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1. Introduction

In the 1970s, Clark’s subgradient theory [1] promoted the development of nonsmooth optimization.
However, the nonsmoothness of the objective function in practical problems such as image denoising
and reconstruction [2], machine learning [3] and so on, limits the effectiveness of traditional gradient
methods. For high-dimensional nonsmooth problems, stochastic optimization is a powerful tool for
complex problems due to its fast convergence [4].

It is well known that in practical applications, traditional statistical LASSO models are difficult to
directly portray complex dependencies between variables, while graph-guided fusion LASSO models
aim to incorporate the variable graph structure into the fusion penalty to reflect the variable correlation,
and to improve the model performance and interpretability in a high-dimensional data environment.
For the total number n ∈ N of samples, whose values may be very large, let for i ∈ {1, 2, · · · , n},
ai ∈ R

na denote the input data, bi ∈ {−1,+1} be the corresponding label of i, {ai, bi}
n
i=1 be a set of

training samples, fi(x) =
1

1 + exp(biaT
i x)
+
γ2

2
∥x∥22 be a nonconvex differentiable loss function from

Rna to R, γ1 and γ2 be the regularization parameters, and the matrix A ∈ Rm×na be the sparse pattern of
the graph, which comes from the sparse inverse covariance matrix estimation [5]. The graph-guided
fusion LASSO model can be expressed as follows [6]:

min
x

1
n

n∑
i=1

fi(x) + γ1∥Ax∥1. (1.1)

In general, via introducing an auxiliary variable z ∈ Rm with z = Ax in (1.1), we would consider
reformulating model (1.1) as

min
x,z

1
n

n∑
i=1

fi(x) + γ1∥z∥1,

s. t. Ax − z = 0.

(1.2)

It is noteworthy that many scholars have explored constrained nonconvex optimization problems in
the shape of (1.2). See, for example, [7, 8] and the references therein. In particular, Liu et al. [9]
effectively dealt with such problems using an iterative soft-thresholding algorithm, with the core
objective of achieving sparse feature selection and model regularization. For the specific form of the
soft-thresholding operator, the reader is referred to (5.2).

In order to solve (1.1) or (1.2), the general model of (1.2) will be investigated in this paper. In fact,
taking the vector b ∈ Rm and two functions f : Rna → R and g : Rnb → R, and setting Rm ∋ By = −z for
B ∈ Rm×nb , then (1.2) can be extended to the following nonconvex, nonsmooth optimization problem:

min
x,y

f (x) + g(y),

s.t. Ax + By = b.
(1.3)

If nb = m, B = I, the identity matrix, g(y) = γ1∥y∥1, y = −z, and f (x) =
1
n

∑n
i=1 fi(x), then (1.3)

degenerates to (1.2). Furthermore, f is a nonconvex and smooth function, and g is a locally Lipschitz-
continuous function, which may be nonconvex and nonsmooth, and is often used as a regularization
term to prevent overfitting. In practice, a large number of problems can also be presented in the forms
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of (1.1)–(1.3), where specific applications can be found in [10,11] and the references therein. To solve
the graph-guided fusion LASSO model (1.1), we first consider the solution of (1.3). Further, it is
worth exploring a class of novel algorithms to efficiently and stably solve the large-scale optimization
problem (1.3).

With the advent of the big data era, the deterministic alternating direction method of multipliers
(ADMM) has difficulty handling large-scale optimization problems due to the need to compute the
full gradient or solve the subproblems exactly in iterations. Stochastic optimization methods become
a powerful tool to solve such problems, and researchers introduced stochastic gradient descent (SGD)
into the ADMM, but its convergence speed is limited by the variance of the stochastic
gradient [12, 13]. For this reason, researchers reduced the variance of stochastic gradient estimation
by the variance reduction (VR) technique to make the algorithm iterations more stable [14, 15]. In
particular, gradient estimators such as the stochastic variance-reduced gradient (SVRG) [16] and
stochastic recursive gradient (SARAH) [17] have gained increasing popularity, which has greatly
promoted the research on the stochastic ADMM. Recent work found that the ADMM and its variants
can handle these complex, nonconvex problems well [18, 19]. In the nonconvex setting, Huang et
al. [20] first provided a general framework for analyzing the iterative complexity reduction of
nonconvex stochastic ADMM variance, including the SVRG-ADMM, stochastic average gradient
ADMM (SAG-ADMM), and SAG-ADMM optimization forms. Subsequently, Bian et al. [21]
proposed a stochastic ADMM framework for large-scale, nonconvex, nonsmooth optimization
problems, which combines the variance-reducing stochastic gradient technique to improve the
performance of the algorithms. On the other hand, Zeng et al. [22, 23] considered the convergence of
the SVRG-ADMM, which combines Katyusha momentum and the variance-reducing stochastic
ADMM, in a nonconvex setting. For more related works, readers may refer to [24, 25] and the
references therein.

