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1. Introduction

Let A denote the class of functions f given by
f=z+) b (e, (L.1)
k=2

which are analytic within the open unit disk
U={z:2z€C and 7] < 1}.

Furthermore, the subclass of functions that are univalent in the set U is represented by S. For two
functions h; and h, belonging to A, we say that A, is subordinate to h, (written as h; < h,) if there
exists an analytic function w that satisfies
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W@l <1 and w(0)=0,

such that
hi (@) =h, (W) (z€U).

Furthermore, if h, € S, the above conditions can be expressed as follows:
hh<h o h](O) = hz(O) and h](U) C hz(U)

A famous problem in the theory of univalent functions was solved in 1985 by De Branges [1], who
stated the Bieberbach conjecture [2] about coefficient estimates for class S. Geometric function theory
was established in the 18th century. This theory introduced a new direction for research in this area,
specifically focusing on coefficient bounds. Numerous prominent researchers have examined several
subclasses of class S from various perspectives, focusing on different types of domains and functions.
Fekete-Szegd (1933) discovered the Fekete-Szegd inequality for coefficients of univalent analytic
functions and related it to the Bieberbach conjecture [2]. In 1992, Ma and Minda [3] established
the framework for families of univalent functions:

zf (2)
f@

S*(¢):{feﬂ: <¢(Z)}. (1.2)

The analytic function ¢ is such that R(¢4(z)) exists for every z € U. Suppose that ¢y, (z) = 1 +z — §
In recent years, several subfamilies of generalized analytic functions, particularly as examples of
S” (¢), have been extensively studied. For example, Wani, L. A. Swaminathan [4] studied a specific
category of starlike functions associated with nephroid functions, which are described as follows:
' 3
Y0 ,.2)

f @ 3

Pommerenke [5, 6] examined the Hankel determinant H, , (f) for a function f € A defined in (1.1).
The following is the definition of the Hankel determinant, represented by its symbol H; (f):

S}k\,ez{feﬂz

bk bk+1 T bk+q—1
Huh=| o T (13)
bisg-1 brsg -+ briog

We derive Hankel determinants with respect to the variation in g and k. For example, the determinant
described above takes the following form when k = 1 and g = 2:

i, ()| = ‘ L

= |bs - 3|, where b, = 1.

Moreover, we examine the second Hankel determinant g = k = 2.

by, b3

|Hao ()] = ‘ by by | bybs — b3,
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and
by, b, bs

|Hs1 (f)| = | b2 b3 bu | =2bsbsby — b3 — b] + bybs — bsb3. (1.4)
by by bs

For univalent starlike functions, Pommerenke [7] studied the Hankel determinants in 1966. In
2010, Babalola [8] studied the third Hankel determinant for certain types of univalent functions.
Srivastava et al. [9] stated that Gegenbauer polynomials can determine the Fekete-Szego functional
for analytic functions that satisfy a specific subordination condition. The upper and lower estimates
for the Hermitian-Toeplitz of the third order, concerning a class of starlike functions related to the
cardioid shape region in the right half-plane, were recently calculated by Srivastava et al. [10]. The
authors studied the third Hankel determinant that involves the Hohlov operator in [11]. In addition,
they explored how to estimate the fourth Hankel determinant for a family of analytic functions using
the cardioid domain [12]. We have included the sharp upper bound of a starlike function as given in
the Table 1.

Table 1. Sharp estimates for the third Hankel determinant |H3 (/)| within specific subclasses
of starlike functions S*.

Author(s) Type of starlike function Sharp bound  Reference
Deniz et al. Subordinated by 17 = [21]
Marimuthu et al. ~ Subordinated by cos z % [22]
Li et al. Symmetric, connected with exponential function  0.0883 [23]
Tang et al. Symmetric, subordinated by 1 + ‘5—‘z + éz“ 0.047 [24]
Riaz et al. Subordinated by 1 + 2z + £z* = [26]
Wang et al. Subordinated by 1 + sinh™!(z) é [25]

