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Abstract: In this paper, we investigate the oscillatory behavior of second-order neutral multi-delay
differential equations

] + Q(t,u(r (1)) =0.

(r ® [[u O+ bi(ﬂu(wi(t)))
i=1

We introduce new monotonic properties of the non-oscillatory solutions of the equation, which are then
used to linearize the equation and derive new oscillatory criteria. Our results are further supported by
a numerical simulation example.

Keywords: second-order neutral multi-delay differential equations; asymptotic properties;
linearization; oscillation theory
Mathematics Subject Classification: 34K40, 34K25, 34K06, 34K11

1. Introduction

The aim of our paper is to investigate the asymptotic and oscillatory behavior of solutions for
second-order neutral multi-delay differential equations

[r 0) [[u O+ bi(t)u(t//i(t))]
i=1

To abbreviate notation, we introduce v () = u (f) + X,I_, by(Ou(y(1)).
We make the following assumptions throughout the paper:

) +Qtu(r)) =012 1. (1.1)

Hl1. r(¢) € C' ([ty, )), r(t) > 0, and « is a ratio of two positive odd integers.
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H2. b; (1) € C'([ty,)), b; > 0, SUp,s,, Y bi(®) < 1 and there exists a positive and continuous
function p such that % > p(¢) for all u and Q(¢, u) is an odd function for u # 0.

H3. ¢, (1) € C ([ty, o0)) and y;(t) < ¢t, lim ¢; (¢) = oco.

Ha. 7(1) € C([t0, o) and 7(1) < 1, lim 7 (1) = oo,

Additionally, we require

t dy
R = ‘f,; e ) — o0ast — oo, (1.2)

which is known as the canonical condition.

A solution of (1.1) is defined to be a function u(f) € C! ([Ty, o)) with Ty > t,, satisfying
r(t) (v ()" € C'([Ty, o)) and Eq (1.1) on [Ty, ). We only consider solutions u(f) of (1.1) that
satisfy sup{|lu (¢)| : t > T} > O for all T > T\, and assume that such solutions exist. A solution of (1.1)
is classified as oscillatory if it has arbitrarily large zeros on [T, c0), and non-oscillatory otherwise. The
equation is said to be oscillatory if all of its solutions are oscillatory.

Second-order delay differential equations have been extensively investigated due to their theoretical
significance and practical applications. Neutral delay differential equations constitute a class of delay
differential equations in which the highest derivative of the solution appears both with and without
delay. Beyond their theoretical importance, their qualitative analysis is of considerable practical
relevance. Such equations arise in diverse contexts, including the vibration of masses attached to elastic
bars, variational problems with time delays, and electrical networks containing lossless transmission
lines—for instance, in high-speed computers where these lines interconnect switching circuits [1]. A
substantial amount of research has been devoted to establishing oscillation criteria for various classes
of such equations. Prominent monographs in the field include those by B. Baculikova, R. P. Agarwal,
P. Temtek, et al., [2-9].

A well-known criterion for second-order delay differential equations, proposed by Koplatadze
et al. [10], is based on the monotonic properties of positive solutions: specifically, the increasing
behavior of u(t) and the decreasing behavior of @ of positive solutions of u” (¢) + c () u(r(¢)) = 0.
These properties have been effectively employed in the literature to investigate oscillatory phenomena
in various delay differential equations. In addition, recent studies in oscillation theory [11-14] can be
referenced.

This paper aims to develop new comparison theorems and oscillation conditions for second-order
neutral multi-delay differential equations by utilizing the monotonicity of non-oscillatory solutions.
Baculikova and Dzurina [2] studied half-linear second-order delay differential equations of the form

(r(OO' )") + p(Hy*(7(z)) = 0.

They gave monotonic properties of its nonoscillatory solutions and used them for linearization
of the considered equation, which leads to oscillatory criteria. The equation we are considering is
more general than theirs. Building on earlier results by Baculikova and Dzurina [2], we derive novel
monotonic properties that facilitate the linearization of the original equation. This linearization enables
the transfer of oscillatory properties from the linearized form to the original nonlinear equation.