However, when the problem is extended to nonconvex domains, it becomes challenging to solve
the subproblems of the traditional ADMM exactly [26]. To overcome this issue, Wang et al. [26]
improved the ADMM by introducing the Bregman distance, which indeed simplifies the original
subproblem and improves the algorithm performance. Inspired by this, Chao et al. [27] adopted a
linearization method and a suitable Bregman distance, which can better exploit the structure of
subproblems to solve nonconvex optimization problems. Here, the Bregman distance plays an
important role in the iterative algorithms. Applying the Bregman distance for certain subproblems of
the Peaceman–Rachford splitting method, Liu et al. [28] first constructed a Bregman
Peaceman–Rachford splitting framework for nonconvex, nonseparable optimization, which
overcomes the constraints of traditional algorithms via Bregman distance and double relaxation
factors. Further, Liu et al. [28] observed that there is an interesting phenomenon that the descent of
the merit function (the augmented Lagrangian function) is guaranteed due to the Bregman distance,
and completed a comprehensive theoretical analysis covering global convergence, strong
convergence, and the convergence rate. Recently, Guo and Tan [29] proposed another novel Bregman
ADMM that can return to the ADMM while avoiding the need for global Lipschitz continuity of the
gradient and extended the algorithm to a wider range of nonconvex problems. Thus, to address the
challenges of nonconvex optimization, Bregman-type nonconvex splitting algorithms are worthy of
further exploration. Whereupon, Liu et al. [9] designed a stochastic inexact ADMMs incorporating
Bregman distances and inertial terms to establish global convergence via the Kurdyka–Łojasiewicz
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(KL) property. We note that the KL property imposes a stringent restriction on the structure of the
function, requiring that the function satisfies the gradient decay condition in its domain of definition,
but nonconvex and nonsmooth functions in practice may not satisfy this property. Thus, instead of
relying on the powerful KL property utilized in [9, 28, 30], we shall construct a class of novel
stochastic ADMMs and achieve global convergence of the novel stochastic ADMMs solving the
nonconvex, nonsmooth optimization problem (1.3) through more moderate assumptions such as
gradient continuity, bounded variance, a range condition, etc., in combination with the analysis of the
decreasing potential function and the boundedness of the iteration stepsize.

In addition, inertial techniques have been increasingly used in various algorithms to improve their
numerical efficiency. Polyak [31] proposed the heavy ball method, which introduced the concept of
momentum into gradient descent for the first time. Further, inertial techniques have also been applied
to the ADMM to solve nonconvex problems. Hien and Papadimitriou [32] introduced inertial
techniques to the nonconvex ADMM with nonlinear coupling constraints for the first time to improve
the efficiency of the algorithm through noninertial extrapolation. Recently, some accelerated
stochastic ADMM methods have also been proposed to efficiently solve large-scale learning
problems [33, 34]. In particular, Liu et al. [9] introduced inertia by directly adding a term related to
the difference of the variables in the previous step in the iterative update formula, which helped the
algorithm to perform global convergence. Different from [9], we will use the extrapolation proposed
by Chao et al. [35] to obtain the intermediate variables as inertial terms. This allows the solutions to
subsequent subproblems to start from more favorable points, accelerating the convergence speed and
thus enhancing the practicality of the algorithm.