The Hankel determinant for inverse functions subordinate to exponential functions was examined
by Shi et al. [13] in 2022. For a function f € S, the logarithmic coefficients denoted by y; = y,(f) are

defined by its series expansion.
Z (o0
log (%) =2 Z izt
k=1

The logarithmic coefficients for the function f given by Eq (1.1) are as follows:

1

Y1 = §b2’ (1.5)

1 1
n=3 (b3 - Ebg)’ (1.6)

1 1,
Y3 = 5 by — bybs + §b2 s (1.7)
1 5 1, 1,
Ya = E bs — byby + b2b3 - Ebg - sz > (1.8)
1 2 42 3 s

Ys=3 be — babs — b3bs + bybs + bybs — Dybs + gbz : (1.9)
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As a result of the concepts mentioned above, we propose investigating the Hankel determinant, in
which the parameters are logarithmic coefficients of f € §. With these logarithmic coefficients, we
have the following Hankel determinant.

Yk Yie1 0 Yitg-1
Yiv1  Yk+2 Yk+q
H, i (f) = . ) .
7k+q—l yk+q ot yk+2q—2

The purpose of this paper [20] is to provide sharp upper bounds for Hankel determinants involving
logarithmic coeflicients associated with the hyperbolic tangent function.
In this paper, we aim to determine the sharp estimates for the logarithmic coefficients, Krushkal
inequalities, Zalcman inequality, and the third-order Hankel determinants for the class of starlike
functions S}, associated with the nephroid domain.
A set of lemmas

Let P denote the class of analytic functions p that can be expressed in the following form and are
normalized by the condition

p® =1 with R(p@r)>0 (zeU),
and the formula is given by:

PO =1+ ad (zeU). (1.10)
k=1

Lemma 1. ([/4]) Suppose p € P. Then, x and ¢ exist such that |x| < 1, 10| < 1,

2¢; = (mx +?), (1.11)
4cy = {=mx’c + 2mxc + 2m(1 — [xP)5 + %), (1.12)
2 _ 2 _ )
8¢, = (4x+ (x 3;64—3)6‘ )mx 4n;£1 Lxl ) ’ (1.13)
—o(1 —10)+(x—1)dc+5x+c
where m = (4 — ¢}).
Lemma 2. If p € P and is expressed in the form of (1.10), then
el <2 fork>1, (1.14)
lCpsk — pepcil <2 for 0 <u <1, (1.15)
lemer — ckerll €4 for m+k=k+1, (1.16)
Jexior = perci| <2(1+240), for peR, (1.17)
2T 5| S > | (1.18)
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For a complex number 7, we get
|e2 = met| < 2max {1,127 - 11} (1.19)

For inequalities (1.14)—(1.19), see [6], with (1.19) specifically provided in [15].
Lemma 3. ([16]) If p € P and is expressed in the form of (1.10), then

|cf + 3clc§ + 3C%C3 - 46‘?02 —2cics — 2¢203 + c5| <2, (1.20)

c? + 6cfc§ + 4c?c3 + 2c1¢5 + 2¢chc4 + c%
—cg - SC‘I‘cz - 3c?c4 —2c2¢3 — 6C1C203 — Co

<2, (1.21)

|c‘11 + c% + 2c163 — 3c%cz - c4| < 2. (1.22)
Lemma 4. ([17]) If p € P and is expressed as in the form of (1.10), then
|Ac} = Bejey + Ces| < 21A1+21B - 24|+ 2|A - B - C|, (1.23)
where A, B, and C are real numbers.

2. Coefficient bounds for S,

To begin, we can examine the upper bounds through the fifth coefficient bs for f € Sy,

Theorem 1. If f € S;,, and follows the form specified in Eq (1.1), then

|by] < 1, 2.1
sl < 5. 2.2)
bl < 5, (2.3)
Ibs| < 5. (2.4)

These three result are sharp.

