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1. Introduction

Multi-fractal analysis, inspired by B. Mandelbrot’s work [1, 2] and developed around 1980, is
commonly applied to characterize objects exhibiting scale invariance. Since then, it has produced
significant theoretical and practical results. In some cases, a measure u gives rise to sets of points
where p exhibits a local density with exponent @. The dimensions of these sets represent the
distribution of singularities in the measure. More precisely, for a finite measure u defined on a separable
metric space (X, d), the lower and upper local dimensions of u at x are defined as

@, (x) = lim lognGx,2) and  @,(x) = lim log u(Bx, £))

=50 loge £—0 loge

where B(x, €) denotes the open ball centered at x € X with radius € > 0. If QM(X) = a,(x), we refer to
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the common value as the local dimension of u at x and denote it by @, (x). For a > 0, define

Xu(a) = {x € suppu | au(x) = a},

where supp u is the topological support of u. The level set X, (a) contains crucial information about
the geometrical properties of y. The goal of multi-fractal analysis is to estimate the size of X, (a). This
is achieved by relating the Hausdorft and packing dimensions of these level sets, denoted respectively
by dimy (X, (a)) and dimp(X,(a)), to the Legendre transform of some convex function [3-5].

Olsen [6] developed a general formalism by incorporating the measure u into the definitions of the
standard HausdorfT and packing measures, denoted H;' and P2, respectively, for parameters g, € R.
These measures are constructed using the dimension function u(B(x, €))?&’, which has since become
widely adopted. Furthermore, numerous researchers have studied these measures, highlighting their
significance in analyzing local fractal properties and fractal products [7-9]. Under appropriate
conditions on the measure u (such as doubling), the multi-fractal measures Wg’t and SDZ” are adequate
for the study of the level set X,,(«). The doubling condition is only necessary in frameworks that require
uniform scale-invariance (for instance constructing Gibbs measures with uniform constants), but it is
not required for the upper and lower bounds of Hausdorff and packing dimensions as established in
our theorems.

Readers may refer to [3, 10-13] for the multi-fractal formalism of various types of measures,
including self-conformal, self-similar, self-affine, and Moran measures. Additionally, multi-fractal
analysis of branching random walks on Galton—Watson trees and the thermodynamic formalism can be
found in [14—16]. Recently, other results have been studied as [17-19]. However, consider the measure
u defined on supp u = [0, 1] with density (with respect to the Lebesgue measure) given by

et 1 1) (x), (L.1)
where s is a positive real number. For s = 2 and x = 0, one obtains
U(B(x, 8)) = e,

This implies that @,(0) = oo. In particular, X, (o) = 0 for all @« > 0 [20, Example 5]. Hence, it
may be more useful to consider a function a(u, k) for some parameter s, allowing us to define, for
a > 0, the set {x | a(u,h) = a}. This approach enables a valid multi-fractal formalism without
relying on measures equivalent to power-law radii. Consequently, it is beneficial to develop a more
general framework in which the function’s restriction on balls can be any measure, not limited to those
equivalent to €* [21-23]. This motivation underlies the exploration of multi-fractal measures based on
a generalized dimension function. The purpose of this paper is to study the fractal dimension of the set

. 1(x,8)
Xy(@) ={x e X | lim = ay, (1.2)
{ i~z =)
where ¥ = (1,{), 7: XX R, —» R, and ¢ : R, — R satisfies
{ 1s nondecreasing and {(g) < 0 for & small enough. (1.3)

To address this problem, the mass distribution principle is commonly employed [15, 24]. This
requires defining an auxiliary measure suitable for our sets, referred to as the Gibbs measure in
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the context of Birkhoff averages and the Mandelbrot measure in the study of branching random
walks [25,26]. In this work, a novel approach is presented for determining the fractal dimensions
of a set E C X. This method, originally introduced by Cutler and Tricot [27,28] and later expanded by
Ben Nasr et al. [29], provides a more general framework and allows the derivation of a more relevant
formula for our problem, ensuring the validity of the multi-fractal formalism and enabling the study of
cases where the formalism does not hold. To this end, we incorporate the functions 7 and £ into the
definitions of the standard HausdorfT and packing measures, denoted by H;, and 7, (see Section 2),
where u € M(X). The generalized lower and upper local dimensions of u relative to { are given,
respectively, by

log u(B(x, €)) —— log u(B(x, €)) .

gﬂ’{(x) = lim , and @, (x) = ?L% e

£—0 _4(8)

Let A, ,(E, g) be the separator function of the pre-packing measure ?’Z:L(E) (see Table 1). Moreover,
if u =1orqg =0, we denote them by A,(E, q) and A ,(E), respectively. We also consider the outer
measure HE) = 7—(2#(E), that is, the Hausdorff measure with dimension function u (see (3.1)). The
first result of this paper is the following, which we will prove in Section 3.

