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1. Introduction

The 17th century witnessed a monumental shift in mathematics with the independent discoveries of
differential and integral calculus by Isaac Newton and Gottfried Wilhelm Leibniz. These discoveries
laid the foundation for modern calculus, enabling the analysis of rates of change and accumulation
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of quantities through the operations of differentiation and integration. Differentiation elucidates
infinitesimal changes and growth rates, while integration encapsulates the summation of quantities
over intervals.

In the latter part of the 20th century, a profound departure from conventional calculus emerged.
Grossman and Katz presented an innovative framework [14], challenging the conventional arithmetic
operations of addition and subtraction. Their revolutionary approach introduced multiplicative
calculus, a distinct system that redefined the essence of calculus. Within this framework, infinitesimal
operations are framed in terms of multiplication and division, offering a fresh perspective on
mathematical analysis.

Notably, multiplicative calculus finds its application exclusively within the domain of positive
functions, defining a distinct realm of operation. As a result, its applicability is more restricted
compared to the broader scope of Newtonian calculus. Despite this limitation, multiplicative calculus
has unearthed intriguing and profound results across diverse domains [7,22,26]. Its inception in the
1970’s marked a departure from classical calculus, ushering in a new era of mathematical exploration.

As a profound consequence of introducing multiplicative calculus, a new concepts emerged: the
multiplicative derivative and integral. Unlike classical calculus, where differentiation focuses on
quantifying the rate of change, the multiplicative derivative, denoted as £*, explores the relative growth
of a function. This perspective allows us to measure how a function grows concerning its own values,
marking a fundamental shift in our understanding of mathematical analysis.

Definition 1.1 (cf. [6]). The multiplicative derivative (x-derivative) of a positive function ¢ defined on
R, denoted by &*, and evaluated at the point u, is defined by

1
& . (€ + k)|
— =¢ =lim|Z——]| .
du (1t0) = & (o) kl—{%( & (uo)

The following relationship between the multiplicative and the classical derivatives can be

established as follows:

. : " (u)
& () =exp{(Iné @)’} = eXp{f :
4
From this representation, we can deduce that if £ has positive values and is differentiable, then &
exists.
w2
In a similar manner, the concept of the multiplicative integral, represented by f (& ()™ was
@
introduced by Bashirov et al. [6], allowing accumulation to be computed through multiplication. This

presents an alternative viewpoint on accumulation, diverging from the conventional additive method.
The relationship between the Riemann integral and the multiplicative integral can be summarized
as follows:

w2

f (& ()™ = exp f In (¢ (w)) du

@
From this representation, we can also deduce that if ¢ has positive values and the function In(¢) is
Riemann integrable on [@, @], then & is multiplicative integrable on [@, @>].
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Integral inequalities play a fundamental role within the broader field of inequality theory in
mathematics. These inequalities provide relationships between integrals of functions and play a
fundamental role in analyzing the properties and behaviors of various mathematical expressions.
Integral inequalities come in various forms and are used to establish bounds and estimates for integrals
involving different functions.

Convexity is also a fundamental and foundational concept in the development of integral
inequalities. It serves a critical role, enabling the formulation and proof of these key inequalities.
Convex functions are a cornerstone in this process, allowing for the derivation and understanding of
these vital inequalities. Numerous extensions and adaptations of the concept of convexity have been
cultivated. Yet, within the realm of multiplicative calculus, the most fitting variant is logarithmic
convexity, also referred to as multiplicative convexity, defined succinctly as follows:

A positive function ¢ is deemed multiplicatively convex over an interval ¥ if, for all w,,@w, € ¥
and ¢ € [0, 1], the subsequent inequality holds:

E(tm + (1 - D @) < [€(m)] [‘f(wz)]l_t-

Significant research has been conducted in the domain of multiplicative integral inequalities.
Initially, in 2019, Ali et al. established the Hermite-Hadamard inequality concerning multiplicative
integrals [3]. Subsequently, researchers delved into error bounds for several quadrature formulas.
Specifically, the midpoint- and trapezoid-type inequalities were introduced in [17] through the lens
of multiplicative convexity. Ali et al. [1] examined Ostrowski and Simpson-type inequalities in
the framework of multiplicatively convex functions. Moreover, another independent investigation
elaborated on dual Simpson inequalities [20], and Chasreechai et al. [10] explored Simpson’s and
Newton’s type inequalities for the same class of functions. Together, these studies significantly advance
our comprehension of inequalities within the domain of multiplicative calculus. Readers interested in
further exploration of multiplicative integral inequalities are encouraged to refer to [21,29,31].

In 2016, Abdeljawad and Grossman presented the formulation of multiplicative Riemann-Liouville
fractional integrals in the following manner:

Definition 1.2 (cf. [2]). The left- and right-sided multiplicative Riemann-Liouville fractional integral
operators of order @ € C, Re (a) > 0 are defined, respectively, by:

€@ = exp{I2, (o) 0}, @1 <u

and

Jogw =exp Iz (ney ), <,

where I7. and Y7 represent the left- and right-sided Riemann-Liouville operators, defined as
2
follows:

I (v) = %f(v — )y (u)du
and

17
I,y )= o f (u =)y () du.
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First, Budak et al. established the Hermite-Hadamard inequality pertaining to multiplicative
Riemann-Liouville fractional integrals [9]. Expanding upon this, in their research presented in [13],
Fu et al. delved into an examination of multiplicative tempered fractional integrals, extending the
discoveries outlined by Ali et al. in [3] and Budak et al. in [9]. This signifies a significant advancement
in understanding the intricacies of fractional integrals in a multiplicative context. Furthermore,
within the realm of fractional multiplicative integral inequalities, Moumen et al. [23] were credited
with introducing Simpson inequalities, and Boulares et al. [8] showcased Bullen-type inequalities.
Additionally, Peng and Du [24] enriched the domain by investigating fractional multiplicative
Maclaurin-type inequalities, while Lakhdari et al. [19] presented multiplicative fractional Newton-
type inequalities. However, the two pioneering works conducted in this regard are those presented
in [5] and [11], where the authors carried out extensive parametric studies and were able to
establish noteworthy estimates related to the three-point Newton-Cotes formulas for multiplicative
differentiable convex functions and twice-multiplicative differentiable convex functions, respectively.
More recently, Zhou and Du [30] presented a parametrized five-point multiplicative fractional
inequality via multiplicative convexity. For a comprehensive exploration of the related findings, one
can refer to [12, 16,27] and the referenced literature therein.

