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1. Introduction

Because of the so-called memory effect, there exist many phenomena that ordinary calculus is
unable to describe. To explain this dependency, fractional ordinary and/or partial differential equations
must be used. Ordinary differential equations as well as partial differential equations of fractional
orders have gained considerable importance due to their applications in physics, mechanics, chemistry,
engineering, and other fields. Recently, there has been significant progress concerning ordinary
differential equations and partial differential equations of fractional orders; see, for example, [1–6]
and the references therein. Especially in [7], Fu studied the initial boundary value problems for space-
fractional wave equations.

Due to mathematical structure and rich physical background, i.e., physical scenarios describing
the coexistence of short-range and long-range diffusion within the same medium, problems of mixed
local and nonlocal operators have become an important topic in partial differential equations. Local
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and nonlocal mixed operators can be regarded as the superposition of two different scales of random
processes, i.e., classical Brownian motion and Lévy flight. Among them, there is a classic category of
local and nonlocal operators:

−∆ + (−∆)s, s ∈ (0, 1),

where ∆ is the Laplace operator, and the nonlocal operator (−∆)s is the fractional Laplace operator.
This type of operator has received widespread attention and research in recent years and has shown
important applications in many fields. For example, in biology, such operators provide new insights
for studying ecological issues such as population dynamics modeling. Dipierro and Valdinoci [8]
proposed a model of an evolution equation driven by mixed operators:

∂U
∂t

= α∆U − β(−∆)sU in Σ × (0,+∞),

where

lim
ϑ→0+

U(x + ϑv, t) − U(x, t)
ϑ

=:
∂U
∂v

(x) = 0 for every x ∈ ∂Σ,∫
Σ

U(x) − U(y)
|x − y|n+2s dy = 0 for every x ∈ Rn\Σ̄.

It is applied to characterize the spatiotemporal evolution of population density in ecological niches,
where the domain of the equation corresponds to the population ecological niche space of the location.
In addition, Dipierro, Proietti, and Valdinoci [9] introduced logistic equations using classical diffusion
and nonlocal diffusion. They applied spectral analysis methods to systematically analyze favorable and
unfavorable scenarios to quantify and then study whether the environmental niche is suitable for the
survival of the population. Mixed operators are applied to other fields including plasma physics (see,
for example, [10]) and stochastic control (see, for example, [11, 12]).

Regarding the parabolic equations mixed with local and nonlocal diffusions:

ut − ∆u + (−∆)su = 0,

Barlow, Bass, Chen et al. [13] established the Harnack inequality for bounded nonnegative solutions.
Chen and Kumagai et al. [14] proved the Hölder regularity and Harnack estimation of weak solutions
by means of probabilistic methods. Garain and Kinnunen [15] obtained the weak Harnack inequality.
Lately, Das [16] applied perturbation methods to prove the regularity C1,α for the solutions.

As we know, there are no works on wave equations with mixed local and nonlocal propagations, so
in this paper, we study this topic to generalize the results in [7] to wave equations with mixed local and
nonlocal propagations, i.e.,

utt − ∆u + (−∆)su = |u|p−2u, (x, t) ∈ Σ × (0,+∞)
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Σ,

u(x, t) = 0, x ∈ RN\Σ, t ∈ (0,+∞).
(1.1)

Throughout this paper, we assume that Σ ⊂ RN is a smooth bounded domain, s ∈ (0, 1), N > 2s, and
p satisfies 2 < p 6 2∗s = 2N

N−2s . We call u ∈ L∞(0,+∞; Y0) with ut ∈ L∞(0,+∞; L2(Σ)) a weak solution
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of (1.1) if

−

∫ t

0

∫
Σ

uω(x, ω)ϕω(x, ω)dxdω +

∫ t

0

∫
Σ

∇u(x, ω)∇ϕ(x, ω)dxdω

+

∫ t

0

∫
RN×RN

(u(x, ω) − u(y, ω))(ϕ(x, ω) − ϕ(y, ω))
|x − y|N+2s dxdydω

+

∫
Σ

ut(x, t)ϕ(x, t)dx −
∫

Σ

u1(x, 0)ϕ(x, 0)dx

=

∫ t

0

∫
Σ

|u(x, ω)|p−2u(x, ω)ϕ(x, ω)dxdω

and
u(x, 0) = u0(x) ∈ Y0

for any ϕ ∈ L1(0,+∞; Y0) with ϕt ∈ L1(0,+∞; L2(Σ)) and any t ∈ [0,+∞). See the next section for the
definition of Y0. Throughout this paper, the potential well theory is used here and there. Concerning
potential wells, see [17–21] and the references therein.