Our first objective is to establish new comparison theorems for Eq (1.1). Subsequently, we propose
new oscillation criteria based on the linear forms of the equation. Finally, we demonstrate the
applicability and strength of the derived criteria through a concrete example.
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The results obtained in this study represent a significant enhancement to existing oscillation theory
and contribute to a novel analytical framework for the study of second-order neutral delay differential
equations.

2. Preliminary results

We begin with some useful lemmas regarding the monotonic properties of non-oscillatory solutions
for the equations under consideration.

Throughout the work, the positivity of u is assumed in the proofs, and analogous reasoning applies
to the case of —u.

Lemma 1. Let u(t) be a positive solution of (1.1). Then

L r@0 )" >0,
ii. X9 s decreasin
0 8

fort >t > ty. Moreover if

[ ra @)p(y))[l ~Y b (y))) dy = oo @
fo i=1
holds, then

I . V([) _

iil. tlgg RG) = 0

Proof. Suppose that u(¢) is a positive solution of (1.1). Then
(r( (" ®)) <0,

and there exists #; > f, such that r (r) (v/ (t))* has a constant sign for # > ¢;.

(i) Now we assume the opposite, i.e., () (' ())* < 0. This implies the existence of a constant
k > 0 such that r (£) (' (£))* < —k < 0. Integrating the previous inequality from #; to 7 and using (1.2),
we obtain

v(t) <v(t) —kY*R(t) » —c0ast — co.

Hence, we have shown that assuming r () (v/ (¢))* < 0 leads to a contradiction, and therefore we can
conclude that r (¢) (v (¢))* > 0.
(ii) Using the monotonicity of '/ (£) V' (t), we get

! _l/a /
V(D) > f OV Dy 5 e (v (R (). (2.2)
151 r ¢ (.y)
which implies (32) < 0.
On the other hand, as % is a positive and decreasing function, there exists a positive constant ¢
such that
im & =02>
t—00 R (t)
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(iii) Assume, on the contrary, that 6 > 0. Then X > §fort > t;. From the definition of v(¢) and H3

. R() —
we obtain

()= v = > biOu@ @)
i=1

> v ()= > bi () (i (1)
i=1

> v(t)(l - Zb,-(t)].
i=1

Integrating (1.1) from #; to ¢, we obtain

r() (v ()" = 6° f PR (T () [1 - b (y))) dy,
h i=1

which for t — oo contradicts with (2.1). So, lim % = 0. The proof is complete.
t—o0

Since R(t) is increasing, there exists 4 > 1 such that

R(?)
Ry ="

Theorem 2. Let (2.1) hold, and let there exist B > 1 such that

lRa (@) (OR®) p (D) [1 - Z b; (t (t))] > B fort > t.
@ i=1

If u(t) is a positive solution of (1.1), then

(i) RIV_(;)(I) is decreasing fort > t,,

(ii) R;(()’()t) is increasing for t > t,, where By = B/ 5.

(2.3)

(2.4)

(2.5)

Proof. Assume that u(t) is a positive solution of (1.1). It is important to note that condition (iii) of

Lemma 1 implies
lim 1/ (1) v/ (1) = 0.
t—o0

Therefore, an integration of (1.1) yields

- 1/a
r”"(t)v'(t):(f Q(y,u(r(y)))dy) :

It is easy to see that

a-1 ’

(@ ©)'] =a(r@v o) (e oV o)

(2.6)

2.7)

(2.8)
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Setting into (1.1), we have
(v @) + é (Fe v ) QU u @) = 0. (2.9)