Among the various extensions of the notion of multiplicative convexity is the concept of
multiplicative s-convexity, introduced by Xi and Qi in [28].

Definition 1.3 (cf. [28]). A function ¢ : & C R — R* is considered multiplicatively s-convex in the
second sense for some fixed s € (0, 1] if, for all u;,u, € & andt € [0, 1], the following inequality holds:

&ty + (1= D) < [ )] [E)]" ™.

In [15], Kadakal defined the concept of multiplicative P-functions as follows:

Definition 1.4 (cf. [25]). A function & : 9 C R — R* is considered multiplicatively P-function if, for
all uy,uy, € 9 andt € [0, 1], the following inequality holds:
E(tuy + (1 =D up) < & (uy) E(ua).

Peng and Du [25] presented the concept of multiplicative (s, P)-convexity in the following way:
Definition 1.5 (cf. [25]). A function ¢ : & C R — R* is considered multiplicatively (s, P)-convex for
some fixed s € (0, 1] if, for all uy,u, € & and t € [0, 1], the following inequality holds:

& (i + (1= ) < [& () )] ™

Proposition 1.1 (cf. [25]). It holds that any multiplicative P-function qualifies as a multiplicative
(s, P)-convex function. Moreover, if a function ¢ : 9 — (1, +o0) is multiplicative s-convex, then it is
necessarily multiplicative (s, P)-convex as well.

The authors in [25] provided the following version of the Hermite-Hadamard inequality for
multiplicative (s, P)-convex functions via Riemann-Liouville fractional multiplicative integrals.

Theorem 1.1 (cf. [25]). Assume that the function & : [w), w,] — R is multiplicative (s, P)-convex,
then we have

2155 (a+1) 1
022"‘(— +B(a,s+1 ))

£(75%) < [0 0@ x Jg8@)| T < [E@)i@y)]T e :

where B denotes the beta function.
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Theorem 1.2 (cf. [25]). Under the same conditions of Theorem 1.1, we have

20+1-51(041)
(op-01)?

£(24%) < | (e I8 X i (@) < [E@)é@y] o),

where
1

O(a, s) = f N2 -1 dr.
0

In the same paper, the authors conducted a parametrized analysis of fractional multiplicative
Newton-type inequalities for =-differentiable (s, P)-convex functions.

Theorem 1.3 (cf. [25]). Let & : [w,@2] — R* be x-increasing and *-differentiable mapping on
(@, @,] with @, < @,. If & is multiplicative (s, P)-convex on @y, @;], then for all {,, {5, {3 > 0, we
have

T'(a+1)

-4
)) [lefff(f%) X *ngg(w])]_(az—crl)“

2w + s w + 2w,
3 3

S (f* (w1 )é:* (wz))Z(O'z—O'] WA (l1,a,8)+ A (Er,@,8)+A3(L3,,5)]

l(f (@) € (@) 070 (5(

b

with Ay, A,, and Az being defined as in Theorem 4.3 from [25].

Although numerous fractional multiplicative integral inequalities have been established via
multiplicative convexity, the literature lacks results concerning the class of multiplicative (s, P)-convex
functions. In this paper, inspired by the aforementioned works, particularly the study conducted by
Peng and Du in [25], we investigate a broader class of 1-, 2-, 3-, and 4-point formulas, characterized
foro € [0,1] and x% € [w, @] by the following bi-parametric expression:

o(x—w)) (@ +w—2%)+2(1-0)(x—w)

L@, %, @2;8) = (@) (@) @71 (§(%) & (w) + w2 — %)) Hwamm) : (1.1)

By introducing a new general integral identity, we establish numerous inequalities associated
with different quadrature formulas. This is done for functions whose multiplicative derivatives
in multiplicative absolute value are multiplicatively (s, P)-convex. The results obtained represent
a generalization and extension of several previously established works as well as some newly
established ones. This work differs from prior contributions that assume multiplicative monotonicity
by introducing innovative tools such as the multiplicative absolute value, thereby establishing results
for a more general class of functions.

The remainder of the paper is organized as follows: In Section 2, we recall key notions related
to fractional calculus and multiplicative calculus. Section 3 is devoted to introducing an auxiliary
result in the form of a fractional multiplicative integral identity, which serves as the foundation for
establishing the multiparametrized fractional multiplicative integral inequality for functions whose
first-order multiplicative derivatives are multiplicative (s, P)-convex. In Section 4, we present some
special instances derived by choosing specific values of the parameters o and x, followed by some
applications and a numerical example with graphical representations to confirm the validity of our
results. Additional results using Holder and power mean inequality are provided in Section 5. The
study is concluded with a summary in Section 6.
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2. Preliminaries

In this section, we begin by recalling some fundamental definitions related to fractional calculus,
along with the key properties of multiplicative differentiation and integration.

Definition 2.1 (cf. [18]). The beta function is defined for any complex numbers xy,x, such that
Re (x1) > 0 and Re (x;) > 0 by

1

B(x;,x) = fu’”_l (1—w?du=

0

()T ()
L(x;+x)’
where I'(-) denotes the Euler gamma function.