Proof. Using the definition of subordinations, if f € S}, then w(z) is a Schwartz function with the
following attributes:

w(0) =0, w(z) <1,
@ W)
@ =1+ w(2) — (2.5)
Given that p € P, it follows that
_1+w(z)

=14+ +c+.

p(z) =

1 —w(2)
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When expanded, we obtain

2f (2)
f@)

+ (4bs — 4byby — 263 + 4byb3 — b3) 2

Also,

3 1 1 1 1 1
1+w(z) - w(2)) = 1+ =ciz+ (—cz — —c%) 2 +( c3— =cic+

3 2 2 4 2 2

LT S U
—C1C3+ —C1C + =€y — —=C
BT 2Ty T ez

Comparing (2.6) and (2.7), we get
1

by, = 56’1,
1
b3 = ZCZ’
1 1 1
by = 603 - ﬁclcz (72)cf,
1 1 1 1 5
bs = 3C4 ™ 5163 — ﬁci - %czc% + %c‘f
By using (1.14) in (2.8), we have
|by| < 1.
Using (1.14) in (2.9), we obtain
1
|bs] < 5
We can write (2.10) to get
1 1 -1
|b4| = 6 Cc3 — 2(§)C1C2 + (E 3)
B d p=_1
= — n = —.
g ° 12
Clearly, 0 < B<1land B> D, so
-3
B2B-1)=— < D.
( ) = 3 S
From (1.23), we obtain
1
|bs] < 3
Using (1.14)—(1.15) and (1.19) in (2.11), we have
1 Jetl 5 1
|b5| < g (C‘4 - §C1C3) 48 (6'2 - EC%) + ﬁ |C§ ,

1+ byz + (2bs — b3) 22 + (3bs — 3bobs + b3) &°

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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13
bs| < —.
|bs| < 7
These three results are sharp, with equality attained by the function fy(z) described below:

3. Krushkal inequalities

This section presents a significant result and offers direct proof of the inequality
P — bg("—n < ppin=1) _ p
r < .

Specifically, within class f € §3, using the upcoming parameter values such as n = 4 and p = 1,
Krushkal examined this result and provided its proof for the entire class of univalent functions in his
article [18].

Theorem 2. If f € S, and is defined by Eq (1.1) , then
1
|bs — B3| < 3
The result is sharp for the function fy(z) given by

) t3 2 3 24 15
fo(z) = zexp L+(t—=||dt|=z+7+2 + ="+ =2.
0 3 3 3

Proof. Substituting Eqs (2.10) and (2.8), we obtain

|b4 — b;| 803 — (ﬁ) C1Cy — %C?

1 1 5
6 (6C3 - (ﬂ) C1Cy — %C?)

1 5,
= (03— —C1C — ZC.

4 6

‘ 1 1 5

We can compare this with the lemma:

c3 —2Bcicy + Dc? < 2,
1 -5
2B = -, D=—.
4 6
According to (1.23), we consider the following:
1 -5
B = - and D=—.

8
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Let 0 < B <1, and suppose B > D:
-1
B(2B-1)= 5 >D

1

<2.
6 <

1 5
c3 — 2(§) Cc1Cy — gc?

|bs — B3| <

W] =

4. Zalcman inequality

In 1960, Zalcman formulated a conjecture about univalent functions. He claimed that any function

f € S of the form (1.1) satisfies the inequality

by —bya|<(n—-17,n>2.

(4.1)

In 1999, Ma [19] established a generalized form of the Zalcman conjecture, demonstrating that

every univalent function f € § satisfies the inequality
|byb; = bpiig| <(m—=1)(@G—-1), YiineN, n>2, i>2.
Theorem 3. If the function f € Sy, is represented by the series in Eq (1.1), then

|by — bybs| <

W] —

The result is sharp for the function fy(z) given by

) r 2. 3. 24 1
fo(z) = zexp L+ |t—=||dt)=z+2+2+ 57 + =2
0 3 3 3

Proof. From (2.10)—(2.8), we have

1 1 1
|b4 - b2b3| = 803 — 86‘102 - 7—2C? .

It can be easily shown that

2

1 1 1
|bsy — bybs| = 6 c3 — 2(—) C1C — —C?

2 12
and then {
B=—-
2
and
D= _1
12

Clearly, 0 < B<1land B> D.