Although convergence of the stochastic ADMM under nonconvex conditions has been investigated
in [20], a unified theoretical and analytical framework for reduced-variance stochastic ADMM methods
for problem (1.3) has not been reported. Recently, Bai et al. [36] proposed an inexact ADMM to solve
the subproblems inexactly via an adaptive relative error criterion, which allows the pairwise stepsize
s to be in a wide range to enhance flexibility. Zeng et al. [37] employed an inexact approach to
solve the subproblems within the stochastic ADMMs framework to address the non-differentiability
of nonsmooth terms. In [38], the dual stepsize s is larger than the general stepsize s = 1 in the range0, 1 +

√
5

2

. While we further extend the range of the dual stepsize to s ∈ (0, 2), can we still achieve

global convergence? Moreover, in large-scale problems, inexact methods leverage stochastic gradients
∇ f (xk, ξM) by computing only M samples, where ξM denotes a random variable following a certain
probability distribution with respect to the sample size M, thus significantly reducing the computational
load. So, what kind of results do we get when we add the method of solving the subproblem inexactly?

Inspired by [9, 36, 37], in this paper, we propose a unified framework for a kind of inertial
stochastic Bregman inexact ADMMs (ISBI-ADMMs) for solving the nonconvex, nonsmooth
optimization problems (1.1) and (1.3). The ISBI-ADMMs proposed in this paper is a unified
framework for the stochastic ADMM inexact analysis and is capable of handling a class of
nonsmooth, nonconvex problems such as the one described in the form of (1.3). This unified
framework not only incorporates Bregman distance and inertial acceleration techniques, but can be
also used in conjunction with a variety of stochastic gradient estimators, including both basic
SGD [39] and covering sophisticated variance-reduction techniques such as SVRG [16] and
SARAH [17], the related algorithms in which can be viewed as special cases of the proposed
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ISBI-ADMMs. Our main contributions can be summarized as follows:

(i) We choose suitable Bregman distances to make the subproblems of x and y easier to solve. In
addition, an inertia technique is incorporated to speed up the convergence.

(ii) We further extend the range of the dual stepsize s to (0, 2) to ensure the stability of the
ISBI-ADMMs even under the solution conditions of the inexact subproblem. Unlike existing
methods, this analytical framework does not require the assumption that nonsmooth regular
terms are convex.

(iii) For the number K of iterations, we theoretically establish the O(1/K) optimal sublinear
convergence rate of the ISBI-ADMMs under some mild conditions by constructing a special
potential energy function. In addition, the linear convergence rate of the ISBI-ADMMs is again
established under stronger error bound conditions.

(iv) We apply the ISBI-ADMMs to the graph-guided fusion LASSO task, combining various
stochastic gradient estimators such as SGD, SVRG, and SARAH for performance evaluation.
Our findings indicate that the ISBI-ADMMs achieves the optimal performance when using the
SARAH gradient estimator.

The rest of the paper is organized as follows. In Section 2, we provide basic definitions related
to the proofs of the main results. In Section 3, we establish the analysis of the ISBI-ADMMs. The
convergence rate analysis of the ISBI-ADMMs is established in Section 4. In Section 5, numerical
experiments verify the performance benefits of the algorithm in the graphically guided fusion LASSO
task. Finally, the whole paper is summarized.

2. Preliminaries

In this section, we introduce some basic notations, lemmas, and definitions, which are closely
related to the content of this paper and will be used for further analysis.

We employ the notation ∥·∥ to respectively signify the Euclidean norm of a vector. PA and σA

denote the maximum positive eigenvalue and the minimum positive eigenvalue of matrix A⊤A,
respectively. Let Fk be the σ-field produced by the random variables in the initial k iterations, and Ek

be the expectation conditional on Fk. Evidently, (xk, yk, λk) is Fk-measurable because xk, yk, and the
Lagrangian multiplier λk rely on the random gradient data from the first k iterations. For a set-valued
mapping ϱ : Rn → Rm, it is deemed outer semicontinuous at a point x̃ if there are xk → x̃ and vk → v
with vk ∈ ϱ(xk) such that for any v ∈ Rm, v ∈ ϱ(̃x) is valid. We use conC to indicate the convex hull of
a given closed set C, and the distance from x to the set C is represented as dist(x,C) := infy∈C{∥x − y∥}.

Definition 1. A function ϕ : Rn → R is said to be Lipschitz continuous with Lipschitz constant Lϕ, if
there exists a positive constant Lϕ such that for each u1,u2 ∈ R

n,

∥ϕ(u1) − ϕ(u2)∥ ≤ Lϕ ∥u1 − u2∥ .

