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Abstract: This paper addresses the problem of fault detection (FD) for Markov jump systems (MJSs)
with time-varying delays. The jumping property presented by system modes is described by the
Markov chain and the transition probabilities of the Markov chain are described by adopting the more
flexible persistent dwell-time (PDT) switching rule. By introducing a filter to establish a residual
system, the problem was converted into an H∞ filtering problem. The problem is complicated by the
coexistence of time constraints in the PDT switching law and time-varying delays. By combining the
Lyapunov-Krasovskii (L-K) method and switched system theory, a suitable filter was designed and a
new PDT constraint was obtained. Ultimately, a virus mutation system model was used to demonstrate
the practicability and effectiveness of the designed FD filter.
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1. Introduction

Markov jump systems (MJSs) are stochastic systems that alternate among various operational
modes, with the transitions being governed by a Markov process. For a long time, MJSs have strong
modeling ability because of their unique advantage of using a Markov chain to accurately describe
system changes [1]. In the last few years, MJSs have received more and more research interest and
have been widely used in power system [2], network control systems [3–5], and so on.

With the increasing complexity of industrial system architectures, the need for system security
increases [6, 7]. Some MJSs will inevitably encounter various faults in actual operation, like actuator
faults, sensor faults, and so on. These faults not only affect the normal operation of the system, but
also may cause major accidents. Therefore, how to find the faults timely has become an important
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topic. Fault detection (FD) technology is designed to solve this problem, which can quickly and
accurately identify potential failures [8, 9]. Based on the H∞ filter method, FD technology has been
successfully applied in many kinds of MJSs, including, but not limited to, fuzzy semi-MJSs [10],
conic-type MJSs [11], and positive MJSs [12]. However, existing FD filter designs largely presume
simple switching patterns, whereas real-world MJSs exhibit more complex dynamics that intensify the
impact of faults. This gap motivates the present work to devise a filter-based FD scheme, centered on a
residual system synthesized from a filter and a fault weighting model, capable of accommodating such
complexity.

Traditional MJSs with fixed transition probabilities often fail to accurately represent practical
scenarios, where external disturbances and varying operational conditions cause these probabilities to
change over time. To better characterize such real-world situations, researchers have adopted various
switching rules to describe time-varying transition probabilities. Researchers have investigated MJSs
governed by piecewise constant transition probabilities adhering to dwell-time switching rules [13].
Due to poor adaptability to high frequency switching, the dwell-time switching rule has been gradually
replaced by other rules. The average dwell-time switching rule allows switching to take place in a short
time interval. But the above two switching rules have the problem of limited switching frequency. The
persistent dwell-time (PDT) switching rule works by introducing regions with fast and slow switching
frequencies [14, 15]. It also allows free switching within the fast switching area. In contrast, the PDT
switching rule is considered as a more general switching rule. The PDT switching rule determines the
evolution of transition probabilities in MJSs, establishing a structured framework where the switching
mechanisms govern the time-varying nature of stochastic transitions [16]. However, the FD for MJSs
with PDT switching remains largely unexplored. This paper aims to fill this research gap by developing
a novel FD filter specifically designed for such systems.

Due to limitations in response speed and transmission media, time delays may occur in MJSs [17,
18]. The time-delay phenomenon means that the current state is not only dependent on the current
input, but is also inevitably affected by past inputs or states [19, 20]. This phenomenon will defer
updating the switching signals, adding complexity to the system with the PDT switching rule [21].
Furthermore, time delays may result in delayed detection of fault signals or even mask the early fault
signals. To solve the above problems, the Lyapunov-Krasovskii (L-K) functional method is usually
used, which can consider both the boundary and the change of time delays. In order to employ more
effective FD methods, using the L-K method to account for time delays and the PDT switching rule
still has outstanding research potential. This is our third motivation for this study.

On this basis, the objective of this paper is to address the FD for a specific class of MJSs that
incorporate time delays and PDT. The main contributions of this work are threefold:

(1) The time-varying transition probabilities of the continuous-time MJSs are characterized by the
PDT switching rule, which offers greater flexibility and practical relevance compared to the dwell-
time and average dwell-time rules used in prior studies.

(2) A novel FD filter design framework is established for MJSs subject to both PDT switching and
time-varying delays, which effectively transforms the FD problem into an H∞ filtering problem.

(3) New stability and performance conditions are derived by integrating switched system theory with
the L-K functional method, effectively handling the hybrid dynamics caused by time delays and
PDT switching.

