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1. Introduction

The Gerdjikov-Ivanov (GI) equation is an important component of the derivative nonlinear
Schrodinger (DNLS) family, extensively utilized to represent nonlinear wave propagation across
several physical scenarios [1]. Abdelrahman et al. [2] investigated the impact of multiplicative
noise on precise solutions of the nonlinear Schrodinger equation, demonstrating how stochastic
perturbations can affect waveform fidelity. Albosaily et al. [3] examined a stochastic chiral
nonlinear Schrédinger equation, uncovering multi-dimensional soliton dynamics influenced by noise.
Khan [4] investigated sub-picosecond envelope solitons in the Triki-Biswas equation incorporating
multiphoton absorption and filtering, and subsequently [5] examined extended anti-cubic nonlinearity
with analogous stochastic effects. Stochastic perturbations are common in authentic nonlinear
systems. Khan [6] investigated optical solitons characterized by quadratic-cubic nonlinear refractive
indices in the presence of multiplicative noise, demonstrating significant sensitivity to amplitude and
phase. Mohammed et al. [7] obtained precise solutions of the stochastic Ginzburg-Landau equation,
linking dispersion and nonlinearity effects to noise-induced instabilities. Mohammed et al. [8]
expanded this methodology to the Hirota-Maccari system, whilst Mohammed et al. [9] examined
the stochastic novel coupled Konno-Oono equation, both emphasizing the influence of multiplicative
noise on soliton profiles. Kudryashov [10] advanced theoretical insights into highly dispersive and
perturbed Schrodinger-type systems by deriving optical solitons for the generalized eighth-order
Schrédinger equation, while Kudryashov [11] examined solitary wave hierarchies featuring non-local
nonlinearity. Kudryashov [12] also investigated highly dispersive solitary waves in perturbed nonlinear
Schrodinger equations. Kudryashov et al. [13] conducted a comprehensive examination of the GI
model, emphasizing bifurcations, precise solutions, and conservation laws, whereas Kudryashov and
Nifontov [14] analyzed Hamiltonian structures in models characterized by unconstrained dispersion
and polynomial nonlinearity. The GI equation has been examined using various transformation and
analytical methods. Abbas [15] utilized the Darboux transformation to derive accurate solutions for
the coupled GI system. Ahmed et al. [16] investigated a generalized stochastic GI equation with
multiplicative white noise, yielding both bright and dark soliton solutions. Arshed [17] employed two
analytical techniques on the perturbed GI problem, yielding various classes of soliton solutions. Chen
and Zhen [18] examined the GI equation inside a complicated Hamiltonian framework, demonstrating
its applicability in simulating optical systems. Hosseini et al. [19] examined the dynamics of
optical solitons in perturbed generalized integrable systems, whereas Hu et al. [20] expanded the
Darboux transformation to encompass a variable-coefficient nonlocal generalized integrable equation.
Kaur and Wazwaz [21] found optical soliton solutions for the perturbed GI problem, whereas
Khuri [22] provided novel traveling wave solutions. Liu and Li [23] conducted an examination of
the dynamical behavior of the fractional perturbed GI equation. Ozisik [24] examined quintic GI
models, whereas Ahmed et al. [25] assessed the impact of multiplicative noise on birefringent fiber
GI models. Ultimately, Biswas and Milovic [26] investigated bright and dark solitons within extended
nonlinear Schrodinger equations, offering insights pertinent to GI-type systems. In practical optical
fiber applications, higher-order nonlinear effects are substantial, and systems described by the GI
equation frequently encounter external noise. Incorporating stochastic effects into the GI framework
enhances the depiction of physical systems influenced by unpredictability and random perturbations.
Multiplicative white noise is significant because its amplitude correlates with wave strength, resulting
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in jitter, waveform distortion, or potential soliton annihilation in optical communication systems.
Analytical methods include the Darboux transformation, simplest equation method, and enhanced
extended tanh-function, and Kudryashov techniques have been employed to get exact solutions, each
demonstrating the impact of stochastic perturbations on soliton properties. Overall, the GI equation,
particularly in its stochastic form incorporating multiplicative noise in the Itd sense, provides a robust
framework for analyzing the interactions among nonlinearity, dispersion, and randomness in wave
propagation. The ongoing analytical and computational study of these systems enhances theoretical
understanding and guides the engineering of resilient optical technologies that can preserve soliton
integrity amid environmental variations.

This study presents a novel approach by simultaneously addressing multiple soliton families—bright,
dark, singular, and periodic—within the stochastic GI equation influenced by multiplicative noise,
utilizing a unified Jacobi elliptic function expansion method. In contrast to previous studies that
focused on deterministic GI models or limited their analysis to a single soliton type, our methodology
incorporates the noise term directly into the analytical solution process. This enables the derivation
of precise stochastic solutions and explicit stability criteria, offering insights that are not readily
achievable through existing methods like the Darboux transformation, extended tanh-function method,
or Kudryashov method.

This paper’s organization continues below. We provide the perturbed GI equation with
multiplicative noise in the Itd sense and analyze its physical meaning in Subsection 1.1. Section 2
describes the new Jacobi elliptic function expansion technique used to generate accurate solutions,
comparable to previous nonlinear wave research [15,27]. The approach is used to find numerous
classes of soliton and periodic perturbed GI equation solutions in Section 3. Detailed stability analysis
is performed in Section 4 to evaluate whether these solutions remain resilient in noisy situations.
Section 5 shows multiplicative noise’s influence on solution profiles in three dimensions. Section 6
links the findings to practical optical fiber and photonic systems for physical understanding. Section 7
concludes with a summary of the key results, practical consequences, and research prospects.

