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Abstract: We investigate the stability of stochastic delay differential equations (SDDEs) that describe
systems affected by both memory effects and stochastic disturbances. By adopting a comparison
principle approach, we derive unified criteria for p-th moment, asymptotic, and exponential stability
under conditions that relax the conventional requirement of a negative diffusion operator. The proposed
results broaden the applicability of classical methods and are validated through illustrative numerical
examples, demonstrating their potential relevance to engineering and applied sciences.
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1. Introduction

Stochastic dynamical systems with delays have become an indispensable framework for modeling
real-world processes where memory effects and random perturbations coexist. Their applications
span a broad spectrum of science and engineering, including communication networks, population
biology, and financial mathematics. In such contexts, delays are inevitable due to factors such as
signal transmission, processing lags, or inherent reaction times, while stochastic disturbances typically
represent environmental noise or structural uncertainties. The interplay between these two factors often
leads to complex behaviors, including oscillations or even instability, thereby motivating extensive
studies on stochastic delay differential equations (SDDEs).

Over the past decades, numerous analytical techniques have been developed to investigate the
stability properties of SDDEs. Among these, the Razumikhin method has played a central role
in establishing asymptotic and exponential stability criteria [3, 7, 8]. Further developments of this
method were provided in [10, 13, 14], and several extensions were discussed in [16, 21, 23]. More
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recent contributions address stochastic and hybrid systems using similar ideas [24, 27, 28]. Additional
improvements and related applications can be found in [29]. The Lyapunov functional approach,
another powerful tool, has yielded refined conditions for moment stability under various delay
structures [2,6,9]. Further theoretical improvements based on this approach were reported in [15–17],
and additional developments under different delay structures can be found in [22,27]. In addition, fixed-
point theorems have been applied to address existence and stability problems [11,12], while differential
and integral inequality techniques have been employed to analyze hybrid and functional differential
systems [18–20]. Collectively, these approaches have greatly enriched the theoretical foundations of
SDDEs and expanded their applicability to a diverse range of scientific and engineering models.

Despite these advances, many classical results rely on restrictive structural assumptions. In
particular, several existing criteria [1–3] require the diffusion operator LV associated with a Lyapunov
function to be negative definite or to satisfy inequalities of the form

LV(t, φ) ≤ ξ(t)V(t, φ(0)) + χ(t) sup
θ∈[−τ,0]

V(t + θ, φ(θ)),

with ξ(t) + χ(t) ≤ a ≤ 0 for all t ≥ t0 (see [8, 19, 20]). While mathematically elegant, these conditions
significantly limit practical applicability. For instance, when ξ(t) = −0.5t + t sin t and χ(t) = 0, the
term ξ(t) + χ(t) oscillates without a global bound, rendering the classical framework inapplicable.
Similar challenges arise whenever the diffusion operator becomes positive over certain time intervals
in cases that are not adequately addressed by existing theories.

To address these limitations, this work develops stability criteria for SDDEs under more general
conditions. Our approach neither requires the diffusion operator to remain negative at all times nor
assumes that ξ(t) + χ(t) is globally bounded. By leveraging comparison principles, we relax these
restrictive assumptions and derive broader stability conditions, thereby extending the scope of systems
that can be rigorously analyzed.

The remainder of the paper is organized as follows. Section 2 introduces notations and preliminary
definitions. Section 3 presents the main theoretical results. Section 4 demonstrates the effectiveness of
the proposed criteria through numerical examples. Section 5 concludes the paper with discussions of
potential extensions and future research directions.

2. Preliminaries

Let Ra = [a,+∞) and let Rn denote the n-dimensional Euclidean space, with | · | representing the
Euclidean norm. The classVK consists of continuous, strictly increasing, convex functions, and CK
of continuous, strictly increasing, concave functions, both defined on R+

0 with µ(0) = 0.
Let w(t) be an n-dimensional standard Wiener process defined on a complete filtered probability

space (Ω,F , {Ft}t≥t0 , P), where the filtration {Ft} is right-continuous and Ft0 contains all P-null sets.
Denote by E the expectation with respect to P [5]. Define

C := C((−∞, t0];Rn) =
{
φ : (−∞, t0]→ Rn

∣∣∣ φ is continuous and bounded
}
,

equipped with the norm ‖φ‖ = supθ∈(−∞,t0] |φ(θ)| < ∞. Let Lp
Ft

((−∞, t0];Rn) denote the set of {Ft}-
adapted, C-valued random variables φ = {φ(θ) : θ ∈ (−∞, t0]} satisfying

‖φ‖
p
Lp = sup

θ∈(−∞,t0]
E|φ(θ)|p < ∞.
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For any function a(t) defined on [t0,+∞), define its extended form by

a∗(t) =

a(t), t ≥ t0,

0, t < t0.