Definition 2. ( [40], Clarke subgradient) Consider a function ϕ : Rn → R that is locally Lipschitz
continuous on an open subset S of Rn. Let C be a part of S where ϕ is differentiable. Then, the Clarke
subgradient set of the function ϕ at a point x̃ ∈ S can be formulated as

∂ϕ(x̃) := con {v| ∃x→ x̃, x ∈ C,∇ϕ(x)→ v} ,
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which is nonempty, convex, and compact for every x̃ ∈ S. Moreover, ∂ϕ is outer semicontinuous and
locally bounded on S. We further define the set of critical points of ϕ as

crit ϕ := {x ∈ Rn| dist(0, ∂ϕ(x)) = 0} .

Definition 3. Given an accuracy level ϵ within the interval (0, 1), the point (x∗, y∗, λ∗) is referred to as
an ϵ-stationary point of (1.3) if the following conditions are satisfied:

E
∥∥∥∇ f (x∗) − ATλ∗

∥∥∥2
≤ ϵ, E

[
dist

(
BTλ∗, ∂g(y∗)

)]2
≤ ϵ, E ∥Ax∗ + By∗ − b∥2 ≤ ϵ.

Definition 4. ( [26], Bregman distance) The Bregman distance associated with a convex and
differentiable function ψ : Rn → R is defined by

Dψ(x, y) := ψ(x) − ψ(y) − ⟨∇ψ(y), x − y⟩, ∀x, y ∈ Rn.

Specifically, if we define ψ(x) = ∥x∥2 in the above mentioned context, then it simplifies to ∥x − y∥2,
which is precisely the well-known square of the Euclidean distance.

Definition 5. We say that Ω∗ := (x∗, y∗, λ∗) denotes the set of all stationary points of problem (1.3) if it
satisfies

A⊤λ∗ = ∇ f (x∗), B⊤λ∗ ∈ ∂g(y∗), Ax∗ + By∗ = b.

Next, we give some lemmas relevant to this paper.

Lemma 1. ( [38]) The gradient of a function ϕ : Rn → R satisfies Lipschitz continuity with Lipschitz
constant Lϕ > 0. It is straightforward to infer that for arbitrary u, v ∈ Rn, the following is valid:

| ϕ(v) − ϕ(u) − ⟨∇ϕ(u), v − u⟩ | ≤
Lϕ
2
∥v − u∥2.

Lemma 2. ( [41]) Suppose that A is a nonzero matrix in Rm×na , and let σA be the smallest positive
eigenvalue of AA⊤. Then, for any u ∈ Rna , the following inequality holds:

∥GA⊤u∥ ≤
1
σA
∥Au∥ ,

where GA⊤ is the orthogonal projection operator onto the column space of the transposed matrix A⊤.

For convenience, let us first fix the following notations:

w := (x, y, λ), wk := (xk, yk, λk), w∗ := (x∗, y∗, λ∗),

w := (x, y, λ, x, y, λ), wk := (xk, yk, λk, xk−1
, yk−1, λk−1),

dk
x := xk+1 − xk, dk

y := yk+1 − yk, dk
λ := λk+1

− λk, rk := Axk + Byk − b.
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3. Presentation of the ISBI-ADMMs

In this section, we present the ISBI-ADMMs. The classical ADMM, originally introduced by Gabay
and Mercier [42] and Glowinski and Marrocco [43], is used to solve a class of structurally separable
optimization problems. The classical iterative form of the ADMM to problem (1.3) is given as

yk+1 ∈ arg min
{
Lβ

(
xk, y, λk

)}
,

xk+1 ∈ arg min
{
Lβ

(
x, yk+1, λk

)}
,

λk+1 = λk
− sβ

(
Axk+1 + Byk+1 − b

)
,

where s ∈ (0, 2) represents the stepsize of the dual multiplier λ, β > 0 is a penalty parameter, and Lβ is
the augmented Lagrangian function (ALF) expressed as follows:

Lβ(x, y, λ) = f (x) + g(y) − λ⊤(Ax + By − b) +
β

2
∥Ax + By − b∥2.

In what follows, we shall separately analyze and explain the key rules for updating y, x, and λ of
the proposed ISBI-ADMMs, laying the foundation for subsequent convergence analysis.