Definition 2.2 (cf. [18]). The incomplete beta function is defined for any complex numbers x,, x, such
that Re (x) > 0 and Re (x,) > 0 by

w

B (x1,x) = fux'_l (1-w>ldu, 0 <w< 1.
0
Definition 2.3. [18] For any complex numbers xi, x,, x3, and z such that Re(x;) > Re(x,) > 0 and

|z| < 1, the hypergeometric function is defined as follows:

1

1
2 Fy (X1, X0, x332) = —fuxz_] (= w2 (1 - zu)™ du,
B (x2,x3 — x2) )

where B(-,-) is the beta function.
The multiplicative derivative and integral admit the following properties:

Definition 2.4 (The multiplicative absolute value [6]). Given u € R* = (0, ), the multiplicative
absolute value of 1, also called *-absolute value, is defined by

), = u if uxl1
Tl Lo o<u<l,

u

which can also be written as In [u|, = [In (n)|, where | - | is the classical absolute value.

Remark 2.1 (The multiplicative triangle inequality). The *-triangle inequality, which is also known as
the multiplicative triangle inequality, is expressed as

o], < Jul, Jol. ,

foru,v € R*.

Theorem 2.1 (cf. [6]). Let & and  be two *-differentiable functions, and A is an arbitrary constant.
Then, the functions A&, £, & + ¢, £/ and & are x-differentiable and
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o (18" (w) =& (u),
e W) =& W ),
&(u) Z(u)
° (g + é‘)* (u) = f* (u)é"(u)+{(u) {* (u)g(u)+§(u) ,

J (f) (u) = "EEZ;

o (&) =& W™ ™.

Theorem 2.2 (cf. [6]). Let & be a positive and Riemann integrable on [w,, @,], then we have

w5 ” w) k
o [(€wy) =( i (f(u))d”] ,
e [Ewewy™ = [Ew™ [ Cw™,
@ wfz(au»d"
u) \9u @
o« J(55) =3—
@ [ @an™

@]

o [Ew)™ = [Ew)™ [Ew)™ @ <m <,

w1 w5 w -1
o [Ew)™=1and [ (£)™= ( [ & (u))d“] :

Lemma 2.1 (Multiplicative integration by parts [4]). Let ¢ : [wi, @] — R be multiplicative
differentiable, let { : @, w,] — R, and let Y : 9 C R — R be two differentiable functions. Then we
have

@2 / ” {(@) 1
flewupey-gomas, 1
- ! J (£ @)

3. Main results

This section presents the main finding of our study. We begin by introducing the following
notations:

I (@, %, @2;8) = [ J3€ (@) X (@1a,-0d5é (WZ)](%—wl)“"

(w1 +wr—2%) "

X [0 (ZE2) X T o (252)] T (3.1)
1 1
Ala, o, s) :f|t"‘—cr| @+ -=-0%)dt = f|a—(1 -0+ =0 dt (3.2)
0 0
+a+ sl 1)s+l
1—20% % —(1-0%)
= + 20 +Bla+1,s+1)-2B i(a+1,5s+1)
s+a+1 s+ 1 e
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and

1

1
Q(a,o,p) :flt"—alpdt: f|0'—(1 - 0P dt
0

0

(4 pe 1)+ S (501 p 21— 0), o

a a(p+1)

where ,F is the hypergeometric function.

3.1. Multiplicative fractional identity

In this subsection, we introduce an auxiliary result in the form of a multi-parameter multiplicative
fractional integral identity that is essential for establishing our main results.

Lemma 3.1. Let ¢ : [w, @w,] — R* be a -differentiable mapping on |w,, @w,]| with @, < w,. If £ is
multiplicative integrable on [w, @,], then we have the following identity for multiplicative fractional
integrals
e+
L(@y, %, @2, &) (I (@1, %, @2;§) @

(x—w1)*
(w2-w@1)

1
= f (€ (1 =Dy + 60 )"
0

(w1 +@r—2%)*
Hwr-w1)

((§* ((1 —x+ t@))—(l_,)a)d;

X
o%_

(w1 +wr—2%)*

1 o A1)
X f((§ ((1 ~ )2 4 (@) + @, —%))) )
0
Ge—m))?
1 (@2—@1)
ay\di
% f((f* (1= 1) (@) + @~ ) + 172) )" |
0
where L(wy, %, wy; &) is defined as in (1.1), o € [0, 1], and x € [, Z522].
Proof. Let
(M—’(Dl)2
1 (wr—w1)
* 19— dt
<1 = f((f (1 =Dy + 1)) ,
0

(w+wr—2%)°
Hwr-w@1)

1
f((f* ((1 —Dx+ t@))—(l_ﬂn)m |
0

7
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b=

and

Z

(@) +wy—2%)*
Hwr—wy)

{lf ((5 (1= 22 4 1wy + @ — %)))’”)dt]
0

(—w1)*

| (@r-w1)
[f ((5* (A=-D(w)+T — %) + tWZ))(U(lt)"))df] .
0

Using Lemma 2.1, from %}, we have

& =

(x—w1)?