Notations: Throughout this article, Rn represents the n-dimensional vector space of the real number
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field; l2[0,∞) represents the set of squared integrable functions on (0,∞); Sym{Q} = Q + QT ; ∗
represents the symmetry element of a matrix; Q > 0 shows that Q is positive definite; and diag{· · · }
means a diagonal matrix.

2. Problem formulation

This section outlines the problem and introduces a few preliminary concepts. The framework of FD
filtering for MJSs with PDT is shown in Figure 1.

Figure 1. Framework of the FD filter for MJSs with PDT.

Remark 1. In this paper, the PDT switching rule, which accurately describes the slow and fast
intermittent switching, is used to describe the change of transition probabilities. This rule becomes
more versatile as it can be simplified to the dwell-time or average dwell-time switching rule through
the parameter settings. Furthermore, MJSs with PDT switching transition probabilities can also be
reduced to traditional MJSs. Therefore, the switching model adopted in this paper is considered to be
more comprehensive and universal.

2.1. Model description

Consider the MJSs with time-varying delays and PDT as follows:ẋ(t) = A(ηt)x(t) + A%(ηt)x(t − %(t)) + B(ηt)ω(t) + D(ηt) f (t),
y(t) = C(ηt)x(t),

(2.1)

where x(t) ∈ Rn, y(t), ω(t), and f (t) ∈ Rp represent the state vector, measurement output vector, and
external interference input that belongs to l2[0,∞), and fault vector, respectively; and %(t) is the time-
varying delay satisfying 0 ≤ %(t) ≤ %̄ and %̇(t) ≤ u ≤ 1, where %̄ and u are constants. The stochastic
process {ηt, t ≥ 0} denotes a continuous time Markov process inM = {1, 2, · · · ,m} with the transition
probability matrix Π = [πζ(t)

i j ] fulfilling

Pr {ηt+∆t = j|ηt = i} =

 πζ(t)
i j + o(∆t), i = j,

1 + π
ζ(t)
i j + o(∆t), i , j,
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where πζ(t)
ii = −

m∑
j=1, j,i

π
ζ(t)
i j , πζ(t)

i j ≥ 0. The piecewise function ζ(t), which satisfies the PDT switching

rule, takes values from a set N = {1, 2, · · · ,N}. This PDT switching signal ζ(t) dictates the choice of
the transition probability matrix πζ(t)

i j , thereby directly influencing the stochastic dynamics of the MJSs.
The mode-dependent interconnection weight matrices A(ηt), A%(ηt), B(ηt), D(ηt), and C(ηt) are denoted
as Ai, A%i, Bi, Di, and Ci for ηt = i ∈ M, respectively.

Remark 2. In Figure 2, the entire working interval is segmented into multiple stages according to the
PDT switching rule. For any stage, it contains a certain subsystem running period (i.e., τ-portion) and
a persistence period (i.e., T -portion). Further, the duration of each τ-portion is not less than τD and the
duration of each T-portion is not more than TD. For any active pth stage [tsp , tsp+1), p ∈ N, all switching
instants are expressed as tsp , tsp+1, tsp+2, ..., tsp+1 , respectively. The interval [tsp , tsp+1) is partitioned into
two sub-intervals [tsp , tsp+1) ∪ [tsp+1, tsp+1). When t ∈ [tsp , tsp+1), just one certain subsystem is activated
during the running time τA ≥ τD. When t ∈ [tsp+1, tsp+1), any switching between subsystems can occur
and the total running time TB satisfies TB ≤ TD.

Figure 2. An illustration of the PDT switching rule.

2.2. Fault detection filter design

In order to realize the FD of MJS (2.1), this paper introduces a filter expressed as: ẋ f (t) = A f ix f (t) + B f iy(t),
r f (t) = C f ix f (t),

(2.2)

where x f (t) ∈ Rn and y(t) ∈ Rp denote the filter state vector and input signal filter, respectively; and
r f (t) represents the residual signal compatible with the fault dimension. The matrices A f i, B f i, and C f i

are filter gains to be determined later.
Incorporating the following fault weighting model can improve the FD capability: ẋw(t) = Kw1xw(t) + Kw2 f (t),

fw(t) = Kw3xw(t) + Kw4 f (t),
(2.3)

where xw(t) ∈ Rp and matrices Kw1, Kw2, Kw3, and Kw4 are given.
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Let
x̃(t) =

[
xT (t), xT

f (t), xT
w(t)

]T
, z̃e(t) = r f (t) − fw(t), and v(t) =

[
ωT (t), f T (t)

]T
.