1
B2B-1)=0>D=-—.
( ) B 12

From (1.23), we obtain
|by — bybs| <

W —

4.2)

4.3)

O
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5. Logarithmic coefficients for the class S},

Theorem 4. If the function f € S, is represented by the series in Eq (1.1), then

1
lyal < 1 (5.2)
Y2l = 4’ .
1
lysl < 5 (5.3)
lyal < 1 (5.4)
Yal = 4’ .
3
sl < 5 (5.5)
The following functions demonstrate the sharpness of the first five inequalities mentioned above.
Z t3
Jo(2) —ZCXp(f (1 +(t—§))dt) =z4+ e,
fi@) t ’ dt PR B SR
= zeX - — =
1(2) =2 p 3 2+ +7 3Z SZ
(2) = t 3 dt 2+ + La + L + 35 + -
L) = zexp Z 2z 2z 8Z
f3(2) Z1+2 dt i2eipalp B
=zex - = = — ,
3(z) = zexp O 3 =z+7 22 6Z 24Z
fa(@) = le+6t R L S B S
4(z) = zexp i 2+7 Z 6Z 24Z 24Z
Proof. Now, from (1.5)—(1.8) and (2.8)—(2.11), we have
. (5.6)
Y1 = 461, .
1 1
Y2=3%" EC%’ (57)
1 1 1
V3= EC3 - 12C1€2 72 (5.8)
1 1 1 1
Ve = 166 T 1610 T 334 A+ 32026?, (5.9)
1 1 1 1
Vs = Eclcg 40030% 200104 - % 20C36‘2 + %05 (5.10)
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Applying (1.14) to (5.6), we obtain

From (1.18) and using (1.14), we get

1 1 1 2|
vl = g (6‘2 - —c%) < = (02 - —1) = G(c)).

2 8 2

It is clear that G(c;) is a decreasing function that reaches its maximum value when ¢; = 0, and we have

ENJ

lyal <
Using (1.23) in Eq (5.8), we have

1
lys| < 5

Furthermore, applying (1.15) and (1.19) to (5.9), we obtain the following:

1
lyal < T

Using (1.14) and (1.15) in Eq (5.10), we get

||<§
7’5_5-

Theorem 5. If f € S, and it has the form given in (1.1), then

1 |6
|y2 — 5)/f| < max{z, %}

Therefore, the Fekete—Szego functional achieves the optimal result.
Proof. From (1.6)—(1.5), we achieve

1
|72—57%| = g Cy —

1 1
EC% - 566‘%

Using (1.19), we have
2
[2 = oyi] < g max {1, |1 +0-1]).

After the calculation, we have the final result:

|72 — 6y%| < max{l, @}

AIMS Mathematics
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Theorem 6. If the function f € S, and is defined by Eq (1.1), then

1
lyiya —vsl < 3 (5.12)

The result is sharp for the function fy(z) given by

f(z) =ze le+t t32dt +2+13+14+35
= X _ — = —_ —_ ju— .
2(z) = zexp i 3 R SR

Proof. Using (5.6)—(5.8), we obtain

1
lyiys —y3l = —=

11 17
C3—2( )clcz+—c? .

12 16 48
B 11 iD= 17
“16 0T Ty
Clearly, 0 < B<1land B> D.
33
B2B-1)= — < D.
( ) 128
From (1.23), we obtain
1
y1y2 = v3l < 5
m]
Theorem 7. If the function f € S, is represented by the series in Eq (1.1), then
|7’173 - 72| < i (5.13)
716

The result is sharp for the function fy(z) given by

) t3 2 3 24 15
fo(@) = zexp L+|t—=||dt| =z+ 2 +2 + 2" + =2
0 3 3 3

Proof. From (5.6)—(5.8), we have

VIV == g9 T 1929 T 23041 T 64

By using Eqgs (1.11) and (1.12), we express ¢, and c3 in terms of ¢; = ¢ € [0, 2], and we obtain

1 1 1 1
VY3 —7Y; = —%64 - @c2(4 —cHa? - ﬁaz(4 — )+ %C(4 — o

1
- %c(4 — Al .