3.1. The update rule of y

In the traditional ADMM, for the y-subproblem involving the nonconvex and nonsmooth function
g, its nonconvexity and nonsmoothness make the subproblem difficult to solve and lead to slow
convergence. On one hand, based on the ALF of the traditional ADMM, [26] introduced the Bregman
distance and found that an appropriate selection of the Bregman distance can indeed simplify the
original subproblem. On the other hand, to improve the convergence speed of nonconvex
problems, [35] introduced inertial extrapolation points yk and xk. Inspired by [26, 35], in order to
address the challenges brought by nonconvexity and nonsmoothness, we first update the original
variable y to reduce the difficulty of solving the subproblem and improve the iterative efficiency. Its
update rule is as follows:

yk+1 = arg min
y∈Rnb

Lβ

(
xk
, y, λk

)
+ Dψ1

(
y, yk

)
, (3.1)

where Dψ1 is the Bregman distance. When updating y here, the Bregman distance and the inertia
iteration point xk are incorporated. The core function of this inertial term is to provide historical
directional information for x, and it is generated via extrapolation with its specific form given by
xk
= xk + θ

(
xk − xk−1

)
, where θ ∈ (0, 1] denotes the inertia coefficient. Furthermore, the optimality

conditions for the variable y produced at the k-th iteration show that

Dψ1

(
yk+1, yk

)
+Lβ

(
xk
, yk+1, λk

)
≤ Lβ

(
xk
, yk, λk

)
,

0 ∈ ∂g
(
yk+1

)
+ βBT

(
Axk
+ Byk+1 − b −

1
β
λk

)
+ ψ1

(
yk+1

)
− ψ1

(
yk

)
,

(3.2)

where ∂g stands for the Clarke subgradient of g, as given in Definition 2. By combining (3.2) with
ξk+1

y ∈ ∂yLβ
(
xk
, yk+1, λk

)
, for Lipschitz constant Lψ1 of the function ψ1, we obtain∥∥∥ξk+1

y

∥∥∥ ≤ Lψ1

∥∥∥yk+1 − yk
∥∥∥ . (3.3)
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3.2. The inexact update of x

As we all know, in practical problems, due to the nonconvexity of the function f in (1.3), there
may be multiple local optimal solutions of the objective function, and the use of traditional convex
optimization methods may not guarantee finding the global optimal solution. Moreover, in
nonconvex, nonsmooth problems, the exact solution of subproblems is very difficult to obtain [37]. To
overcome this problem, we use an inexact stochastic ADMM to allow for an approximate solution of
the subproblems, thus reducing the computational complexity. In addition, for large-scale
optimization problems, if the full gradient ∇ f (x) is used, it is necessary to traverse all n samples,
which is extremely time-consuming. Therefore, we employ the stochastic gradient estimator
∇ f (x, ξM). Similar to Subsetion 3.1, we also incorporate the Bregman distance to simplify the
x-subproblem. For a mini-batch sample size M ∈ [1, n] in the stochastic gradient estimator

∇ f (x, ξM) =
1
M

∑M
i=1 ∇ f (x, ξi), where n denotes the total number of samples and {ξi} represents a

collection of independent and identically distributed random variables that satisfy
E[∇ f (x, ξi)] = ∇ f (x) for i = 1, 2, · · · ,M, the inexact update of x is expressed as follows:

xk+1 ≈ arg min
x∈Rna

〈
∇ f

(
xk, ξM

)
, x − xk

〉
+
β

2

∥∥∥∥∥∥Ax + Byk+1 − b −
λk

β

∥∥∥∥∥∥
2

+ Dψ2

(
x, xk

)
, (3.4)

where Dψ2 is the Bregman distance. Furthermore, to improve the generality of the ISBI-ADMMs, we
have given the inexact criteria for updating x as

Ek

[∥∥∥ξk+1
x

∥∥∥2
]
≤ (Lψ2δ)

2Ek

(
σ2

M
+

∥∥∥xk+1 − xk
∥∥∥2
+

∥∥∥yk+1 − yk
∥∥∥2

)
,

Ek

[
Lβ

(
xk+1, yk+1, λk

)]
≤ Lβ

(
xk, yk+1, λk

)
−
δ

2
Ek

[∥∥∥xk+1 − xk
∥∥∥2

]
+

(
ζψ2δ

)2

2
σ2

M
,

(3.5)

where ξk+1
x = ∇xLβ

(
xk+1, yk+1, λk

)
, and ζψ2 > 0 and Lψ2 > 0 are any constant and the Lipschitz constant

associated with the function ψ2, respectively.

