

regard to QR1 PM
R2

.
(2) If f ∈ ΠM

R1,R2
(ε), then 〈

f − ΠM
R1,R2

f , f
〉

L2
d,ℓ

≤ (ε + ε2)∥ f ∥2L2
d,ℓ
. (5.17)

(3) If f ∈ L2
d,ℓ(ε,R1,R2), then f ∈ ΠM

R1,R2
(
√
ε).

(4) If f ∈ L2
d,ℓ(ε1, ε2,R1,R2), then〈

f − ΠM
R1,R2

f , f
〉

L2
d,ℓ

< (ε1 + 2ε2)∥ f ∥2L2
d,ℓ
. (5.18)

Proof. Since ∥QR1∥S∞ = ∥P
M
R2
∥S∞ = 1, then

∥QS PM
R2

f − f ∥L2
d,ℓ
≤ ∥PM

R2
f − f ∥L2

d,ℓ
+ ∥QS PM

R2
f − PM

R2
f ∥L2

d,ℓ

≤ ∥PM
Σc f ∥L2

d,ℓ
+ ∥PM

R2
∥S∞∥QS c f ∥L2

d,ℓ

≤ (ε1 + ε2)∥ f ∥L2
d,ℓ
.

Moreover,

∥ΠM
R1,R2

f − f ∥L2
d,ℓ
≤ ∥PM

R2
QS PM

R2
f − PM

R2
f ∥L2

d,ℓ
+ ∥PM

R2
f − f ∥L2

d,ℓ

≤ ∥PM
R2
∥S∞∥QS PM

R2
f − f ∥L2

d,ℓ
+ ∥PM

R2
f − f ∥L2

d,ℓ

≤ (ε1 + 2ε2)∥ f ∥L2
d,ℓ
.
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On the other hand, if f ∈ L2
d,ℓ(ε,R1,R2),

2
〈

f − ΠM
R1,R2

f , f
〉

L2
d,ℓ

=
∥∥∥ΠM

R1,R2
f − f

∥∥∥2

L2
d,ℓ
+ ∥ f ∥2L2

d,ℓ
−

∥∥∥ΠM
R1,R2

f
∥∥∥2

L2
d,ℓ

≤
∥∥∥ΠM

R1,R2
f − f

∥∥∥2

L2
d,ℓ
+

(∥∥∥ΠM
R1,R2

f − f
∥∥∥

L2
d,ℓ
+

∥∥∥ΠM
R1,R2

f
∥∥∥

L2
d,ℓ

)2
−

∥∥∥ΠM
R1,R2

f
∥∥∥2

L2
d,ℓ

= 2
∥∥∥ΠM

R1,R2
f − f

∥∥∥2

L2
d,ℓ
+ 2

∥∥∥ΠM
R1,R2

f − f
∥∥∥

L2
d,ℓ

∥∥∥ΠM
R1,R2

f
∥∥∥

L2
d,ℓ
,

and as
∥∥∥ΠM

R1,R2

∥∥∥
S∞
≤ 1, then〈

f − ΠM
R1,R2

f , f
〉

L2
d,ℓ

≤
∥∥∥ΠM

R1,R2
f − f

∥∥∥2

L2
d,ℓ
+

∥∥∥ΠM
R1,R2

f − f
∥∥∥

L2
d,ℓ
∥ f ∥L2

d,ℓ
≤ (ε2 + ε)∥ f ∥2L2

d,ℓ
, (5.19)

and the second result follows.
Now, since 〈(

ΠM
R1,R2

)2
f , f

〉
L2

d,ℓ

≤
〈
ΠM

R1,R2
f , f

〉
L2

d,ℓ

, (5.20)

then ∥∥∥ΠM
R1,R2

f − f
∥∥∥2

L2
d,ℓ
=

〈(
I − ΠM

R1,R2

)2
f , f

〉
L2

d,ℓ

≤
〈
(I − ΠM

R1,R2
) f , f

〉
L2

d,ℓ

≤ ε∥ f ∥2L2
d,ℓ
. (5.21)

Finally, since 〈
f − ΠM

R1,R2
f , f

〉
L2

d,ℓ

=
〈
PM

Rc
2
f , f

〉
L2

d,ℓ

+
〈
PM

R2
f ,QRc

1
f
〉

L2
d,ℓ

+
〈
QR1 PM

R2
f , PM

Rc
2
f
〉

L2
d,ℓ

,

then we have the fourth inequality. □

Then, inspired by [54], we derive the following result characterizing functions in L2
d,ℓ(ε,R1,R2).