1.1. Main system

We investigate the PGIE with multiplicative noise in the [td sense:

i, + 0 W+ 0 [ + i3V — i ag¥ + as (WP W) + a6 (1WF) W)+ aw$ =0. (1.1
In this context, the function ¥ = W(x,t) denotes a complex function, where x and ¢ correspond to
distance and time in dimensionless form. It is important to recognize that the variable i is defined as
the square root of negative one, or vV—1. Variables ay, as, @3, A4, &5, A6, and o are defined as constants.
Specifically, @, denotes chromatic dispersion (CD), while «;, signifies self-phase modulation (SPM).
Meanwhile, a4 and @5 provide the inter-modal dispersion (IMD) and the self-steepening (SS) term,
respectively, while a3 and ¢ represent the coeflicients of nonlinear dispersion. In this instance, o
indicates the noise strength coefficient, and W(r) denotes the standard Wiener process. The concept of
“white noise” is represented by the equation dW(r)/dt. The stochastic process exhibits the subsequent
characteristics: For ¢ > 0, the function W(¢) remains continuous. (ii) The difference between W(s) and
W(t), when t is higher than s, follows a normal distribution with a mean of zero and a variance equal
to  minus s. This phenomenon is known as Brownian motion. The PGIE is presented in the paper in a
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modified form containing multiplicative noise in the 1t6 sense. This equation clarifies the dynamics of
nonlinear wave occurrences with a focus on solitonic structures under random effects. The inclusion of
multiplicative noise helps to address real-world problems affecting wave propagation, therefore raising
the usefulness of the model in pragmatic situations. This equation is used in practical form in optical
fiber communications to assess the propagation of light pulses, in which case noise may generate signal
distortions.

It deepens understanding of how solitons preserve their form across extended distances in spite of
environmental perturbations. In plasma physics, where it clarifies wave interactions in plasmas with
stochasticity, the equation is really useful. It predicts in Bose-Einstein condensates how matter waves
would behave under external influences. Applications of the equation are found in fluid dynamics, most
especially in wave pattern analysis of turbulent flows. It clarifies nonlinear optics issues including beam
propagation and self-focusing. It is used by researchers to design noise-free communication systems
enhancing signal integrity. At last, the understanding of this equation aids in the development of strong
photonic devices.

2. New Jacobi elliptic function expansion methodology and related descriptions

The perturbed Gerdjikov-Ivanov equation (PGIE) with multiplicative noise presents considerable
analytical difficulties owing to the concurrent existence of nonlinearity, dispersion, and stochasticity.
Conventional methods—such as the Darboux transformation, extended tanh-function techniques,
and Kudryashov approaches—have proven effective in generating deterministic soliton solutions.
Nevertheless, these methods frequently exhibit two principal limitations: (i) They generally produce a
limited category of solutions (e.g., exclusively bright or dark solitons), and (i1) they are not readily
amenable to the direct integration of stochastic effects. This encourages the implementation of a
more adaptable approach that may encompass the variety of solution families while incorporating
the effects of noise during the development phase. This encourages the implementation of a more
adaptable approach that can encompass the variety of solution sets while incorporating the effects of
noise throughout the development phase.

The Jacobi elliptic function expansion approach [27] is ideal for this. Periodic, hyperbolic, and
trigonometric solutions are naturally linked by Jacobi elliptic functions. By adjusting the modulus
parameter m, the approach seamlessly transitions between periodic (m — 0) and solitary waves
(m — 1). This versatility allows the derivation of bright, dark, singular, and periodic soliton families
from a single ansatz, avoiding the need for separate derivations. This method also allows direct
incorporation of multiplicative noise in the Itd sense into the analytical solution, making stochastic
perturbations inherent to wave dynamics rather than post-processing adjustments.

Formally, we start with a general nonlinear partial differential equation (NLPDE):

P(\P’ \I]l" ‘P)n lIjlt’ lIJ)C)C’ "') = 0’ (2'1)

where P is a polynomial in W(x, ) that involves partial derivatives, including nonlinear terms and
highest-order derivatives. Assume that the NLPDE given above may be converted into an nonlinear
ordinary differential equation (NLODE) by

o0 X'\ x",..) =0, (2.2)
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through adopting the transformation
W(x, 1) = y() ellereraVo-rsl -y = e — pr.

This method presents Eq (2.2) assuming the solution to be
IO z(n) 1-22(n)
_ . , 2.
X =0+ ), 1+z2(n)] {gj(l+zz(n))+f’(1+z2(n))}’ i

=1
and z (n) is the solution of the equation

P =a+bZ@+ct@). (2.4)

If N is a positive integer (N € Z¥), then a, b, ¢, 8¢, g, and f; (for j = 1,2, ..., N) must all be constants,
provided that gy # O or fy # 0. N represents the order of the pole in the general solution. Common
recognition indicates that Eq (2.4) allows for solutions expressed as generalized Jacobian elliptic
functions (JEFs).

Table 1 displays the functions sn(n, m), cn(n,m), dn(n, m), and so on. These functions belong
to the third sort of Jacobi elliptic functions, and the modulus of these functions is denoted by m,
where 0 < m < 1. As is well known, the JEFs become hyperbolic functions as m gets closer to 17:
sn(n, 1) — tanh(n), cn(n,1) — sech(n), dn(n,1) — sech(n), ns(n,1) — coth(n), dc(n,1) — 1,
ds(n, 1) — cosech (1), sc(n, 1) — sinh (1), sd(n, 1) — sinh (1), c¢s(, 1) — cosech (17), and becomes the
following trigonometric functions when m — 0% : sn(n,0) — sin (), cn(n, 0) — cos (1), dn(n,0) — 1,
ns(n,0) — cosec (1), cs(n,0) — cot(n),ds(n,0) — cosec(n), sc(n,0) — tan(n), sd(n,0) — sin(n),
dc(n,0) — sec (n).