Applying the triangle inequality and considering that |[6| < 1 and |a| =y < 1, we obtain the following:

1 1 1 1
_2 < 4 204 — (212 204 — 2\ 4_ 2
VY Ya| S 55eC g G e F Seey (h - ) Gecld = )

AIMS Mathematics Volume 10, Issue 11, 26905-26925.
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1
—c(4 - 2812
+96C( )y
= H(c,y).

By partially differentiating for y, we obtain

(9H(c,y) 1 1
e 9 (4 c)y+ c(4 c)y+128y(4 c)

For a constant ¢, it is obvious that aH(c 9Hey) 0, and that H (c,y) is increasing in y. Because of this,

H (c,y) reaches its highest value at y = 1 S0,

1 1
H(c,y) < Hf{c, 1)—%c +@c(4—c)+—c(4—c)+ﬁ(4 )

PRI DR IS IO

- - 4+ —Cc— —c¢ _

2304 " 96 T2 T 16

Now, differentiating for ¢, we have

1 1 1 1
H (c,1 e - — - —c
D=5 "% "2 16
It is clear that H (c, 1) > 0, and it is a decreasing function. Therefore, the highest value is achieved at

¢ = 0, which is

) 1
Y1Y3 — 75| < 16’
O
Theorem 8. Suppose f € Sy, and then
65
- 5.14
Y2Ya 7’3 432 ( )
Proof. From (5.7)—(5.9), we have
Voya =2 = 1;8CZC4 + 11520201@ 2;66'; 46508c201 2;6C104
V4 — Y3 = 11 5 1
’ + 513163 + T3 CIC — 144C3 5184 CY-
Regrouping, we get
1 7 5 1 11
_ 128 ( Ecg) T 11526162 (C3 - ZSC]CZ) + 2566% (C4 - ﬁclc3)
Y2Y4 73| 5 8 2
* 13821 €1 (c2 ~ 1561 ) + m :
By using the triangle inequality, we have
bavi -7 < —=llles - 22 + —= lerlleal|es - 2
- < —Jc — 3 — —cC|C
Y2Y4 — V3 128 2 22t 1132 CillC2f|C3 73 1C2
11 8
2 4 2
+ - —_
256| il |es = Z7er5| + Tagzg il e~ 130
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Using (1.14) and (1.15), we obtain
65
|72)’4 - 7’3| 432

Theorem 9. If f € S}, and it has the form given in (1.1), then
| | < 1 (5.15)
YiYa —72V3l = 18" .
The result is sharp for the function fy(z) given by

< 3
1
fs(z)zzexp(f (1+11(t_%))dt):Z+Z2+6Z3+?7Z4+17Z5..._
0

Proof. From (5.6)—(5.9), we obtain

1 1 1 1 1 L s

2 3
-~ — ey + + + ——c.
YIVa = Y2Ys = GrC1C = GoCies + 3r 010 + s Ca0t — gecaCs + {ysac

Regrouping, we get

lyivs —v2y3l =

-1 15\ 1, La), ] LI
—CHy | C C ci|C —C1C C1CH| .
96 2\ T 129 T 96\ T 121 T a1t T 33412

By using the triangle inequality, we have

|C1|

— < —
[yivs —v2ysl < 96Izl
1 1
+ eplalled + 507 |c1||c2|

Using (1.14) and (1.17), we obtain
11
— < —,
ly1ys —y2y3l < 13

6. The third Hankel determinant based on logarithmic coefficients for the class S;,

Theorem 10. If f € S}, and it has the form given in (1.1), then

2297

~ (. 19.
< 55920 0.088619

|Hs1 ()| <

Proof. Let

Yi Y2 V3
Hs1(H| = | v v
Y3 Y4 Vs

< sl yava = %3 + val byova = vaysl + sl [yiys = va) -
From the values of (5.2)—(5.5) and (5.13)—(5.15), we achieve the required result. O
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7. The third-order Hankel determinant associated with the class S;,,

Theorem 11. If f € S}, and it has the form given in (1.1), then

1
|H3,1(f)| < 9

The result is sharp for the function fy(z) given by

- r 2, 1
fo:ZeXPf 1+(t—=||dt| =2+ +2+ =" + =2,
0 3 3 3

Proof. Substituting the expressions (1.11)—(1.13) into (1.4) and putting ¢; = ¢, we have

936¢cac3 — 198¢%c; + 57¢* e, — 486¢; — 576¢5
Hs (f) = ( 2 ’ 2 3 )

+312¢3¢ - 49c6 + 648cycq — 648¢%cy (7.0

Given L = 20,736, we now set ¢; = ¢, and define m = (4 - cz), leading to the following result.