The organizational structure of this paper is as follows. In Section 2, we provide symbols and
some facts about classical Sobolev spaces and fractional Sobolev spaces for the utilization afterwards.
In Section 3, we introduce a family of potential wells for studying wave equations with mixed local
and non-local propagation. In Section 4, we establish the existence of global weak solutions and the
blow-up of weak solutions.

2. Preliminaries

The Hilbert space H1
0(Σ) is defined by

H1
0(Σ) =

{
u ∈ L2(Σ) : |∇u|2 ∈ L1(Σ), u = 0 on ∂Σ

}
endowed with the norm

‖u‖H1
0 (Σ) = ‖∇u‖L2(Σ)

and inner product

〈u, v〉H1
0 (Σ) =

∫
Σ

∇u∇vdx.

Denote
2∗ = +∞ if N = 1, 2;

2N
N − 2

if N > 3.

Lemma 2.1. (1) Provided p ∈ [1, 2∗), there holds the compact embedding H1
0(Σ) ↪→↪→ Lp(Σ).

(2) There holds the continuous embedding H1
0(Σ) ↪→ L2∗(Σ).

See [22] for the facts on the Hilbert space H1
0(Σ).

Let s ∈ (0, 1) and 2s < N. The fractional Laplace operator is defined as

(−4)su(x) =

∫
RN

u(x) − u(x + y) − u(x − y)
|y|N+2s dy
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for x ∈ RN . This definition is consistent (up to a normalization constant depending on N and s) with
the classical definition of a fractional Laplace operator; see [23].

The fractional Sobolev space H s(RN) is the collection of functions u ∈ L2(RN) satisfying

|u(x) − u(y)|

|x − y|
N
2 +s

∈ L2(RN × RN).

H s(RN) is equipped with the norm

||u||Hs(RN ) = ||u||L2(RN ) + [u]Hs(RN ),

where

[u]Hs(RN ) =

("
RN×RN

|u(x) − u(y)|2

|x − y|N+2s dxdy
) 1

2

.

Let X0 be the subspace of H s(RN) as

X0 =
{
u ∈ H s(RN) : u = 0 a.e. in RN \ Σ

}
.

For X0, we can use

‖u‖X0 = [u]Hs(RN ) =
("

(RN×RN )\(Σc×Σc)

|u(x) − u(y)|2

|x − y|N+2s dxdy
) 1

2

as norm on X0. It is immediately apparent that X0 is a Hilbert space with inner product

〈u, v〉X0 =

"
(RN×RN )\(Σc×Σc)

(u(x) − u(y))(v(x) − v(y))
|x − y|N+2s dxdy.

For fractional Sobolev spaces, there is the following embedding result; see [23] for the details.

Lemma 2.2. (1) If Σ has a Lipschitz boundary, then there holds the compact embedding X0 → Lp(RN)
for p ∈ [1, 2∗s).

(2) There holds the continuous embedding X0 ↪→ L2∗s (RN).

Let
Y0 = H1

0(Σ)
⋂

X0

endowed with the norm
‖u‖2Y0

= ‖u‖2H1
0 (Σ) + ‖u‖2X0

.

Let X be a Banach space. In the case 1 6 p < +∞,

Lp(0,+∞; X) =

u :

+∞∫
0

‖u‖p
Xdt < +∞


equipped with the following norm:

||u||Lp(0,+∞;X) =

(∫ +∞

0
‖u‖p

Xdt
) 1

p

.
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In the case p = +∞,

L∞(0,+∞; X) =

{
u : sup

t∈[0,+∞)
‖u‖X < +∞

}
equipped with the norm:

||u||L∞(0,+∞;X) = sup
t∈[0,+∞)

‖u‖X.

Lp(0,+∞; X) is a Banach space for 1 6 p 6 +∞

Refer to [24] for results on this kind of spaces. In the following, X is usually taken as L2(Σ) or Lp(Σ)
or Y0.

