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1. Introduction

Finsler geometry has plenty of colorful geometric properties, though it can be regarded as an
extension of Riemannian geometry, freed from the constraints of quadratic forms. This fundamental
difference endows Finsler geometry with a plethora of unique properties that are absent in Riemannian
geometry. Riemann quantities usually refer to the quantities defined in Riemannian geometry, such
as Riemann curvature, Ricci curvature, etc. However, some geometric quantities, which are called
non-Riemannian quantities, vanish in the Riemannian case, such as Berwald curvature, S -curvature,
E-curvature, and so on.

E-curvature is also called mean Berwald curvature, which was first introduced in [1]. Since S -
curvature is related to the volume of the manifold, then by (2.3), E-curvature is also related to the
volume. Thus, it is meaningful to explore further properties of these geometric quantities in order to
better understand the global geometry of the manifold.

On an n-dimensional smooth Finsler manifold (M, F), for E-curvature defined in (2.3), if

EAB =
n + 1

2
cFyAyB ,

then the corresponding Finsler metric F = (x, y) is called the isotropic E-curvature, where c = c(x) is
a scalar function. Specially, F is of constant E-curvature if c is a constant.
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In recent years, there has been some progress in the study of the relationship between E-curvature
and other curvatures. In 2003, X. Cheng and Z. Shen showed that the S -curvature is isotropic, and
so is the E-curvature [2]. Then, they discussed Douglas metrics with relatively isotropic E-curvature
and introduced the Finsler metrics of isotropic E-curvature [3]. For some special metric types, some
results on E-curvature were obtained in recent years. B. Tiwari, R. Gangopadhyay, and G.K. Prajapati
showed that a special class of generalized (α, β)-metric F has isotropic S -curvature if and only if it has
isotropic E-curvature [4]. M. Li and L. Zhang showed that Finsler manifolds with vanishing Berwald
scalar curvature have zero E-curvature [5]. Z. Yang, Y. He, and X.L. Zhang studied the doubly-warped
product of Finsler manifolds with isotropic E-curvature [6]. K. Wang and C. Zhong proved that the
(α, β)-metric has vanishing S -curvature if and only if F has vanishing E-curvature [7]. M. Crampin
showed that the S -curvature of a Finsler space vanishes if and only if the E-curvature vanishes if and
only if the Berwald scalar curvature vanishes [8]. A. Tayebi studied the E-curvature of the class of
homogeneous Finsler manifolds and proved three rigidity theorems [9].

Recently, Finsler warped product metrics have garnered a lot of attention in research since
some metrics with nice properties were found in this metric class. In 2018, M. Gabrani and
B. Rezaei obtained a differential equation which characterizes a general (α, β)-metric with isotropic
E-curvature, and solved the equation in a particular case [10]. In 2019, H. Liu and X. Mo found
and solved the differential equation characterizing Finsler warped product metrics with vanishing
Douglas curvature [11]. H. Liu, X. Mo, and H. Zhang found equations for Finsler warped product
metrics of constant flag curvature and explicitly constructed many new warped product Douglas
metrics of constant Ricci curvature using related known metrics [12]. In 2022, H. Liu, X. Mo, and
L. Zhu found the equation which serves to characterize Finsler warped product metrics with isotropic
S -curvature [13]. D. Zheng obtained the differential equations that characterize Landsberg-Finsler
warped product metrics [14].

Approaches based on E-curvature and Finsler warped product metrics have garnered significant
interest in recent research. In this paper, we mainly study E-curvature for Finsler warped product
metrics which are the natural extension of Riemannian warped product metrics. Let I be an interval of
R, and M̌ be an (n − 1)-dimensional Riemannian manifold equipped with a Riemannian metric α̌. We
stipulate that

1 ≤ A, B,C,D . . . ≤ n, 2 ≤ i, j . . . ≤ n.