Based on (2.1)–(2.3), the residual system can be summarized below:{
˙̃x(t) = Ãx̃(t) + B̃x̃(t − %(t)) + M̃v(t),
z̃e(t) = Ñ1 x̃(t) + Ñ2v(t),

(2.4)

where

Ã =


Ai 0 0

B f iCi A f i 0
0 0 Kw1

 , B̃ =


A%i 0 0
0 0 0
0 0 0

 ,
M̃ =


Bi Di

0 0
0 Kw2

 , Ñ1 =
[
0,C f i,−Kw3

]
,

Ñ2 = [0,−Kw4] .

2.3. Problem formulation

The objective of this paper is to design a FD method for the MJS (2.1) with time delays and PDT,
where

(1) the residual system (2.4) with v(t) = 0 is globally uniformly exponentially stable (GUES);
(2) for v(t) , 0 and γ > 0, the following condition can be derived under zero initial conditions:∫ ∞

t=0
z̃T

e (t)z̃e(t)dt ≤ γ2
∫ ∞

t=0
vT (t)v(t)dt.

Additionally, to determine whether a fault has existed, we formulate the following residual
evaluation function and threshold:

J(r) ,
∫ t1

t2
rT

f (s) r f (s)ds,Jth , sup
f (t)=0
J(r),

where t1 and t2 represent the initial and final evaluation moment, respectively. Then the following
judgement logic can detected the fault signal:{

J(r) > Jth ⇒ fault existed⇒ alarm,
J(r) ≤ Jth ⇒ with no fault.

(2.5)

2.4. Preliminary

Before further discussion, several lemmas are necessary to facilitate the derivation of the results.

Lemma 1 ([22]). For a differential equation Vi(t) on the interval Ω = (a, b) (Ω = [a, b) or Ω = (a, b]),
if there exist any time-varying functions ψ(t) and φ(t) such that LVi(t) ≤ ψ(t)Vi(t) + φ(t), then it can be
derived that

Vi(t) ≤ Vi(a)eΨ (t) +

∫ t

a
eΨ (t)−Ψ (r)φ(r)dr,

for t < b, Ψ (t) =
∫ t

a
ψ(r)dr.
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Lemma 2 ( [23]). During the T-portion, the switching times Λ(tsp+1, tsp+1) are finite, indicating that
Zeno behavior cannot occur. Hence, for any interval [ta, tb) whose length is not less than τD + TD, the
following inequality holds:

0 ≤ Λ (ta, tb) ≤
(

ta − tb

TD + τD
+ 1

)
(TD f + 1) ,

where 1/ f denotes the minimum average switching interval in the T-portion.

Lemma 3 ([24]). Given a symmetric matrix R > 0 and a differentiable function χ that varies over the
interval [β1, β2]→ Rn, it holds that:∫ β2

β1

χ̇T (s) R χ̇(s)ds ≥
1

β2 − β1
HT

1 RH1 +
3

β2 − β1
HT

2 RH2,

where

H1 = χ(β2) − χ(β1), H2 = χ(β2) + χ(β1) −
2

β2 − β1

∫ β2

β1

χ(s)ds.

Lemma 4 ( [25, 26]). For a positive real number 0 < α < 1, any matrix N, and symmetric matrices
T1 > 0, T2 > 0, it holds that:[ 1

α
T1 0
0 1

1−αT2

]
≥

 T1 + (1 − α)
(
T1 − NT−1

2 NT
)

N
∗ T2 + α

(
T2 − NT T−1

1 N
)  .

3. Fault detection filter design

In this section, utilizing the L-K functional method, the FD problem of MJS (2.1) with PDT is
investigated. For simplification, we define the following vectors and symbols:

ξ(t) =
[
xT (t), xT

f (t), xT (t − %(t)), xT (t − %̄), vT
1 (t), vT

2 (t), xT
w(t), f T (t), wT (t)

]T
,

ei =
[
0n×(i−1)n, In, 0n×(6−i)n+3p

]
(i = 1, 2, · · · , 6), v1(t) =

∫ t

t−%(t)

x(s)
%(t)

ds,

ei+6 =
[
0p×6n, 0p×(i−1)n, Ip, 0p×(3−i)p

]
(i = 1, 2, 3), v2(t) =

∫ t−%(t)

t−%̄

x(s)
%(t)

ds.