3. Introduction of potential wells

For problem (1.1), define

E(t) =
1
2
||ut||L2(Σ) +

1
2
||u||2Y0

−
1
p
||u||pLp(Σ),

I(u) =
1
2
||u||2Y0

−
1
p
||u||pLp(Σ)

and
W = {u ∈ Y0 : 〈I′(u), u〉 > 0, I(u) < h}

⋃
{0},

where
h = inf

u∈Y0,u,0
sup
ϑ>0

I(ϑu).

It is easy to calculate that the Frechét derivative of I(u) is

〈I′(u), φ〉 =

∫
Σ

∇u∇φdx +

"
RN×RN

(u(x) − u(y))(φ(x) − φ(y))
|x − y|N+2s dxdy −

∫
Σ

|u|p−2uφdx

for φ ∈ Y0 and especially
〈I′(u), u〉 = ||u||2Y0

− ||u||pLp(Σ).

It is also easy to obtain that with respect to ϑ, I(ϑu) takes its maximum at ϑ∗ =

(
||u||2Y0
||u||pLp(Σ)

) 1
p−2

.

Normalize u such that ϑ∗ = 1, i.e., ||u||2Y0
= ||u||pLp(Σ), then there holds

h = inf I(u)

subject to 0 , u ∈ Y0, 〈I′(u), u〉 = 0.

Proposition 3.1. There exists a nontrivial solution to the following problem: −∆u + (−∆)su = |u|p−2u, in Σ,

u = 0, in RN\Σ.
(3.1)
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Proof. First, it is immediately apparent that I is the energy functional for problem (3.1), and I ∈
C1 (Y0,R), and a critical point of I is a weak solution of problem (3.1). Next, we apply the Mountain
Pass Theorem to prove the proposition in two steps.

Step 1. The functional I satisfies the (PS) condition, i.e., if ‖un‖Y0 6 C for some constant C and
I′(u)→ 0, then {un} admits a convergent subsequence.

By the (PS) condition, we have

c
(
1 + ‖un‖Y0

)
> I (un) −

〈
I′ (un) ,

1
p

un

〉
=

(
1
2
−

1
p

)
‖un‖

2
Y0
,

from which we conclude that {un} is bounded in Y0 as p > 2. As Y0 is reflexive, {un} admits a
subsequence, which is still denoted by {un}, weakly convergent to u ∈ Y0. By Lemmas 2.1 and 2.2, we
have

un → u in Lp(Σ).

In view of
〈I′ (un) − I′(u), un − u〉

=

∫
Σ

|∇un − ∇u|2 dx +

"
RN×RN

|un(x) − u(x) − un(y) + u(y)|
|x − y|n+2s dxdy

−

∫
Σ

(
|un|

p−2 un − |u|p−2u
)

(un − u) dx,

we have ∫
Σ

|∇un − ∇u|2 dx +

"
RN×RN

|un(x) − u(x) − un(y) + u(y)|
|x − y|n+2s dxdy

= 〈I′ (un) − I′(u), un − u〉 +
∫

Σ

(
|un|

p−2 un − |u|p−2u
)

(un − u) dx.

By (PS) condition and un → u weakly in Y0, we have

〈I′ (un) − I′(u), un − u〉 → 0 as n→ +∞.

As un → u in Lp(Σ), by Hölder inequality we have∫
Σ

(
|un|

p−2 un − |u|p−2u
)

(un − u) dx→ 0 as n→ +∞.

Now we conclude that∫
Σ

|∇un − ∇u|2 dx +

"
RN×RN

|un(x) − u(x) − un(y) + u(y)|
|x − y|n+2s dxdy→ 0

as n→ +∞, which implies that un → u in Y0.
Step 2. We verify that the Mountain Pass geometry structure is satisfied.
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By Lemmas 2.1 and 2.2 once more, we know

I(u) =
1
2

∫
Σ

|u|2dx +
1
2

"
RN×RN

|u(x) − u(y)|2

|x − y|n+2s dxdy −
1
p

∫
Σ

|u(x)|pdx

>
1
2

(
‖u‖2Y0

−C‖u‖p
Y0

)
> 0
= I(0)

if ‖u‖Y0 =
(

1
2C

) 1
p−2 .