Theorem 1. Let E C X, u € M(X), and let { satisfy condition (1.3). Assume that 9(E) > 0 and that
Az u(E) £ 0. Then, the Hausdorff and packing dimensions of E are given by

dimy E = sup ess sup gm(x) and dimp E = supess sup a, (x),
u xeE, 9 ) M xeE 9
where the essential supremum with respect to the outer measure ¥ is defined as

esssup p(x) := inf{r € R | #(E N {p > 1}) = O},
xeE 9

Remark 1. The condition A;,(E) < 0 will be used in Proposition 2 to estimate the upper bounds of the
Hausdorff and packing dimensions. On the other hand, the condition 9(E) > 0 will be used to obtain
lower bounds for these dimensions.

Theorem 1 generalizes classical results on Hausdorff and packing dimensions [28,30] to a broader
context. In particular, when (&) = log(¢) in Euclidean spaces R¢, it recovers the dimension exponents
introduced by Cutler and Tricot [27,28]. The condition A, ,(E) < 0 is often satisfied in specific spaces
or under particular choices of measures. For instance, it holds trivially when ¢ = 0. In more general
settings, however, this assumption must be stated explicitly.

Corollary 1. /28, Theorem 1] Let E C RY and 1 € M(RY). Then,

dimy E = sup ess sup gﬂ(x), and dimp E = sup ess sup a,(x).
U x€E, 9 u x€E 9

Corollary 2. [31, Proposition 4.8] Let E C X and u € M(X). Then,

dimy E < supgﬂ(x), dimp E < sup a,(x),
xeE xeE

and if (E) > 0, one also has

dimy E > ilelggﬂ(x), dimp E > irelgﬁ,l(x).
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As an application of Theorem 1, we consider the multi-fractal formalism for the function 7 relative
to . To this end, we define the Legendre transform of a function ¢ : R — R by

(@) = i‘éﬂg (qa + ¥ (q)), a €R.

The function g — A, (q) := A,(X, g) is nonincreasing and convex. The following result deals with the
case where this function is differentiable. When A, is not differentiable, the corresponding statements
will be provided in Theorem 4. In that case, we consider the left derivative A, ; and the right derivative
A, of A,.

Theorem 2. Let g € R and { : R, — R satisfy (1.3). Assume that Wg’A”(q)(X) > 0 and that the
function A, is differentiable at q. Then, for « = —A,,(q), we have b,(q) = B,(q) = A,(q), and

dimy X, (a) = dim, X, (a) = A (@), (1.4)

where b,(q) = b,(X, q) and B,(q) := B,(X, q).

Our approach allows the independent estimation of both Hausdorff and packing dimensions.
Consequently, it provides results even in cases where the multi-fractal formalism fails to hold; that
is, when the multi-fractal Hausdorff and packing dimensions differ. A detailed discussion of this
approach is provided in Section 3. We also give examples related to the multi-fractal analysis of
Birkhoff averages in symbolic spaces, where the multi-fractal formalism may not hold. The condition
Wg’A”(q)(X) > ( is ensured whenever one can construct a suitable Frostman measure (for instance, a
Gibbs measure) supported on X. In this case, the measure provides the required lower bounds on the
generalized Hausdorft content, thereby guaranteeing the positivity of the measure (see Remark 6).

The most common example in our study pertains to the case of examining the multi-fractal analysis
of measures. Specifically, consider

7(x,€) = —logv(B(x,¢)), and {(¢) =loge, ve M(X).

In this framework, the measure v is compared to powers of the diameter. This formulation revisits the
classical multi-fractal formalism for measures supported on compact sets, as developed by Olsen [6],
and later explored in [22, 32]. In particular, in this case Theorem 1 reduces to [29, Lemma 3.1]; see
also [29, Theorem 3.4] for a comparison with Theorem 2.

In this paper, we examine the multi-fractal analysis of Birkhoff averages for a given function. More
precisely, let X = {0, 1}*" and let g be a dyadic Holder continuous function with period 1 and g(0) = 1.
We consider the following specific case

n—1
7(x,€) = —log 1_[ g(c’x),
s=0

where 27" < &g < 27! and o denotes the left-shift operator defined as

o5(x1, X0, X3,...) = (X441, X542, ... ). We define also
{(e) = log(|7,(x)D),
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where 1,(x) denotes the cylinder set with base (xi,...,x,) for all x € {0,1}". In this context, the
level sets

n—1
X.(@) =[x €[0, 1) ‘ lim —— > log,g(c*x)=a}. aeR.
n—oo —n =
The main objective of the multi-fractal analysis is to study the asymptotic behavior of these Birkhoff
averages. Initially, it was analyzed in the symbolic space for Holder potentials by Pesin and Weiss [33],
and for general continuous potentials by Fan et al. [26]. Later, Liao and Wu [34] studied continuous
potentials for conformal expanding maps. Other relevant contributions include [35-37], each under
slightly different assumptions. In the present example, we examine the asymptotic behavior of multi-
periodic functions [26, 38]. Typically, the multi-fractal dimension of these sets is related to the
topological pressure of the continuous function log g, defined by

1 n—1
P(g) := lim — 1 07},
(g) := lim ~ og(Z sup [ | g(ex) )

Ier, “€ =0

where 7, denotes the collection of cylinder sets of generation n. It is known that this limit exists and
that P is convex and differentiable [38]. Moreover, in Section 4, we establish that for all @ = P'(g),

P(g) - 9@

dimy; X, (@) = dimp X,(a) = g3

This paper is organized as follows. In Section 2, we recall the definitions of multi-fractal Hausdorff and
packing measures, together with the associated dimensions, and discuss their fundamental properties.
Section 3 is devoted to the presentation of our main results concerning Hausdorff and packing
dimensions in the multi-fractal framework. In Section 3.1, we apply these results to the study of
Birkhoff averages, a central tool in ergodic theory and dynamical systems. There, we provide a new
proof that relies on the methods developed in this work and extend the classical multi-fractal formalism
to this setting.