3.3. The update rule of λ

Yin et al. [38] were the first to associate the dual stepsize with the relaxation factor of the Bregman
distance, breaking through the limitation that the dual stepsize of the traditional ADMM is fixed at 1.
Building on this work, for the update of the dual multiplier λ, we consider not only the penalty
parameter β but also the stepsize s. Specifically, the final step updates the dual multiplier λ in
accordance with the following rule for the stepsize s of the dual multiplier λ and penalty parameter β:

λk+1 = λk
− sβ

(
Axk+1 + Byk+1 − b

)
.

When s = 1, the above equation degenerates to the classical form of the dual multiplier λk+1 = λk
−

β
(
Axk+1 + Byk+1 − b

)
given in [35]. In nonconvex and nonsmooth optimization, the objective function

contains a large number of local optimal solutions and saddle points, and the dual stepsize s is a
core parameter that connects the constraint residual to the update of the dual variable. A narrow
range of dual stepsizes may lead to insufficient update magnitude of the dual variable, trapping the
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algorithm in suboptimal local regions. On the other hand, expanding this range helps in discovering
the global optimum or better local optima, ensures convergence, and avoids residual oscillations caused
by excessively large stepsizes. Therefore, in [38], the value range of parameter s has been extended

from the traditional {1} to
0, 1 +

√
5

2

. To further break through this limitation, we expand its range

to (0, 2).
On the basis of the aforementioned update rules for variables y, x, and the dual multiplier λ, we have

now fully derived the ISBI-ADMMs (i.e., Algorithm 1) tailored for solving the nonconvex, nonsmooth
optimization problem (1.3). The key characteristics of this algorithm are described as follows.

Algorithm 1 ISBI-ADMMs

Input: Initial values of w1 = (x1, y1, λ1). Given two convex and differentiable functions ψ1 and ψ2,
constants β > 0, θ ∈ (0, 1], and s ∈ (0, 2). Select the mini-batch sample size M to be the same as in
Subsection 3.2 and a sufficiently small q, and set k = 1.
for k = 1, 2, · · · do
1◦ Compute xk

= xk + θ
(
xk − xk−1

)
.

2◦ Calculate the subproblem (3.1).
3◦ Solve the subproblem (3.4).
4◦ Update dual multiplier λk+1 = λk

− sβ
(
Axk+1 + Byk+1 − b

)
.

5◦ If ρ ≤ q, where the parameter ρ appearing could be related to ∥xk+1 − xk∥ and ∥yk+1 − yk∥, then
break

else
k = k + 1 and continue

End for
6◦ Output: Iterates x, y, and λ chosen uniformly random from

{
wk

}
.

Remark 1. (i) In Algorithm 1, s in Step 4 is the dual stepsize. Expanding the range of the dual stepsize
helps to discover the global optimum or better local optima and prevents the algorithm from getting
trapped in suboptimal local regions. Therefore, we have extended the value range of s to (0, 2).
(ii) f (x) is a nonconvex smooth function. Nonconvexity slows iterative convergence and makes its
corresponding subproblems hard to solve. Therefore, we use inertia to reduce subproblem-solving
difficulty and speed up convergence. The inertial term provides historical directional information for
x and performs extrapolation to generate the equation in Step 1 of Algorithm 1, which brings the
iterative starting point of x closer to the optimal region and thus accelerates convergence.
(iii) In the update scheme of the y-subproblem (3.1) in Step 2 of Algorithm 1, the inertial iteration
point xk from Step 1 of Algorithm 1 and the update of λ from Step 4 are incorporated, which allows us
to reduce the difficulty of solving the y-subproblem. To address the challenges posed by nonconvexity
and nonsmoothness, we adopt a stochastic gradient estimator ∇ f (x, ξM) and the Bregman distance Dψ2

to simplify (3.4).
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4. Convergence analysis

In this section, we establish global convergence and the convergence rate of the proposed ISBI-
ADMMs under appropriate conditions. Before giving the convergence analysis, we make the following
basic assumptions, which are essential to the convergence analysis.

Assumption 1. (a) The gradient mappings ∇ f relating to the function f in (1.3) and ∇ψi (i = 1, 2)
associated with ψi in Algorithm 1 are separately Lipschitz continuous with Lipschitz constants L f and
Lψi .
(b) There exist constant σ > 0 and a batch size M such that

E
[
∥∇ f (x, ξM) − ∇ f (x)∥2

]
≤
σ2

M
,

where ∇ f (x, ξM) is the same as in (3.4).
(c) Consider a convex and differentiable function ψ and the corresponding Bregman distance Dψ. If ψ
is δ-strongly convex, then for all x, y ∈ Rn, we have

Dψ(x, y) ≥
δ

2
∥x − y∥2.