Take x0 ∈ Σ such that B2R (x0) ⊂ Σ. Take φ ∈ C∞0 (B2R(x0)) with 0 6 φ(x) 6 1, |∇φ(x)| 6 2
R and

φ(x) ≡ 1 in BR (x0). Then

I(κφ) =
1
2
κ2

(∫
B2R(x0)

|∇φ(x)|2dx +

"
RN×RN

|φ(x) − φ(y)|
|x − y|n+2s dxdy

)
−
κp

p

∫
B2R(x0)

|φ(x)|pdx

6
1
2
κ2

(∫
B2R(x0)

|∇φ(x)|2dx +

"
RN×RN

|φ(x) − φ(y)|
|x − y|n+2s dxdy

)
−
κp

p
meas BR (x0)

<0,

if κ is sufficiently large. Therefore, we can get some κ > 0 such that I(κφ) < 0 and ‖κφ‖Y0 >
(

1
2C

) 1
p−2 .

At last, by the Mountain Pass Theorem we conclude that there exists a nontrivial solution to
problem (3.1). Now the proof is finished.

For all µ > 0, v = µ
1

2−p u satisfies{
−∆v + (−∆)sv = µ|v|p−2v, in Σ,

v = 0, in RN\Σ.

We define

S p = inf
0,v∈Y0

||v||2Y0

||v||2Lp(Σ)

.

For the variational problem above, the Euler equation is

−∆u + (−∆)su = µ|u|p−2u,

where µ is a Lagrange Multiplier. Thus, we can have

S p =
||u||2Y0

||u||2Lp(Σ)

.

On the other hand,
||u||2Y0

= ||u||pLp(Σ)
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and further
h =

p − 2
2p
||u||pLp(Σ).

It is immediately apparent that

S p = ||u||p−2
Lp(Σ) =

(
2p

p − 2
h
) p−2

p

and
h =

p − 2
2p

S
2p
p−2
p . (3.2)

Next, for problem (1.1) and λ ∈ (0, 1), define

Iλ(u) =
λ

2
||u||2Y0

−
1
p
||u||pLp(Σ)

and

h(λ) = (1 − λ)(pλ)
2

p−2

(
S p

2

) p
p−2

. (3.3)

Proposition 3.2. Provided that I(u) 6 h(λ), there holds the following results:
(i) Iλ(u) > 0 implies

0 < ||u||2Y0
<

( pλ
2

) 2
p−2

S
p

p−2
p (3.4)

and vice versa. Here, S p is the optimal embedding constant from Y0 to Lp(Σ).
(ii) Iλ(u) < 0 implies

||u||2Y0
>

( pλ
2

) 2
p−2

S
p

p−2
p (3.5)

and vice versa.

Proof. (i) If (3.4) holds, there holds

||u||2p
Lp(Σ) 6

(
1

S p
p

)
||u||2p

Y0

=

(
1

S p
p

)
||u||2p−4

Y0
||u||4Y0

<
( pλ

2

)2

||u||4Y0
,

furthermore, Iλ(u) > 0. In another respect, if Iλ(u) > 0, then ||u||Y0 > 0 and

I(u) =
1 − λ

2
||u||2Y0

+ Iλ(u) 6 h(λ),

from which we get

||u||2Y0
<

2
1 − λ

h(λ)

=

( pλ
2

) 2
p−2

S
p

p−2
p .
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(ii) If Iλ(u) < 0, then
pλ
2
||u||2Y0

< ||u||pLp(Σ) 6

(
1

S p

) p
2

||u||pY0
,

from which we get (3.5). On the other hand, from (3.4) and (3.5), it is easy to obtain Iλ(u) < 0.
From Proposition 3.2, it is immediate to conclude that under the condition I(u) = h(λ), Iλ(u) = 0

implies

||u||2Y0
=

( pλ
2

) 2
p−2

S
p

p−2
p

and vice versa.
It is immediate to obtain the following lemma:

Proposition 3.3. For the function h(λ) on the interval [0, 1], there holds the following results:
(i) h(0) = h(1) = 0;
(ii) h(λ) takes the maximum h(λ0) = d at λ0 = 2

p ;
(iii) h(λ) is increasing on [0, λ0] and decreasing on [λ0, 1];
(iv) Let e ∈ (0, h) be given. There exist exactly two solutions, λ1 ∈ (0, λ0) and λ2 ∈ (λ0, 1), to the

equation h(λ) = e.