Proposition 10. A function f belongs to L2
d,ℓ(ε,R1,R2) if and only if

N∑
i=1

(λi + ε − 1)
∣∣∣∣⟨ f , σi⟩L2

d,ℓ

∣∣∣∣2 ≥ (1 − ε)∥ fker∥
2
L2

d,ℓ
+

∞∑
i=1+N

(1 − ε − λi)
∣∣∣∣⟨ f , σi⟩L2

d,ℓ

∣∣∣∣2,
where fker is the orthogonal projection of f onto Ker

(
ΠM

R1,R2

)
.

Proof. If f ∈ L2
d,ℓ(R), then

f =
∞∑

i=1

⟨ f , σi⟩L2
d,ℓ
σi + fker. (5.22)

Therefore, 〈
ΠM

R1,R2
f , f

〉
L2

d,ℓ

=

∞∑
i=1

λi

∣∣∣∣⟨ f , σi⟩L2
d,ℓ

∣∣∣∣2. (5.23)

Hence, f ∈ L2
d,ℓ(ε,R1,R2) if and only if

∞∑
i=1

λi

∣∣∣∣⟨ f , σi⟩L2
d,ℓ

∣∣∣∣2 ≥ (1 − ε)

∥ fker∥
2
L2

d,ℓ
+

∞∑
i=1

∣∣∣∣⟨ f , σi⟩L2
d,ℓ

∣∣∣∣2 , (5.24)

and the conclusion follows. □
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Moreover, we have the following approximation result.

Proposition 11. Fix ε0 ∈ (0, 1) and let N0 = N(ε0,R1,R2). Then, for each f ∈ L2
d,ℓ(ε,R1,R2), we have∥∥∥∥∥∥∥ f −

N0∑
i=1

⟨ f , σi⟩L2
d,ℓ
σi

∥∥∥∥∥∥∥
L2

d,ℓ

≤

√
ε

ε0
∥ f ∥L2

d,ℓ
. (5.25)

Proof. Let P be the orthogonal projection onto VN0 . Then,

∥P f ∥2L2
d,ℓ
≥ (1 − ε/ε0)∥ f ∥2L2

d,ℓ
. (5.26)

Therefore,

∥ f − P f ∥2L2
d,ℓ
= ∥ f ∥2L2

d,ℓ
− ∥P f ∥2L2

d,ℓ
≤ ∥ f ∥2L2

d,ℓ
− (1 − ε/ε0)∥ f ∥2L2

d,ℓ
= ε/ε0∥ f ∥2L2

d,ℓ
,

as desired. □

Then, by using Proposition 9, we obtain the following corollary.

Corollary 3.

(1) If f ∈ L2
d,ℓ(ε1, ε2,R1,R2), then∥∥∥∥∥∥∥ f −

N0∑
i=1

⟨ f , σi⟩L2
d,ℓ
σi

∥∥∥∥∥∥∥
L2

d,ℓ

≤

√
2ε1 + ε2

ε0
∥ f ∥L2

d,ℓ
. (5.27)

(2) If f ∈ ΠM
R1,R2

(ε), then ∥∥∥∥∥∥∥ f −
N0∑
i=1

⟨ f , σi⟩L2
d,ℓ
σi

∥∥∥∥∥∥∥
L2

d,ℓ

≤

√
2ε
ε0
∥ f ∥L2

d,ℓ
. (5.28)

6. Conclusions and perspectives

In the present paper, we accomplished three major objectives. First, we introduced the linear
canonical deformed Hankel two-wavelet multipliers and investigated their trace-class and Schatten-von
Neumann class properties. Then, we illustrated the boundedness and compactness of the generalized
two-wavelet multipliers associated with the LCDHT. Finally, typical examples and some applications
for the new generalized two-wavelet multipliers are discussed. In future work, we will study topics
from the perspective of numerical analysis within the framework of the LCDHT.
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Wah Wong and Adnane Hamiaz for their helps.

Funding

This work was supported by the Deanship of Scientific Research, Vice Presidency for Graduate
Studies and Scientific Research, King Faisal University, Saudi Arabia [Grant No. KFU254038].

Conflict of interest

The authors declare no conflicts of interest.

References
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