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1. Introduction

As is well known, stochastic partial differential equations (SPDEs) [1–3] are commonly used for
nonlinear phenomena in fields such as physics, economics, biology, communication, and engineering
technology [4–6]. Currently, research on SPDEs mainly focuses on the existence and uniqueness of
solutions, martingale solutions, numerical solutions, and analytical solutions. In fact, the problems
of the existence, uniqueness, and martingale solutions of SPDEs have been solved. Moreover, in
recent years, many experts and scholars have also proposed machine learning methods and numerical
analysis methods [7–9]. However, the construction of analytical solutions for SPDEs has always been
a hot topic [10, 11]. The main reasons can be attributed to the following three points: Firstly, due to
the complexity of stochastic problems, there is no unified method to construct analytical solutions for
SPDEs. Secondly, the Itô formula cannot be directly applied to SPDEs. Thirdly, the types of random
noise are also very complex. Based on the above considerations, the main purpose of this article is to
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study the analytical solutions and dynamic behavior of a class of SPDEs.
The stochastic nonlinear Kodama (SNLK) equation in the Stratonovich sense is described as

follows [12, 13]
iut + uxx + iuxxx + γ1|u|

2u + iγ2|u|
2
ux + iγ3u

2
u
∗
x = iσu ◦ wt, (1.1)

where u = u(x, t) is the complex function. t and x represent time and spatial variables, respectively.
Parameters γ1, γ2, and γ3 are arbitrary constants. σ represents the noise amplitude. w = w(t) stands
for the standard Wiener process, and wt = dw

dt . The standard Brownian motion can be referred to in
reference [14]. i represents the imaginary unit satisfying i2 = −1. u∗ represents the conjugate complex
function of u. | · | represents the modulus of the complex number u. In reference [12], Algolam and
his collaborators studied the traveling wave solutions of Eq (1.1) by using (G′/G)-expansion method
and mapping method, respectively. In reference [13], Sağlam used Kumar-Malik and Polynomial
expansion methods to study the traveling wave solutions of Eq (1.1), and obtained three-dimensional
and two-dimensional partial solutions through numerical simulations. However, the study of Eq (1.1)
remains a very hot topic in current research. This article will focus on the study of traveling wave
solutions and qualitative theory for Eq (1.1). The main highlights of this article are three points: The
first point is that this article uses the complete discriminant system method to construct the soliton
solution of Eq (1.1). Secondly, this article presents the model of Eq (1.1) and its perturbation of the
two-dimensional dynamical system [15]. Thirdly, this article investigates the planar phase diagram,
bifurcation diagram, and maximum Lyapunov exponent diagram of Eq (1.1) and its perturbed system.

The subsequent sections are arranged as follows: In Section 2, the SNLK equation is transformed
into a nonlinear ordinary differential equation. In Section 3, the qualitative behavior of two-
dimensional dynamical systems and their perturbation systems is studied. In Section 4, four types of
optical solutions of the SNLK equation are constructed. In Section 5, the three-dimensional diagrams
of its optical solutions of the SNLK equation are also drawn. In Section 6, a brief conclusion is given.

2. Preliminary

Lemma 2.1. [12] E(eσw(t)) = e
1
2σ

2t for any positive real number σ.

The Stratonovich integral and Itô integral satisfy the following relationship (see Ref. [12])∫ t

0
G(s,Zs) ◦ dw(s) =

∫ t

0
G(s,Zs)dw(s) +

1
2

∫ t

0
G(s,Zs)

∂G(s,Zs)
∂s

ds, (2.1)

where {Zs, t ≤ 0} is a stochastic process and G is assumed to be sufficiently regular.
Next, let’s perform a traveling wave transformation

u(x, t) = U(ζ)ei(χ1 x+χ2t)+σw(t)−σ2t, ζ = ζ1x + ζ2t, (2.2)