Theorem 3.1. h(λ) = inf I(u) subject to 0 , u ∈ Y0, Iλ(u) = 0.

Proof. Suppose that Iλ(u) = 0 with u , 0; thus,

I(u) =
1 − λ

2
||u||2Y0

+ Iλ(u) =
1 − λ

2
||u||2Y0

and
p
2
λ||u||2Y0

= ||u||pLp(Σ) 6

(
1

S p
||u||2Y0

) p
2

,

which implies
I(u) > h(λ),

and furthermore, we finish the proof according to the definition of S p.

Corollary 3.1. h = h(λ0) = inf I(u) subject to 0 , u ∈ Y0, 〈I′(u), u〉 = 0.

As the necessary and sufficient condition for Iλ0(u) = 0 is 〈I′(u), u〉 = 0, it is immediate to conclude
the corollary by Theorem 3.1.

Next define:
Wλ = {u ∈ Y0 : Iλ(u) > 0, I(u) < h(λ)}

⋃
{0}, λ ∈ (0, 1).

Certainly, Wλ, λ ∈ (0, 1), is a family of potential wells.
In addition, define

Vλ = {u ∈ Y0 : Iλ(u) < 0, I(u) < h(λ)}, 0 < λ < 1,

V = {u ∈ Y0 : 〈I′(u), u〉 < 0, I(u) < d},
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Bλ =

u ∈ Y0 : ||u||2Y0
<

( pλ
2

) 2
p−2

S
p

p−2
p

 .
It is immediate that Wλ0 = W and Vλ0 = V .
As I(u) 6 1

2 ||u||
2
Y0

, for any given λ ∈ (0, 1)

0 < ||u||2Y0
< (1 − λ)

( pλ
2

) 2
p−2

S
p

p−2
p

implies I(u) < h(λ) and Iλ(u) > 0, which further implies

Bλ ⊂ Wλ

provided λ satisfies

λ = (1 − λ)
p−2

2 λ.

By this fact and Lemma 3.2, we can easily get:

Theorem 3.2. Bλ ⊂ Wλ ⊂ Bλ, Vλ ⊂ (Bλ)c.

Corollary 3.2. Bλ0
⊂ W ⊂ Bλ0 , V ⊂ (Bλ0)

c, where

Bλ0 = {u ∈ Y0 : ||u||2Y0
< S

p
p−2
p },

and

λ =
2
p

(
p − 2

p

) p−2
2

.

From Proposition 3.3, we can have

Proposition 3.4. (i) If 0 < λ′ < λ′′ 6 λ0, then Wλ′ ⊂ Wλ′′ .
(ii) If λ0 6 λ

′ < λ′′ < 1, then Vλ′′ ⊂ Vλ′ .

Proposition 3.5. For some u ∈ Y0, suppose that 0 < I(u) < h and λ1 < λ2 satisfy h(λ) = I(u). Then
Iλ(u) keeps the sign for λ ∈ (λ1, λ2).

Proof. First, I(u) > 0 implies u , 0. As λ1 < λ2 are the two solutions of the equation h(λ) = I(u),
provided Iλ(u) changes sign, then there exists some λ∗ ∈ (λ1, λ2) satisfying Iλ∗(u) = 0. Now applying
Proposition 3.3 and Theorem 3.1, it is easy to get

I(u) > h(λ∗) > h(λ1) = h(λ2),

which is a contradiction because I(u) = h(λ1) = h(λ2).
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4. Global existence and blow-up of weak solutions

In this section we study the global existence and blow-up of weak solutions for the problem (1.1).

Theorem 4.1. Suppose that u0 ∈ Y0, u1 ∈ L2(Σ). If 0 < E(0) < h, λ1 < λ2 satisfy h(λ) = E(0), and
Iλ2(u0) > 0 or u0 = 0, then there exists a global weak solution u for the problem (1.1). Moreover,
u ∈ Wλ for λ ∈ (λ1, λ2) and t ∈ [0,+∞).