Consider the following stochastic delay differential equation (SDDE):dz(t) = f (t, z(t), z(t − τ(t))) dt + σ(t, z(t), z(t − τ(t))) dw(t), t ≥ t0,

z(t) = φ(t) ∈ Lp
Ft0

((−∞, t0];Rn), t ∈ (−∞, t0],
(2.1)

where f : Rt0 × R
n × Rn → Rn and σ : Rt0 × R

n × Rn → Rn×n are Borel-measurable functions
satisfying standard conditions that guarantee the existence and uniqueness of solutions. τ(t) : Rt+0

→

R0+ characterizes the system’s time delay, which may be bounded or unbounded. For simplicity, we
write z(t) instead of z(t, t0, φ). Furthermore, if f (t, 0, 0) = 0 and σ(t, 0, 0) = 0 for all t ≥ t0, then the
identically zero process z(t) ≡ 0 constitutes a trivial solution.

Following [9], we introduce several p-th moment stability concepts.

Definition 2.1. [9] The zero solution of (2.1) is called p-th moment stable (PS) if, for every ε > 0,
there exists a constant δ = δ(ε) > 0 such that whenever ‖φ‖Lp < δ, it follows that

E|z(t, t0, φ)|p < ε, t ≥ t0.

Definition 2.2. [9] The zero solution of (2.1) is called is p-th moment asymptotically stable (PAS) if
it is PS and there exists δ > 0 such that ‖φ‖Lp < δ implies

lim
t→+∞
E|z(t, t0, φ)|p = 0.

Definition 2.3. [9] The zero solution of (2.1) is called p-th moment exponentially stable (PES) if there
exist constants a > 0 and κ > 0 such that

E|z(t, t0, φ)|p ≤ κ‖φ‖p
Lpe−a(t−t0), t ≥ t0.

Remark 2.4. In the special case of p = 2, Definitions 2.1–2.3 correspond to 2S, 2AS, and 2ES,
which represent mean square stability, mean square asymptotic stability, and mean square exponential
stability, respectively.

Throughout this paper, let V ∈ C2,1[Rt0 × R
n;R0] denote a nonnegative functional V(t, z) that is

continuously differentiable once in t and twice in z. Given a V(t, x) in this class, define LV :
Rt0 × R

n × Rn → R by

LV(t, x, y) = Vt(t, x) +VT
x (t, x) f (t, x, y) + 1

2 trace
[
σT (t, x, y)Vxx(t, x)σ(t, x, y)

]
,

whereVt = ∂V/∂t,Vx = (∂V/∂x1, . . . , ∂V/∂xn), andVxx = (∂2V/∂xi∂x j)n×n [25].
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3. Stability analysis

In this section, the comparison principle is employed to derive stability conditions for system (2.1).
The first main theorem is presented below.

Theorem 3.1. LetV ∈ C2,1[Rt0 × R
n;R0], c1 ∈ VK , c2 ∈ CK , ξ : Rt0 → R, χ : Rt0 → R0, and p > 0.

Suppose that:
(A.1) c1(|z|p) ≤ V(t, z) ≤ c2(|z|p), ∀(t, z) ∈ Rt0 × R

n;
(A.2)

ELV(t, z(t), z(t − τ(t))) ≤ ξ(t)EV(t, z(t)) + χ(t) sup
s∈[t−τ(t),t]

EV(s, z(s)), t ≥ t0;

(A.3)

lim
t→+∞

∫ t

t0

[
ξ(v) + χ(v)ρ(v)

]
dv < +∞,

where ρ(t) = exp
(

sups∈[t−τ(t),t]

∫ t

s
(−ξ(v)) dv

)
.

Then, system (2.1) is PS.