Let M̌ be an (n − 1)-dimensional smooth manifold (n ≥ 3) with a Riemannian metric α̌. A Finsler
warped product metric on M := R × M̌ is a Finsler metric of the form

F(x, y) := α̌(x̌, y̌)ϕ(r, s),

where r = x1, s = y1/α̌, x = (x1, x̌) = (x1, x2, ..., xn), y = (y1, y̌) = (y1, y2, ..., yn), and ϕ(r, s) is a suitable
function defined on a domain of R2. It is the Finsler version of the warped product Riemann metric. In
fact, by letting ϕ(r, s) =

√
s2 + u(r), a Riemann metric is obtained, i.e.,

F(x, y) =
√(

y1)2
+ u(r)α̌2(x̌, y̌),

where α̌(x̌, y̌) =
√

gi j(x̌)yiy j, u(r) is a positive function.
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The Funk metric on the unit open ball Bn is

F =

√
|y|2 −

(
|x|2|y|2 − ⟨x, y⟩2

)
+ ⟨x, y⟩

1 − |x|2
,

whose Finsler warped product form can be written as

F = α̌+

√
s2 + r2(1 − r2) + sr

1 − r2 ,

where α̌+ is the sphere metric [15]. As is known, the Funk metric has constant E-curvature.
In this paper, we find equivalent equations for warped product metrics with isotropic E-curvature

and give several concrete examples. For convenience, the following notations are used, where the
subscripts denote derivatives:

H :=
sϕrϕss + ϕs(ϕr − sϕrs)

2ϕϕss
, X := sH −

ϕr − sϕrs

2ϕss
, (1.1)

H̄ :=
∫

H ds, Φ :=
∫
ϕ ds. (1.2)

Set
ω =
ϕr − sϕrs

2ϕss
. (1.3)

Then, simplifying H and X yields

H =
sϕr

2ϕ
+
ϕs

ϕ
ω, (1.4)

and
X = sH − ω. (1.5)

We first prove the following theorem.

Theorem 1.1. Let (M̌, α̌) be an (n−1)-dimensional Riemannian manifold with n ≥ 3, and let F(x, y) =
α̌(x̌, y̌)ϕ(r, s) be a Finsler metric on M = I × M̌. Then, F is of isotropic E-curvature with c = c(x), and
c = c(r) if and only if

X = sH − (n + 1)H̄ + (n + 1)c(r)Φ +
1
2

q(r)s2 + l(r), (1.6)

where l(r) and q(r) are some C∞ function. In particular, when c(r) = 0, (1.6) is simplified to

X = sH − (n + 1)H̄ +
1
2

q(r)s2 + l(r), (1.7)

which means F is of zero E-curvature.

As shown below, besides the Funk metric, some Finsler metrics of isotropic E-curvature are found
by choosing special H.
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Theorem 1.2. (i) Let 4 f (r)(1+ f (r))l1(r)
fr(r) be a negative constant and

ϕ(r, s) = f (r)s +

√
f (r)(1 + f (r))s2 −

4 f 2(r) (1 + f (r)) l1(r)
fr(r)

,

where f (r) is a positive C∞ function and l1(r) is a C∞ function satisfying 4 f (r)(1+ f (r))l1(r)
fr(r) < 0. Then,

the following Randers warped product metric

F(x, y) = α̌(x̌, y̌)ϕ(r, s)

has isotropic E-curvature, i.e., its E-curvature is given by

EAB =
n + 1

8
fr(r)

f (r)(1 + f (r))
FyAyB .

(ii) Let
α̌ :=

√
(y2)2 + (y3)2, ϕ(r, s) :=

√
s2 + e2rϕ̃(

s
√

s2 + e2r
),

and the positive C∞ function ϕ̃ = ϕ̃(s̃) satisfies

Φ̃ = −2(n + 1)k1
ϕ̃∆2

b2 − s̃2 ,

for some constant k1, where

Φ̃ := −(Q − s̃Q′) {n∆ + 1 + s̃Q′} − (b2 − s̃2)(1 + s̃Q)Q′′,

and
∆ := 1 + s̃Q + (b2 − s̃2)Q′, Q := ϕ̃′/(ϕ̃ − s̃ϕ̃′).