Then w (r) = /% (1)V/ (1) is positive decreasing and satisfies

w' (1) + éwl‘” () Q(t,u(r (1)) =0,
and from H2 we get

w (f) + éwl_“ O p@®u®(r(t) <0. (2.10)
On the other hand (2.2) implies

vi) 2OV (ORM@ 2w (OR(®).
Then by (2.3),

u(t () = w@R T @) [1 =Y bix (t))]. 2.11)
i=1
Substituting the last inequality into (2.10), we get

1 " ¢
w () + —p ()R (1 (1)) (1 - Z bi(r (t))) w() <0
a i=1

and
w (1) + Lw (1 <0,
R rYe(r)
which implies
—w (@R@) > B w(t) =BV (1).
rlie (r)
The rest of the proof is the same as in Theorem 2.3 in [2], so we omit it. |

Remark 3. We take b;(t) = 0 in Theorem 2; our results reduce to the results of Theorem 2.3 in [2]. The
previous results did not distinguish between the cases @ < 1 and a > 1. However, in order to provide
oscillatory criteria for (1.1), we need to consider these cases separately.

3. Oscillation results for o > 1

To simplify our notation, let us denote

(1 _B)l—a/ /I’B(a_l)
p .

Now we will provide new comparison principles that significantly simplify the examination of neutral
delay differential equations.

AIMS Mathematics Volume 10, Issue 10, 24971-24982.
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Theorem 4. Let a > 1, and (2.1), (2.5) hold. Then (1.1) is oscillatory provided that
(r”“(nx/<0)’+-KR“—‘<T(0>;)0>(1-—ji]bicr(n>) () =0 (3.1)
i=1

is oscillatory.

Proof. Suppose the opposite of the desired result, that is, u() is a positive solution of (1.1). By

Theorem 2 (1), RIV_(Q( 5 is decreasing, we have the inequality

1/a ’
v (t) > %);;”R 0. (3.2)

which for @ > 1 yields

(re v @)

1-a (l') < Rl—(z (l) )
’ 1-p
Hence
@ ’ I —a vl_a (t)
(Fr@wv @) T za-p) =T (3.3)
By Theorem 2 (i), we obtain
l-a
xﬁmeﬁmggbf“Wﬂm. (3.4)
Substituting (3.4) from (3.3), we have in view of (2.4) that
o .\l o RIOUD (@) v (7 (1))
(}’l/ (t) 1% (f)) > (1 _ﬂ)] R(]_a)(l_ﬁ) (T (I)) Rl—a (l)
l-a
_ myl-a yBa-1nY (7 (1)
>(1-p5""4 R (2 (1)) T 3.5)
By combining (2.10) and (3.5), we can derive that v(¢) satisfies the linear differential inequality
(v @) +xkp R (7 (1) (1 =Y bi(x (z))) v(r (1) <0. (3.6)
i=1

In contrast, by Corollary 1 in [15], it is ensured that the corresponding differential equation (3.1) has a
positive solution, which contradicts the assumption made earlier, thus completing the proof. O

Remark 5. We take b;(t) = 0 in Theorem 4, our results reduce to the results of Theorem 3.1 in [2].

We will utilize the outcomes of the previous theorem to establish novel oscillatory criteria.
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Theorem 6. Let @ > 1, and (2.1), (2.5) hold. If

(1) " *
lim sup{Rﬁ_1 (T (1) f PORGR P (T(y) (1 - Z bi(t (Y))] dy
151 i=1

t—00

+Ra0) [ pORP @) [1 - Y bir (y))) dy
i=1

(1)

+RPo(r (t))f p () Rl (¢ (Y))(l — Z bi(r (Y))] d)’} >~
; pay .

then (1.1) is oscillatory.

Proof. The proof of the theorem closely follows the approach taken in Theorem 4.1 in [2], making it
unnecessary to provide a full proof here. O

For practical applications, we often need criteria that are easier to verify. The next theorem provides
such conditions:

Theorem 7. Let « > 1, and (2.1), (2.5) hold. If

‘ & ‘ 1
lim inf f PR (T () [1 - D bi(r (y))) dy > —
T i=1

—o0 ()

then (1.1) is oscillatory.