Proof. First, we manage to get approximate solutions by the Galerkin method. Choose a sequence of
functions {e j} ⊂ C∞0 (Σ) that forms an orthonormal basis with respect to the Hilbert space of L2(Σ).
Based on the theory of ordinary differential equations (see, for example, [25]), we can construct
approximate solutions of the problem (1.1).

um(x, t) =

m∑
j=1

h jm(t)e j(x),m = 1, 2, · · · ,

satisfying

(umtt, e j)L2(Σ)+

"
RN×RN

(um(x) − um(y))(e j(x) − e j(y))
|x − y|N+2s dxdy

=

∫
Σ

|um|
p−2ume jdx,

(4.1)

um(0) =

m∑
j=1

a jme j(x)→ u0(x) in Y0, (4.2)

umt(0) =

m∑
j=1

b jme j(x)→ u1(x) in L2(Σ). (4.3)

Next, multiply both sides of (4.1) by h′jm(t), take the sum with respect to j from 1 to m, and integrate
from 0 to t, we obtain

Em(t) = 1
2 ||umt||

2
L2(Σ) + 1

2 ||um||
2
Y0
− 1

p ||um||
p
Lp(Σ)

= 1
2 ||umt(0)||2L2(Σ) + 1

2 ||um(0)||2Y0
− 1

p ||um(0)||pLp(Σ)

= Em(0).
(4.4)

By Iλ2(u0) > 0, we have ||u0||Y0 , 0, and further, similar to the argument of Proposition 3.5, we get
Iλ(u0) > 0 for λ ∈ (λ1, λ2). Because I(u0) 6 E(0) = h(λ1), there holds u0 ∈ Wλ for λ ∈ (λ1, λ2).

If u0 = 0, then u0 ∈ Wλ for λ ∈ (0, 1).
For any fixed λ ∈ (λ1, λ2) and for m large enough, Iλ2(u0) > 0 implies Iλ(um(0)) > 0 and Em(0) <

h(λ), while u0 = 0 implies um(0) ∈ Bλ where λ comes from Theorem 3.2; all in all, we obtain um(0) ∈
Wλ for all cases.

In the following, we prove by contradiction that for t ∈ (0,+∞) and m large enough, um(t) ∈ Wλ.
If not, there exists t0 ∈ (0,+∞) such that um(t0) ∈ ∂Wλ, i.e., there holds either Iλ(um(t0)) = 0 and
||um(t0)||Y0 , 0 or I(um(t0)) = h(λ). By (4.4), for t ∈ (0,+∞) we have

I(um(t)) 6 Em(0) < h(λ)
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and further I(um(t0)) = h(λ) is false. In the case that Iλ(um(t0)) = 0 and ||um(t0)||Y0 , 0, in view of
Theorem 3.1 there holds I(um(t0)) > h(λ), which is false as well.

Now by Proposition 3.2, for t ∈ (0,+∞) and m large enough, we have

||um(t)||2Y0
<

( pλ
2

) 2
p−2

S
p

p−2
p ,

||um(t)||2Lp(Σ) 6
1

S p
||um(t)||2Y0

6

(
pλS p

2

) 2
p−2

and
||umt(t)||2L2(Σ) < 2h(λ).

As L∞(0,+∞; Lp(Σ)) and L∞(0,+∞; Y0) are dual of separable Banach spaces, bounded sets in the two
spaces are weak∗-compactness. Denote the limit of {um} by u. Then we arrive at the conclusion that
the problem (1.1) admits a global weak solution u with u(t) ∈ Wλ for t ∈ [0,+∞). According to the
arbitrariness of λ, for λ ∈ (λ1, λ2) and t ∈ [0,+∞), there holds u(t) ∈ Wλ. Now the proof is finished.

Corollary 4.1. If we replace the assumption Iλ2(u0) > 0 or u0 = 0 in Theorem 4.1 by 〈I′(u0), u0〉 > 0
or u0 = 0, i.e., u0(x) ∈ W, then the result of Theorem 4.1 still holds.

Because we can infer Iλ(u0) > 0 and Iλ2(u0) > Iλ0(u0) from 〈I′(u0), u0〉 > 0, it is immediate to obtain
this corollary.

Next study problem (1.1) in the critical case: 〈I′(u0), u0〉 > 0 and E(0) = h.

Theorem 4.2. Suppose that u0 ∈ Y0, u1 ∈ L2(Σ). If E(0) = h and 〈I′(u0), u0〉 > 0, then for problem (1.1)
there exists a global weak solution u with u(t) ∈ W for t ∈ [0,+∞).