where U(ζ) represents the deterministic real function. ζ1, ζ2, χ1 and χ2 are nonzero constants. This
section considers a traveling wave transformation with randomness, which was first proposed by
Mohammed et al. [16], and its wave transformation has been widely used in solving traveling wave
solutions of SPDEs this year. Much literature has already reported on this type of transformation.
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By calculating the various derivatives of u, we can obtain

ut = (ζ2U
′ + iχ2U + σU ◦ wt)ei(χ1 x+χ2t)+σw(t)−σ2t,

ux = (ζ1U
′ + iχ1U)ei(χ1 x+χ2t)+σw(t)−σ2t,

uxx = (ζ2
1U

′′

+ 2iχ1ζ1U
′ − χ2

1U)ei(χ1 x+χ2t)+σw(t)−σ2t,

uxxx = (ζ3
1U

′′′

+ 3iχ1ζ
2
1U

′′

− 3χ2
1ζ1U

′ − iχ3
1U)ei(χ1 x+χ2t)+σw(t)−σ2t.

(2.3)

Substituting Eq (2.3) into Eq (1.1) and separating the real and imaginary parts, taking the
expectation E(·) and combining them with Lemma 2.1, we can obtain a deterministic ordinary
differential equation

Imaginary part : γ1ζ
3
1U

′′′

+ (ζ2 + 2χ1ζ1 − 3γ1χ
2
1ζ1)U

′

+ ζ1(γ2 + γ3)U2U
′

= 0,

Real part : (ζ2
1 − 3γ1χ1ζ

2
1 )U

′′

+ (γ1χ
3
1 − χ2 − χ

2
1)U + (γ1 − γ2χ1 + γ3χ1)U3 = 0.

(2.4)

Integrating both sides of Eq (2.4) with respect to ξ simultaneously once and setting the integration
constant to zero yields

γ1ζ
3
1U

′′

+ (ζ2 + 2χ1ζ1 − 3γ1χ
2
1ζ1)U +

ζ1(γ2 + γ3)
3

U3 = 0. (2.5)

The second equation of Eq (2.4) is equivalent to Eq (2.5) and must satisfy the following conditions:

1 − 3γ1χ1

γ1ζ1
=

γ1χ
3
1 − χ2 − χ

2
1

ζ2 + 2χ1ζ1 − 3γ1χ
2
1ζ1

=
3(γ1 − γ2χ1 + γ3χ1)

ζ1(γ2 + γ3)
. (2.6)

If the conditions of Eq (2.6) are satisfied, then, Eq (2.5) can be rewritten as

U
′′

+ ϑ2U
3 + ϑ1U = 0, (2.7)

where ϑ2 =
γ2+γ3

3γ1ζ
2
1

and ϑ1 =
ζ2+2χ1ζ1−3γ1χ

2
1ζ1

γ1ζ
3
1

.

3. Qualitative analysis

In reference [17], Hosseini et al. have studied the dynamic behavior of the nonlinear Kodama
equation by using the planar dynamical system method. In this article, we first assume that dU

dξ = z,
two-dimensional dynamical system of Eq.(2.7) can be described as follows dU

dζ = z,
dz
dζ = −ϑ2U

3 − ϑ1U.
(3.1)

In the section, we consider Eq (1.1) as a small perturbation system as follows

iut + uxx + iuxxx + γ1|u|
2u + iγ2|u|

2
ux + iγ3u

2
u
∗
x = iσu ◦ wt + F(u), (3.2)

where F is a function with small perturbation.
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By applying all the traveling wave transformations in Section 2 to Eq (3.2), we assume that
F = (ζ2