Table 1. Jacobi elliptic functions and the modulus of these functions.

No. a b ¢ <)
D | - (1 N mz) m? sn (i, m) or cd (17, m)
(2) 1 —m? 2m* -1 —m’ cn (7, m)
3) -1 2-m’ -1 dn G, m)
) m - (1 + mz) 1 ns (17, m) or dc (17, m)
(3) —m? 2m? -1 1—m? ne (1, m)
©) -1 2= m =1 ndr.m)
7 1 2m* - 1 - (1= ne’) > Gr,m)
(8) —-m*(1 - mz) 2m? -1 1 ds (1, m)
) 1_112 1+_2m2 1‘4—'"2 nc (7, m) # sc (17, m), 153&%
T A
(11 1 L2 i TChim

e (1-m2)’ Stm
(12) ! = 7 cngmdnem

Inserting functions (2.3) and (2.4) into Eq (2.2) and performing symbolic computations yields
an algebraic system, the solution of which produces optical solitons of the NLPDE (2.1). The
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present Jacobi elliptic function expansion method is notable for its capacity to systematically produce
various solution classes—bright, dark, singular, and periodic—within a unified analytical framework,
while also directly incorporating multiplicative stochastic perturbations. In contrast to the Darboux
transformation [15, 17] or the extended tanh-function method [21], which generally provide restricted
solution families or necessitate distinct derivations for various wave types, the current approach
generates all these forms from a single ansatz by utilizing the comprehensive set of Jacobi elliptic
function identities. The method incorporates the stochastic Itd6 term directly into the solution
construction, thereby removing the necessity for post-processing or approximation to address noise
effects. The solutions and stability criteria derived in this study are not easily obtainable through
current deterministic methods, especially concerning stochastic GI equations.

3. Perturbed Gerdjikov-Ivanov equation and its optical solitons

To address the PGIE, we perform a wave transformation described as
\P(.x, t) — X(U) ei[—Kx+wt+(TW(t)—a'2t] , (3 1)

and

n = ux - pt. (3.2)
In this context, «, w, u, and § are non-zero constants to be determined, while the real-valued function
x(17) denotes the amplitude component. In this context, u represents the directional ratio, which
indicates the width along the spatial dimension. S denotes the soliton’s velocity, « signifies the
frequency, and w refers to the wave number. The following findings may be derived by putting Eqs (3.1)
and (3.2) into Eq (1.1) and separating the real and imaginary components:

R :aily () — (0 — 02 + a1k + @ak) x () = k(3 + @5) X > () + @2 x° () = 0, (3.3)
and
I 0 (B + 2k + agu) ¥ () + (asp — 3asp — 2aeu) x> )y’ () = 0. (3.4)
From Eq (3.4), we get the velocity of soliton
B=—plas+2a14), (3.5
and the nonlinear dispersion coefficient is @;3:

a3 = 3&’5 + 2&’6. (36)

The balance number N = % is derived by balancing the terms y”'(17) and x°() in Eq (3.3). Given that
N is not an integer, we implement the following transformation:

Fp = x* (), (3.7)
where y(n) is a new function of 7. Currently, Eq (3.3) shifts to the new equation

an? [F2(p) = 2FF" ()] + 4 (a1 + car + w = 07 ) FA(1p) + 8k (2as + ai6) F (1) — 4aaF*() = 0.
(3.8)
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In Eq (3.8), we balance F(17)F"(17) with F*(57), leading to N = 1. Equation (3.8)’s formal solution is

1_ 2
Fn) = g0+ &1 (%) ‘h (#ZEZ;) . (3.9)

Here, g¢, g1, and f; are constants provided with g; # 0 or f; # 0. By merging (2.4) and (3.9) with
Eq (3.8), we derive the resulting collection of algebraic equations:

£

7 () :

I OE

I OE

() :

2

Z):

— 8k(2as + ag) (fl3 - 3g0fl — g + 3g0f1) -4 [6a/2g(2) —2cp’ay — Kay — Kay — (a) - 0'2)] fi
- 820 [—2g3a2 + (cu2 + K2) @) + Koy — 0 + a)] fi —4as (fi —4g0) 3

+4(Ka; — azgé + Ky — 0 + w)gé +cptaigt =0,

281(/1 — 80)

X [12(b - 60)ar; — 4Pay + 12k Qars + ) (fi — go) + 8aa (fi — 80)” — 4kas + 4(0” — w)| =0,
16by*a ff — 16bp’ay figo — b an gt — 16cu’an ff + 16cu’ e figo + 10cu’ e g7 — 16671 fi o
+ 16K2041g(2) + 32K06g8 + 160'2f1g0 - 32042]‘13g0 + 4K2a/1gf + 32/<0z5f13 + 16Kcy4g(2) + 4Ka4gf

— 96kas fi g(z) — 48kas flg% + 64kas gg + 48kas gog% + 16kag fl3 — 48k fi g% — 24kag fi g%

- 24a/2f]2g% + 32&2f1g(3) + 48a/2f1g0g% - 16a/2gg - 24042g8g% — 16kay figo + 16cy2f14

— 160%g} — 4078t — 16wfigo + 16wg) + dwgt + 24kasgogt = 0,

ay (Za,uzfl —2au’go — 1B fi + SbuPgo + 16¢i> fi + 4ep’go — 4% fi + 12/<2g0)