Proof. First, consider the following two cases:
(i) ||u(0)||Y0 , 0.
Let θm = 1 − 1

m and u0m(x) = θmu0(x), m = 1, 2, · · · . Consider problem (1.1) under the following
initial condition:

u(x, 0) = u0m(x), ut(x, 0) = u1(x). (4.5)

As 〈I′(u0), u0〉 > 0, we have

〈I′(u0m), u0m〉 = θ2
m||u0||

2
Y0
− θp

m||u0||
p
Lp(Σ)

= θ2
m〈I

′(u0), u0〉 > 0 + (θ2
m − θ

p
m)||u0||

p
Lp(Σ)

> 0,

and

I(u0m) =
1
2
||u0m||

2
Y0
−

1
p
||u0m||

p
Lp(Σ)

= (
1
2
−

1
p

)||u0m||
2
Y0

+
1
p
〈I′(u0m), u0m〉

> 0,

AIMS Mathematics Volume 10, Issue 11, 25329–25345.



25341

and
I(u0m) = I(θmu0) < I(u0),

and
0 < Em(0) = 1

2 ||u1||
2
L2(Σ) + I(u0m)

< 1
2 ||u1||

2
L2(Σ) + I(u0)

= E(0) < h.

(ii) u(0) = 0.
In this case I(u0) = 0 and E(0) = 1

2 ||u1||
2
L2(Σ) = h. Let θm = 1− 1

m and u1m(x) = θmu1(x), m = 1, 2, · · · .
Study problem (1.1) under the following initial condition:

u(x, 0) = u0(x), ut(x, 0) = u1m(x). (4.6)

As u(0) = 0, we have
0 < Em(0) = 1

2 ||u1m||
2
L2(Σ) + I(u0)

=
θ2

m
2 ||u1||

2
L2(Σ)

< E(0) = h.

In both case (i) and case (ii), for m = 1, 2, · · · , by Theorem 4.1, there exists a global weak solution
um with um(t) ∈ W for t ∈ [0,+∞) to problem (1.1) under initial condition (4.5) or (4.6).

For t ∈ [0,+∞), um(t) ∈ W implies

I(um(t)) > ( 1
2 −

1
p )||um||

2
Y0

+ 1
p〈I
′(um), um〉

> p−1
2(p+1)C(N, s)||um||

2
Y0

and further
||um(t)||2Y0

≤
2p

p − 2
h,

||um(t)||2Lp(Σ) 6
1

S p
||um(t)||2Y0

6
1

S p

(
2p

p − 1
h
)

and
||umt(t)||2L2(Σ) < 2h.

Similar to Theorem 4.1, {um} ⊂ L∞(0,+∞; Y0) and {umt} ⊂ L∞(0,+∞; L2(Σ)) are weak∗-compactness,
and we get the conclusion that for problem (1.1) there exists a global weak solution u, which is the
limit of um, with u(t) ∈ W for t ∈ [0,+∞). Now we finish the proof.

At the end of this paper, consider the blow-up of weak solutions for problem (1.1).

Theorem 4.3. Suppose that u0 ∈ Y0, u1 ∈ L2(Σ). If (u0, u1)L2(Σ) > 0 and E(0) 6 0 or 0 < E(0) < h with
〈I′(u0), u0〉 < 0, then for problem (1.1), any weak solution u must blow up at the existence time T , i.e.,

lim
t→T
||u||L2(Σ) = +∞.

Proof. Denote
E(t) = ||u(t))||2L2(Σ).
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In view of Theorem 2.1 in [23], we conclude that u ∈ C
(
0,+∞; L2(Σ)

)
and

2
∫ t

0
(u(ω), uω(ω))L2(Σ) dω = ‖u(t)‖2L2(Σ) − ‖u0‖

2
L2(Σ) ,

from which, we have
Ė = 2 (u, ut)L2(Σ)

and further by [20], Ė is Lipschitz continuous and Ë exists a.e., so we can get

Ë = 2
(
‖ut‖

2
L2(Σ) − ‖u‖

2
Y0(Σ) + ‖u‖p

Lp(Σ)

)
.