1 a dt o
f((f* (-t + 1)) ‘f’) }

0

1

(—w1)? o dt
f((f* ((1 - t) w + t%)) W] )
0

(1-0)(x—m)

€6 |

(& (@) == f(f (1 = D), + 1) 5

o(=@y) 1 a(x=71) o1 )dt

0
ox—m1) (1-0)(x—w)

(¢ (@) @™ (£(x) @

Wr—W

1
CXp {fwla_l Iné((1 -0 @ +tx) dt}
0

ox—w1) (1-0)(x—t1)

& (@) @@ (€(x) @@

H—T) 1-a % -
exXp {% (@f (u—)" "' Iné (u) duJ}

w

TC—21) (=)o) (=) T(a+])

=(¢ (@) =™ (@) =o ((Jé) (@) == (3.4)

Likewise,

P =

AIMS Mathematics

(wl +1D'2—2%)2
Nor—w)

j((f* ((1 —)x+ t@))(lt)ﬂ)dt]

(@) +w2—2%)"

(1) . dt
f{(f* ((1 - x+ t@))_m(l—z) ] ]
0
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@ +w@=2%
(& () 2(@2m@)

a(w+wr—2x%)
Awr-w1)

dt
(1-na-1

o=

(§ ((1 —Dx+ t@))

’El’l+w'2—2%

(£ () 2

P }w (=" In (£((1 = 1) 2 + r25=2)) dr
0

2wr~w1)

w+wr—2%

(€ (x)) 2@-w)
N m;ﬁ’z

2T (a+1 1 a-1
exp (w‘+§’i,<;‘§_m§“” @ f (—m;m—u) In (¢ (u)) du
X
@ +wy—2% (@1 +@2-22%) T (a+1)

= (£ (%)) 2@-@1) (( Jo8) (@))‘ )

(w1+@r—2%)*
Hwr—w1)

1
L = f((f* ((1 —1) @ + t (@) + s —%)))ta)dt
0

dt

(w+wr—22%)> t")

1
/ [(f* (=252 4 1@+ @2 =) *oo
0

w | +wr—2x%

(¢ () + @y — x)) A@2-w1)

1 (@ +@=2%) |

f((f((l - t)@ + (@) + @y — %))) o) )d’
0
w | +wy—2x%

(& (T + @y — 1)) A@-z1)

1
exp | Horm2 [ [ (e (1 =0 252 41 (@ + @2 - )) f”)

w1+w2—2%
(é: (wl + Wy — %)) Awr—w1)

wtwr—x%

(@1 +@3-20) T+ | 1 _ m’1+w’2)a_l
exp TR w0 (- 75%) InE @) du
117
w+wr—2x (@ +172—2%)1“’F(a+1)
— _ Neor—1) a @+ 21-0(my—w))
_(é‘: (wl + TD'Z %)) A (( *J(W1+w2—%) )( 12 )) o
and
(1)
wWH—w|

1
oZl = f((f* ((1 - l) (w] + @, — %) + tw_z))(g_(l_t)n))d,
0

(3.5)

(3.6)
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1 (%—ml)z dt
f((f* ((1 — t) (wl + @, — %) + t’ZD'z)) Pres—— (o—(1-1) ))
0

g=@1) (1-0)(e=w1)

(& (@) @1 (E(w) + @y — ) @2l

1 a(x—w@y) el dt
f((f (1 =0t () + @y — %) + tw,)) T2=@1 1-n )
0

(- x—w) o(x—w1)

(@ +@—x) =@ (§(w@r)) =@

wr—W|

1
exp {fa(% U (1 -0 In(E (1 = 1) (@) + @2 — %) + 1)) df}
0

(d-0)(x-w) o(x—w)

(@) + @y — %) @@ (£(w)) 7™

—a @2
exp {% (% [ @ -0 mEw) du)}

w1 twr—X
(1-0)(e—w1) oe—w1) (=)' T+ D)
=¢ @ +mm—-x) = (@) ™ (@so-0dif) (@) =@ . (3.7
Multiplying (3.4)—(3.7), we get the desired result. Therefore, the statement is proven. O

3.2. Parametrized multiplicative fractional inequalities

Based on the identity introduced above, we are now ready to present our first main result in the
form of a multiparameter inequality for *-differentiable (s, P)-convex functions via multiplicative
Riemann—Liouville fractional integrals.

Theorem 3.1. Let ¢ : [wy, @w,] — R* be a x-differentiable mapping on [w,, @w,]| with @, < @,. If |7,
is multiplicative (s, P)-convex on w1, @), then for all o € [0, 1] and % € [w, Z322], we have

I'(a+1)

L(w, %, ;&) (T (w1, %, @) E)) @@

*

<(|§ (wl)| |§ (1D'2)| )wZ_mw A(CH”)(f* (@)

_ 2 _ 2
BN ) (405 T2 ( L +B(s+1,a+1))

X (lg* (H)lx |§* (wl + Wy — %)|*) W2l ’ A wr—w)) \a+s+l ’

(@1 +@2-2%)° 1
) 2(wy—w) (a+s+1
£

+B(s+1,a+1))

where L, I, and A are defined as (1.1)—(3.2), respectively, and B is the beta function.
Proof. From Lemma 3.1, the *-absolute value, and the #-triangle inequality, along with properties of
the multiplicative integral, we have

I'(a+1)

‘L (@1, %, @2, &) I (@, %, ;&) ==

*

<exp{ =) f|z — o In (& (1 - 1)@, + 1))\ dt

wr—w|
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(w1+wz —2x
X eXp{ PTE—

(ID']+W2 —2x
XCXP{ A1)

X exp { e f o — (1 = I (& (1 = D) (@ + @2 — %) + 17,))] dt}

)(Z

1
) f

0

1
) f

0

ln

(1 - +twl+w2))‘dt}

-0 T+ p (@ + @y - )| d }

:exp{f;f;; f 1 = oIl (1 - D@y + 1), dt}

(ID']+W2 —2x)
XCXP{ A1)

(w1 +wr—2%)
XCXP{ PTEs—

X exp{f;f;] f|0' — (1 =0 In|E (1 = 1) (@) + @y — %) + tw)], dt}

where we have used the fact that

1

f(l H" In
0
1

J e
0

Iné| = In|é].,.