Theorem 1. For given scalars TD, f , α ∈ (0, 1), µ ∈ (1,∞), u, and %̄, if there exist any matrices
Gi ∈ R

n, X ∈ R2n and positive-definite matrices Pi,Zi,Q1,Q2,R ∈ Rn, Wi ∈ R
p, such that the following

conditions hold ∀i, j ∈ M : Ξ|%(t)=0 ET
1 X

∗ − eα%̄R̃

 < 0, (3.1) Ξ|%(t)=%̄ ET
2 XT

∗ − eα%̄R̃

 < 0, (3.2)

θ j ≤ µθi, (3.3)
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TD > τD >max
{

TD f + 1
α

ln µ − TD,
1
f

}
, (3.4)

where

Ξ = Φ1 + Φ2 + Φ3 + αΠT
1 θiΠ1 + ΠT

3 Π3 − γ
2ΠT

4 Π4,

Φ1 = Sym
{
ΠT

1 θiΠ2

}
+

∑
j∈M

π
ζ(t)
i j (ΠT

1 θ jΠ1),

Φ2 = eT
1 (Q1 + Q2)e1 − (1 − u)e−α%̄eT

3 Q1e3 − e−α%̄eT
4 Q2e4,

Φ3 = %̄2`T
1 R`1 − e−α%̄ET

12RrE12,

Π1 =
[
eT

1 , eT
2 , eT

7

]T
, Π2 =

[
`T

1 , `
T
2 , `

T
3

]T
,

Π3 = C f ie2 − Kw3e7 − Kw4e8, Π4 =
[
eT

9 , e
T
8

]T
,

`1 = Aie1 + A%ie3 + Bie8 + Die9, `2 = A f ie2 + B f iCie1, `3 = Kw1e7 + Kw2e8,

E1 =

[
e1 − e3

e1 + e3 − 2e5

]
, E2 =

[
e3 − e4

e3 + e4 − 2e6

]
,

E12 =
[
ET

1 , E
T
2

]T
,Rr =

 2%̄−%(t)
%̄

R̃ X
∗

%̄+%(t)
%̄

R̃

 ,
R̃ =

[
R 0
0 3R

]
, θi =


Pi Gi 0
GT

i Zi 0
0 0 Wi

 ,
then the residual system (2.4) is GUES in v(t) = 0, while meeting the H∞ performance index γ under a
zero initial condition.

Proof. Construct the L-K functional as V(t) = V1(t) + V2(t) + V3(t), where

V1(t) = x̃T (t)θi x̃(t),

V2(t) =

∫ t

t−%(t)
eα(s−t)xT (s)Q1x(s)ds +

∫ t

t−%̄
eα(s−t)xT (s)Q2x(s)ds,

V3(t) = %̄

∫ 0

−%̄

∫ t

t+θ
eα(s−t) ẋT (s)Rẋ(s)dsdθ.

Define L as the weak infinitesimal operator of x(t), and evaluate the functional along residual
system (2.4). We obtain

LV1(t) =Sym
{
x̃T (t)θi ˙̃x(t)

}
+

∑
j∈M

π
ζ(t)
i j × (x̃T (t)θ j x̃(t)) = ξT (t)Φ1ξ(t), (3.5)

LV2(t) ≤ − αV2(t) + xT (t)(Q1 + Q2)x(t) − (1 − u)e−α%̄xT (t − %(t))Q1x(t − %(t))
− e−α%̄xT (t − %̄)Q2x(t − %̄) (3.6)

= − αV2(t) + ξT (t)Φ2ξ(t),
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LV3(t) ≤ − αV3(t) + %̄2 ẋT (t)Rẋ(t) − %̄e−α%̄
∫ t

t−%̄
ẋT (s)Rẋ(s)ds. (3.7)

By employing Lemmas 3 and 4, one has

− %̄e−α%̄
∫ t

t−%̄
ẋT (s)Rẋ(s)ds

≤
%̄ − %(t)

%̄
e−α%̄κT

1 XR̃−1XTκ1 +
%(t)
%̄

e−α%̄κT
2 XT R̃−1Xκ2 (3.8)

− e−α%̄
[
κ1

κ2

]T  2%̄−%(t)
%̄

R̃ X
∗

%̄+%(t)
%̄

R̃

 [ κ1

κ2

]
,

where

κ1 =

[
x(t) − x(t − %(t))

x(t) + x(t − %(t)) − 2v1(t)

]
, κ2 =

[
x(t − %(t)) − x(t − %̄)

x(t − %(t)) + x(t − %̄) − 2v2(t)

]
.