+ 8kas (9g3 + g7) — 4xa (3f7 + 6180 — 983 — &1)

—8ay (37 = 3f7g0 — 3185 + 385 + 808} - fi81) — 4k + 4 (0 — w) (fi — 3g0) a4 (fi + 3g0)
— 24xkasfi 2g0 + f1) = 0,

24a,uza/1fl2 — 24ap’a, figo — Sauzaqg% - 16b/12a/1f12 + 10b,uza/1g% + 24c,uza/1fl2

+ 24ci’a, figo + 8K2a1g% — 96kas flgo + 96/<a5g8 + 96Ka/5gog? — 48kae flgo + 48/<a6g(3)

+ 48kasgogt — 24an f) - 48a/2g%gf —dangt — Skauf? + 24Ka4g3 + 8kaugl + 80 ff
—2407gy — 807gT — 8w f{ + 24wgy — 8K f{ + 24K an g5 + 48an f{ gg + 48w 8]

— 24ag; — 3 g + 8wg; =0,

16ap’a: fi — 1bpP ey fi — Shp*ango + 2cp’an fi + 2 (¢ — 2a) aigopt” — 4 a f;

-12 (K2a1 - 0'2) g0 — 72Ka/5g% — 4k as + ap) g% + 12Ka/6f12 — 24k (g + 2a5) f180

- 36Kcy6g% —24a, fi — 24a, flgo + 24asfi g% + 8anfigl + 24cy2g(3, + 88087

— 4 (3kay + wfiw) go + 4 (07 — kas) fi + 24xkasf; =0,

— 16ap’ay f{ = 16ai’a, figo + 10ap’a g} + 16bp*ay f{ + 16bp e, figo — bya g}

+ 166%a, figo + 16K2011g% + 4K20/1gf - 32/<a/5f13 + 96kas fi g% + 48kas fi g% + 64/<a5g(3)

+ 48Ka/5g0g% — 16kag f13 + 48k fi g(z) + 24ka fi g% + 32Ka/6g8 + 24Ka/6g0g% + 16, f14

+ 32a/2f13g0 —24a, flg? - 32a/2f1g8 — 48a, f1808% - 24a2g§g% + 16Ky figo + 16Ka4g§

+ 4Ka/4g% -4 (0'2 - a)) [4g3 +4figo + gﬂ - 16a2g3 =0,
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z(m) : (ba — b),uzoz]fl + 6a,uzoz]g0 - b,uzozlgo + 4K2Q]f] + 4K2011g0 + 24/<a/5f12 + 48kas f180
+ 24Ka/5g(2) + 24kae f180 + 12/<a6g(2) -8, ff - 24a,flgo — 24 fi g(z) — 8a2g(3)
+ Ak (fi + go) + 12k f7 = 4 (07 — w) (fi + 80) = 0,
2 E 8a/12a/1f12 + 8a,uza/1f1go + a,uza/lg% + 4/<2cx1f12 + 8K2a/1f1g0 + 4K2&1g3 + 16/<a5fl3 + 48/<015f12g0
+ 8kag ff + 24kas f1go + 24Kkas fi g(z) + 8Ka6g8 —4arf! - 16, f13 go — 24, ffg% - 16, fi gg
- 4a2g3 + 4dkay f12 + 8kay f180 + 48kas fi g% + 16kas gg + 4Ka/4g(2) — 407 f12 - 807 f18o
- 40'2g(2) + 4wf12 + 8w figo + 4a)g(2) =0.

(3.10)
Thus, Eq (3.10) hold the results:
P V422 Ga—b)-4(w-02)ar+a2 o = —Dae 4 2(3a-2b+0) | o
2a1 » 76 5 3(—a4+ \/—4,1420%(3a—b)—4a/1 (w—02)+ai) ’
(3.11)

_ , 3(a—b+c)uta; _ _ 3(a—b+c)ula;
80 = da, ,81—0’ fl__ 4y N

provided (a - b+ c)aiay > 0 and (—4a? (3a - b) - 4(w - 0?) s +a3) > 0. From (3.7), (3.9),
and (3.11), we have the solutions:

_ ) [Bla=b+opta 1-2m\||
F(np) = {\/ 1o, [1 - (m)]} . (3.12)

The solution sets for Eq (1.1) are as follows:
Set 1. If we replace a = 1, b = — (1 + mz), ¢ = m? in (3.12) and utilize (1) from Table 1, Eq (1.1) has
Jacobi elliptic solutions:

20, 1+SN2 (ux—pt,m)

1
W(x, 1) = { 3(1+m2)lay [1 _ (1—Sn2(,ux—/3t,m) )]}2 ei[—xx+wt+(TW(f)—‘72’]’ (3.13)

and

1
Wix.1) = \/W 1 — 1-cd?(ux—p1,m) ’ ei[—Kx+wt+0'W(t)—0'2f] (3.14)
s¢) = 2ay 1+cd2 (ux—pt,m) '

Specifically, as m approaches 1-, we acquire the solitary soliton solutions:

2 :
W(x, 1) = { 3uta [1 _ (1 — tanh” (ux — fBt) )]} el'[—KX+wI+O'W(t)—0'2t]. (3.15)

@ 1 + tanh? (ux — B1)

When m nears 0%, periodic solutions become available:

1

_ 3/.12Q’1 C0t2 (/J)C - ﬁt) ' i[—Kx+wI+0'W(t)—0'2t]
= { \/ 2w, [1 - (1 + csc 2 (ux —ﬁt))] © ’ (3.16)
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and
1