(A =0+ =g

;

—0 B 1@y + @ - )| dt}

Using the multiplicative (s, P)-convexity of |£*],, inequality (3.8) yields

£ (@12, @26 (T (@1,2, 02 6)°

T(a+1)
wy-T

<exp{<:;f;1 (Inj&" (@), + In|€" ()],) f = ol (" + (1 =1) >dr}

(‘(D’1+‘(D'2—2%)2 *
X exp {—4(wzw1) (ln |&

(@1 +@2=2%)
xexp{ FTE— (ln

X exp {% (Inl¢" (@, + @ — )|, +Inl¢" (@)].) f o = (1= 01 (¢ + (1= 1)) dr}
0

= (" @, [§" (@), )“"2

X (|€* (), € (@) + @

AIMS Mathematics

()], +In

* (w1+m'2)
2 *

ﬁfl A(a T,s)

(x—w1)>

- %)I*)[ o

* [ wW1+w)
2

A(a,o,8)+

1

+1n|E (@) + @ — %)|*) fr“  +(1 =) dt

0

(w1 +@2—2%)

1
g*(mmm) Ner—o) (s +B(s+1,a+1))
3k

(@1 +w@2-2%)° ( 1

A1) \atst +B(s+1,a+1))

b

)*)fu 0P+ —t)“')dt}
0

(3.8)
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where we have used (3.2), and

1

ft" &+ =-0")dt= f(l -+ -1)")dt = —1 +B(s+1,a+1). 3.9
a+s+1
0 0

This completes the proof. O
Corollary 3.1. If we attempt to take s = 1, Theorem 3.1 yields the following bi-parametrized fractional
inequalities via multiplicative P-convexity

[(a+1)

L@, 2.8 [ (@1, 2,2:8) ™|

(x wnz[m 2% (yrm-20P
<&@ IE @) Lot e g (e ) ammmeh

[(% w1)2(1 (a+)o 2« U%l) (@) +@2—2%)°
X (IO, 1" (@) + @y — )| 777 L erh e A@r-m@+D)|

where L (@, %, @;; &) is defined as in (1.1).
Corollary 3.2. By choosing a = 1, Theorem 3.1 yields the following bi-parametrized inequalities via
multiplicative (s, P)-convexity

1
wyTw]

L@ w20 f (& )™

*

s+2057242(1-0)5*2
(s+1)(s+2)

(e—w1)*

<(E" @I COLNE (@1 + @2 = 2)|, € (@2)],) 77"

(w1 +@2-2%)°
(e fe (=52

)4(1U2—w1)(s+1)
Moreover, by choosing s = 1, we obtain the following bi-parametrized inequalities via P-functions

£ (w1 + @5 — %),

T w-w)

L(wy, %, @3 &) f(f (u))™

*

(1-20+202) (x—w1 )

<(E @I, IECOL I (@) + @2 — %), | (@)],) T

(@1 +@2-2%)*
(e fe (=52

8(mr-w1)
4. Special instances, applications, and numerical validation

€ (@ + @~ ).

This section presents particular cases of the main result, discusses their applications, and includes a
numerical example with graphical validation.
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4.1. Particular cases

By fixing specific values of the parameters o~ and x, the general inequality reduces to several
noteworthy particular cases, which we present below.

Corollary 4.1. By setting x = =522, Theorem 3.1 yields the following fractional three-point inequality
for =-differentiable (s, P)-convex functions

T'(a+1)

et (252 (1255 ) 5

g( . (wl+wz)

where A is defined as in (3.2), and

*
TwWy—

il A(a,o,s)

€ @l.) ,

1—
(wr—wy) ™

21l-a

Moreover; if we take s = 1, we get the following fractional three-point inequality for x-differentiable P
functions

T(a+1)

‘(5 (@) &@)f (6(222)) (7 (w1, 252, w3 6)) =
wz—wl[l—(a+l)a' 2a il:|
S( * (w1+wz)

4 a+l  tar1?
Corollary 4.2. By taking o = 0, Corollary 4.1 yields the following fractional midpoint-type inequality
for x-differentiable multiplicative (s, P)-convex functions

€ (@)l.)

_I(a+])

(o)1 o 5. g 5

(el (== Ew)

1
4 (a+s+l
Moreover, if we attempt to take s = 1, then we get the following fractional midpoint-type inequality for
x-differentiable P-functions

*

+B(s+1 ,a/+l))

£ @)l.)

T(a+1)

(252) (7 (252 06)) =

s( . (mmz)

Corollary 4.3. By taking o = 1, Corollary 4.1 yields the following fractional trapezium-type inequality
for x-differentiable multiplicative (s, P)-convex functions

13'2 w1 i
4((y+1)
£ ()l.)

T'(a+1)

‘ VE@) € (@) (I (@1, 2522, @y £)) ™™

*
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Wr—W| ( s+1+2a

7 (s+1)(a+s+1)‘B(‘”l"‘”))

S( . (mmz)

Moreover, if we attempt to take s = 1, then we get the following fractional trapezium-type inequality
for =-differentiable P-functions

€ (@),

I'(a+1)

‘ VE@)E (@) (T (w1, 252, my:€)) ™
(i@ fe (252

Corollary 4.4. By taking o = %, Corollary 4.1 yields the following fractional Simpson-type inequality
for =-differentiable multiplicative (s, P)-convex functions

*
o(@r—wm1)
4(a+1)

£ ().

I'(a+1)

l(f (@) €@ (£(222)) (1 (@1, 222, ;€)=

*

k w (o) ; ’g’s
<(e (22) e @2, ,
where A(a, %, s) is given by :
a+s+1 lﬂ ]ls+l
Al t.s) = 1-2(5) ° 2(3) _(1_(5)) +Bl@+1,s+1)=2B i (s+La+1)
B3 T s 3(s+1) e (T e

Moreover, if we attempt to take s = 1, then we get the following fractional Simpson-type inequality for
x-differentiable P-functions

2 NG
(e e’ (6(252) (1. 252 ) *

S( . (m'1+m'2) wz_m( @ )

4 \3(e+1) 3(a/+1)( )"
Corollary 4.5. By taking o = %, Corollary 4.1 yields the following fractional Bullen-type inequality
for x-differentiable multiplicative (s, P)-convex functions

*

€ @l.)