Summing up (3.7) and (3.8), we have

LV3(t) ≤ −αV3(t) + ξT (t)Φ̃3ξ(t), (3.9)

where
Φ̃3 = Φ3 +

%̄ − %(t)
%̄

e−α%̄ET
1 XR̃−1XT E1 +

%(t)
%̄

e−α%̄ET
2 XT R̃−1XE2.

In consideration of the H∞ performance, we define F(t) = z̃T
e (t)z̃e(t) − γ2vT (t)v(t). By choosing the

target function J = LV(t) + αV(t) + F(t), we get

J ≤ ξT (t)(Φ1 + Φ2 + Φ̃3 + αΠT
1 θpΠ1 + ΠT

3 Π3 − γ
2ΠT

4 Π4)ξ(t) = ξT (t)Φξ(t). (3.10)

Considering that Φ is a linear function of %(t), we have the following derivation for ∀(%(t)) ∈ [0, %̄]:{
Φ|%(t)=0 < 0,
Φ|%(t)=%̄ < 0,

⇒ Φ < 0. (3.11)

Then, inequalities (3.1) and (3.2) are equal to Φ < 0 by using the Schur complement, which means

LV(t) ≤ −αV(t) − F(t). (3.12)

When t ∈ [tsp+1−1, tsp+1) in Figure 2, the following inequality can be derived from condition (3.12) and
Lemma 1:

V(t) ≤e−α
(
t−tsp+1−1

)
V

(
tsp+1−1

)
−

∫ t

tsp+1−1

e−α(t−s)F(s)ds. (3.13)

From (3.3), the inequality can be obtained at the switching instant tsp+1−1:

V
(
tsp+1−1

)
≤ µV

(
t−sp+1−1

)
. (3.14)
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Obviously, each switching instant also applies to the above formula. By alternating the
formulas (3.13) and (3.14) constantly, we can derive the function to the initial time t0 = 0:

V(t) ≤µe−α
(
t−tsp+1−1

)
V

(
t−sp+1−1

)
−

∫ t

tsp+1−1

e−α(t−s)F(s)ds

≤ · · ·

≤µΛ(t0,t)e−α(t−t0)V(t0) − µΛ(t0,t)
∫ t

t0
e−α(t−s)F(s)ds,

where Λ(t0, t) is the cumulative number of all switches in (t0, t). When v(t) = 0, F(t) = z̃T
e (t)z̃e(t) ≥ 0

can be yielded. For t ∈ [tsp , tsp+1), the inequality is obtained:

V(t) ≤µΛ(t0,t)e−α(t−t0)V(t0) = e−α(t−t0)+Λ(t0,t) ln µV(t0). (3.15)

According to Lemma 2, we have

0 ≤ Λ(t0, t) ≤
(

t − t0

TD + τD
+ 1

)
(TD f + 1) . (3.16)

From (3.15) and (3.16), we can get

V(t) ≤eαt0+

(
1− t0

TD+τD

)
(TD f +1) ln µe

(
(TD f +1) ln µ

TD+τD
−α

)
tV(t0). (3.17)

Due to this fact, there exist k1 > 0 and k2 > 0 satisfying

‖Z(t)‖2 = max{‖x̃(t)‖2,
∥∥∥ ˙̃x(t)

∥∥∥2
, ‖x̃(t − %̄)‖2},

k1 = min
i∈M
{λmin(θi)} +

1
a
λmin(Q) +

%̄2

a
λmin(R),

k2 = max
i∈M
{λmax(θi)} +

1
a
λmax(Q) +

%̄2

a
λmax(R),

which means

k1 ‖Z(t)‖2 ≤ V(t),V(t0) ≤ k2 ‖Z(t0)‖2.

Then from (3.17), we can further get

k1 ‖Z(t)‖2 ≤ k2eαt0+

(
1− t0

TD+τD

)
(TD f +1) ln µe

(
(TD f +1) ln µ

TD+τD
−α

)
t
‖Z(t0)‖2 . (3.18)

Then, according to the above inequality, one can directly derive that

‖Z(t)‖ ≤

√
k2

k1
e

1
2

(
αt0+

(
1− t0

TD+τD

)
(TD f +1) ln µ

)
e

1
2

(
(TD f +1) ln µ

TD+τD
−α

)
t
‖Z(t0)‖ . (3.19)

Since p is chosen arbitrarily, the inequality (3.19) can be derived for other stages as well. According
to (3.4), we can conclude that (TD f +1) ln µ

