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1. Introduction

Indicate by B the family of holomorphic functions in the open unit disk U = {z € C : |z| < 1}, of the
form

F@) =2+ ) did. (1.1)
k=2

The subfamily of B that consists of functions that are also univalent in U is represented by S.
Let ¥ € S be said to be a starlike of order 6(0 £ 6 < 1) if

% (27: (2)

F(2)

)>(5, (z€eU)

and a function ¥ € S is called convex of order 6(0 < 6 < 1) if

72" (2)
9%( F'(2)

+1)>5, (z € U).

The families of functions S*(0) and C(6) are called starlike of order ¢ and convex of order ¢ in U,
respectively.
A function 7 € 8 is called Bazilevic¢ function in U if (see [17]),

% (zl‘y?"’(z)) .

W (zeU; y20).

A function ¥ € B is called a A-pseudo-starlike function in U if

" {z (F' ()"

W}>O, (ZEU,/I%I)

Let ¥ and G be two analytic functions in U. The function ¥ is said to be subordinated to G if there
exists a Schwarz function w(z), i.e., that is analytic in U with w(0) = 0 and |w(z)| < 1, z € U, such that
F(2) = Gw(z)) for all z € U. This subordination notion is denoted by

F <G or F(z2)<GQ).
If the function G is univalent in U, then we have the inclusion equivalence
F(2)<G() e FO)=60) and F(U) c G@U).

Recently, several authors introduced and studied different subfamilies associated with Bazilevi¢ and
A-pseudo functions (see, for example, [2,4,19,20]).

Based on the Koebe one-quarter theorem [5], the image of U under any univalent function ¥ € 8
contains a disk of radius }‘, and each function & € S has an inverse # ~! that is defined as ¥ (¥ (2)) = z
and

1
FF ) =w, | wl < ro(F), ro(F) 2 1)
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where
Gw) = F ' w) = w—dyw? + 2d3 — d3)w* = (5d5 — 5dods + d)w* + - - .

A function ¥ € B is named bi-univalent function in U if both F and ! are univalent functions in
U: The family of all bi-univalent functions in U denoted by X.

A very large number of works related to the bi-univalent functions have been presented in the
papers. In [3], Cotirla used the (p, g)—derivative operator and investigated the estimates on coeflicients
and the Fekete-Szego functional for subclasses of analytic and bi-univalent functions. El-Deeb et al. [6]
obtained estimates for the first two Taylor-Maclaurin coefficients associated with g-analogue derivative.
In 2024, Krushkal [11] discussed a variational technique for biunivalent functions, which provides a
powerful tool for solving the general extremal problems on the classes of biunivalent holomorphic
functions, while in 2025 Krushkal [12] considered the connection between biunivalence and the
geometry of Teichmuller balls and provided some sufficient conditions for biunivalence of holomorphic
functions on the disk. Murugusundaramoorthy et al. [13] presented and examined a family of bi-starlike
functions with respect to symmetric conjugate points associated with a Lucas balancing polynomial.
We recall some examples of functions in the family X, from the work of Srivastava et al. [18],

z 1 1+z2
—, —log(1 - d —1 —.
1 og(l —2) an 2 Og(l_z)

Fekete and Szego (see [7]) disproved of the Littlewood-Paley conjecture that the coefficients of odd
univalent functions are bounded by 1, which is the basis of the Fekete-Szegd problem |d3 - nd§| for
¥ € S, which has a long history in the field of geometric function theory. Fekete-Szego inequalities
for various function families were obtained by many authors.

Behera and Panda [1] introduced the concept of balancing numbers B,, n > 0. In actuality, the

Diophantine equation can be calculated by the balancing number n and its balancer 7.
1+24+3+--+(n-1)=m+D+n+2)+---+(n+1).

It is known that if 7 is a balancing number, then 8xn% + 1 is a perfect square, and its positive square root
is called a Lucas-Balancing number [16]. Recently, Frontczak [8] was concerned with Balancing and
Lucas-Balancing polynomials. These polynomials are a natural extension of Balancing and Lucas-
Balancing numbers. He derived many interesting properties of the former related to Chebyshev
polynomials. In [10], Keskin and Karaatli have studied some properties of balancing numbers and
square triangular numbers. Comprehensive information about Lucas-Balancing numbers is accessible
for interested readers in [16]. Lucas-Balancing polynomials are expansions of the Lucas-Balancing
numbers that occur naturally. For » € C and n > 2, the recurrence relation that follows defines the
Lucas-Balancing polynomials [15].