1 Ho+])

l(f (@0 @) (£(2422))} (7 (@1, 252, i) 7

wz_wlA(t,l,s
S( * (w'l+m'2) |§ (w2)|) 4 ( 2 )’
s) is given by :

*

where A(a,

)5
atstl s+l 1y 5+1
Ly 2 @ -(-0))
A(Q’E’S): ars+1 s+1 +B(a’+1’5+1)—23(),(6¥+1s+1)
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Moreover, if we attempt to take s = 1, then we get the following fractional Bullen-type inequality for
x-differentiable P-functions

T'(a+1)

|(§ (Wl)f(wz))% (f(@))% (I (wl’ wlzwz,wﬁ‘f))_wz_w}

*

<[ @iile (252 e @, )?(Zﬁ;[l-w(%)ﬂ]’

Corollary 4.6. In Theorem 3.1, if we take x = mgﬂ then we get the following fractional Newton-type
inequality for =-differentiable (s, P)-convex functions

- 3-20 _Ia+l)
‘(5 (@) & @)3 (6(2252)6(252)) ¢ (I (w1, 252, wnié)) 7
W2l—81m (ﬁ+3(s+l,a+l))

<(E @I @) 5 N | (mpm2)

e (et e (o1 —wz% (4A(a(rs)+ 1 T+B(s+1 a+1))
1+@2 1+2@ .
X ( (2=5) . (=5=) )

2 o
IR @3 €) is given by

*

9

where I (w,

(@-w)' ™
31711/

I(wl, ihiay wz;f) = {*Jzzw]mz)f (@) X (@)Jff (wz)l

(@-w@)' ™
61—(1
X

(@)Jff(W) X JEZW)S(%)]

Moreover, by setting s = 1, we get the following fractional Newton-type inequality for x-differentiable
P- functions

I'(a+1)

e e (e (25 e(252) ¥ (1 e, 252 )

a+2
1-20 @

a+2

*

wr—w)

< (@), 1" (@)l,)

wH—W|
18(a+1)

* (m'1+wz)
2 *

+0'(20'% -1

a+l a+2
o o @ ]

1
)* (a+D)(a+2) ‘2( atl  a+2

@—w| [ 4-80 " 1 a+6 O'(Ygrl 0'032
2"W] - = _ _ —
><( *(2w1+wz) *(w1+2w2) ) 36 [ e L) s e 8[ a1~ av2 ]]
3 3 )|, :

Corollary 4.7. In Corollary 4.1, if we take o = % then we get the following fractional Simpson 3/8
inequality for «-differentiable (s, P)-convex functions

I'(a+1)

et (e(=i=)e(=:52) (o 52, ) *55

MA(a,%,s)

(¢ @, " (@2).) °

3
wWHr—W|
3 (5 +B(s+la+D))

£ (257)

*
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)m;gm [4A(a.2,5)+ iy +B(s+ La+D)]
b
*

d

where A (a, %, s) is given by

1 0
1_2(%)71 (%) _( _(%)) +Bla+1ls+1)=-2B  i(@+1,s+1)
ats+l 4(s+1) ’ L.

Moreover, if we attempt to take s = 1, then we get the following fractional Simpson 3 /8 inequality for
x-differentiable P-functions

f* (2w13+w2 )

£ (=5%)

*

A(oz, %,s) =

I'(a+1)

eoeco e(5)e(252) (1 o, 2 i)

*

Rl—

wy—wi| 1-3a 3a (g)
9 |4a+D)  4a+D\8

wWHy—w]
f* (‘ID'| +‘ID'2) 18((2+2)
2

*

<(g" (@I, & (@2)l.)

3 3

w23—6w1[4[41—3(]r . 3(11 (%)é}r%]
x(g*(2w1+w2)*§*<w1+2w2)*) (@+D) "4(a+1) avZ)

4.2. Applications to special means

The theoretical framework developed above leads to several direct applications, which we now
illustrate. For arbitrary real numbers @, @,, let us consider the following means:

The arithmetic mean: A (@, @,) = _ngwz.

The weighted arithmetic mean A (n, m, wy, w,) =

The logarithmic mean: L (@, @,) = ﬁ,

1
p+l_ p+l\ 5
%)p, wy, @, > 0,w; # w, and p €

nwi+mw?r
n+m
wy, @ > 0and a # b.

The p-Logarithmic mean: L, (@, @,) = (
Ry{-1, 0}.

Proposition 4.1. Let w,w, € Rwith 0 < w; < w;, then we have

*

2 2’ 2 2 3,1,wi, 2 1,3,w;, 2,2
exp{ A(“’l ‘*’2)+A ( 0;11 w2)+A~(1,3,w1,w2) _ L% (wl, wz)} < exp {“’28% } )
Proof. The assertion follows from the second inequality of Corollary 3.2 with o = 1 and % =

_1

4
wi

wy w]—w)
Jortwr applied to the function &(u) = exp {uz}, where & (1) = exp{2u} and [ f €3 (u))d”]
exp {—Lg (wy, wz)}. ]
Proposition 4.2. Let wy,w; € Rwith 0 < w; < w,, then we have
* 1 8 1 | wr-w
< exXp {— (a)_% + @1t o) + aT%) 28 }

Proof. The assertion follows from Corollary 4.1 with o = 0 and @ = 1, applied to the function & (u)

1

‘exp {A‘l (w1, w) — L (wy, wz)}

exp {i} where £* (u) = exp {—u—lz} and (af €3 (u))"“]wl_w2 = exp {—L‘l (wl,a)z)}, O
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4.3. Numerical example and graphical validation

Now, we provide an example with graphical representation to confirm the accuracy of our results.
It is noteworthy that in all figures, the red color corresponds to the right-hand side, and the blue color
corresponds to the left-hand side of the respective inequalities.