TD+τD
− α ≤ 0. At the same time, the residual system (2.4) satisfies

GUES in v(t) = 0.
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According to Φ < 0, we can get
∫ ∞

t0
(LV(s) + αV(s) + F(s))ds ≤ 0. It is clear that V(t) > 0. Under

zero initial conditions, we can also get∫ ∞

t0
rT (s)r(s)ds ≤ γ2

∫ ∞

t0
vT (s)v(s)ds. (3.20)

This finishes the proof. �

Remark 3. If a constant κ0 > 0 and a function Γ exist such that ‖x̃(t)‖ ≤ Γ(‖x̃(0)‖ , t),∀t ≥ 0, κ0 ≥

‖x̃(0)‖, then for the initial condition and every switching signal ζ(t), the residual system (2.4) is globally
uniformly asymptotically stable. In this paper, the above inequality is changed to the following form
with ς > 0 and ψ ∈ (0, 1):

‖x̃(t)‖ ≤ ςψt ‖x̃(0)‖ ,∀t ≥ 0.

So GUES is the special case of the stability above.

Remark 4. By employing the L-K functional method, the analysis of stability and H∞ performance for
the residual system, which includes both time-varying delays and PDT, is performed in Theorem 1. In
contrast to existing literature, this paper considers a more comprehensive range of information from the
system models. When both time delays and PDT are considered simultaneously, it becomes difficult to
analyze the stability of the residual system and solve the performance index. In this paper, by combining
the switched system theory and L-K functional method, the globally uniformly exponential stability is
obtained. Moreover, the weighted model is employed to enhance the sensitivity of the residual signal
to the fault signal.

On the basis of Theorem 1, the following contents explain the method of obtaining the filter gains.

Theorem 2. We can given scalars TD, f , α ∈ (0, 1), µ ∈ (1,∞), u, and %̄. The residual system (2.4)
is GUES in an H∞ performance index γ if there exist positive-definite matrices Pi, P f i,Q1,Q2,R ∈ Rn,
Wi ∈ R

p, and any matrices Ã f i ∈ R
n, B̃ f i ∈ R

n×p, C̃ f i ∈ R
p×n, X ∈ R2n, such that (3.3), (3.4), and the

following conditions hold ∀i, j ∈ M:
Ξ̃|%(t)=0 Π̃T

3 ET
1 X

∗ − I 0
∗ ∗ − eα%̄R̃

 < 0, (3.21)


Ξ̃|%(t)=%̄ Π̃T

3 ET
2 XT

∗ − I 0
∗ ∗ − eα%̄R̃

 < 0, (3.22)

where

Ξ̃ = Φ̃1 + Φ2 + Φ3 + αΠT
1 θ̂iΠ1 − γ

2ΠT
4 Π4,

Φ̃1 = Sym
{
ΠT

1 θ̃iΠ̃2

}
+

∑
j∈M

π
ζ(t)
i j (ΠT

1 θ̂ jΠ1), Π̃2 =
[
`T

1 , ˜̀T
2 , `

T
3

]T
,

Π̃3 = C̃ f ie2 − Kw2e7 − Kw4e8, ˜̀2 = Ã f ie2 + B̃ f iCie1,
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θ̃i =


Pi I 0
PT

f i I 0
0 0 Wi

 , θ̂i =


Pi P f i 0
PT

f i P f i 0
0 0 Wi

 ,
with the other terms in (3.1) and (3.2). By the following equations, the gains can be obtained as

A f i = Ã f iP−1
f i , B f i = B̃ f i, C f i = C̃ f iP−1

f i . (3.23)

Proof. Through operation, Φ < 0 in Theorem 1 is equal to

Φ̂ =

[
Φ0 ΠT

3
∗ −I

]
< 0, (3.24)

where Φ0 = Φ1 + Φ2 + Φ̃3 + αΠT
1 θiΠ1 − γ

2ΠT
4 Π4. Defining = = diag

{
In,GiZ−1

i , I4n+4p

}
and performing

congruence transformation on both sides of Φ̂ by = and =T , we have

Ã f i = GiA f iZ−1
i GT

i , B̃ f i = GiB f i, C̃ f i = GiZ−1
i C f i,

P f i = GiZ−1
i GT

i ,=Φ̂=T =

[
Φ̃0 Π̃T

3
∗ −I

]
,

Φ̃0 = Φ̃1 + Φ2 + Φ̃3 + αΠT
1 θ̂iΠ1 − γ

2ΠT
4 Π4.