_ 3/,(2(}’1 _ tal’l2 (ﬂx —ﬁt) ’ i[—Kx+a)t+0'W(t)—0'2t]
Heen= { \ 2 [1 (1 +sec2(,ux—ﬁt))]} © ’ GA7)

provided aja, > 0.
Set 2. Jacobi elliptic solutions for Eq (1.1) are obtained by using (2) from Table 1 and substituting
a=1-m*b=2m>-1,c=-m?in (3.12):

2
e = {EZ 1 - (|| oo, (3.18)

provided (1 - 2m2) aja, > 0. Specifically, bright soliton solutions exist as m approaches 17:

1

2
3uta; 2 T 2
¥ f) = _ z[ kx+wt+oW(t)—o t] 31
(1) { \" 20, |1+ cosh?(ux— /3;)]} © ’ (3.19)

provided a;a, < 0 and while if m — 0%, then we have the same periodic solution (3.17).
Set 3. Equation (1.1) has Jacobi elliptic solutions if we apply (3) from Table 1 and replace a =
—(1=m?).b=2-m? and c = -1 in (3.12):

Y(x,1) = 3(m2-2)ua; 1— 1-dn?ux—pr,m) : eil —xxtwrtoWn-o’1] (3.20)
> 2a; 1+dn2(ux—p,m) ’

provided (m2 - 2) < 0 and aja; < 0. We acquire the same bright soliton solution (3.17) particularly
whenm — 1.

Set 4. Equation (1.1) has Jacobi elliptic solutions if a = m?, b = — (1 + mz), ¢ = 1in (3.12) and we
apply (4) from Table 1:

1
2
v - {VESEE 1 (g} et

1
W) = \/W 1 1-dC2(ux—ptm) ’ ei[—Kx+wt+0'W(t)—g-2t] (3.22)
s¢) = 2ay 1 +dC2(/1x—ﬁf,m) '

Particularly, we have the singular soliton solutions if m — 17:

1
o — 2 (ux—, 2 i« -0
W) = {2 [1 - ()| el 323

while the periodic solutions exist as m approaches 0*:

and

Y(x, 1) = { e [1 _ (M)}}; eil oxrwrtoWa-oi] (3.24)

2a 1+csc 2(ux—pBr)
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and

Y(x, 1) = { e [1 _ (M)}}Z eil oxrwrtoWa-oi] (3.25)

2a 1+sec 2(ux—pt)

provided aja, > 0.
Set 5. Applying (5) from Table 1 and replacing a = —m?, b = 2m* — 1, and ¢ = 1 — m? in (3.12) yields
Jacobi elliptic solutions to Eq (1.1):

1

2
o= { V- (ilﬁﬁiiiiﬁiiﬁi)]} ellocssornrho-ot], (3:26)

provided (1 - 2m2) aja, > 0. Specifically, the solitary soliton solutions exist as m approaches 17:

_ _ 3l tanh 2 (ux—p1) % i[ —kx+wt+oW(t) -0t 327
FYlx, 0 = { V™ 2w [1 + 1+S€Ch2(yx—,6't)]} e[ ]’ ( )
provided a;a;, < 0 and the periodic solution exists if and only if m approaches 0*:
1
2 20 .
‘I’(x, t) — 3:“ a 1+ tan (/.UC Bt) ei[—Kx+wt+0'W(t)—0'2t]’ (328)
2a, 1 + sec?(ux — Br)

provided aja, > 0.
Set 6. Using (6) from Table 1 and substituting a = —1, b = 2 — m?, and ¢ = m* — 1 into (3.12), we get
the Jacobi elliptic solutions to Eq (1.1):

_ 3 (m2 - 2) /’tzall I- ndz(,ux _ﬁt’ m) ' i[—Kx+a)t+0'W(t)—0'2t]
e = {\/ 2a;, [1 - (1 + nd2(ux — Bt, m))]} © ’ (3.29)

provided <m2 - 2) < 0 and aja; < 0. Specifically, the singular soliton solution (3.27) remains
unchanged if m approaches 1.

Set 7. By exchanging a = 1, b = 2m* — 1, and ¢ = —m? (1 - mz) in Eq (3.12) and applying (7) from
Table 1, Jacobi elliptic solutions are obtained:

1
W(x, 1) = [30=mya-myear [ _ (1=8dgueprm \|\* il -cvrarsowin-o] (3.30)
’ 4ar 1+8d2(ux—pt,m) ’

provided (1 — m*)a a, > 0. For instance, if m — 0%, we obtain the same periodic solution (3.16).
Set 8. To get Jacobi elliptic solutions for Eq (1.1), we may use (8) from Table 1 to substitute a =
—m? (1 =m?), b =2m* - 1,and c = 1 in Eq (3.12):

1
e N T L B e (33D
5 4a 1+dS2 (ux—pt,m) ’

provided (1 — m?)a @, > 0. For example, if m — 0%, we obtain the periodic solution:

1

_ 3luzal1 cot z(ﬂx _ﬁt) ’ i[—Kx+wI+0'W(t)—0'21]
T(x,ﬁ_{,/ o (oo |  aw
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Set 9. By substituting a = 1=, p = 1 ¢ = 127 i (3.12) and using (9) from Table 1, Eq (1.1) has
Jacobi elliptic solutions:

1
P(x, 1) = { [_amila, [1 _ (1—[ncw—ﬂzm)iscw—ﬂum)]z)]}2 el -xroreoWn-o] (3.33)
’ 4ar 1+[NC(ux—p1.m)£SC(ux—prm) | ’
22 1SN (ux—pBt.m) | ~CN2 (ux—ptm) : 2
Y(x,1) = { [ 3m*ula [1 _ ([ +SN(ux—ptm) | (ux ,3,m2 )]} ez[—Kx+wt+0'W(t)—0’ t]‘ (3.34)
dap CN2(ux—prym)+[ 1£SN(ux—prm) |