2¢y = (moz + cz) ,
4ey = {—mazc + 2mac + 2m(1 — |al*)d + 03} ;

(4a/ + (a/2 —3a + 3) cz) ma — 4m(1 — |af*) ]

8¢, =
“ | —p(1 = I6P) + (@ — 1) 6c + &8%@ + ¢*

Using (7.1) , we obtain

—S4ca(4 — c2)*(1 = |al*)d + 144c(4 - c»)?a’*(1 - |a]?)d
+ 24634 = (1 - |a?)6 — 162a(4 — c2)*(1 - |af?)
— 144(4 — (1 = |a})?6* + 16224 — A)(1 — |a?)

. _zfcﬁ 81 o8] - 81 Bas — 81 2as? + 821035

Hs,(f) = 7 + 5% + o4 - 2)10 16> + 8102(4 - c?)éc

-8 Sa4 - 2)6c 821 a4 - c*)p - %c4(4 - c)a?

+14ﬂc4(4 - A - a4 - ) - 8ot - )P

+ 324 - )t - 162074 - P) - St (4 - )
+ 8—21&2(4 —2)6% + 16207 (4 - ?)? - %03(4 -2

Since m = (4 - cz), it follows that

H;(f) = (mo(c @) + my(c, @) + my(c, @)5* + I(c, e, 6)p)

where

_ﬂ02(4 2)6‘ + 117C4Q 243a3(4 _ C2)2 _ §C4QZ
49 4 2
my(e,a) = = =+ (4= )| - Bad -+ 924 - M) — 162a(4 — A)(1 ~ o)
— 162a°%c* - 81 c* 3 + 162074 — ¢2) + 16221 = |a)

AIMS Mathematics Volume 10, Issue 11, 26905-26925.
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81 81
mi(c,@) = — —ca + 7c3 + (4 - 62){

246¢* (1 - |o?]) - S4ca(d — A)(1 - o) }
5 :

+ 144c(4 - A1 - laf’) + Ea*c - Eac

1 1
my(c, @) = — %cza/ +@4 =) [%az — 1444 - A)(1 - |a|2)2] ,
and
81, 5 81 N
M(e,.6) = e (1 — 1] ) +a-c )[|5| _ 1].

By taking |p| < 1 and substituting |4| with 8 and |a| with @, one obtains the following.

1
| (N] < 7 (Imole. )l + Imi(e, )l B + Ima(e. )| B2 + (e, @, 5)])
1
< Z (f(C, a/’ﬁ)) ’ (72)
where
fle,@.B) = (no(c, @) + m(e, @B + nale, @)B* + na(c, )(1 = B)), (7.3)
with

+ %a3(4 -+ 9c2(4 2)cx + 162a(4 = A) (1 - |af)
+ 162a%¢* + %c“af3 +1620°(4 — ) + 162¢(1 — |a)

n(c,a) = _16.30, n §C3 n (4 _ Cz) 246¢° (1 — |a/2|) + S54ca(4 - (1 - |a,|2)5
T 2 +144c(d - A)ar(1 - faf’) + Sae +

no(c, @) = %c6 + (4 - c2)

84_10,2(4 2)6‘ + 117c4a,+ 243 3(4 2)2+ %640,2 }

2

81
ny(c, @) = ?cza +(4-c?)

81
70[2 + 1444 = A - |a|2)2] ,

n(c.a) = - (1-8)+ Sat-c |82 -1].
When (7.3) is partially differentiated with respect to the parameter S, the result is

af

81 81
B - 246¢°(4 — (1 - a?) + 7cy2(4 — e+ S a4 - c?)