Through utilizing the Schur complement, linear matrix inequalities (LMIs) (3.21) and (3.22) are
equivalent to (3.1) and (3.2), respectively. Finally, we can get the filter gains as

A f i = Ã f iP−1
f i , B f i = B̃ f i,C f i = C̃ f iP−1

f i . (3.25)

�

4. Illustrative example

This section uses a virus mutation processing system [27] to assess the effectiveness. Consider
MJS (2.1) with the mathematical model as:

ẋ(t) = (Mk − δI + ζH)x(t) + Bkw(t) + Dk f (t),
y(t) = Ckx(t),

where w(t), y(t), and f (t) are the same as described in (2.1); x(t) represents two different virus
genotypes; k = 1, 2 denotes a Markov process; δ and ζ represent the decay rate and mutation rate,
respectively; and H = [Hmn] is the system matrix, where Hmn ∈ {0, 1} represents a genetic link between
genotypes.

M1 =

[
0.05 0

0 0.25

]
,M2 =

[
0.06 0

0 0.26

]
,H =

[
0 1
1 0

]
, B1 =

[
0.5
0.1

]
, B2 =

[
0.3
0.2

]
,

D1 = D2 =
[
0.8 0.8

]
,C1 =

[
1.0 0

]
,C2 =

[
1.0 0

]
, ζ = 0.001,

δ = 0.68, α = 0.159, µ = 1.8,TD = 3.4, f = 0.1.
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We assume that the mathematical model of virus mutation treatment includes a time-varying delay.
The other parameters are specified as

Π1 =

[
−1.2 1.2
0.5 −0.5

]
,Π2 =

[
−1.1 1.1
0.6 −0.6

]
,Π3 =

[
−1 1
0.7 −0.7

]
, %(t) = 1.2(1 − cos(t)),

%̄ = 2.4, u = 1.2, A%1 =

[
0.2 0.1
0.1 0.2

]
, A%2 =

[
0.2 0.3
0.1 0.1

]
.

The fault weighted system parameters are selected as Kw1 = −0.4, Kw2 = 2, Kw3 = 0.4, Kw4 = −1.
The fault signal of the virus mutation processing system is expressed as

Case 1: f (t) =

{
3 sin(t), 15 ≤ t ≤ 30,
0 , otherwise.

Case 2: f (t) =

{
3 × e−0.3(t−15), 15 ≤ t,
0 , otherwise.

Solving the LMIs (3.21) and (3.22) can compute the optimal H∞ performance index γmin = 1.4960.
Then we select γ = 1.6 to calculate the gain matrix of the FD filter:

A f 1 =

[
−3.6083 5.3774
−0.5162 −0.8749

]
, B f 1 =

[
−0.0880
−0.0221

]
, C f 1 =

[
0.0820 −1.9623

]
,

A f 2 =

[
−5.5113 10.6125
−1.0023 −1.5441

]
, B f 2 =

[
−0.1257
−0.0368

]
, C f 2 =

[
−0.0178 −2.2430

]
.

Assuming x(0) = [0, 0]T , Figure 3 illustrates the system’s hybrid switching behavior, showing both
the stochastic Markov jumping process ηt and the possible PDT switching signal ζ(t) that governs
the time-varying transition probabilities. Under this switching policy, Figure 4 shows that the state
trajectory x(t) of the MJS converges to a bounded region in the presence of external disturbances and
potential faults. Figure 5 depicts the profiles of the weighted fault signal fw(t) for both Cases 1 and 2.
Figure 6 demonstrates that the residual signal r f (t) maintains a minimal magnitude in the fault-free
scenario but exhibits a pronounced and sustained deviation immediately following fault occurrence
at t = 15 s for both Cases 1 and 2. Figure 7 further shows the evaluation function J(r) exceeding
the threshold Jth at t = 15.3 s, successfully detecting the fault with a 0.3 s delay and validating the
proposed detection scheme.
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Figure 3. Random jumping mode of MJS (2.1) and the PDT switching sequence.
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Figure 4. System response of MJS (2.1).
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Figure 5. Weighted fault signal fw(t).
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Figure 6. Residual response r f (t).