The dark soliton solutions exist if m — 17:

[ 3w b :
P(x, t):{ - ZCZI [1 + tanh(ux - ﬁt)]} ell-xrrartaWo-] (3.35)

as well as bright-dark soliton solutions:

_ 3/.1201 SCChZ(,le _ﬁt) ' i[—kx+wt+o'W(t)—0'2t]
¥n0 = { "™ 4as [1 + tanh(ux — ﬂt)]} © ’ (3.36)

provided aja, < 0.
Set 10. Equation (1.1) has Jacobi elliptic solutions if we utilize (10) from Table 1 and exchange

—m22 .
a=-U2) ol oo Lin(3.12):

1
\P(x l’) — _M 1 _ 1—[m Cn(ﬂx—ﬁt,m)tdn(/lx—ﬁt,m)]z : ei[—Kx+wt+0'W(t)—o'zt] (3.37)
’ V 160 1+[m C0Gue—pramyzdngue-prm)|’ :

Specifically, bright soliton solutions correspond to m — 17:

and

1

2 2 i| —kx+wt+o -0
Fenn :{ V_lszz 1 [4+cosh%(/-lx—ﬁt)]} e[ rora o Zt]a (3.38)

provided aja, < 0.

Set 11. The Jacobi elliptic solutions to Eq (1.1) may be obtained by substituting a = }l, b = %’"2,
c= 4—11 in Eq (3.12) and using (11) from Table 1:
1
Y(x,t) = { ) [m [1 - ([u Cn("x_ﬁ”m)]z‘ SN2 (ux—pt.m) )]}2 el -xerwrtawn-a?] (3.39)
’ 4ay [1+ C(ux—prm) "+ SN2 (ux—pt.m)
Specifically, the singular soliton solutions exist as m approaches 17:
1
\P()C t) — 3ptay 1 . ’ ei[—Kx+wt+0'W(t)—0'2t] (340)
’ V'@ | 1ifeoth(ur-Br= csChiux—po)] ’

provided aja, > 0.

2
Set 12. Entering a = }L, b = “2—’"2 c = (1—212) in (3.12) and using (12) from Table 1 yields Jacobi

elliptic solutions for Eq (1.1):

3m2(m2—4),u2a1

Y(x,1) = { v

1
SN2 (ux—pBt,m) ’ eil -krrortaWn-c?r] (3.41)
S (ux—pt.m)+| CI Bt m)+ dn(,ux—ﬁt,m)]2 ’
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provided a;a, < 0 and (m2 - 4) < 0. If m — 17, we have solitary solutions:

1
W(x,1) = { /_9#2(11 [ tanh? (ux—p1) ]}2 ei[—Kx+a)t+0’W(t)—0'2t] (3.42)
’ 402 | ani?(ua-pgn+asech’ g ’

provided aja, < 0.

4. Stability analysis

In this section, we will analyze the stability of Eq (1.1). To find the steady-state solutions, assume
F(n) is constant [28,29], and let

F(n) = F,. 4.1)
At the steady state,
dF() 0 dsz() 0 “4.2)
— =0and — =0, .
dn g dn? 1
so, Eq (3.8) simplifies to
(a11<2 + a4k + W — 0'2) F; + 2k Qas + ag) Fi, - azF;} =0. 4.3)
This gives two possible solutions:
Fg -0 or Fg _ kQas+ag)F \/K2(205+as)2+az(a/1K2+a4k+w—a-2), (44)

@2

provided [KZ Qas + ag)’ + @y (aqK2 + K + W — 0'2)] > 0.

The possible equilibrium locations where the system may maintain stability are represented by these
solutions. Let us look at a little perturbation around the steady state F, to examine the stability of these
steady-state solutions. Consider that 3

F(n) = F, + eF(n). 4.5)

When the perturbation is F(77) and € is a minor parameter parameter, entering (4.5) into Eq (3.8), one
obtains

2
o (2 [F, + ]| =200 [Py | [+ ] #4006 + a0 ) [+

- 3 - 4
+ 8k (2as + ag) [Fy + eF ()| - 4az |[Fy + eF ()| =0.

(4.6)
(£l ol - o) = (4]
[Fe + €F | 4 [Fe + F ()] = eF F () + €F () F (.
[F, + Fap| = F2 + 2¢F Fn) + €F (), (4.7)

ol = /3 2 0 B =
|Fe + eF)| = F3 + 3eF2F () + 3€FF (1) + €F (),

o1 _ g4 3E 22 E> e B 4
|Fo + eF()| = Fi +4eF3F () + 6€F2F () + 4€F,F () + €'F ().
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We linearize the equation by retaining just the first-order terms in € since it is small. One derivation is
PP SF(p) — 4 (a1 + aak + w — 02 FF(p) = 12k Qas + ae) FIF(p) + 8aoF3F () = 0. (4.8)

The stability is established by assuming 3
F(n) = e, 4.9)

A constant is denoted by A. A characteristic equation may be obtained by substituting Eq (4.9) into the
linearized equation (4.8):

ay? F, — 4[(1k® + auk + w — 07) Fy + 3k (2as + a) F2 — 2a5F3| = 0. (4.10)

We shall next examine the two equilibrium points:

Case 1: To determine the characteristic equation, enter F, = 0 into Eq (4.10). The characteristic
equation of the system does not provide any useful information on stability at F, = 0, indicating
neutral stability. Small perturbations neither increase nor decrease in the absence of a linear restoring
force, suggesting that F, = 0 is a weakly stable equilibrium point. The system’s specific behavior may
be influenced by outside variables or nonlinear influences.