2. Construction of fractal measures and dimensions and preliminaries results

In this section, we introduce the mutual multi-fractal (MM) Hausdorff and packing measures,
incorporating certain modifications to the standard definitions (see [16]) for technical reasons. We
begin by presenting the notations and preliminary definitions that will be used throughout the paper.
Let (X, d) be a separable metric space, and define the open ball with center x € X and radius € > 0 by

B(x,e) ={ye X |d(x,y) <¢&}

Throughout this work, we assume that X satisfies the Besicovitch covering property (see appendix,
Theorem 7). This is a theorem by Besicovitch where a Euclidean space fulfills this condition. It is
obvious that an ultrametric space also has this property. In a general metric space, however, the center
x and the radius € of a ball B(x, &) are not uniquely determined by the set itself. For instance, in
the case where d is the discrete metric, one has B(x,r) = B(x, s) for all , s € (0, 1], and moreover
B(x,r) = B(y, s) for all r, s > 1. For this reason, we emphasize that a ball will always be considered
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together with its defining data (x, ), i.e., as an ordered pair consisting of a center and a radius. We
denote by B(X) the collection of all open balls in X, and by M(X) the set of maps from B(X) to [0, +c0),
i.e., set functions defined on the collection of balls. Finally, for any measure on the space X, we define
the support of x, denoted S, as the complement of the set [ J{B € B(X) | u(B) = 0}. Let 7 : XxR, - R
and ¢ : R, — R be an function satisfying (1.3). For » = (1, {) and t, g € R, we write

Y(x, ) = exp (—C[T(x, g +tl (8)).

Let E be a nonempty subset of X, £ > 0 and u € M(X). We define the function by

—q.t

= i Dy, o ey
HopelE) = inf Z WL (i, £) (B (xi, ),
where the infimum is taken over all constituents 7 = {(x;, &)}; such that 7 a (centered) e-cover of E;
—q,!

thatis, E C (J(, ¢er B(x, &) and &; < . We set H ZJJ,E((D) = (0 and we define the MM-Hausdorff measure
H, by

i _ —q,t at _ —q.t

W%’#(E) = sup 7—(%#7£(E) and H,,(E) = igg ?(H,#(A).

&>0

When u(B) = 1 for all B € B(X) or g = 0 then ﬂff;ﬂ will be denoted by ;' and H é# respectively.

Remark 2. The function 7{}?,’1 can be interpreted as a Carathéodory-type structure, originally
introduced by Carathéodory [39] and later generalized by Pesin [16] in order to define various
dimension-related characteristics. Using the notation from Section 5, set

Y = diam (B(x;, &), 1 = exp({(&)), E(xi,g) = exp( — q1(x;, &) + log u(B(x;, 81‘)))'

With these definitions, the family A = (B(X), &, n,¥) forms a Carathéodory structure. In particular,
the functional 7-(,?;1 is a Carathéodory measure.

The MM-Hausdorff measure ‘H,‘f,’[, assigns a dimension to each subset £ C X. More precisely, there
exists a unique number b, ,(E, g) such that

oo ift < b, ,(E,q),
Hyi(E) =

0 ift>b,.(E, q),
with the convention inf ) = +oco0 and sup® = —co. We call b, ,( -, g) the MM-Hausdorff dimension of
the set E. Similarly, we define the function

ProE)= sup > W'(xi,8) p(B(xi,8)),
()C,',El')EXXRJr i
where the supremum is taken over all constituents = = {(x;, &)}; such that r is an e-packing of E, i.e.,
g < gand B(x,e) N B(x',&’) = 0 for all (x,&) # (x',&’) € n. We set 56222,8((2)) = 0 and define the

MM -packing measures Pz’jl by

PATR

—q,t . —q,! . —q,!
Pod) =il Py (B, PUUE) = il ) Pr(ED.
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If u(B) =1 forall B € B(X) or if g = 0, then P,q{’jl will be denoted by P2’ and P’{#, respectively. The
function PZ:L satisfies the conditions of a o-subadditive outer measure [10]. We call szL(E ) the MM-
packing measure of E, and ﬁ(i;(E) the MM-pre-packing measure. It follows from the definitions of

the MM-packing and MM-pre-packing measures that there exist critical values B, ,(E, q) and A, ,(E, q)
such that

|t
!

M

o ift<B,,(E,q),
(E) =
0 ift> B, ,(E,q),

and

—qu oo ift <Ay u(E,q),
P, (E) =
0 ift> A (E. q).