According to the residual evaluation mechanism, the threshold values Jth of the FD mechanism
are calculated as Jth = 1.3312 × 10−5 for Case 1 and Jth = 5.9303 × 10−6 for Case 2, respectively.
By analyzing the evaluation function values at multiple instants, we observe that

∫ 15.3

0
rT

f (s)r f (s)ds =

1.3840 × 10−5 > Jth in Case 1, and
∫ 15.3

0
rT

f (s)r f (s)ds = 7.2331 × 10−6 > Jth in Case 2. These results
indicate that the fault occurring at t = 15 s is successfully detected by the designed filter after a short
delay of 0.3 s in both scenarios. Therefore, the effectiveness of the proposed FD filter is validated
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under different fault types.
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Figure 7. Jth and the evaluation function J(r).

5. Conclusions

In this article, the FD problem for the MJSs with time-varying delays and PDT has been addressed.
The stochastic switching of the system mode was governed by a Markov chain, with its transition
probabilities governed by the PDT switching rule. By the filter-based method, the FD problem has
been reformulated as an H∞ filter design problem. By integrating the L-K functional method with
switched system theory, the complexity arising from the coexistence of time delays and PDT was
effectively addressed. By establishing LMIs and a PDT constraint condition, the filter was designed
to guarantee GUES. Ultimately, a mathematical model of a viral mutation system was employed to
validate the effectiveness.
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22. G. Göksu, U. Başer, Observer-based H∞ finite-time control for switched linear
systems with interval time-delay, Trans. Inst. Meas. Control, 41 (2019), 1348–1360.
https://doi.org/10.1177/0142331218777559

AIMS Mathematics Volume 10, Issue 11, 26867–26883.

https://dx.doi.org/https://doi.org/10.1109/TSMC.2022.3163719
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2025.108814
https://dx.doi.org/https://doi.org/10.1016/j.isatra.2023.03.017
https://dx.doi.org/https://doi.org/10.1109/9.539424
https://dx.doi.org/https://doi.org/10.3934/math.20241275
https://dx.doi.org/https://doi.org/10.1109/TSMC.2020.2964034
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2021.3104336
https://dx.doi.org/https://doi.org/10.1109/TCSII.2021.3126262
https://dx.doi.org/https://doi.org/10.1016/j.neunet.2023.12.010
https://dx.doi.org/https://doi.org/10.1109/TASE.2025.3589031
https://dx.doi.org/https://doi.org/10.3934/math.20241225
https://dx.doi.org/https://doi.org/10.1049/iet-cta.2015.0925
https://dx.doi.org/https://doi.org/10.1177/0142331218777559


26883

23. H. Shen, Z. Huang, J. Cao, J. H. Park, Exponential H∞ filtering for continuous-time switched
neural networks under persistent dwell-time switching regularity, IEEE Trans. Cybern., 50 (2019),
2440–2449. https://doi.org/10.1109/TCYB.2019.2901867

24. A. Seuret, F. Gouaisbaut, Wirtinger-based integral inequality: application to time-delay systems,
Automatica, 49 (2013), 2860–2866. https://doi.org/10.1016/j.automatica.2013.05.030

25. C. Zhang, Y. He, L. Jiang, M. Wu, Q. Wang, An extended reciprocally convex matrix inequality
for stability analysis of systems with time-varying delay, Automatica, 85 (2017), 481–485.
https://doi.org/10.1016/j.automatica.2017.07.056

26. X. Zhang, Q. Han, A. Seuret, F. Gouaisbaut, Y. He, Overview of recent advances in stability
of linear systems with time-varying delays, IET Control Theory Appl., 13 (2019), 1–16.
https://doi.org/10.1049/iet-cta.2018.5188

27. W. Qi, J. H. Park, J. Cheng, Y. Kao, X. Gao, Exponential stability and L1-gain analysis for positive
time-delay Markovian jump systems with switching transition rates subject to average dwell time,
Inf. Sci., 424 (2018), 224–234. https://doi.org/10.1016/j.ins.2017.10.008

© 2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 11, 26867–26883.

https://dx.doi.org/https://doi.org/10.1109/TCYB.2019.2901867
https://dx.doi.org/https://doi.org/10.1016/j.automatica.2013.05.030
https://dx.doi.org/https://doi.org/10.1016/j.automatica.2017.07.056
https://dx.doi.org/https://doi.org/10.1049/iet-cta.2018.5188
https://dx.doi.org/https://doi.org/10.1016/j.ins.2017.10.008
https://creativecommons.org/licenses/by/4.0

	Introduction
	Problem formulation
	Model description
	Fault detection filter design
	Problem formulation
	Preliminary

	Fault detection filter design
	Illustrative example
	Conclusions