Then, F is of constant E-curvature.

Case(i) and Case(ii) will be proved in Section 4.

Remark 1.3. In Case(i), c(r) = fr(r)
4 f (r)(1+ f (r)) , taking f (r) = 1/(C1e−4λr − 1), where C1 is an arbitrary

positive constant, leads to c(r) = λ = constant. In this condition, F is of constant E-curvature.

In recent years, some applications of the Berwald metric (with vanishing Berwald curvature)
to spacetimes in physics have been discussed [16–18]. The isotropic E-curvature condition in
Finsler geometry, being a less restrictive requirement than vanishing Berwald curvature, may lead
to promising physical applications in forthcoming studies. This suggests that our conclusions could
yield meaningful physical applications in the future.

2. Preliminaries

In this section, the basic knowledge used in this paper is introduced.
Let M be an n-dimensional smooth manifold and F = F(x, y) be a non-negative function on its

tangent bundle T M. F is called a Finsler metric if it satisfies the following three conditions:
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(i) Homogeneity: F(x, λy) = λF(x, y),∀λ > 0;
(ii) Smoothness: F is a C∞ function on T M\ {0};

(iii) Strong convexity: For ∀y , 0, (gAB(x, y)) =
(

1
2
∂2F2

∂yA∂yB

)
is a positive definite matrix.

In this case, (M, F) is called a Finsler manifold. In particular, F is called a Riemann metric when
gi j(x, y) = gi j(x) is independent of y, and F is called a Minkowski norm (orMinkowski metric) when
F(x, y) = F(y) is independent of x.

In Theorem 1.2, an (α, β)-metric is used to construct the warped product metric. Here, we introduce
the definition of the (α, β)-metric:

F(x, y) := α(x, y)ϕ̃(s̃), s̃ =
β(x, y)
α(x, y)

,

F is called an (α, β)-metric, where ϕ̃ is an arbitrary C∞ function that satisfies the following positive
definiteness condition.

Lemma 2.1. [19] F(x, y) = α(x, y)ϕ̃(s̃) is positive definite if and only if it satisfies

ϕ̃(s̃) > 0, ϕ̃(s̃) − s̃ϕ̃′(s̃) + (ρ2 − s̃2)ϕ̃′′ > 0, (2.1)

where s̃ and ρ are arbitrary real numbers satisfying |s̃| ≤ ρ < b0.

There are also positive definite judgment conditions of the Finsler warped product metric.

Lemma 2.2. [15] Let F(x, y) = α̌(x̌, y̌)ϕ(r, s) be a Finsler warped product metric on M = I× M̌. Then,
the function ϕ satisfies

ϕ > 0, ϕ − sϕs > 0, ϕss > 0, (2.2)

where ϕs represents the partial derivative of ϕ with respect to s, and ϕss is the second derivative of ϕ
with respect to s.

The geodesics of F are characterized by the following ODEs:

d2xA

dt2 + 2GA

(
x,

dx
dt

)
= 0,

where GA = GA(x, y) are called geodesic coefficients given by

GA :=
1
4

gAB
{
[F2]yBxC yC − [F2]xB

}
.

A coordinate volume form dV for M is an n-form on a coordinate neighborhood

dVF = σF(x)dx1 . . . dxn,

where σF(x) > 0 is called the volume measure function. S -curvature is the rate of change of the Finsler
metric distortion along a geodesic line. It can be calculated from the geodesic coefficient and volume
measure function that

S (x, y) :=
∑

A

∂GA

∂yA − yA ∂

∂xA (lnσF(x)).
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If S = (n + 1)c(x)F, then F is called of isotropic S -curvature, where c(x) is a scalar function. In
particular, when c(x) = c is a constant, then F is said to be of constant S -curvature.