+ S4cx(d — (1 — @) + 144c(4 - )% (1 - &)
1
+288(4 — ¢A)*(1 = &*)’B + 8la(4 — B + %éa
1
+ 81c%aB + 81a*(4 — B + 8128 + 87,3.

Taking g—g = 0, we have

— 60c*a® — 200c*a — 684a + 971c%a — 683¢? + 164¢*

1
6 ( 512a° + 32c*a® — 256¢%a® — 51202 — 32¢*a® +256c%a* \ Fo
+ 247 — 476a — 32¢*a + 512 + 32¢* — 2472

( 1536a° — 768¢%a’ + 96¢*a® — 960a? + 480ca? )

ﬁ:
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For S to be within the interval is (0, 1), it needs to satisfy

1536¢ca’ — 768c%a + 962> — 960ca? + 480 a?
- 60c’a? — 200 @ — 684ca + 9713 a — 683 + 164

( 3072a° + 192¢*a® — 1536¢%a° — 3072a% — 192¢*a? + 1536¢2a? )

+ 1428c%a — 2856a — 192c*a + 3072 + 192¢* — 1482¢? (74)

and

— 60c’a? — 200 @ — 684ca + 9713 a — 683¢° + 164¢°

- 3072a° — 192¢*a® + 3072a* + 192¢*a — 3072 — 192¢*

. 7.
<z (Z1536a" + 153607 — 1482a — 1482) (7.5)

[ 1536¢ca’® — 768 + 96¢°a® — 960ca? + 480c3a? ]
2

Suppose

— 60c’a? — 200 — 684ca + 9713a — 683¢3 + 164¢°
—3072a° = 192¢*a? + 307202 + 192¢*a — 3072 — 192¢*

(—1536a* + 153602 — 1482a — 1482)

[ 1536¢ca’ — 768> + 96¢°a” — 960ca? + 480c3a? ]

g(a) =
This gives

g (@) = 4608ca’ —2304c%a” + 288c°a® — 1920ca + 960’ — 120c%a
—200¢ — 684c¢ +971¢% — 9216x% — 576¢*x* + 6144a + 384ac”
+ 2856 + 192¢*,

This implies that g (@) decreases over the interval (0, 1). Thus, ¢* > ’68363“6figgon’19264 and f has

no critical point in (0, 2) X (0, 1) x (0, 1) . As a result, (7.4) is not valid for any « in the interval (0, 1).
The interior of all six faces of the cuboid
Putting ¢ = 0 in (7.3) , we obtain the following:

ki(a,) = f(0,a,B) = 162a + 6480c° + 2304(1 — a?)*B*
+2592a(1 — o) + 162a8* + 162275

When ¢ = 2 in (7.3), we get
FQ2,a,B) =946 + 3248 + 1625 + 324Ba + 162a8>. (7.6)

When @ = 01in (7.3), we get
3 2 81 , 49 2 2
ky(c,B) = f(c,0,B8) =246c(4 —c*)B + 76 + ZC +162c°(4 — ¢*)
1 1
+ 144(4 — B> + %czﬁz + %c%.

Oky

The critical points are determined by solving ¥l

= 0. This gives

| (-683 +164¢?)
T 6(512-247¢% + 32¢%)

B
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The above function k, has no critical point.
Puta =11in(7.3), we get
ky(c,B) = f(l,a,B) =162+ 23—3(4 -+ ?&(4 — )+ 162(4 - ¢%)?
+ %cﬁ +162¢%(4 — ¢*) + 812B% + 8178 + 81(4 — )2
+ 24&(:4(4 — ) +81(4 - *)Be.