From the definitions of the MM-packing and MM-pre-packing measures, it also follows that for any
nonempty set E it is true that szL(E) < SBZ;(E) Since X is a metric space satisfying the Besicovitch
covering property, there exists an integer ® € N such that WZ;(E) < @PﬁjL(E). Moreover, if g < 0,
or if ¢ > 0 and x and ¥ are blanketed [40], then, by Vitali’s covering lemma [41], the following
inequalities hold:

» ) _q’t
HI(E) < Ph(E) <P, (E).

For any set E C X, it follows from the definitions of MM-Hausdorff and MM-packing measures that

Hi(E) > HWE),  PLu(E) 2 PL(E),  ifg<p,

M M M M

and
HE(E) > HY(E), PLAE) > PLuE), ift <s.

Therefore, the functions B, ,(E, q) and A, ,(E, g) are nonincreasing in both g and ¢, and they are
convex. The proofs of the following results rely on techniques developed in [6, 16].

If u(B) = 1 for all B € B(X), or if g = 0, then the functions b, ,(E, g) will be denoted by b,(E, q)
and b, ,(E), respectively; similarly, B, ,(E, g) will be denoted by B, (E, q) and B, ,(E), respectively. In
particular, when y is identically 1 and ¢ = 0, one has

by u(E,q) = dim(E) and B, ,(E,q) = Dim «(E).
Remark 3. In the special case where g = 0 and (u,{) = (1,logr), we recover the classical Hausdorff

and packing measures H' and P!, as well as the corresponding dimensions dimy and dimp (see [3] for
precise definitions). In particular, we have

q.t _ t q.f _ ot
H,,, = H', Pou =P,

and consequently,
b%,ﬂ(E’ ‘1) = dlmH(E)’ B%,y(Ea f]) = dlmP(E)
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We now define the corresponding separator functions by

b%,y(Q) = b%,,u(Xa Q)a B%,y(Q) = B%,N(X’ Q)a A%,,u(Q) = A%,,u(Xa Q)

It follows directly from the definitions that b, ,(q) < B,,(q) < A,,(gq). We also obtain, from the
definitions, that for g = 0

Bep(q) = e p(q) = Ney(q) = 0. 2.1)

The separator function A, ,(-,g) plays a central role in the study of the multi-fractal formalism.
However, obtaining an explicit expression for this function is often challenging. To address this, for
£>0,1>1,and E c X bounded, we define

LE, (E) = sup > Wi'(x;,8) u(B(x;, &))),
T

where the supremum is taken over all e-packings 7 = {(x;, £;)}; of E satisfying £ < &; < & with 4 > 2.
We then define
it — T 7O
Pz,,u(E) L !61_1;% Lz,,u,e(E)’

and the associated separator function

AuulE,q) i=inf {t e R | PLL(E) = 0}, Auulg) := Au(X. q).

Remark 4. The function Pz’j, provides an alternative way to compute the separator function A, ,.
Indeed, following the same lines as [42, Lemma 1], one can prove that A,, = A,, if { is
normal (see [23]); that is, for all € > 0, there exists p > 0 such that

3 e <,

Jj=0

where £(t) := inf; <o £ (€).

The notation for the MM-functions and their separators is summarized in the Table 1.

Table 1. Mutual multi-fractal functions and their separators.

MM-Functions wu(B)=1 ¢ =0 Separatoron E Separator on E with g =0

H Hy' H,, buu(E,q) beu(E)
PL, v P Bu(E.q) By (E)
P P, P, Au(E.q) A (E)
P, P Pl Ai(E) Acu(E)

Example 1. Let X be the symbolic space 0A = {0, 1} endowed with the usual metric
d(x,y) =270 0B = (), ¥ = O

AIMS Mathematics Volume 10, Issue 10, 25011-25032.
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We define the shift map o : OA — OA by o(x1, x2,...) = (X2, X3,...). Forx e 0A andn > 1, let
IL(x)={yedA:y;=x; i=1,...,n}

denote the cylinder set with base (xi,...,x,), and let F, denote the set of cylinders at generation n.
We say that a function h : OA X R, — R is a cylinder function if, for any cylinder [u], one has
h(x,r) = h(y,r) for all x,y € [u]. Let g be a dyadic Holder continuous function with period 1 and
2(0) = 1. In this example, we define

n—1
7(x,€) = —log ﬂ g(o’x), {(e) = log|L,(x)], (2.2)
s=0

where 27" < & < 27"\, Observe that the function 7 is a cylinder function. The following proposition
will be used in Section 4.

Proposition 1. Let T and { be defined by (2.2). Then:
1. Forallu € M(OA), q,t € R, and n > 1, one has

n—1 q
LZ”L’Z_H (OA) =27" Z ( n g(o'sx)) ul), xel. (2.3)

IeF,

s=1

2. Forall y € M(0A) and q € R, one has

n—1
Avul@) = Tim —log, ( 2 g(a%))"uu)).