Example 4.1. Let us consider the function & defined on [0, 1] as &(u) = e for some fixed s € (0, 1].
The multiplicative derivative is £*(u) = |*(u)|, = e“*V which is multiplicative (s, P)-convex over the
interval |0, 1]. From Theorem 3.1, we have

exp {a’% + (%“'“ +(1- %)”1) HT“”}

% 1 3 1-x
exp {%1“ (fu““du + f uH (1 — u)®! du) + % []u”l (% - u)a_l du + f us*1 (u - %)a_l du]}
1—2x 1

0 x

2

(s + (1 —2x%)? 1
2s+1 (a+s+1
(1 —2x)? ( 1

4 a+s+1

<exp {(s + 1 Aa, o,y 5) + +B(s+1,a+ 1))}

X exp {(s + 1) [° + (1 —2)"] [%2A(a,0', s) + +B(s+ 1, + 1))

where AN(a, o, s) is defined as (3.2), and B is the beta function.
Furthermore, to facilitate the representation of this result, which depends on four parameters, we
will set s = 1. Thus, we obtain the following result:

exp {0‘% + (20 — 2 + 1)1—270”}

+1 +2 2a—2(1 )01 z‘y(l )a+2 (4 1)
R P e S
l-(@+ Do 2a ] (1-2%)7
< 4 2 + a 4+ - .
_eXp{% [ a+ 1 e+ 1’ ] 2@+ 1)

Since the left-hand side involves an absolute value that depends on the values of o, «, and x, and
in order to be able to graphically represent the results, we write inequality (4.1) in the following two
forms:

exp {0 + (26 — 20 + 1)1=27%

1 s D+l Dy +2 1—-a 2"_2(%—7{)0 2@ %—%)(Hz (42)
€Xp {a’ [% - (E T ot + a+2 ) + (1 - 2%) ( a + a2 )]}
1 -20% ; 1 e a2\ (1= 2%)?
< | — 2 20 — 1 —2(0"—“)
eXP{%[ aez tole )+(a+l)(a+2) T a2 l+2(a+1)
and
" ot a— l_% @ o l—% a+2
exp{a|x (5 - 24 27) 4+ (1 - 2! (D 2O
(4.3)

exp {0'% + (222 — 2% + I)HT"”}
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a+2
1

1-20% 1 sl ax2 (1 —2%)?
<explan?|—2 " 4o (20t — 1 —2(“—0") .
eXP{ * [ b )+(a+1)(a+2) @l a2 l+ 2(a+1)}

Given that this result depends on three parameters, we will consider two specific cases by setting
o =0 and then » = %, and plot the corresponding results.

Case 1. We begin by setting o = 0, yielding the companion of Ostrowski’s inequality for multiplicative
P-functions. This result is visually depicted in Figure 1, where the surface corresponding to the right

term is colored red, while that corresponding to the left term is colored blue.

I | eft term B | eft term
I Right term I Right term

X 0 o

(a) Inequality (4.2) (b) Inequality (4.3)
Figure 1. Case 1: @ € (0,1], % € [0,1], s = L and o = 0.

Case 2. Now, if we attempt to take o = 1, it yields the four-point Newton-type inequality for
multiplicative P-functions, including Simpson’s 3/8 and corrected Simpson’s 3/8 inequalities. This
result is visually depicted in Figure 2.

I Left term
I Right term

I Left term
I Right term

1.6
1.4
1.2

0.8
0.5

(a) Inequality (4.2) (b) Inequality (4.3)
Figure 2. Case 2: a € (0, 1], % € [0, %], s=land o = 1.

Case 3. Now, we consider the parameters a and o to be variables while fixing »x = % Consequently,
we derive the three-point Newton-Cotes-type inequalities via multiplicative P-functions, including
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midpoint, trapezium, Bullen, and Simpson’s inequalities, among others. The result is visually presented
in Figure 3.

I Left term
3 I Right term

I Left term
3 N Right term

- 0 0 _ 0

0]

(a) Inequality (4.2) (b) Inequality (4.3)
Figure 3. Case 3: @ € (0,1], 0 € [0,1], s = L and x = 5.

From the provided figures, we observe that the left-hand side is always greater than the right-hand
side for all the cases studied. This validates the accuracy of our results.

5. Additional results

In this section, we provide additional results for functions whose first-order multiplicative
derivatives satisfy that (In|£*|)? is (s, P)-convex on [@, @,], where g > 1.

Theorem 5.1. Let & : [w),@2] — R be a =-differentiable function on [w,,@,] with @, < @,.
If (In|€71,)? is (s, P)-convex on [w), @], where ¢ > 1 with i + é = 1, then for all o € [0,1] and
x € [@, Z522], we have

_ I'(a+1)
‘L(wl,%,m;f) (L (@, %, @73 &) @21

*

(—w1)? i 1
<€ @I IE GOLIE @1 + @2 — 2, € (@),) oo (501) @)

_ 17,2 1
( (m +m) " (T(Z;fiwz:;) (Otpl+1 ),, (F21)

wwwwrmq

where L, T and Q are defined as (1.1), (3.1), and (3.3), respectively.
Proof. By using Holder inequality, inequality 3.8 gives

_—

_F(a+1)
‘L (w1, %, @2 &) (L (@), %, @5; ) 7@

*

1
1 q

=exp (z’;f;)] flt — o’ dt f(lnlg* (1 =)@y +m)|,) dt

0
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1
1 p (1 q
q
X exp | (G20 f(l—t)”"dt] [f(ln g*((l—z)xw@)*) dt]
0 0
1
f In |

0

q
f) w1+w'2 + t(wl + wy — %))‘ ) dl]