1 − 3γ1χ1ζ
2
1 ) f . We obtain a perturbation to Eq (3.1) that is different from the small perturbation

in reference [17].  dU
dζ = z,
dz
dζ = −ϑ2U

3 − ϑ1U + f (ζ),
(3.3)

where f (ζ) = f0 sin(kζ) + h0 cos(lζ) or f (ζ) = g0ekζ .
In this section, we plot the two-dimensional and three-dimensional phase diagrams of system (3.3)

with different initial values. In Figures 1–4, Figures 1(c)–4(c), the disturbance system is a small
periodic disturbance system, where the red and blue orbits represent different initial values; the initial
value of the red orbit is U(0) = 1, z = 0; the initial value of the blue orbit is U(0) = 0, z = 0.
From the figures, we can conclude that system (3.3) will exhibit chaotic behavior under small periodic
disturbance systems. The disturbance system considered in Figures 1(b)–4 (b) is a small exponential
disturbance, and the dynamic behavior of the system varies for different initial values. As shown in
Figure 5, when the Poincaré section is a closed curve, it can be determined that the system (3.3) is
quasi periodic. As shown in Figure 6, when there are dense points on the Poincaré section and a
hierarchical structure, it can be determined that system (3.3) is in a chaotic state. In Figures 7–9, we
plot the bifurcation and Lyapunov exponent of Eq (3.3), respectively. As shown in Figure 7, bifurcation
behavior refers to the phenomenon where the qualitative structure of a dynamical system undergoes
sudden changes with parameter variations. In this article, Figure 7 shows the bifurcation diagram of
the system as the parameter r (defined as r =

√
z2 +U2) varies. The dense regions and discontinuous

changes at the points in the bifurcation diagram indicate the existence of a transition between chaotic
and periodic states in the system. For example, when r passes a specific critical value, the system may
transition from periodic oscillation to chaotic behavior. As shown in Figures 8 and 9, if the maximum
Lyapunov exponent is positive, it indicates that the adjacent orbital exponents are separated and the
system is in a chaotic state. The positive exponents of some intervals in Figures 8 and 9 confirm the
existence of chaos in the perturbed system (3.3). As shown in Figures 10 and 11, the sensitivity analysis
of system (3.3) is presented. Sensitivity analysis refers to the study of how significant differences in
the long-term behavior of a system (3.3) can occur when there are extremely small changes in initial
conditions or system parameters. When the initial conditions are fixed, observe how the long-term
behavior of the system (such as amplitude and periodicity/chaos) changes when a parameter of the
system undergoes a small change. If the maximum Lyapunov exponent is positive, it proves that the
system is chaotic and sensitive to initial conditions. The magnitude of this index directly reflects the
average rate of trajectory separation.

Remark 3.1. Compared with reference [17], the disturbances of the perturbation system (3.3)
considered in this paper are two different functions, one is f (ζ) = f0 sin(kζ) + h0 cos(lζ), and the other
is f (ζ) = g0ekζ . However, reference [17] only discusses the perturbation system as f (ζ) = h0 cos(lζ).
This paper also adds the bifurcation and maximum Lyapunov exponent of system (3.3).
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(a) f = 1.2 sin(0.6ζ) (b) f = 3.6e−0.02ζ (c) f = 1.2 sin(0.6ζ) + 1.2 cos(0.6ζ)

Figure 1. Two-dimensional phase portraits of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 =

1, γ3 = 2
7 , χ1 = −1, χ2 = −2, ζ1 = 1, ζ2 = 6.

(a) f = 1.2 sin(0.6ζ) (b) f = 3.6e−0.02ζ (c) f = 1.2 sin(0.6ζ) + 1.2 cos(0.6ζ)

Figure 2. Three-dimensional phase portraits of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 =

1, γ3 = 2
7 , χ1 = −1, χ2 = −2, ζ1 = 1, ζ2 = 6.

(a) f = 1.2 sin(0.6ζ) (b) f = 3.6e−0.02ζ (c) f = 1.2 sin(0.6ζ) + 1.2 cos(0.6ζ)

Figure 3. Two-dimensional phase portraits of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 =

1, γ3 = 2
7 , χ1 = −1, χ2 = 1, ζ1 = −1, ζ2 = −4.
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(a) f = 1.2 sin(0.6ζ) (b) f = 3.6e−0.02ζ (c) f = 1.2 sin(0.6ζ) + 1.2 cos(0.6ζ)

Figure 4. Three-dimensional phase portraits of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 =

1, γ3 = 2
7 , χ1 = −1, χ2 = 1, ζ1 = −1, ζ2 = −4.