Proof. Suppose, for the sake of contradiction, that (1.1) has a positive solution u(¢). By Theorem 6,
Eq (3.1) is non-oscillatory, and we can assume that it has an eventually positive solution v(¢). Then, we
can define w(f) = r'/?(£)v'(), which is positive and decreasing. Therefore, we have

! t 1/ ,
v(t)=v(t1)+j;v'(y)dy2fn%)(vy)(y)dy

> )V (1) f dy = w()R(®).

rl/w (y) -

By substituting the expression for v(#) into (3.1), we obtain a first-order differential inequality of the
form

w' (1) + kR (T (1)) p (1) (1 - Z bi(t (t))) w(T() <0 (3.7
i=1

with positive solution w(?). According to Theorem 2.1.1 in [16], (3.7) has no positive solution if

liminf f kp (») R* (t (y))(l =Y bix (r))) dy > 1
T i=1 €

1—o00 (l)
This contradicts our assumption that (1.1) has a positive solution. Hence, the proof is complete. O
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4. Oscillation results for a € (0, 1)

We now turn our attention to the case where 0 < a < 1. This case requires different techniques due
to the different nature of the non-linearity. The following results parallel those of the previous section,
but with important modifications to account for the changed parameter range.

To simplify the notation, we define

-«

ﬁT/ll_a
w = I
a(l—pBo)~

Theorem 8. Let 0 < a < 1, and (2.1), (2.5) hold. Then (1.1) is oscillatory provided that

(" v ) + R (1) p () (1 - D bi(@ (r))] v(z (1) =0 (4.1)
i=1

is oscillatory.

Proof. Assume the contrary, that u(¢) is a positive solution of (1.1). Differentiating (2.7) with respect
to ¢ leads to the equation

1-a

(" v @) + (f Qouur@»ﬁw)”Qonr@»:o.

1
04

0]
RPo )

Employing the fact that
follows:

is an increasing function, we can rewrite the previous inequality as

ey L V@) ([T PO BOdY T p )V (r ()
(M @y ) + @ RO (7 (1)) ( f, R-%o (OT (y))) 0 =0,

where bo(t) = 1 — X, bi(r(¢)). Consequently, we can conclude that u(f) must satisfy the linear
differential inequality

(r”" o (t))' 1 (f“’ pQ) bg(y)dy)“ by(p (1) v (7 (1)) <0 42)

R-%0 (1 (y)) R(=9Bo (7 (1))

Additionally, by utilizing (2.4) and (2.5), we can derive

f T -EL b))’ dy > f ” of R (1 () dy
t R~ (7 (y)) i RO OREG)
e(Bo- 00 Ra(ﬂo—l)—l (Y)
> Qﬁ/l @ I)I rl/“—(y)dy
> ﬁﬂ(l(ﬂo_l)Ra(ﬁo—l) (t) )
1= po
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Substituting (4.2), we get

ﬁ‘j—f’/ll—a RUI-B0=D) ()
a(l - B+ R (x (1)

(,,l/w v (l))' + (1 — Z bi(r(t))] p@Ov(T () <0.
i=1

Based on Corollary 1 in [15], we may infer that the corresponding differential equation (4.1) also has
a positive solution. This contradicts the assumption that (4.1) has no positive solutions, and therefore
the proof is complete. O

Remark 9. Assume that b(t) = 0 in Theorem 8; the results of Theorem 8 reduce to the results of
Theorem 3.2 in [2].

Theorem 10. Let 0 < a < 1, and (2.1), (2.5) hold. If

(1) " *
lim sup{RB_1 (T (1) f RP@O)R ) p») (1 - Z bi(t (Y))] dy
151 i=1

t—00

+R@@) | RP@ONRT M) p©) (1 - Y bir (y))) dy
i=1

7(?)