Ca(r) = 6rC,(r) = Cya(r),

with initial conditions

Cor)=1, Ci(n=3r and  Cy(r)=18—1. (1.2)
The Lucas-Balancing polynomials’ generating function can be written as follows (see [9]):
= 1-3rz
2) = » Cund = ————, 1.3
B(rna) = ) Cund = — —— (1.3)

k=0
where r € [-1,1] and z € U.
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2. Definitions and preliminaries

Now, by using the Lucas-Balancing polynomials, we provide the following families of holomorphic
bi-Bazilevi¢ and A-pseudo functions.

Definition 2.1. Let Vs(u,y,A;r) be the family of functions F € X satisfying the following
subordinations:

Q) AF ()" L 13
Foy T F@ -6+ 2

(I =) =: B(r,2)

and
wGw)  w@w)' 13w

=, TH < 2
(Gw)) ™ G(w) 1-6rw+w

(1-p) =: B(r,w),

where 0 S pu<1,y20,42 1, re[-1,1], and Gw) = F ' (w).

Remark 2.1. Put u = y = 0 in Definition 2.1; the family Vs(u,y,A;r) reduce to the family
LBS;(B(r, 2)), which was studied recently by Oztiirk and Aktas (see [14]).

Definition 2.2. Let Ws(u,y,A;r) be the family of functions ¥ € X satisfying the following
subordinations:

2R\, (@F@))  1-3rz
(on )(1 ’ (ZT’(Z))H) G (Terea 009
and B
WG\ (G 13w
(= (1 i (wg'(w»l-y) g Tl O

where 0 Su<l,yz20,1z21,re([-1,1], and Gw) = F=(w).

Remark 2.2. If we take u = y = 0 in Definition 2.2, the family Ws(u,y, A;r) reduce to the family
LBCZ(B(r, 2)), which was introduced recently by Oztiirk and Aktas (see [14]).

3. Main results

Theorem 3.1. Let F given by (1.1) be in the family Vs(u,y, ;1) (0Su<s1,vy=20,12=1). Then

31| V6Ir]
211 = & + D)+ pa = D = 9Q(u, v, )r?)|

ld>| <

and
3|7 912

|ds| = + >
A=y +2)+u@BA-1)  [(1 -w(y+1)+pu2i-1)]

where
Qu,y,) =1 =)y + D [4u@dAl—-y=3)+3y+2]+2u(2A-1)(31-2). (3.1
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Proof. Let f € Vs(u,y,A;r)and f~' = g. There are two holomorphic functions ®,¥ : U — U, fulfill
the following conditions:

Z7f(2) . A(f' @)

1- = B(r, O(7)), U 3.2
(1= o) ST (r, @), z¢€ (3.2)
and 1 N
—’y ’ ’
(1 W) WEON i), we, (3.3)
(gw) g(w)
where
OR)=x1z+0P+x32+--- ,z€U (3.4)
and
‘P(z):ylw+y2w2+y3w3+~-- ,weUu 3.5

are Schwarz functions such that
®0)=¥0)=0 and D) < 1, W) <1 (z,wel).
On the other hand, it is known that the conditions |®(z)| < 1 and [¥(w)| < 1 imply
lx| <1 and [yl <1 forall ieN.

It follows from (3.2)—(3.5) that

1=y 1 ’ 4
(1-w Ef( ]); 1(3 i Z(ic((zz))) = Co() + Ci(Dxiz +[CiDm + GG 2+ (3.6)
Z
and
1=y o / 1
(1 - 28 EO s i + [Cuma + R+ B

— M
(gw)"™ 8w
Equating the coefficients in (3.6) and (3.7) yields

[(1 =)y + 1) + A - D]ar = Ci(r)x, (3.8)
1

[(1 =)y +2) +uBA-1D]as + 5 (1-wy+2)y-D+pQRAA-2)+ D|a

= C1(r)x; + Co(r)x3, (3.9)

—[(I =@y + 1)+ pRA—-D]ay = Ci(r)y, (3.10)

and

1
[(1 =)y +2) +uBA- D] a5 — a3) + 3 Q-+ y-D+puRiaa-2)+ 1)] a;

=C,(r)y; + Ca(r)y?. (3.11)
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From (3.8) and (3.10), we have
X1 = -y (3.12)

and
2[(1 = )y + 1)+ A - DI d& = (C1()) (] + ). (3.13)
By summing up Eq (3.9) to (3.11), we obtain
[(1 =@ +2)(y + D +2ud (22 - D] a5 = Ci(n)(x2 + y2) + Co(r)(x; +3}). (3.14)