Figure 5. Poincaré section of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 = 1, γ3 = 2

7 , χ1 =

−1, χ2 = −2, ζ1 = 1, ζ2 = 6, f = 1.2 sin(0.6ζ) + 1.2 cos(0.6ζ).

Figure 6. Poincaré section of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 = 1, γ3 = 2

7 , χ1 =

−1, χ2 = 1, ζ1 = −1, ζ2 = −4, f = 1.2 sin(0.6ζ) + 1.2 cos(0.6ζ).
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(a) h0 = 0.2 (b) h0 = 0.4

(c) h0 = 0.6 (d) h0 = 0.8

Figure 7. The bifurcation of Eq (3.3) for ϑ2 = 1, ϑ1 = −1, r =
√

z2 +U2.

Figure 8. Lyapunov exponents of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 = 1, γ3 = 2

7 , χ1 =

−1, χ2 = −2, ζ1 = 1, ζ2 = 6, f = 1.2 sin(ζ) + 1.2 cos(ζ).

AIMS Mathematics Volume 10, Issue 10, 24997–25010.



25004

Figure 9. Lyapunov exponents of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 = 1, γ3 = 2

7 , χ1 =

−1, χ2 = 1, ζ1 = −1, ζ2 = −4, f = 1.2 sin(ζ) + 1.2 cos(ζ).

Figure 10. Sensitivity analysis of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 = 1, γ3 = 2

7 , χ1 =

−1, χ2 = −2, ζ1 = 1, ζ2 = 6, f = 1.2 sin(0.6ζ) + 1.2 cos(0.6ζ).

Figure 11. Sensitivity analysis of Eq (3.3) for ϑ1 = 1, ϑ2 = 3
7 , γ1 = 1, γ2 = 1, γ3 = 2

7 , χ1 =

−1, χ2 = 1, ζ1 = −1, ζ2 = −4, f = 1.2 sin(0.6ζ) + 1.2 cos(0.6ζ).
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4. Traveling wave solutions of SNLK equation

Multiply both sides of Eq (2.7) byU
′

integral once, and simplify it to obtain

(U
′

)2 = −
ϑ2

2
U4 − ϑ1U

2 + 2ϑ0, (4.1)

where ϑ0 is an integral constant.
In order to obtain the optical solutions, we make the following assumptions:

U = ±

√
(−2ϑ2)−

1
3 Ξ, η1 = −4ϑ1(−2ϑ2)−

2
3 , η0 = 8ϑ0(−2ϑ2)−

1
3 , ξ1 = (−2ϑ2)

1
3 ζ. (4.2)

Then, Eq (4.1) can be rewritten as

(Ξξ1)
2 = Ξ(Ξ2 + η1Ξ + η0). (4.3)

Here, we assume that F(Ξ) = Ξ2 + η1Ξ + η0, its discriminant can be expressed as ∆ = η2
1 − 4η0. Thus,

the integral expression of Eq (4.3) can be expressed as

± (ξ1 − ξ0) =

∫
dΞ√

Ξ(Ξ2 + η1Ξ + η0)
. (4.4)

Indeed, much literature is using the fully discriminative system method to construct traveling wave
solutions for nonlinear partial differential equations and fractional-order partial differential equations.
However, there is still limited literature on the construction of traveling wave solutions for stochastic
nonlinear partial differential equations based on the complete discriminative system method. This
method, which was first proposed by Professor Liu can be referred to in reference [18]. The
complete discriminant system method for polynomials considers that the right-hand end of Eq (4.1) is
a polynomial, and the solutions of complete discriminant systems for second-order, third-order, fourth-
order, and fifth-order polynomials can be obtained. Even for some special high-order equations, their
solutions can be obtained by simplification. According to the complete discriminant system method of
polynomials [18], we can easily obtain all solutions of Eq (4.4), so that we can obtain the solution of
Eq (1.1) in the following four situations:
Case 1. ∆ = η2