IeF, s=1

Proof. 1. Let {B(x;, &)}, be a packing of A such that 271 < g; < 27" Then,

Z 85- e 1TE) u(B(x;,g)) < 27" Z e~ €D (1)
J IeF,
n—1 q
Y ( [ g(an)) (),
e, \ s=1

n—1 q
where x € [ is chosen arbitrarily. It follows that LZ: tz_n (OA) < 2™ Z ( n g(o“‘x)) u(l). On the
IeF,

other hand, since {I , 1€ ﬂ} is a 27"-packing of 0.A, we get the other side as required.
2. By Remark 4, we have A, ,(¢) = A, ,(q). Define

n—1
flg) = Tim ~log, ( 2 g(a%))quu)).

IeF, s=1

s=1

Ift > f(q), there exists N € N such that for all n > N,

n—1

Liog, 3 ([ st ) un <1

IeF, s=1
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Hence,
n—1
([ et n) umz <1,
IeF, s=1
which implies LZ”;’Z_,,((??() < 1, and thus P{(0A) < oo, yielding A, ,(q) < f(g). Conversely, if

t < f(qg), there exists a subsequence (n;); such that

ng—1

S (] ] et ) mmz™ = 1,

IefFy, s=1

which implies Lq (0A) > 0 and therefore PZ:L(&?I) > 0, giving A, ,.(q) > f(q). The

result follows.

1,27

]
3. Multi-fractal formalism: A new approach

In this section, we study the multi-fractal analysis of the function 7 with respect to £. This analysis
aims to characterize the local variations in regularity by examining the distribution of Holder-type
singularities at small scales. Specifically, this heterogeneity can be described through the lower and
upper {-local dimensions of 7 at a point x € X, defined, respectively, as

T(x, &) — 1(x, &)

a, = lim
@@ =lim

a (x) = lim
o 0 —¢(e

When e (x) = @,(x), the common value is denoted by a,(x) and is called the {-local dimension of 7 at
the point x. For a, 8 > 0, we define the level sets
X(@={xeX|gm=a}, XuB)=(xeX|qm) <p)
Finally, we define

X (@.B) =X (@) NnX,B), X)) =X a).

3.1. Proof of Theorem 1

Here, we establish upper and lower bounds for the Hausdorft and packing dimensions of a given
set E C X. Recall that X fulfills the Besicovitch covering property and then the following proposition
provides an upper bound, which will be applied later in Theorem 3 to determine the exact upper bound
for the dimension of the multi-fractal set X, (). Notice that u is not required to be a measure, allowing
this approach to extend classical methods in multi-fractal analysis.

Proposition 2. Let E C X, p € M(X), and let { : R, — R satisfy (1.3). Assume that A;,(E) < O.
Then,
dimy E < supa g(x) and dimp E < sup @, (x).

xeE xeE

AIMS Mathematics Volume 10, Issue 10, 25011-25032.



25021

Proof. Let 6 > sup, g @, ((x) and y > 0 be arbitrary. Since B;,(E) < A;,(E) < 0, it follows that
SDZ/; (E) = 0. Consequently, there exists a sequence of subsets (E;); such that E = |J; E;, and for
each j,
—y/2 —y
D PLE)<1, and Y P (E)=0.
Y j

Let 17 be a positive number and A be a subset of E;. For x € A, there exists 0 < & < 57 such that

u(B(x, g)) > @,

By the Besicovitch covering theorem (Theorem 7), one can select a collection of balls {B(x;, &;)}; that
is a centered n-cover of A, which can be decomposed into ® disjoint packings satisfying u(B(x;, &;)) >
%) Therefore, from (1.3), we obtain

H(4) <€ u(Blx, e < COP,,(E)).

which implies ﬂéﬂ](A) = 0, and, thus, H°*"(E;) = 0. Consequently, H°*"(E) = 0, yielding dimy E <
0 + n. Since n > 0 is arbitrary, we deduce dimy E < ¢. Taking the infimum over all 6 > sup @, z(x)
gives the desired upper bound.

Now, we will prove the second assertion. Let 6 > sup . @, (x). Since B ,(E) < A;,(E) <0, there

exists a partition (E;); of E such that
-
D PLE) =0,
J

For each x € E, there exists n > 0 such that for all 0 < & < n, u(B(x, &) > ¢*®. Define, for each
m > 1, the set
E(m)={x€E ' VO <e<1/m, uB(xe) 2}

Let {B(x;, &;)}; be a centered n-packing of E; N E(m). Then, from (1.3), we obtain
Z 8?+n <C Z u(B(x;, &) € < C%’#(Ej).
It follows that
PY(E; N E(m)) =0, andhence P°*(E(m)) = 0.