1 1

1 P
(w1 +@2-2%)° pa
X eXp| Zman ft dt} [
0
| 1

x exp | L2 [ f = (1—t>a|”dr] [ f (lnlf*((l—t)(wl+1Dz—%)+th)I*)”dt] SNERY

0

Using the (s, P)-convexity of (In |£*],)?, inequality (5.1) yields

L(w, %, @28 (I (w1, %, @3 §)) @@

‘ T(a+1)

*

<exp| £20 (Q(a, 0, p)7 [ (@)],)? + (€ @)1,)7]7 [ f (1 —t>’+zS>dt]

(f((l -1’ +ts)dt]

) + (In|¢" (@) + @y — 2)|,)! [f((l—t)s+t)dt]

m'l +‘w'2

X exp (T(;?f_mzs) (ap+1) [(ln |§ (%)l )q (

1
q

(@ +@2—2%)*
XeXp( A1) (ap+1) [(ln

(‘ID'1+‘ID'2)
*

x exp| 2L (Q (e, 0, p))7 ([ (@) + @5 —2)],)7 + ()€ (@2)],)’] 5[ f (-1 +t>dr]

<exp((;f;1 Q0. )7 ()" Il (@), + Inle" @), + | Co)l, + In | (@ + @2 - %)), ])

<o (G2 () () (i ol + e (232

+nlé (@1 + @2~ 2.

(x—w1)*

= (1€ (@I € (O, I (@1 + @2 — %), |E (@)],) wammr (Z1) @erp)?
x (i Gol e (2522)] e ) ()

4(13'2—‘w'|) ap+l
where we have used the fact that A7+ B? < (A+ B)? for A > 0, B > 0 with ¢ > 1, with Q (a, o, p) being
defined as in (3.3). This completes the proof. O

Q=

& (@) + @2 — x>|*)

Theorem 5.2. Let & : [wy,@,] — R* be a -differentiable function on [w,,w,] with w, < @,. If

(Inl&*1,)? is (s, P)-convex on (@, @], where q > 1, then for all o € [0,1] and x € @, @], we
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have

_ T(a+1)
'L (w1, %, @2 &) (L (@), %, @55 ) 7@

ES

(=@))’ (I @+ | 20 21

<(E (@)L IE GO IE (@1 + @2 — 0|, |7 (w2)],) mommn L ot et

oy vy 2 1 1
@+ 5 (41(;231321)) (a%)l q(ﬁ+B(s+l,a/+l))‘1
x (i Gol. Je (2522)] 1€ @1+ @2 - L) ,

where L, I, and A, are defined as (1.1)—(3.2), respectively, and B is the beta function.

) (A(a o S))%

Proof. By using power mean inequality, inequality (3.8) gives

_F(a+1)
L(w, %, @8 (I (@, %, @5 ) T2

*

1
<exp| &7 [ [-a dt] [ f 1~ ol (e (1~ )@, + 1)) dt]
1 q
(w1+wz—2%)2 @ !
X exp Aoy (1 - t) dt (1 . dt
0
1 - J
() +@2—2%) “d 1 ! d
X exp T t n . t
0

% 1 q
xem)%fg[J“a (1—w|m] (j}a—ﬂ—4WHmEWU—%ﬂw1+wz—m+¢wggﬂﬁ].
0

Using the (s, P)-convexity of (In|£*[,)?, inequality (5.2) gives

q

£ (=0 +r252)

((1 - 1) 52 4+ 1 (@ +w2—%))

(5.2)

I'(a+1)

L(w, %, @, &) (I (@), %, @y, &) @20

*

1
q

<exp | (1ethr 4 20 )™ (g (@))L)" + (In e (el 4[ f (1" = ol (1 -1y +f))dz]

))Fﬂra—ﬂ%a—ntuwmy
0

1

)q + (In|& (w) + @) — %)L)q]q (ft“ Q-0 +1) dt}

0

(@ +@2-22)" (_1 =i * q
X exp| Gotan (ﬁ) »(1n|§ “)l,) +(ln

éz:* (w1+wz
2

L

dwr—wy) a+l1

a2 -ir
X exp | B2 (L) ‘ (ln

* (m‘1+m2)
2 3k
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(e—w1)? (1—(a/+1)0' 2a 71)1—
X exp ( wH—| a+1 * ool a+1

1
q

1
X [(In|€" (@) + @y — 2)|,)? + (In|€* (wz)l*)q]é f|0‘ -1 -0 =0 +1)dt

cexp(S22 (20 4 20) ™ (Ao
X [In|g" (@], + Inlg* (I, In €™ (@1 + @2 = ), + Inf¢" (@2)],])
@+ —2x%)> -3
exp (2Rl (L) (ww +B(s+ La+ 1)

£ (=52

[m € Gl + In

FInlé (m+ 7 = 0L
(%_wl) 1—(a+1)o 2(, 0_a+1 1
* * * * - P @ <A(ws>)4
(" @O IE LI @1+ 2 0 € (@)],) oo (e )
(@102 (NG (g as1))d

x(£ (e (=52) & @ +a-0) 7 ,

where we have used (3.2), (3.9), and
1

a+l
f|a (1- t)"ldt—flcr—t |dt = ey 20550

0
and the fact that A + BI < (A + B)Y for A > 0,B > 0 withg > 1.
This completes the proof. O

6. Conclusions

In conclusion, this study delved into an extensive analysis of quadrature formulas employing a
bi-parametric approach. By examining a diverse range of formulas utilizing 1 to 4 points, and
considering functions with multiplicative (s, P)-convex #-derivatives in *-absolute value, we derived
a set of associated inequalities. The exploration of a new integral identity significantly enhanced
our understanding of these formulas. The obtained results not only provide fresh findings but also
illuminate potential directions for future research in the domain of fractional multiplicative calculus.
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