1 − 4η0 = 0, Ξ > 0.
If η1 < 0, we can obtain the solution of Eq (1.1) by integrating Eq (4.4)

u1(x, t) = ±

√
−
ϑ1

ϑ2
| tanh(

√
2ϑ1(−2ϑ2)−

2
3

2
((−2ϑ2)

1
3 (ζ1x + ζ2t) − ξ0))|ei(χ1 x+χ2t)+σw(t)−σ2t. (4.5)

u2(x, t) = ±

√
−
ϑ1

ϑ2
| coth(

√
2ϑ1(−2ϑ2)−

2
3

2
((−2ϑ2)

1
3 (ζ1x + ζ2t) − ξ0))|ei(χ1 x+χ2t)+σw(t)−σ2t. (4.6)

If η1 > 0, we can obtain the solution of Eq (1.1) by integrating Eq (4.4)

u3(x, t) = ±

√
ϑ1

ϑ2
| tan(

√
−2ϑ1(−2ϑ2)−

2
3

2
((−2ϑ2)

1
3 (ζ1x + ζ2t) − ξ0))|ei(χ1 x+χ2t)+σw(t)−σ2t. (4.7)
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If η1 = 0, we can obtain the solution of Eq (1.1) by integrating Eq (4.4)

u4(x, t) = ±

√
(−2ϑ2)−

1
3 |

2

|(−2ϑ2)
1
3 (ζ1x + ζ2t) − ξ0|

|ei(χ1 x+χ2t)+σw(t)−σ2t. (4.8)

Case 2. ∆ = η2
1 − 4η0 > 0, η0 = 0, Ξ > −ζ1.

If η1 > 0, we can obtain the solution of Eq (1.1) by integrating Eq (4.4)

u5(x, t) = ±

√√√
ϑ1

ϑ2
tanh2(

√
−2ϑ1(−2ϑ2)−

2
3

2
((−2ϑ2)

1
3 (ζ1x + ζ2t) − ξ0)) −

2ϑ1

ϑ2
ei(χ1 x+χ2t)+σw(t)−σ2t. (4.9)

u6(x, t) = ±

√√√
ϑ1

ϑ2
coth2(

√
−2ϑ1(−2ϑ2)−

2
3

2
((−2ϑ2)

1
3 (ζ1x + ζ2t) − ξ0)) −

2ϑ1

ϑ2
ei(χ1 x+χ2t)+σw(t)−σ2t. (4.10)

If η1 < 0, we can obtain the solution of Eq (1.1) by integrating Eq (4.4)

u7(x, t) = ±

√√√
−
ϑ1

ϑ2
tan2(

√
2ϑ1(−2ϑ2)−

2
3

2
((−2ϑ2)

1
3 (ζ1x + ζ2t) − ξ0)) −

2ϑ1

ϑ2
ei(χ1 x+χ2t)+σw(t)−σ2t. (4.11)

Case 3. ∆ = η2
1 − 4η0 > 0, η0 , 0.

Assuming δ1 < δ2 < δ3, where one is zero and the other two are roots of polynomial F(Ξ) =

Ξ2 + η1Ξ + η0, then when δ1 < Ξ < δ2, we can obtain

u8(x, t) = ±

√
(−2ϑ2)−

1
3 [δ1 + (δ2 − δ1)sn2(

√
δ3 − δ1

2
((−2ϑ2)

1
3 (ζ1x + ζ2t) − ξ0),m)]ei(χ1 x+χ2t)+σw(t)−σ2t,

(4.12)
where m = δ2−δ1

δ3−δ1
.

When Ξ > δ3, we can obtain

u9(x, t) = ±

√√√
(−2ϑ2)−

1
3
−δ2sn2(

√
δ3−δ1

2 ((−2ϑ2)
1
3 (ζ1x + ζ2t) − ξ0),m) + δ3

cn2(
√
δ3−δ1

2 ((−2ϑ2)
1
3 (ζ1x + ζ2t) − ξ0),m)

ei(χ1 x+χ2t)+σw(t)−σ2t. (4.13)

Case 4. ∆ = η2
1 − 4η0 < 0, Ξ > 0.