Since E = |, E(m), we conclude that dim,, E < ¢. Finally, taking the infimum over all 6 > sup @, /(x)
xeE
yields the desired upper bound for the packing dimension. O

In the following proposition, we establish a lower bound for the dimension of a given set E C X.
This result will be applied in Theorem 3 to determine the exact lower bound for the dimension of
the set X, (). Let u € M(X), and consider the outer measure  on X associated with the dimension
function u, defined as follows:

— — —0
D (E) = 7—(4”’6(E), NE) = 7*[“,(E), and NE) = (I{gﬂ(E). (3.1
In particular, when the metric d is ultrametric, the outer measures ¥ and ¥ coincide, that is,

HNE) = HE).
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Proposition 3. Let E C X, u € M(X), and let { : R, — R satisfy (1.3). Suppose that 3(E) > 0. Then,

dimy E > ess sup g#’((x), dimp E > ess sup @, (x),
xeE 9 i xeE 9

where ess sup ¢(x) = inf {r e R; I(E N {p > t}) = 0}.
x€E, 9

Proof. Let § < ess sup @, ((x). Define the set
xeE, 9 ”

A= {x eE | gﬂ’g(x) > 6}.
Then #(A) > 0. For each x € A, there exists 7 > 0 such that for all 0 < & < i, u(B(x, €)) < e*®. We

write A = | J,,»1 A(m), where

A(m) = {x €A | VO <& < 1/m, u(B(x,e)) < e‘%(s)}.
Since_ﬂ(A) > 0, there exists m € N such that #(A(m)) > 0. Therefore, there exists a subset F' C A(m)
with 9(F) > 0. Consider a centered n-covering (B(x;, &;)); of F with 0 < < 1/m. Then

ES(F) < Z/l(B(xi,gi)) < Z %)

It follows that _ . .
0<9(F) < 7—(48(F) < 7—{48(E),

and hence dimg(E) > 6.

For the packing dimension, let 6 < esssup @, (x), and define
xeE, 9

F={xeE|@,x) > sl

Then 3(F) > 0, so there exists a subset F* C F with ¢(F’) > 0. For subset E C F’, for each x € E and
each n > 0, there exists 0 < € < i such that

u(B(x, &) < 4.
Using the Besicovitch covering property, there exists a finite collection of n-packings (B(x;j, &i));,
0 < j < ©, which together cover E and satisfy u(B(x;;, &) < €*“7). Hence,
— —5
9.(E) < Y u(Blxy, &) < OP, (E),
ij
and taking limits as € — 0 gives HE) < @7_32(E). If F" =, E;, then
— —
0 <B(F) < ) PUED.

which implies that P(E) > PY(F’) > 0, and, therefore, dimp(E) > 6. o

Remark 5. If u € M(X) is a Borel measure, the key observation is that in our proofs of Propositions 2
and 3 we do not require uniform control of u across different scales. Instead, we rely only on the
local estimates of u(B(x,¢)) at each point x € E, the definitions of the local scaling exponents
a, éu(x) and a, /(x), and the Besicovitch covering theorem to construct suitable packings or coverings.
Consequently, our multi-fractal formalism holds for T = —logv with any measure v, even if it is
not doubling.
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3.2. The multi-fractal formalism is valid: Proof of Theorem 2

The purpose of multi-fractal analysis of functions is to study the size of X, (). This is done by
computing the multi-fractal Hausdorff spectrum f, : @ — dimy X, (@) and the multi-fractal packing
spectrum F,, : @ — dimp X, (@). In this paragraph, we will prove Theorem 2, which establishes the
validity of the extended joint multi-fractal formalism. We define

b,
and a = inf — (q).

q>0 q q<0 q

Theorem 3. For any a € (@, @), we have
DimX, (@) < B,(@) and dimy X, (@) < b, ().

For a ¢ (a, @), the spectra are trivial since X, (@) is empty.

Proof. We prove only the first inequality. Let ¢ > 0 and define the function
u(B(x, &) := PL™V(x, &) = exp( - 7(x. &) + Bu(q) {(£)).

By a simple calculation, we get B, ,(t) = B,(q +t) — B,(q). For any x € X, (@), we have

@ o(x) = im —qT(x’ &)

e—0 ((8)
Applying Proposition 2, it follows that

+ B.(q) < qa + B,(q).

dimp X, (@) < dimp X, (@) < ga + B,(q),

which proves the desired inequality. m|

To establish the lower bound in multi-fractal analysis, we begin by proving a key lemma that will
guide the process. This lemma provides fundamental insights into the support of the measure .

Lemma 1. Let o(t) := A, ,(E, 1), and assume that (0) = 0 and ¥(S,) > 0. Then, we have

H(Xou(—}(0), —(0)))) = 0,
where ¢, and ¢, denote the left and right derivatives of ¢, respectively.
Proof. We begin by proving that

I({x € X | @,(x) > —¢](0)}) = 0.

Given 6 > —¢;(0), there exist 6" and 7 such that 6 > 6" > —¢j(0) and p(-1) < ¢'t. Clearly, we have

P;,29(X) = 0. We can choose a countable partition X = | J ; E; such that

——1,0't ——1,0t
> P (Ep<1l  and P, (E)=0.
J
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Define the set

1 (, )
Ks={xeX| H%T_;(,:) > g},

If x € K, then for all 7 > 0, there exists & < 17 such that e 7™ < ¢%@®_ Let F be a subset of K; and set
F;=FNE; Forn> 0 and for each j, one can find a Besicovitch n-cover {B(xj, €x)}x of F; such that

e T (Xjk-Ejk) < 665(8-”").
It follows that

9,(F))

IA

D uB(x, £0)
k

= ) e s By, £0))

IA

K
Z W0 s £0) (B( ks £10)),
K

which, together with the Besicovitch property, implies

—1,0t

Fy(F) < P, (E).