The above function k3 has no critical point.
When 8 = 01n (7.3), we get

81 49 81 243
ky(c,a) = f(c,a,0) = 7c2 + Zc6 + 7a(4 — )+ 162a°4 - ) + Ta3(4 - c%)?
117
+ 162a(4 — (1 — a?) + 162¢%(4 — (1 — ) + Tc“(4 - A

18

3 9 9
+ §c4(4 - A + §C2(4 - At + Toz3(4 — )t

81 81
+ Za2(4 - A+ ?c4a3(4 — )+ 162a%4 - AP
When 8 = 11n (7.3), we get
81 81 81
ks(a,c) = f(c,a,l)= ?ca2(4 -+ 7ca(4 -+ 7a2(4 - c?)
3 2 2 2 81 3 49 6 2
+246c°(4 — ¢)(1 — ) + 81c +7c +ZC + 8la(4 — ¢°)
243
+162a°(4 — ¢*)* + Ta3(4 — ) + 144(4 — (1 - ?)?
81
+ S4ca(d - cH*1 -a®) + ?cza + 144c(4 - DX (1 - ad)

81
+ ?c3a +162x(4 — (1 — ¥ + 16224 — A1 — aP)

117 3
+ Tc4(4 - A+ 504(4 - + gc2(4 - et
189 81 81
+ 5 a3(4 _ C2)2C2 + 4 a,2(4 _ C2)2C2 + 76‘40’3(4 _ C2)

+162°(4 — )’
A calculation shows that there is no solution for the equations.

oks Oks
— =0, — =0
oc o
within the interval (0,2) x (0, 1) .
On the edges of a cuboid

Puta = =01n (7.3), and we get

81 49
ke (c) = f(c,0,0) = 7c2 + 766 + 16224 - ).
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By using % = 0, we determine that ¢y = 1.88, which represents the critical point, where k¢ reaches its
maximum value.
f(c,0,0) =950.5910041.

When ¢ = 0and 8 = 1 in (7.3), we obtain
kr (@) = £(0,a,1) = 324a + 2304(1 — a*)* + 6480a° + 162¢” + 2592a(1 — a?).
The function reaches its maximum value at @ = 1:
£(0,a,1) = 6966.

When @ = 1 and 8 = 0 in (7.3), we have
471
4

4 285
+ ch6 +162¢%(4 — ) + Tc4(4 - ).

24
ks(c) = f(c,1,0) = 162+T3(4—c2)3+ A4 - + 1624 — ¢*)?

Using %ij = 0, we determined that ¢, = 2, its maximum value of the function
f(c, 1,0) = 946.
When o =0and 8= 11n (7.3), we get

81 , 49
ky(c) = f(c,0,1)=144(4 - *)? +81* + —c* + —¢°

+246¢°(4 — ¢*) + 162c¢*(4 - 7). ’ ’
The function reaches its maximum value at ¢ = 1.471.
f(c,0,1) =2982.33.
Putc =0and 8 =01n (7.3), and we get
kio (@) = £(0,a,0) = 162a + 6480a° + 2592a(1 — a?).

The function reaches a maximum value of approximately a ~ 0.9999. In other words, this is the highest
value that it attains:
f(0,a,0) ~ 6641.91.

When we put c = 0 and @ = 0in (7.3), we have

ki1 (B) = £(0,0,8) = 23045°.

i (), while ki1 represents the maximum value at 8 = 1, we obtain the following:

Using T
f(c,a,B) =2304.
1

1
0736 S(e @B < 5.

|H.1(f)] <

O
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8. Conclusions

There is considerable literature on Hankel determinants in geometric function theory. However,
finding the sharp bound for the third-order Hankel determinant remains challenging. This study the
nephroid in various domains. We establish bounds on the logarithmic coefficients of these starlike
functions, along with the third-order Hankel determinant and various coefficient estimates. The method
presented in this paper can be applied to establish the sharp upper bound of the initial coefficients
for various classes of analytic functions. The nephroid function is applied in investigating the
characteristics of starlike and univalent functions, particularly within regions enclosed by nephroid-
shaped. We investigate the growth, distortion, and covering characteristics of analytic functions by
mapping the unit disk onto a nephroid-shaped domain. The third Hankel determinant finds applications
in the study of analytic functions, as well as in problems related to stability and function approximation.
The third-order Hankel determinant is especially useful for examining the nonlinear characteristics
of subclasses such as starlike, convex, and close-to-convex functions. In future work, we plan to
investigate the sharpness of these results. This study aims to evaluate the fourth Hankel determinants
for similar classes of analytic functions that will be investigated in further research.
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