A second-order symmetric tensor E := EAB(x, y)dxA ⊗ dxB is called an E-tensor on a Finsler
manifold. E := {Ey|y ∈ T M\{0}} is called the E-curvature or mean Berwald curvature, where
Ey(u, v) := EAB(x, y)uiv j. It can be calculated from S -curvature that

EAB =
1
2

S yAyB =
1
2

[
∂GC

∂yC

]
yAyB

. (2.3)

By the above definition and (2.3), it is easy to see that F is of isotropic E-curvature EAB =
(n+1)

2 cFyAyB

if F is of isotropic S -curvature S = (n + 1)cF.

3. The E-curvature of Finsler warped product metric

In this section, the expression for the E-curvature of Finsler warped product metric is given, and
then Theorem 1.1 can be proved.

Before we prove Theorem 1.1, let us recall the geodesics coefficients of warped product metrics,
which were given by B. Chen, Z. Shen and L. Zhao in [15].

Lemma 3.1. [15] The expression of geodesic coefficients of the warped product metrics are as follows:

G1 = Xα̌2, Gi = Gi
α̌ + Hα̌yi,

where Gi
α̌ is the geodesic coefficient of the Riemannian metric α̌.

Taking the third-order derivative of GA yields the following results, in particular where (Gm)yAyBym

represents the sum of the m indices:

(G1)y1y1y1 =
Xsss

α
, (G1)y1y1yi = −

Xsssy1yi

α3 ,

(G1)y1yiy j =
Xsss(y1)2yiy j

α5 +
Xssy1yiy j

α4 −
Xssy1ai j

α2 +
Xsai j

α
−

Xsyiy j

α3 ,

(Gm)ymy1y1 = −
Hsssy1

α2 +
(n − 2)Hss

α
, (Gm)ymyiy1 =

Hsss(y1)2yi

α4 +
(2 − n)Hssy1yi

α3 ,

(Gm)ymy jyi =

(
nHα2 − nHsαy1 + Hss(y1)2

)
ai j

α3

−

(
nHα3 − nHsα

2y1 − (n − 3)Hssα(y1)2) + Hsss(y1)3
)

yiy j

α6 .

By (2.3), the E-curvature of F can be directly obtained by

E11 =
1
2

(
∂3G1

∂y1∂y1∂y1 +
∂3Gm

∂ym∂y1∂y1

)
, E1i =

1
2

(
∂3G1

∂y1∂y1∂yi +
∂3Gm

∂ym∂y1∂yi

)
,

Ei1 =
1
2

(
∂3G1

∂y1∂yi∂y1 +
∂3Gm

∂ym∂yi∂y1

)
, Ei j =

1
2

(
∂3G1

∂y1∂yi∂y j +
∂3Gm

∂ym∂yi∂y j

)
.

(3.1)
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For simplicity, let Ai j = α
2ai j − yiy j and s = y1

α
. Substituting the previous expression of (Gm)ymyAyB

into (3.1) yields

E11 =
1

2α
(Xsss + (n − 2)Hss − sHsss) , (3.2)

E1i =Ei1 = −
syi

2α2
(Xsss + (n − 2)Hss − sHsss) = −

syi

α
E11, (3.3)

Ei j =
1

2α3

(
nH + Xs − s(nHs + Xss) + s2Hss

)
Ai j

+
s2yiy j

2α3 [Xsss + (n − 2)Hss − sHsss] .

It is easy to see that Ei j can be simply written into

Ei j =
1

2α3

[
nH + Xs − s(nHs + Xss) + s2Hss

]
Ai j +

s2yiy j

α2 E11. (3.4)

On the other hand, let yi = ai jy j. Then, FyAyB can be represented by

Fy1y1 =
ϕss

α
, (3.5)

Fy1yi = Fyiy1 = −
syiϕss

α2 = −
syi

α
Fy1y1 , (3.6)

Fyiy j =
1
α3

(ϕ − sϕs) Ai j +
yiy js2ϕss

α3 . (3.7)

Proof of Theorem 1.1. Before the proof of “necessity” and “sufficiency”, we need to perform some
computations. By the assumption c = c(x),

EAB =
1
2

(n + 1)c(x)FyAyB , (3.8)

which together with (3.3) and (3.6) implies that E11 =
1
2 (n + 1)c(x)F11 is equivalent to E1i =

1
2 (n +

1)c(x)F1i. Then, (3.8) is equivalent to

E11 =
1
2

(n + 1)c(x)F11, Ei j =
1
2

(n + 1)c(x)Fi j.