Hence, 5(F i) < ?’ZZ(E 7). Consequently, 9(F) = 0, and therefore ¥(Ks5) = 0. By a similar argument,
one proves that

(v e X | 2,0 < ¥j(0)}) = 0.
O

Proposition 4. Let o(t) = A, ,(E,t) and assume that ¢(0) = 0 and ¥(S,) > 0. Then, for all x €
X, (¢7(0), ¢,(0)), we have

dimy X, (¢(0),¢.(0)) > ir;f @, (%),
and
dimp X,(¢/(0), ¢(0)) = inf @, ¢(x).

Proof. The result follows directly from Proposition 3 combined with Lemma 1. O
Theorem 4. Let g € R and let ¢ satisfy condition (1.3). Assume that HZ™?(X) > 0. Then:
i) If g € Ry, then

\%

dimy X.(A; (@), N, (@) = —q A, (@) + Nui(q)

ii) If g € R_, then

\%

dimy X, (A, (@) N, (@) = —q A, (@) + Aur(q).
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iii) If A, is differentiable at g, then
dimy X, (A, (@) = dim, X,(A)(¢q)) = by(@) = By(a) = Ay(a).
Proof. The result follows directly from Proposition 4. Indeed, for g > 0, one may consider the measure

p(B(x, &) = VM P(x,8) = exp (- g 7(x, &) + Auq) {(&)),

which satisfies the assumptions of Proposition 4. The same reasoning applies for g < 0, leading to
the stated inequalities. Finally, when A, is differentiable at ¢, the multi-fractal formalism holds in full
strength, which establishes the equalities in (ii1). O

3.3. The multi-fractal formalism is not valid

In general, we have dimy X, (@) # dimp X, (a). We now address the situation in which the Hausdorff
and packing multi-fractal functions, b,(q) and B,(q), do not necessarily coincide. To this end, we
introduce the following sets, defined for all @, > O:

X a.p)={xeX|a,x<aand BT}  X.)=X(ea)

Theorem 5. Let g € R and let ¢ : R, — R satisfy (1.3). Assume that H*"**“(X) > 0, and that the
function b, is differentiable at q. Then, for « = —b,,(q), one has

dimy X, (@) = b,(q) — qb.(q).

For ¢,t € R and a function y : R — R, we define the left and right derivatives of y in the
following sense:

— f) - - o
x'(g) = lim M and  x'(q) = lim M_
=0~ bt

Proposition 5. Let (1) = b, ,(E, 1) and assume that x(0) = 0 and 9(X) > 0. Then, one has
H(Xu(—x'(0), =" (0)))) = 0,
where 1 denotes the outer measure defined in (3.1).

x(=1)

, and choose ¢ such that 6 > —y(—t). It follows that H,, LK) = 0.

Proof. Let 6 > —x!(0) = lim B

t—0

Define the set

Ko={rex | m ™22 o1,

If x € K, then for every 1 > 0, there exists 0 < & < 7 such that e ™% < ¢%©® Now, for m € N, set
K(@m) = {x eX ' Ye<1l/m, t(x,¢e) < 5{(6)}.

Let E C K(m) and consider a centered cover {B(x;, €;)}; of E, with 6 < 1/n. For sufficiently small &;,
we have

IAE) < Y uBx.e)
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IA

Z e—tr(xi,Si) efT(xf”Sf) ,u(B(xi, £))

i

Z e 1TiEi) (i) u(B(x;, &)).

i

IA

Hence, 3(K(m)) < 7_‘(;’;5(5{) = 0. Consequently, ¥(K(m)) = 0, and since E C K(m) was arbitrary, we
also have H(E) = 0. O

4. Application

In this section, we investigate the multi-fractal analysis of Birkhoff averages in a specific setting
involving two functions, 7 and . This framework allows us to establish the validity of the relative
multi-fractal formalism stated in Theorem 2. More precisely, let X = {0, 1} denote the space of
infinite binary sequences, and let g be a positive, dyadic Holder continuous function with period 1,
normalized such that g(0) = 1. We focus on the following particular case:

n—1
t(x,8) = —log| [ s, (&) = log(l (W),
s=0

where 27" < & < 277!, and I,(x) denotes the cylinder set with base (xi,...,x,). We consider the
level sets

X, (@) := {x €[0,1)

n—1
1
Iim — » 1 x) =ay,
fin =, 3 om0 =)
for each @ € R. From [38, Proposition 2], the topological pressure associated with log g is defined by
n—1

1 1 q
P(g) = lim — logf (ng(asx)) dx +log2.
n—oo N 0 pi

It is well-known that this limit exists, and that the function P(g) is differentiable and convex (see [38]).
For almost all x € [0,1), the sequence o°x(modl) is uniformly distributed on [0, 1) (see [43]).
Moreover, if g(x) > 0, then

1 n—1 1

lim — Z log g(c°x) = f log g(¢) dt for almost all x € [0, 1). “4.1)
n—oo N — 0
s=0

1 n—1

It immediately follows that P(g) = g lim — Z log g(o°x)+log 2, for almost all x € [0, 1). Furthermore,
n—oo n
s=0

there exists a unique Borel probability measure 1, such that, for some constant C > 0 and for all x € 0A
andn > 1,

n-1 n—1
Cexp(nP(q) + q ) | log g(c"x)) < py(I,(x)) < Cexp (nP(q) + q ) logg(c'x)),  (42)
s=0 s=0

AIMS Mathematics Volume 10, Issue 10, 25011-25032.