. n “ 1
+R'Po(r (t))f RC(O)RT ) p ) (1 - Z bi(x (y))) dy} W
' = v

then (1.1) is oscillatory.
Proof. The proof of the theorem closely follows the approach used in Theorem 4.2 of [2]. O
Theorem 11. Let 0 < a < 1, and (2.1), (2.5) hold. If

¢ n ¢ 1
liminff Rt ()R (y)p(y)[l - Db (r(y))) dy > —,
. P we

—o0 (1)

then (1.1) is oscillatory.

Proof. Since the proof of the theorem closely resembles that of Theorem 7, it may be omitted. O
S. Example
Example 12. Consider a second-order neutral delay differential equation

Co

(F 07 ) + (i + (o0 (7o) = 0, 5.1)

where v (t) = u(t) + by Yi_, u (Yi(t)) with ¢y > 0, Y and 79 € (0, 1), and 0 < by < 1.
Then

-5 T
R = R = T = gt =

AIMS Mathematics Volume 10, Issue 10, 24971-24982.
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(a—k) () _(1=8)a-p)
CoT a \@+D . c Y art
B=—> (—) (1= by)", o= >—" (1 -by)
a \a—k (a — k(e

—a :3(1_“)(1_5)
(1-B)"" 7

[0

and

1y _(1-o(t-1)
ﬁ" 1T()

(1 - B!

Equation (5.1) with @ > 1 is oscillatory, provided that

pG-1) PG _
af,B{TO To : ! } > %

w =

+ +
1-B B 1 =P
by Theorem 6, or
1 1
Bla@-kIn—>—
To ek

by Theorem 7.
Equation (5.1) with 0 < @ < 1 is oscillatory, provided that

<1a>(1§){7§(§1) Tg(%—l)_l | } 1

afr, + > —

_l_
-5 B 1-B| w

by Theorem 10 or

—o(1-% 1 1
pla-kr s
To  ew

by Theorem 11.
Let us assume the special case for Eq (5.1),

(V' () + (lt—f + u2(0.5t)) u? (0.5¢) = 0,

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

where v(f) = u(t) + 0.2u(0.5¢) + 0.2u(0.87) forn =2 and k=1, =3,¢p =12 > 0,70 =05 € (0, 1)

and by = 0.2 € (0, 1).

Then R(f) — oo as t — oo, conditions (2.1) and (2.5) also hold. Since 8 ~ 1.093 and « ~ 105.35,

inequality (5.3) holds, i.e.,

1 1
Ba@—-k)ln—>—, 1.515> 0.00349.
To €K
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Therefore differential equation (5.6) is oscillatory by Theorem 7.
As a further illustration of Eq (5.1) for the case 0 < @ < 1, we now consider the following
differential equation,

2 (v ()% + (ﬂ% + u2(0.3t)) u™®(0.3t) = 0, (5.7)

where v(7) = u(t) + 0.2u(0.5¢) + 0.2u(0.8f) forn =2 and k=02, =0.6,¢c)=1> 0,79 =0.5€ (0, 1)
and by = 0.2 € (0, 1).

Then R(t) — oo as t — oo, conditions (2.1) and (2.5) also hold. Since g ~ 1.722 and w = 0.791,
inequality (5.5) holds, i.e.,

—ay(1-k 1 1
Bla-0r ) = > — 0558 > 0.465.
T, ew

Hence differential equation (5.7) is oscillatory by Theorem 11.
6. Conclusions

In this paper, we established new oscillation criteria for second-order neutral multi-delay differential
equations by utilizing the monotonic properties of non-oscillatory solutions. Our approach generalized
previous results by considering a neutral term and a more general nonlinearity. The presented theorems
provided effective tools for determining the oscillatory behavior of these equations. It is worth noting
that when we set b;(¢#) = 0 (eliminating the neutral term) and Q(t, u(t)) = c(¢)u®(t), our results reduced
to those obtained by Baculikova and Dzurina [2]. This confirmed the consistency of our approach
while demonstrating its broader applicability to more complex equations.
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