When Ξ > 0, we can obtain the solution of Eq (1.1)

u10(x, t)

= ±

√√√√
(−2ϑ2)−

1
3

4
√

2ϑ0(−2ϑ2)−
1
3

1 + cn2(8ϑ0(−2ϑ2)−
1
3 )

1
4 ((−2ϑ2)

1
3 (ζ1x + ζ2t) − ξ0), n)

− 2(−2ϑ2)−
1
3

√
2ϑ0(−2ϑ2)−

1
3

ei(χ1 x+χ2t)+σw(t)−σ2t,

(4.14)

where n2 =
1− η1

2√η0
2 .
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5. Numerical simulation

In this section, we plot the modulus of the solution u1(x, t) based on different parameters when
ζ1 = −1, ζ2 = −3

2 , γ1 = 1, γ2 = γ3 = −3
4 , χ1 = 1, χ2 = −1, and ξ0 = 0 as shown in Figure 12. In fact, in

Figure 12(d), the mode length of u1(x, t) is a hyperbolic function solution, which in physics represents
a twisted solitary wave solution. However, in Figure 12 (a)–(c), due to the influence of random factors,
the solution of u1(x, t) appears to be random. Moreover, we plot the modulus of the solution u3(x, t) of
Eq (1.1) for ζ1 = 1, ζ2 = −1

2 , γ1 = 1, γ2 = 7
4 , γ3 = −1

4 , χ1 = −1, χ2 = −1, ϑ0 = 1
8 and ξ0 = 0 as shown

in Figure 13. In fact, in Figure 13(d), the mode length of u3(x, t) is a periodic function solution, which
is represented as a periodic solution in physics. However, in Figure 13(a)–(c), due to the influence of
random factors, the solution of u3(x, t) appears to be random. When the noise intensity σ = 0, the
system degenerates into a deterministic nonlinear Kodama equation, whose solution exhibits a smooth
and regular traveling wave structure, such as typical soliton solutions or periodic wave solutions. For
example, in Figures 12(d) and 13(d), the solutions that are not affected by noise exhibit clear hyperbolic
function structures (representing solitons) and periodic oscillation structures (representing periodic
waves), respectively, reflecting the predictability and stability of deterministic systems. However,
when σ > 0, the introduction of noise significantly alters the behavior of the solution. As shown
in Figures 12(a)–(c) and 13(a)–(c), the waveform of the solution changes as σ increases.

(a) σ = 1
2 (b) σ = 1

(c) σ = 2 (d) σ = 0

Figure 12. The modulus of the solution u1(x, t) of Eq (1.1) for ζ1 = −1, ζ2 = −3
2 , γ1 = 1, γ2 =

γ3 = −3
4 , χ1 = 1, χ2 = −1, ϑ0 = 1

8 and ξ0 = 0.
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(a) σ = 1
2 (b) σ = 1

(c) σ = 2 (d) σ = 0

Figure 13. The modulus of the solution u3(x, t) of Eq (1.1) for ζ1 = 1, ζ2 = −1
2 , γ1 = 1, γ2 =

7
4 , γ3 = −1

4 , χ1 = −1, χ2 = −1, ϑ0 = 1
8 and ξ0 = 0.

6. Conclusions

This article uses the planar dynamical system analysis method and the polynomial complete
discriminant system method to study the dynamic behavior and traveling wave solutions of SNLK
equation, respectively. We studied the two-dimensional dynamical system and its perturbation system
of Eq (1.1), and also plotted the two-dimensional and three-dimensional phase diagrams of its
different perturbation systems. We obtained the traveling wave solutions of Eq (1.1) using the fully
discriminative system method. In order to further illustrate the physical characteristics of these
solutions, we plotted three-dimensional graphs of partial solutions considering the absence of noise
intensity and given different noise intensities. In summary, this article has significant theoretical
implications for the qualitative behavior and traveling wave solutions of SNLK equation.
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