25027

where I,(x) denotes the cylinder set of length n. We call y, the Gibbs measure associated with g. In
this setting, for ¢, g € R, it follows from Proposition 1 that

‘ 1 n—1 t
Ay = Tim ~log, ) H g x)) u(l)

IeF,

n—oo \

n—1 t n—1
= lim llog2 Z g(o? x)) exp( —nP(q) + Z log g(o* x)")

IefF, \ s=1 s=1
1 -nP(q) 7 s *q
= lim —log, E e " ( g(o x))
n—oo 1
1 s=1

—P(q) 1
e+ 3 oo

_ P Plg+
log?2 log2

From the definition of pressure P(g) and Proposition 1, we thus conclude A, (1) = —=A,(q) + A, (q +1).

Itis clear that A,,,(0) = 0, and A, is differentiable with A/, ,(0) = AJ(g) = ..

Theorem 6. Let g be a positive Holder continuous function with period 1. Then, for every a = P'(q),
one has
P(q) — qa

dimy X, (@) = dimp X, (@) = o2
0g

Proof. Let @ = P'(q) and consider the Gibbs measure y, defined in (4.2). By the Gibbs property, for
Hg-almost every x € [0, 1], we have

logu,(I,(x)) 1
n—eo  log|[,(x)| log 2

(Ho " Z qlogg(o’x) = P(q) .

Since u,, is ergodic (see [30]), the Birkhoff ergodic theorem implies

1 n—1 1
lim — Z log g(c’x) = f log g(x) du,(x), for pug-a.e. x.
n—oo N = 0

By the definition of pressure P(q) and properties of the convex conjugate, P(q) = P*(@) + qa, we
deduce a = fol log g(x) du,(x). Hence, u, (X, (a)) = 1, and for all x € X, (a), we have

logﬂq(ln(x)) _ P(‘]) —qa
n—eo log|l,(x)| log2

It follows from (2.1) that A, ,(X,(@)) < A;,(X) <0, and by Proposition 2, we obtain

P(g) - 9@

dimp X, () < log2
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Finally, since u,(X,(a)) > 0, we have $#(X,(a)) > 0, and Proposition 3 yields

P(a) —
dimy X,.(@) > M.
log?2
Combining the upper and lower bounds, we conclude
P(q) — ga

dimy X, (o) = dimp X, (@) = o2
0g

O

Remark 6. The measure p, is a Gibbs measure, as it satisfies inequality (4.2). Consequently, the
generalized Hausdorff measure is positive, that is,

HID(X) > 0.
5. Conclusions

In this paper, we introduced a new approach to the multi-fractal analysis of functions in a metric
space by defining generalized Hausdorff and packing measures based on functions 7 and . This
framework extends classical results and provides a unified setting for studying the local regularity of
functions and measures. As an application, we examined Birkhoft averages and established the validity
of the multi-fractal formalism in this context.

Appendix

Carathéodory’s construction of fractal measures

Let ¥ be a family of subsets of the metric space (X, d) such that ) € . We define two functions
n, ¢ : ¥ — R, satisfying the following properties:

H1. n(0) = ¢(0) = 0 and n(U), Yy(U) > 0O for all nonempty U € F.
H2. For any ¢ > 0, there exists y > 0 such that if n(U) < ¢ for all U € ¥, then y(U) < .
H3. For any y > 0, there exists a finite or countable subfamily G C F covering X such that

Y(G) = suply(U) : U € G}.

Leté : F — R, be afunction. Then the quadruple A = (F, &, n, ¥) defines a Carathéodory structure
on X (or C-structure) [16]. The outer measure associated with this structure is called Carathéodory’s
outer measure. Under suitable conditions on these functions, one can introduce a free-energy analogue
for fractal measures by defining

H(Z ) = inf{Zé(U) n(U)“},
UeG

where G is any finite or countable covering of Z C X satisfying the conditions of the Carathéodory
structure. This "measure" induces in the usual way a notion of dimension, known as the capacity of
the set Z, which is a classical version of multi-fractal dimensions.
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Theorem 7. (Besicovitch Covering Theorem) [41] There exists an integer ¢ € N such that, for any
subset A C R" and any sequence (r,)ca satisfying

1. re>0forall x € A,

2. supr, < oo,
X€EA

there exist 7y finite or countable families By, ..., B, of the collection {B.(ry) : x € A} such that

1. Ac UL Uges B,
2. each B; is a family of disjoint sets.
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