KkQQas+ag)F ‘\/KZ (2as +(16)2+(22 ((ll K? +(14K+w—0'2)

Case 2: When the non-zero steady state f, is substituted into
the linearized equation (4.10), we have the characterlstlc equatlon with the following coefficients:

5 4a, (a1K2 +auk +w— 0'2) + 4K as + ) + 4k Qs + g) K2 Qars + ag)” + @ (1K + auk + w — 0°2)
A2+ =0.
ajap?
4.11)

The roots of the characteristic equation A; and A, are given by

—ay (K2 + a4k + w — 02) F k Qas + ag) \/K2 Qas + ag)* + a2 (1K + sk + w — 02) — K2 Qas + )’
1=2 > . (4.12)
@ a2

The steady state’s stability is thus dependent on the actual components of these roots: (1) For stability
in the system: Both roots must be negative, and the following requirements must be fulfilled:

-y (0/1/(2 + auk + w — 0'2) F kQas + ag) K2 Qas + @) + s (K2 + auk + w — 02) 4.13)

— K> Qas + ag)’ > 0.

This inequality provides a condition on the parameters i, @;,ay, @s, @6, K, 4, w, and o for the

_ «Qas+ag)F \/K2(2a5 +ag)*+an (ozl K2+a4/<+w—o'2)

equilibrium point f, = = to be stable.
(2) If there is 1nstab1hty in the system: In the event that one root is positive or the subsequent
requirement is met:

-y (CZ]KZ + Kk + w — 0'2) F K Qas + ag) K2 Qas + @) + s (K2 + auk + w — 0°2)

(4.14)
—&* Qas + a6)” < 0.
(3) A little instability in the system: If the following circumstance is met:
a (a’1K2 + K+ W — 0'2) + Kk (2as + ag) \JK2 Qas + ag) + an (K2 + a4k + w — 0°2) 4.15)

+ K2 (2&’5 + CU6)2 = 0,
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resulting in actual roots that are repeated. The study demonstrates that the simple equilibrium point
represented by the naive steady-state solution F, = 01is dependent on certain system factors for stability.

_ kQas+ae)F \/K2(2a5+a6)2+a2 (m K2+a4l<+w—0'2)

Alternatively, the non-trivial steady-state solution F, calls for a
more nuanced analysis since the stability is affected by a number of Varlables including the coefficients
ay, @y, a4, s, A, K, U, w, and o. Predicting the system’s behavior under minor perturbations requires
an understanding of these relationships.

5. Graphical representations

We offer numerical simulations of various solution types of the perturbed Gerdjikov-Ivanov
equation to demonstrate the analytical findings and emphasize the impact of multiplicative noise.
To enhance understanding, we selected representative parameter sets and illustrated both three-
dimensional and two-dimensional perspectives to highlight the spatial-temporal dynamics and the
influence of randomness.

Jacobi-elliptic wave pattern (Eq (3.14)): Figure 1 depicts an oscillating sequence of pulses
characterized by Jacobi elliptic functions, rendered for = 5 with parameters m = V3/2, a; = 0.1,
@ =02,a4=02,u=0.1,w =001,k = -1+ V0.8525 + 100?, and 8 = —0.02(1 + ). The stochastic
term W(z) = cosh(2r) changes the amplitude. The two-dimensional projection distinctly illustrates
periodic humps, whose shape and height exhibit minor fluctuations attributable to noise, simulating
noisy optical fiber pulse trains.

(1-1) =0 (12) 6=03 (1-3) e=1.

I

A
/,w\fr,!\ﬂf ?';1’ ‘f” )

3D plot of real part of ¥, t) 3D plot of real part of ¥(x, t) 3D plot of real part of ¥(x, t)

(14) =0 (1-5) 6=0.3 (1-6) 6=1.2
0.15

0.10

0.05 0.10

0.05

2D plot of real part of ¥(x, t) 2D plot of real part of W(x, t) 2D plot of real part of ¥(x, t)

Figure 1. Plot of Jacobi-elliptic wave pattern Eq (3.14).
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Bright soliton (Eq (3.19)): Figure 2 illustrates a solitary localized pulse propagating without
dispersion at r = 4 with @y = 0.1, @, = 0.3, a4 = 0.2, u = 0.1, w = 0.03, k = =1 + V0.71 + 1002,
B = —0.02(1 + k), as well W(¢) = cos(¢), despite random perturbations. The two-dimensional slice
illustrates that the soliton peak retains its sharpness, exhibiting minimal amplitude fluctuations caused
by noise, underscoring the resilience of bright solitons in optical systems.

@2-1) a=0 (2-2) 6=0.5 (23) 6= 1.6

3D plot of real part of W(x, 1) 3D plot of real part of W(x, r)

(2-5) 6=05 (2-6) 6= 1.6

AR !
RN 1 MUHUUUU

2D plot of real part of ¥(x, 1) 2D plot of real part of ‘¥(x, /) 2D plot of real part of W(x, )

Figure 2. Plot of bright soliton Eq (3.19).

Periodic solution (Eq (3.28)): Fort = 2, a; = 0.1, @ = 0.2, 4 = 0.2, u = 0.1, w = 0.01,
k = —1 + V¥0.8525 + 1002, B = —0.02(1 + k), as well as W(f) = cosh(2¢), the solution creates a
sinusoidal wave pattern that repeats in space and time. Figure 3 depicts a clean sinusoid affected
by modest random modulations, demonstrating how stochasticity impacts continuous wave trains and
mode-locked systems.