Proof. Let M(t) = EV(t, z(t)). By Itô’s formula, one has

M(t) = M(t0) +

∫ t

t0
ELV(s, z(s), z(s − τ(s)))ds, t ≥ t0. (3.1)

From (3.1), for all t ≥ t0 and 4t > 0, we have

M(t + 4t) = M(t) +

∫ t+4t

t
ELV(s, z(s), z(s − τ(s)))ds.

Hence,

D+M(t) = lim sup
4t→0+

M(t + 4t) − M(t)
4t

= ELV(t, z(t), z(t − τ(t)))

≤ ξ(t)M(t) + χ(t) sup
s∈[t−τ(t),t]

M(s), t ≥ t0,

where D+ denotes the upper right Dini derivative [4] defined by

D+M(t) = lim sup
4t→0+

M(t + 4t) − M(t)
4t

.

Constructing the following delay differential equation,{
u̇(t) = ξ(t)u(t) + χ(t) sups∈[t−τ(t),t] u(s), t ∈ Rt0 ,

u(t) = u0 = c2(‖φ‖p
Lp), t ≤ t0,

(3.2)

we show that
u(t) ≤ u0e

∫ t
t0

[ξ(v)+χ(v)ρ(v)] dv
, t ∈ Rt0 , (3.3)

in three steps.
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First, we verify the nonnegativity of u(t) for all t ∈ R. Clearly, for t ≤ t0, we have u(t) = u0 =

c2(‖φ‖p
LP) ≥ 0. For t > t0, suppose, for contradiction, that u(t) < 0 at some t, and define

t∗ = inf{t ≥ t0 | u(t) < 0}.

Given that u(t) is continuous and u(t∗) < 0, it follows that u(t) ≥ 0 for t < t∗. Therefore, the upper
right-hand derivative satisfies

D+u(t0) < 0.

However, according to (3.2), we have

u̇(t∗) = ξ(t∗)u(t∗) + χ(t∗) sup
s∈[t∗−τ(t∗),t∗]

u(s) ≥ 0,

which is in contradiction with the previous inequality. Hence, we deduce that u(t) ≥ 0 for all t ∈ R.
Next, we assert that

sup
s∈[t−τ(t),t]

u(s) ≤ ρ(t)u(t), t ∈ Rt0 .

To see this, we apply the variation of constants formula, which yields

u(t) = u0e
∫ t

t0
ξ(s)ds

+

∫ t

t0
e
∫ t

s ξ(u)duχ(s) sup
v∈[s−τ(s),s]

u(v)ds, t ∈ Rt0 . (3.4)

Noting χ(t) ≥ 0 and u(t) ≥ 0, we deduce that

u(t) = u0e
∫ t

t0
ξ(v)dv

+

∫ t

t0
e
∫ t

s ξ(v)dvχ(s) sup
θ∈[s−τ(s),s]

u(θ)ds

= e
∫ t

t−τ(t) ξ
∗(v)dv

(
u0e

∫ t−τ(t)
t0

ξ∗(v)dv
+

∫ t−τ(t)

t0
e
∫ t−τ(t)

s ξ∗(v)dvχ(s) sup
θ∈[s−τ(s),s]

u(θ)ds
)

+

∫ t

t−τ(t)
e
∫ t

s ξ
∗(v)dvχ(s) sup

θ∈[s−τ(s),s]
u(θ)ds

≥ e
∫ t

t−τ(t) ξ(v)dvu(t − τ(t)). (3.5)

Thus, from (3.5), we have
u(t − τ(t)) ≤ e

∫ t
t−τ(t)(−ξ(v))dvu(t), t ∈ Rt0 . (3.6)

Consequently, it follows from (3.6) that

sup
s∈[t−τ(t),t]

u(s) ≤ ρ(t) u(t), t ∈ Rt0 . (3.7)

Finally, we prove the claim (3.3). In fact, by (3.7), (3.2) can be rewritten as u̇(t) ≤ [ξ(t) + χ(t)ρ(t)]u(t), t ∈ Rt0 ,

u(t) = u0 = c2(‖φ‖p
Lp), t ≤ t0,

which immediately leads to

M(t) ≤ u(t) ≤ u0e
∫ t

t0
[ξ(v)+χ(v)ρ(v)] dv

, t ∈ Rt0 . (3.8)
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By assumption (A.3), there exists an M1 ≥ 0 such that∫ t

t0
[ξ(v) + χ(v)ρ(v)] dv ≤ M1, t ∈ Rt0 .