Substituting (3.4), (3.5), and (3.7) into the above formulas leads to

E11 =
n + 1

2
c(x)
ϕss

α
, (3.9)

Ei j =
1

2α3

[
nH + Xs − s(nHs + Xss) + s2Hss

]
Ai j +

s2yiy j

α2 E11 (3.10)

=
n + 1
2α3 c(x)

[
(ϕ − sϕs) Ai j + yiy js2ϕss

]
.

Now, we first prove the “necessity”. Substituting (3.9) into (3.10) yields[
nH + Xs − s(nHs + Xss) + s2Hss

]
Ai j = (n + 1)c(x) (ϕ − sϕs) Ai j.
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Contracting both sides of the above equation by ai j, and noting that Ai jai j = (n − 2)α2 , 0 gives

(nH + Xs) − s(nHs + Xss) + s2Hss = (n + 1)c(x)(ϕ − sϕs). (3.11)

Since H, X, and ϕ all are functions of r and s, c(x) = c(r, x̌) must be a function of r and s, and
moreover it is independent of y. Hence,

c(x) = c(r).

Equation (3.11) can be rewritten into

(−s2)
[nH + Xs

s

]
s
+ s2Hss = (n + 1)c(r)

(
ϕ

s

)
s
(−s2),

which is equivalent to

s2
(
Hs + (n + 1) c(r)

(
ϕ

s

)
−

[nH + Xs

s

])
s
= 0,

which implies (
Hs + (n + 1) c(r)

(
ϕ

s

)
−

[nH + Xs

s

])
s
= 0.

Integrating both sides of the above equation by s gives

Xs = (sH)s − (n + 1)H + (n + 1)c(r)ϕ + q(r)s. (3.12)

which leads to (1.6) by an integration with respect to s.
Next, we prove the “sufficiency”. Obviously, (1.6) implies (3.12). Then, differentiating Xs in (3.12)

with respect to s yields

Xss = (sH)ss − (n + 1)Hs + (n + 1)c(r)ϕs + q(r),
Xsss = −(n − 2)Hss + sHsss + (n + 1)c(r)ϕss.

A direct computation shows that the above Xs, Xss, and Xsss together with (3.2) lead to that (3.9)
and (3.10) hold true. Thus, the E-curvature is isotropic if X satisfies (1.6).

In particular, when c(r) = 0, it is a special case, and it can be similarly proved that (1.7) holds true.

4. Some explicit metrics of isotropic E-curvature

In this section, some special solutions of equivalent equations of isotropic E-curvature and constant
E-curvature are found. Then, by checking the positive definiteness, whether the required ϕ can induce
a Finsler metric can be determined.

By (1.3) and (1.4), the relation between ϕ and H can be found in the following steps. By (1.4), ϕr

can be expressed by

ϕr = 2
ϕH − ϕsω

s
. (4.1)

Differentiating (4.1) with respect to s yields

ϕrs = 2
[
ϕsH + ϕHs − ϕssω − ϕsωs

s
−
ϕH − ϕsω

s2

]
. (4.2)
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Since (2.2)3 (ϕss > 0), then rewriting (1.3) gives

ϕr − sϕrs − 2ωϕss = 0.