Substituting from (3.13) the value of x7 + y7 in Eq (3.14), we deduce that

(Ci(1) (x2 + y2)

a = . > . (3.15)
[ =@+ 2y + D +2ud 22 = D](Ci1(N)” =2[(1 = w(y + D) + u22 = D]" Co(r)
Applying (1.2) in (3.15), we obtain
3
& = 277 (x2 + y2) (3.16)

2[(1 = @y + 1) + A= DI = 9Q(u, y, )2’

where Q(u,y, 4) 1s given by (3.1). Now, using the well-known triangular inequality and taking the
square root of (3.16), we conclude that

31 VG |
V210 =00+ 1+ 122 - DF 90017, 07

las| <

In order to find the bound on |as|, we subtract Eq (3.11) from (3.9) and consider Eq (3.12); we have

2[(1 = @)y +2) + pu(3A~ D] (a3 — a3) = C1(r)(x2 = y2), (3.17)

then, by substituting the value of a? from (3.13) into (3.17), we obtain

e Ci(r)(x2 — y2) N (Ci1()* (2 + y? (3.18)
P2l -+ +uBA=D] T 2[(1 - )y + D)+ pA - D '
Considering Eq (1.2) in (3.18), yield
3r(xa — y2) 9r*(x} +7) (3.19)

az = + .
T2l -+ 2 +uBA-D] T 2[(1 = )y + 1) + u2A = D]
By making use of the triangular inequality of (3.19) and a straightforward calculation, we find that

o < 3] . 972
TEA-w+2)+uGA-D [ - @y + D+ pi- D]

O

When u = y = 0, the analogous results presented by Oztiirk and Aktas [14] were obtained by using
Theorem 3.1.
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Corollary 3.1. [I14] Let ¥ given by (1.1) is in the family LBS;(B(r, 2)). Then

31r| V3Irl
|1 - 97|

ld>| <

and |
|ds3| < 3|r] (3|r| + 5)-

Theorem 3.2. Assume that F given by (1.1) is in the family Ws(u,y, ;1) (0SS u<1,y20,121).
Then

3|r| VoIr|
\/‘8 (2u(A = 1)+ 1)% + 18 [4y — 23u(X = 1) + 84p(d - 2) + 4u(2 - y) — 321> (1= 1)* - 6 r2|

ld>| =

and

7| 9r?
|ds| < + 5.
3u(d-1D+2  4QuA-1)+1)

Proof. Let g = f~! and f € Wx(u,y,A;r). There are the functions ®,¥ : U — U which are
holomorphic, such that

zz"f”(z)) (' @))!
1- 1 = B(r, D(2)), U 3.20
(= )( T T e (@), ze 20
and ) N
w7 g"(w) ((wg'w))")
1 - w1 = B(r, Y(w)), U, 3.21
( ,u)( + (Wg'(W))l_y) + ) B(r,¥(w)), we (3.21)
where ®@(z) and W(z) have the forms (3.4) and (3.5). From (3.20) and (3.21), we deduce that
2—y £11 ’ v
(1-p) (1 " (ZZ f’(ﬁ))gz—)y) + ((Z]; ((ZZ))) V) + Cimz+ |C1(x + Caxd |2+ (3.22)
and
2—y 17 ’ NA
(1—p) (1 y W) ) e 8OV ey 4 Ciraw + [Clrys + Coay3| WP+ (3.23)
(wg'(w))™” g'w)
Equating the coeflicients in (3.22) and (3.23), yields
2Qu(A =1+ Day = Ci(r)xi, (3.24)
3Bud—1)+2)az +4[24u(A = 2) + u2 —y) +y — 1] a3 = C1(r)x, + Co(r)x3, (3.25)
=2@2u -1+ 1ay = Ci(nNy (3.26)

and

33u(d—1)+2)(2a; - as) + 42 = 2) + uR =) +y - 1]a; = Ci(Ny2 + Co(r)yi.  (3.27)
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From (3.24) and (3.26), we have
X1 ==y (3.28)

and
8Qu(A - 1)+ 1)2 a3 = (Ci(r)* (xF +y). (3.29)

If we add (3.25) to (3.27), we obtain
2[2 + 4y +9u(A — 1) + 8Au(A — 2) + 4u2 — y)| a3 = C1(r)(xz + y2) + Co(r)(x} + y?). (3.30)
Substituting from (3.29) the value of x% + y% in the relation (3.30), we deduce that