Exploiting the properties of c1 and c2, for any ε > 0, one can choose a sufficiently small δ > 0 such that

eM1c2(δ) < c1(ε).

Consequently, whenever ‖φ‖p
Lp < δ, it holds that

c1(E|z(t)|p) ≤ E[c1(|z(t)|p)] ≤ M(t) ≤ eM1c2(δ) < c1(ε), (3.9)

which immediately implies E|z(t)|p < ε for all t ∈ Rt0 . This completes the proof.
�

Theorem 3.2. LetV ∈ C2,1[Rt0 × R
n;R0], c1 ∈ VK , c2 ∈ CK , ξ : Rt0 → R, χ : Rt0 → R0, and p > 0.

Suppose assumptions (A.1), (A.2), and the following hold:

(A.3′) lim
t→+∞

∫ t

t0
[ξ(v) + χ(v)ρ(v)] dv = −∞, where ρ(t) is as defined in Theorem 3.1. Then the solution of

system (2.1) is PAS.

Proof. Assumption (A.3′) implies (A.3), hence the solution of (2.1) is PS. From (A.1) and (3.8), one has

c1(E|z(t)|p) ≤ u0 exp
( ∫ t

t0
[ξ(v) + χ(v)ρ(v)]dv

)
.

Applying the definition of c1 and (A.3′), it follows that

lim
t→+∞
E|z(t)|p = 0.

This completes the proof. �

Theorem 3.3. Let V ∈ C2,1[Rt0 × R
n;R0], c1 ∈ VK , c2 ∈ CK , ξ : Rt0 → R, χ : Rt0 → R0, λ > 0,

p > 0, and constants 0 < κ1 ≤ κ2. Suppose that assumption (A.2) and the following hold:
(A.1′) κ1|z|p ≤ V(t, z) ≤ κ2|z|p for all (t, z) ∈ Rt0 × R

n;

(A.3′′) lim
t→+∞

∫ t

t0
[ξ(v) + χ(v)ρ(v) + λ]dv = −∞,

where ρ(t) is defined as in Theorem 3.1. Then, (2.1) is PES.

Proof. From (A.1′) and (3.8), one has

M(t) = EV(t, z(t)) ≤ κ2‖φ‖
p
Lp exp

(∫ t

t0
[ξ(v) + χ(v)ρ(v)] dv

)
. (3.10)

Hence,

E|z(t)|p ≤
κ2

κ1
‖φ‖

p
Lp exp

(∫ t

t0
[ξ(v) + χ(v)ρ(v)] dv

)
, t ≥ t0.
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By (A.3′′), there exists T∗ ≥ t0 such that∫ t

t0
[ξ(u) + χ(u)ρ(u)] du ≤ −λ(t − t0), t > T∗,

which implies
E|z(t)|p ≤

κ2

κ1
‖φ‖

p
Lp exp(−λ(t − t0)) , t > T∗.

For t ∈ [t0,T∗], it follows from the previous bound that

E|z(t)|p ≤
κ2

κ1
‖φ‖

p
Lp exp

(
sup

s∈[t0,T∗]

∫ s

t0
[ξ(v) + χ(v)ρ(v)] dv

)
exp(λ(T∗ − t0)) exp(−λ(t − t0)) .

Combining these estimates, there exists a constant

K =
κ2

κ1
exp

(
sup

s∈[t0,T∗]

∫ s

t0
[ξ(v) + χ(v)ρ(v)] dv + λ(T∗ − t0)

)
such that

E|z(t)|p ≤ K‖φ‖p
Lp exp(−λ(t − t0)) , t ≥ t0.

This completes the proof. �

4. Numerical examples

This section presents three numerical examples to demonstrate the practical applicability of the
theoretical results.

Example 4.1. Consider the following SDDEdz(t) =
(
−

1
2(t + 1)

− 1 + 0.5 sin t
)
z(t) dt +

(
z(t) +

z(0.5t)

3e
√

t + 1

)
dw(t), t ≥ 0,

z(0) = 10,
(4.1)

where w(t) is the standard Wiener process [5].
ChoosingV(t, z) = |z|2, we obtain

ELV(t, z(t)) ≤
(
−

1
t + 1

+ sin t
)
EV(t, z(t)) +

2
9e2(t + 1)

sup
s∈[0.5t,t]

EV(s, z(s)).