Taking ϕ = utφ where φ can be any function belonging to C∞0 ([0,+∞)), for problem (1.1) we obtain

d
dt

E(t) = 0, i.e. E(t) = E(0). (4.7)

In the case that E(0) < 0 and (u0, u1)L2(Σ) > 0, by

1
2
||u1||

2
L2(Σ) +

1 − λ
2
||u0||

2
Y0

+ Iλ0(u0) = E(0),

we have Iλ0(u0) < 0 and 〈I′(u0), u0〉 < 0.
In the case that E(0) = 0 and (u0, u1)L2(Σ) > 0, from

0 < (u0, u1)L2(Σ) 6 ||u0||L2(Σ)||u1||L2(Σ) 6 C||u0||Y0 ||u1||L2(Σ),

we have ||u0||Y0 > 0, ||u1||L2(Σ) > 0. Furthermore by (4.7), we get Iλ(u0) < 0 and 〈I′(u0), u0〉 < 0.
Next, we prove by contradiction that for t ∈ (0,+∞), 〈I′(u), u〉 < 0. If not, there exists t0 > 0 so that

〈I′(u(t)), u(t)〉 < 0 for t < t0 and 〈I′(u(t0), u(t0)〉 = 0. Furthermore, I(u(t0)) > h, which contradicts the
fact that 〈I′(u), u〉 6 E(t) = E(0) < h.

In any case, we conclude that for t ∈ (0,+∞), Ë(t) > 0 while Ė(0) = 2(u0, u1)L2(Σ) > 0; therefore, for
t ∈ (0,+∞), Ė(t) > 0, and moreover E(t) is increasing on [0,+∞).

(4.7) implies that
||u||pLp(Σ) >

p
2

(
||u||2Y0

+ ||ut||
2
L2(Σ)

)
− pE(0).

Then

Ë > (p + 2)||ut||
2
L2(Σ) + (p − 2)||u||2Y0

− 2pE(0)

> (p + 2)||ut||
2
L2(Σ) +

p − 2
S 2
E − 2(pE(0),

where S 2 is the optimal embedding constant from Y0 to L2(Σ). As E is convex, at fixed t0 ∈ (0,+∞)
there holds

E(t) > E(t0) + Ė(t0)(t − t0),

thus there exists t1 large enough such that

p − 2
S 2
E − 2pE(0) > 0 if t > t1.
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Then for t > t1, there holds that
F̈ > p||ut||

2
L2(Σ)

and then

F̈ = −
p − 2

4E
p+6

4

(EË −
p + 2

4
Ė2)

6 −
(p − 2)(p + 2)

4E
p+6

4

(E||ut||
2
L2(Σ) − (

∫
Σ

uut)2)

6 0

where F = E
2−p

4 . Therefore, for t large enough, E
2−p

4 is concave. Furthermore, we conclude that the
existence time T is finite because lim

t→T
E

1−p
4 = 0, i.e., lim

t→T
||u||L2(Σ) = ∞. Now we finish the proof.

5. Conclusions

In this paper, we study the initial boundary value problem of a wave equation with mixed local
and nonlocal propagation. First, we introduce the space Y0 as the spatial framework, which is the
intersection of a classical Sobolev space and a fractional Sobolev space. By means of critical point
theory, we show the attainability of the optimal embedding constant from Y0 to Lp(Σ). Second, by
introducing a family of potential wells in Y0, we get the existence of a global weak solution through
the utilization of potential well theory. At last, by analyzing the properties of the energy functional in
L2(Σ), we conclude that any weak solution must blow up at the existence time.

We can also study the following equation:

utt − ∆u + (−∆)su = f (u),

where f (u) satisfies the following conditions:

(f1) f ∈ C1(−∞,+∞) and f (0) = f ′(0) = 0.

(f2) On (−∞,+∞), f (u) is monotone.

(f3) On (−∞, 0), f (u) is concave, while on (0,+∞), f (u) is convex.

(f4) pF(u) ≤ u f (u) and |u f (u)| ≤ γ|F(u)|, where F(u) =
∫ u

0
f (s)ds and 2 < p ≤ γ < ∞ in the case

N = 1, 2, and 2 < p ≤ γ ≤ 2N
N−2s in the case N ≥ 3.

Conditions (f1)–(f4) were first introduced in [20]. All the results obtained in this paper for
problem (1.1) are still valid for the problem of the equation above, equipped with the initial condition
in problem (1.1).
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