Substituting (4.1) and (4.2) into the above equation yields

2ϕH − sϕHs + ϕs
[
sωs − sH − 2ω

]
s

= 0, (4.3)

whose solution can be obtained as

ϕ(r, s) = e
∫ sHs−2H

sωs−sH−2ω ds+m(r),

where m(r) is an arbitrary C∞ function of r.
For general H, because of the high nonlinearity, it is hard to express ϕ explicitly. Here, the explicit

expression for ϕ is important to check whether it satisfies (2.2), which ensures the corresponding
F = α̌ϕ is a Finsler metric. Here, some special examples are given. By assuming that H in Theorem 1.1
is given in a special form as

H = c(r)ϕ(r, s) + 2c(r)s, where c(r) =
fr(r)

4 f (r)(1 + f (r))
, (4.4)

then the derivative of H and the integral of H which is H̄ in (1.2) are given by

Hs = c(r)ϕs(r, s) + 2c(r), H̄ = c(r)Φ + c(r)s2 + η(r), (4.5)

where η(r) is an arbitrary C∞ function. Substituting X in (1.5) into (1.6) in Theorem 1.1 yields

ω = (n + 1)H̄ − (n + 1)c(r)Φ −
1
2

q(r)s2 − l(r),

which implies
ωs = (n + 1)H − (n + 1)c(r)Φs − q(r)s − l(r).

Then, substituting H̄ in (4.5) into the above equation, yields

ω =

[
(n + 1)c(r) −

1
2

q(r)
]

s2 − l1(r),

where l1(r) = l(r) − (n + 1)η(r). Since l(r) and η(r) are arbitrary C∞ functions, then so is l1(r). Then,
substituting H in (4.4), Hs in (4.5), and ω and ωs in the above equations into (4.3) gives

c(r)ϕ2 + c(r)sϕ − c(r)sϕϕs − c(r)s2ϕs + l1(r)ϕs = 0.

The solution to the above equation is

ϕ(r, s) =
(
c(r)s +

√
m(r)c(r)s2 + (c(r) − m(r))l1(r))

)
/ (m(r) − c(r)) .

m(r) is an arbitrary C∞ function, and by letting m(r) = (1 + 1
f (r) )c(r), where f (r) > 0, we get

ϕ(r, s) = f (r)s +

√
f (r)(1 + f (r))s2 −

f (r)l1(r)
c(r)

. (4.6)
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Obviously, as ϕ is given by (4.6), F = α̌ϕ(r, s) is a Randers metric, which will be showed being with
isotropic E-curvature in the following proof.

Proof of case (1.2) in Theorem 1.2. Let c(r) = fr(r)
4 f (r)(1+ f (r)) as in (4.4). Then, by the above discussions

and (4.6), we only need to verify the positive definiteness of F = α̌(x̌, y̌)ϕ(r, s). A direct computation
yields

ϕ − sϕs = −
f (r)l1(r)

c(r)
√

f (r)(1 + f (r))s2 −
f (r)l1(r)

c(r)

, ϕss = −
f 2(r)(1 + f (r)l1(r))

c(r)( f (r)(1 + f (r))s2 −
f (r)l1(r)

c(r) )
3
2

.

These expressions and Lemma 2.2 tell that l1(r)
c(r) < 0.

Now the E-curvature of F = α̌(x̌, y̌)ϕ(r, s) can be given. Substituting (4.6) into H and X in (1.1),
and then calculating ϕss, Xsss, Hss, and Hsss, gives

Xsss + (n − 2)Hss − sHsss =
(n + 1) fr(r)

4 f (r)(1 + f (r))
ϕss,

which, compared with (3.2) and (3.5), implies

E11 =
n + 1

8
fr(r)

f (r)(1 + f (r))
Fy1y1 . (4.7)

According to (3.3) and (3.6), it is obvious that

E1i =
n + 1

8
fr(r)

f (r)(1 + f (r))
Fy1yi .

Similarly, a direct computation shows that

nH + Xs − s(nHs + Xss) + s2Hss =
(n + 1) fr(r)

4 f (r)(1 + f (r))
(ϕ − sϕs),

which together with (3.4) implies

Ei j =
(n + 1) fr(r)Ai j

8α3 f (r)(1 + f (r))
(ϕ − sϕs) +

s2yiy j

α2 E11,

which comparing with (3.5), (3.7), and (4.7) implies

Ei j =
n + 1

8
fr(r)

f (r)(1 + f (r))
Fyiy j .