Dark soliton (Eq (3.35)): With parameters setatt = 1 witha; = 0.5, @, = 0.5, a4 = 0.1, u = 0.2,
w = —-0.01, k = =0.1 + V0.05 + 202, B = —0.2(0.1 + ), as well as W(r) = 31>, Figure 4 illustrates a
dip within a predominantly continuous wave background. The two-dimensional profile illustrates the
localized intensity reduction and its susceptibility to noise, which has the potential to alter or distort
the notch position.
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Figure 3. Plot of periodic solution Eq (3.28).
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The 3D views show the shape and development of the soliton as a whole, while the 2D projections
make the effect of random factors clear. When there is noise, bright solitons stay mostly fixed, but
dark solitons are more likely to get distorted. The stochastic term causes changes in the magnitude
and phase of the solutions that are periodic and Jacobi-elliptic. These pictures show that multiplicative
noise causes fluctuations that can be measured and managed. The images also show random effects on
the solutions, which is what the reviewer asked for.

6. Physical interpretation

The perturbed Gerdjikov-Ivanov equation with multiplicative noise encapsulates a complex
interaction among nonlinearity, dispersion, and stochasticity. The solutions obtained by the Jacobi
elliptic function expansion method yield both precise mathematical representations and significant
scientific insights into wave propagation in realistic settings.

The incorporation of multiplicative noise inside soliton solutions underscores the influence of
medium variations on the amplitude, phase, and stability of localized waves. In optical fiber
communication systems, this pertains to stochastic fluctuations in the refractive index or amplifier
noise, which may result in jitter, waveform distortion, or soliton annihilation. The solutions illustrate
that bright solitons maintain energy localization under moderate noise, whereas dark and isolated
solitons have heightened sensitivity, reflecting varying degrees of robustness among soliton families.

In practical terms, bright, dark, singular, periodic, and mixed soliton structures describe
transmission modes in nonlinear optical systems. High-bit-rate optical channels benefit from bright
solitons’ energy confinement, whereas background-intensity-supported propagation benefits from dark
ones. In mode-locked lasers and photonic lattices, periodic and Jacobi elliptic-type solutions describe
wave trains and pulse trains.

Explicit stability analysis also offers physical criteria for solitons to survive stochastic disturbances.
The stability criteria can be used to develop noise-resilient photonic devices. To reduce instability
thresholds and improve robustness in noisy situations, engineers can optimize system parameters by
tuning dispersion (@) and self-phase modulation (a;).

In addition to optics, noise-driven solitons affect wave-particle interactions in plasma physics and
stochastic external fields dictate matter-wave dynamics in Bose-Einstein condensates. Fluid system
solutions describe stochastic surface wave patterns, making the research interdisciplinary. Based on
our physical understanding, different soliton families exhibit varying responses to noise, revealing their
robustness. Stability conditions help engineers build stable optical communication systems. Solution
variety improves comprehension of real-world nonlinear stochastic systems in optics, plasma, and
condensed matter physics. This approach goes beyond mathematical derivations and sheds light on the
physical meaning and applications of the solutions.

7. Discussion and conclusions

This research examined the perturbed GI equation in the Itd framework, integrating multiplicative
noise to simulate genuine environmental disturbances. Utilizing the new Jacobi elliptic function
expansion approach, we obtained several categories of precise solutions, including bright, dark,

singular, and periodic solitons, and analyzed their behavior under stochastic perturbations. The stability
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study indicated that soliton persistence is fundamentally influenced by the interaction of dispersion,
nonlinearity, and noise intensity, with analytical criteria defined for both stable and unstable settings.

Graphical simulations (Figures 1-4) demonstrated that multiplicative noise may cause phase jitter,
amplitude modulation, and shape distortion in soliton profiles, with the extent of these effects varying
based on the individual solution type and parameter configuration. The dark soliton instance exhibited
significant sensitivity to increased noise terms, consistent with theoretical stability thresholds.

Recent investigations [30,31] have found noise-modulated soliton dynamics in optical fibers and
other dispersive systems. The stochastic effects represented in our modified GI equation strongly align
with the experimental noise sources in these studies. Consequently, the soliton solutions presented
herein—including bright, dark, and periodic forms—may be actualized and quantified via analogous
experimental setups, offering a means for direct corroboration of our theoretical forecasts.

Recent studies, including those by Ahmed et al. [16] and Hosseini et al. [19], have investigated the
GI equation under perturbations, primarily concentrating on bright soliton solutions while neglecting a
comprehensive classification of solution types. Kudryashov et al. [13] examined the deterministic
GI model and derived analytical structures devoid of stochastic influences. This study integrates
multiplicative noise in the It6 framework and systematically employs the Jacobi elliptic function
expansion method to derive a variety of solutions, encompassing bright, dark, singular, and periodic
solitons. Moreover, while earlier studies have frequently examined stability in a qualitative manner,
our research establishes clear analytical stability conditions and supports them with graphical evidence
across various solution families. This comprehensive framework, which incorporates noise, offers an
expanded viewpoint that surpasses existing literature and enhances the connection between theoretical
predictions and possible experimental validation.

Future research may investigate adaptive control methods and noise-mitigation approaches to
maintain soliton integrity in noisy dispersive media, and may also expand the paradigm to higher-
dimensional or nonlocal GI-type equations. The findings presented herein enhance the theoretical
comprehension of stochastic nonlinear wave equations and inform the practical development of
resilient optical and photonic systems that provide steady signal transmission amidst real-world
environmental variations.
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