Define ξ(t) = −
1

t + 1
+ sin t, χ(t) =

2
9e2(t + 1)

, and note that ρ(t) = e
∫ t

t−τ(t)(−ξ
∗(s))ds

≤ 2e2. Since

lim
t→+∞

∫ t

0
[ξ(v) + χ(v)ρ(v)] dv = −∞,

the zero solution of system (4.1) is 2S and 2AS. Figure 1 illustrates the numerical simulation of z(t).
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Figure 1. Trajectories of z(t) and its mean square E[z2(t)] for Example 4.1.

Remark 4.2. Note that the delay function τ(t) = 0.5t is unbounded. Although∫ t

0

[
ξ(v) + χ(v)ρ(v)

]
dv→ −∞ as t → ∞,

there does not exist a constant λ > 0 such that∫ t

0

[
ξ(v) + χ(v)ρ(v) + λ

]
dv→ −∞ as t → ∞.

Therefore, condition (A.3”) for exponential stability is not satisfied. Consequently, the zero solution of
system (4.1) is 2S and 2AS , but not 2ES .

Example 4.3. Consider the following SDDE:dz(t) =
(
(−0.5 + sin t)z(t) + 0.02z(t − 0.5π)

)
dt + 0.2z(t) dw(t), t ≥ 0,

z(t) = 10, t ∈ [−0.5π, 0].
(4.2)

WithV(t, z) = |z|2, we have

ELV(t, z(t)) ≤ (−0.94 + 2 sin t)EV(t, z(t)) + 0.02 sup
s∈[t−0.5π,t]

EV(s, z(s)).

Let ξ(t) = −0.94 + 2 sin t, χ(t) = 0.02, and note that ρ(t) = e
∫ t

t−τ(t)(−ξ
∗(s))ds

≤ e0.47π+2. Then,

lim
t→+∞

∫ t

0
[ξ(v) + χ(v)ρ(v) + 0.2] du = −∞,

implying that the zero solution of system (4.2) is 2S, 2AS, and 2ES. Figure 2 presents the
numerical results.
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Figure 2. Trajectories of z(t) and its mean square E[z2(t)] for Example 4.2.

Remark 4.4. The function ξ(t) is positive on some intervals, indicating that the diffusion operator
is not strictly negative. Hence, existing results in the literature [8, 19, 20] do not apply to this case.
Related discussions can be found in [22,26,27], and further generalizations were reported in [28,29].

Example 4.5. Consider the following SDDE:dz(t) = (−0.5t + t sin t)z(t) dt + e−4t−2z(t − π) dw(t), t ≥ 0,

z(t) = 10, t ∈ [−π, 0].
(4.3)

ForV(t, z) = |z|2, it follows that

ELV(t, z(t)) ≤ (−t + 2t sin t)EV(t, z(t)) + e−8t−4 sup
s∈[t−π,t]

EV(s, z(s)).

Here, ξ(t) = −t + 2t sin t, χ(t) = e−8t−4, and note that ρ(t) = e
∫ t

t−τ(t)(−ξ
∗(s))ds

≤ e−8t−4. Since

lim
t→+∞

∫ t

0
[ξ(v) + χ(v)ρ(v) + 2] dv = −∞,

the zero solution of system (4.3) is 2S, 2AS, and 2ES. Figure 3 shows the numerical simulation.

Figure 3. Trajectories of z(t) and its mean square E[z2(t)] for Example 4.3.
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Remark 4.6. The combined function ξ(t) + χ(t) is unbounded; Thus, previously established results in
the literature [8, 19, 20] do not cover this situation. Similar limitations have been noted in [22, 27],
and more recent extensions can be found in [28, 29].

5. Conclusions

This paper has presented new stability results for SDDEs using a comparison-based analysis. Unlike
much of the existing literature, the proposed framework relaxes the sign-definiteness and boundedness
restrictions on the Lyapunov diffusion operator, thereby accommodating systems with oscillatory or
unbounded coefficients. The approach provides a unified framework for p-th moment, asymptotic, and
exponential stability, and its effectiveness is validated through numerical examples. Future research
may extend these ideas to models with distributed delays, impulsive dynamics, or non-Gaussian
disturbances, with the goal of bridging rigorous stochastic theory and practical applications in control,
biology, and finance.
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