In summary, when ϕ(r, s) = f (r)s +
√

f (r)(1 + f (r))s2 −
4 f 2(r)(1+ f (r))l1(r)

fr(r) , the corresponding warped
product metric F = α̌ϕ(r, s) is of isotropic E-curvature.

The idea of case(ii) in Theorem 1.2 is from [20]. In [20], Cheng and Shen introduce a special
(α, β)-metric with constant S -curvature as follows.
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Lemma 4.1. [20] Let F = αϕ̃( β
α
) be an (α, β)-metric defined on an open subset in R3, where α and β

are given by

α :=
√

(y1)2 + e2x1 ((y2)2 + (y3)2), β := y1.

Then, β satisfies
ri j = ε

{
b2ai j − bib j

}
, s j = 0,

with ε = 1 and b = 1. Thus, if ϕ̃ = ϕ̃(s̃) satisfies

Φ̃ = −2(n + 1)k1
ϕ̃∆2

b2 − s̃2 , (4.8)

for some constant k1, then F is of constant S -curvature, and S = (n + 1)c1F with c1 = k1ε = k1. Here,

Φ̃ := −(Q − s̃Q′) {n∆ + 1 + s̃Q′} − (b2 − s̃2)(1 + s̃Q)Q′′,

and
∆ := 1 + s̃Q + (b2 − s̃2)Q′, Q := ϕ̃′/(ϕ̃ − s̃ϕ̃′), s̃ =

β

α
.

In case (1.2) of Theorem 1.2, the key step is to verify (2.1) for ϕ̃.

Proof of case (1.2) in Theorem 1.2. Since F in Lemma 4.1 is of constant S -curvature with c(r) = k1,
then F is of constant E-curvature with c(r) = k1.

We claim that the metric in Lemma 4.1 can be written into a warped product metric. In fact,

α̌ =
√

(y2)2 + (y3)2, ϕ(r, s) :=
√

s2 + e2rϕ̃(
s

√
s2 + e2r

).

Then,

α̌ϕ(r, s) =
√

(y1)2 + e2x1 ((y2)2 + (y3)2)ϕ̃( y1√
(y1)2 + e2x1 ((y2)2 + (y3)2) ),

which satisfies α̌ϕ(r, s) = αϕ̃(s̃) in Lemma 4.1, where

s̃ =
s

√
s2 + e2r

.

To ensure the positively definiteness of the metric, it is necessary to very (2.2)2 in Lemma 2.2. A direct
computation yields

ϕ̃ −
s

√
s + e2r

ϕ̃′ = ϕ̃ − s̃ϕ̃′ > 0,

where the last inequality is from (2.1) by setting ρ = s. Similarly, (2.2)3 in Lemma 2.2 yields

ϕ̃ −
s

√
s + e2r

ϕ̃′ +

(
1 −

s2

s2 + e2r

)
ϕ̃′′ = ϕ̃ − s̃ϕ̃′ +

(
1 − s̃2

)
ϕ̃′′ > 0.

From (2.1), the above equation obviously holds true. These satisfy (2.2) in Lemma 2.2. Thus, the
metric is a warped product metric of constant E-curvature, and EAB =

n+1
2 k1FyAyB with k1 is the constant

in (4.8).
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5. Conclusions

We have investigated the E-curvature of Finsler warped product metrics. Our main findings are
summarized as follows: (1) We derive the equivalent equation for warped product metrics with
isotropic or zero E-curvature. (2) We present two concrete examples that it is of isotropic or constant
E-curvature. Moreover, the proposed approach-prescribing the form of H and then invoking the
equivalent equation provides a practical route to determining the explicit expression of ϕ. Nevertheless,
several limitations remain. Owing to the high nonlinearity of the equivalent equation, we cannot solve
for ϕ directly from it. Resolving these issues demands a more advanced theory for solving nonlinear
PDEs.
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