(C1()* (x2 + )
2[2 + 4y +9u(d — 1) + 8Au(d — 2) + 4u2 — V] (C1 (M) = 8 Qu(A — 1) + 1> Co(r)

(3.31)

2 _
a, =

Applying (1.2) in (3.31), we get

271 (x, + ¥2)

2
a5 = .
28 u— 1)+ 172+ 18 |4y = 23u(2 = 1) + 84u(A - 2) + 4u(2 - ) = 322 (A= 1) = 6]

(3.32)
Now, using the well-known triangular inequality and taking square root of (3.32), we conclude that
3lr| volr|
laa| < .

\/‘8 Qu(A = 1)+ 1D + 184y = 23u(d — 1) + 81u(A — 2) + 4u(2 — y) — 3242 (1~ 1)* ~ ] rZ'

In order to find the bound on |as|, from the relation (3.25) we subtract (3.27) and consider Eq (3.28);
we will obtain x7 = y? and hence

6 Bu(d = 1) +2) (a3 — a3) = C(r)(x2 = ya), (3.33)

then by substituting from (3.29) the value of a3 into (3.33), we get

Ci(r)(x2 —y2) N (C1(r))? (x7 +y])

as = . 3.34
T EGHA-D+D) " 8CuA- D+ 1) G349

Considering Eq (1.2) in (3.34), yield
a r(xz —y2) 9r*(xi +y7) (335)

S 20@uA-1D+2)  8(u(-1)+ 1)
By making use of the triangular inequality of (3.35) and a straightforward calculation, we find that

|7 9r?

A-1+2 402uA -1+ 1%

las| <

O

If we take u = v = 0 in Theorem 3.2, the results are reduced to the corresponding results of Oztiirk
and Aktas (see [14]).
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Corollary 3.2. [14] Let ¥ given by (1.1) is in the family 8Cs(B(r,2)). Then
3|l V3|r|

\2]2 +277]

and 9
ds) < m(—m ; 1).

We provide, in the next theorems, the Fekete-Szego problem for the function families Vs(u,y, 4; r)
and Ws(u,y, 4; r).
Theorem 3.3. ForO=u<1,y20, 121, andn e R, let F € Vs(u,y, A;r) be of the form (1.1). Then

ld>| <

3\ .
(=) (y+2)+u(Ba-1)°

‘2[(1 —)(y+1)+pu(2a-1)] 2—9(2(;1,7,/1)r2|
1872[ (1-p)(y+2)+u(34-1) ] ’

n—1] <
|ds = nd5)|

IIA

541 =11
PLA-00+D+uA=D]-900y, 02

‘ s

‘2[(1 —W+D+u22-1)] 2—99(;1,y,/l)r2|
1872[ (1-)(y+2)+u(34-1) ]

In—11 2

Proof. Tt follows from (3.15) and (3.17) that
s — = Ci(n(x; = y)
PRI - Wy +2) + u(Ga-1)]
_ Ci(n)(x2 — y2)
2[(1 = @)y +2) + u(3a - 1]

+ (1 —n)a%

N (C1(n) (2 +y2) (1 =)
(1= + 2y + 1) + 262 22 = DI(C1(r)) =2 [(1 = )y + 1) + p2A = DI Co(r)

1
= Cl(r) |:(l//(na l") + 2[(1 _#)(»)/4_ 2) —|—,L[(3/l - 1)])x2

1
’ (‘l’(”’ A=ty + D) + G- 1>])le ’
where
(Ci(M)* (1 - 1n)
[(1 =@y +2)(y + 1) + 22224 = D] (C1(M)* = 2[(1 =)y + 1) + pA — D] Co(r)

Taking modulus and using triangle inequality with (1.2) in the last equation, we find that

y(n,r) =

30 < < i
TR0+ +aGA-1) 0= Gl = -+ 2aGI-D]’

|a3 - 7761§| <

> 1
6|r| |lp(r” r)l ’ |‘//(77’ r)' = 2[(1—,11)(’}/+2)+;1(3/l—1)] .
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After some computations, we obtain

37 .
(A=) (y+2)+p(3a-1)°

RLa-wo+ D+u@a-D]-90(,y.07|
1872 (1-)(y+2)+u(34-1)] ’

n-1l =

2
|a3 - 77612| S
541 ly-1|
L=+ D+uA= D] -900uy, )|

b

|2[(1 —u)(y+1)+u(21—1)]2—99(ﬂ,%ﬂ)r2‘
1872[ (1-)(y+2)+u(34-1)]

n-11z

For 1 = y = 0, the results of Oztiirk and Aktas [14] are provided by Theorem 3.3.

Corollary 3.3. [I4] Forn e R, let Fe LBS;(B(r, 2)) be of the form (1.1). Then

3. 1-9r2
3 -1 < 22
|ds — nd3| <
27111 . [1-9-°
T In—112 TR

If we put 7 = 1 in Theorem 3.3, we get the next result:

Corollary 3.4. If F € Vs(u,y, A; r) be of the form (1.1), then we have that

3|r]
ds —d?| < )
s 2|_(1—,U)(7+2)+u(3/1—1)

Theorem 3.4. ForO<u=<1,vy20,42 1,andn € R, let F € Ws(u,v, A;r) be of the form (1.1). Then

I .
3u(A-DH+2°

1| < [82u(A-1)+1)?+18[ 4y—23u(A-1)+84u(1-2)+4u(2—y)-321(1-1)2 -6 ] |

I - 2723u(A-1)+2)

2
|d3 - T]d2| =
27| 1] .
[82u(A=1)+1)*+18[ 4y=23u(A—1)+8Ap(A-2)+4u2—y)-32u2(1-1)*=6 | 2| °

I — 272(3u(A—1)+2)

Proof. 1t follows from (3.31) and (3.33) that
2 _ Ci(n(x2 — y2)
260Bu(-1)+2)

_ Cin(x —y2)
T 6CBu(A-1)+2)

+(1-na

as —na

B

e [8(22(A= 1)+ 1)?+18[ 4y=23u(A—1)+8Ap(A=2)+4p2—y)-32u* (A= 1)*=6 ||

AIMS Mathematics Volume 10, Issue 11, 25193-25205.
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N (C1(n) (2 +y2) (1 =)
22+ 4y +9u(d — 1) + 8Au(A - 2) + 4u2 — Y] (C1(r))* = 8 Qu(A — 1) + 1)* Ca(r)

_CGi(n) 1 B
T2 [(‘““’m3(3#(4—1>+2>)x2+(¢(”’” 3(3#(4—1)+2>)y2]’

where

(Ci (M) (1 =1n)
[2 + 4y + 9u(d = 1) + 8Au(d = 2) + 4u2 — Y] (C1(r)* = 4 Qud = 1) + 1)* Co(r)

é(n,r) =

Taking modulus and using triangle inequality with (1.2) in the last equation, we find that

|

1
(A-1)+2° 0= 1601, Nl = 53050
2
|a3 - na2| =

3lrl (. I lp(n, r)| 2 m
After some computations, we obtain

| .
3u(A-1)+2°

[8C2u(A=1)+ 1)+ 18] 4y—23u(A—1)+8Ap(A-2)+4u(2—y)-32u*(A-1)*-6 ||

=1l = 2 GHA-1)+2) ’

2
|a3 - Ua2| =
271rP 1] .
[82u(A=1)+1)?+18[ 4y—-23u(A—1)+8Au(1-2)+4u(2—y)-32u2(A-1)* =6 | 2| °

> [82u(A=1)+ 1) +18[ 4y—23p(A—1)+8Au(1-2)+4u(2—y)-32p>(1-1)* =6 ] |

7 =11 272Gu(1-1)+2)

When u = y = 0, Theorem 3.4 leads to the known result of Oztiirk and Aktas (see [14]).

Corollary 3.5. [14] Forn € R, let F€ ,4,Cs(B(r,2)) be of the form (1.1). Then

2-27r2
|2L|; |77_1|§|27r2|’
|ds — nd3| <
27111, _ [2-277]
|4_54r2| ’ |77 ll z 2712

Putting in Theorem 3.4 7 = 1, we obtain the following result:

Corollary 3.6. If F € Wx(u,y, A;r) is of the form (1.1), then

) ||
LIRS ot
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4. Conclusions

The primary objective was to use the Lucas-Balancing polynomials and create a certain family
Vs(u,y, ;1) and Ws(u,y, 4;r) of bi-univalent functions associating the Bazilevicfunctions and A-
pseudo functions. We generated Taylor-Maclaurin coefficient inequalities for functions belonging
to these families and viewed the famous Fekete-Szegd problem. As future research directions, the
contents of the paper on Lucas-Balancing polynomials could inspire further research related to other
families.
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