(d) The union of the image space of matrix B and the vector b is the subset of the image space of
matrix A, i.e., Im(B) ∪ b ⊆ Im(A). Here, Im(Ξ) := {Ξx| x ∈ Rn} gives the image of any specified matrix
Ξ ∈ Rm×n. It is straightforward to deduce that λk+1

− λk = −sβrk+1 ∈ Im(A), which implies that∥∥∥λk+1
− λk

∥∥∥ ≤ σ− 1
2

A

∥∥∥∥A⊤
(
λk+1
− λk

)∥∥∥∥ ,
where σA represents the smallest positive eigenvalue of A⊤A, (or equivalently, the smallest positive
eigenvalue of AA⊤). In particular, Assumption 1(d) can be guaranteed when A is nonsingular or has
full column or full row rank.

4.1. Characteristics of the dual multipliers

Before analyzing convergence and the rate of convergence of Algorithm 1, an important lemma on
the dual multipliers is first given, which is crucial for the subsequent analytical process.

Lemma 3. Suppose that Assumptions 1(a)–(c) hold, and
{
wk :=

(
xk, yk, λk

)}
is a sequence of iterations

satisfying (3.5). Then the following inequality holds:

E
[∥∥∥A⊤dk

λ

∥∥∥2
]
≤ H2(s)E

(∥∥∥A⊤dk−1
λ

∥∥∥2
−

∥∥∥A⊤dk
λ

∥∥∥2
)
+ H1(s)

(
2L2

f + 4L2
ψ2
δ2

)
E

[∥∥∥dk
x

∥∥∥2
]

+ 4H1(s)L2
ψ2
δ2E

[∥∥∥dk−1
x

∥∥∥2
]
+ 4H1(s)L2

ψ2
δ2E

[∥∥∥dk
y

∥∥∥2
]

+ 4H1(s)L2
ψ2
δ2E

[∥∥∥dk−1
y

∥∥∥2
]
+ 8H1(s)

L2
ψ2
δ2σ2

M
,

where

H1(s) = max
{

1,
s2

(2 − s)2

}
, H2(s) = max

{
1 − s

s
,

s − 1
2 − s

}
. (4.1)
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Proof. From the definition of ξk+1
x = ∇xLβ

(
xk+1, yk+1, λk

)
, it follows that

ξk+1
x = ∇ f

(
xk+1

)
+ A⊤

[
−λk + βrk+1

]
,

where rk+1 = Axk+1 + Byk+1 − b. Subsequently, we obtain

A⊤λk = ∇ f
(
xk+1

)
− ξk+1

x + βA⊤rk+1.

By λk+1 = λk
− sβrk+1, one gets

sA⊤λk = s
(
∇ f

(
xk+1

)
− ξk+1

x

)
+ A⊤

(
λk
− λk+1

)
.

This results in
A⊤λk+1 = s

(
∇ f

(
xk+1

)
− ξk+1

x

)
+ (1 − s)A⊤λk,

A⊤λk = s
(
∇ f

(
xk

)
− ξk

x

)
+ (1 − s)A⊤λk−1,

A⊤dk
λ = s

(
∇ f

(
xk+1

)
− ∇ f

(
xk

)
+ ξk

x − ξ
k+1
x

)
+ (1 − s)A⊤dk−1

λ .

Letting αk = ∇ f
(
xk+1

)
− ∇ f

(
xk

)
+ ξk

x − ξ
k+1
x , then we have

A⊤dk
λ = sαk + (1 − s)A⊤dk−1

λ . (4.2)

Now, we examine two distinct cases for s ∈ (0, 1] and s ∈ (1, 2), respectively.
Case 1: s ∈ (0, 1].

By combining (4.2) and the convexity of ∥ · ∥2, we have∥∥∥A⊤dk
λ

∥∥∥2
≤ s

∥∥∥αk
∥∥∥2
+ (1 − s)

∥∥∥A⊤dk−1
λ

∥∥∥2
.

Subtracting (1 − s)
∥∥∥A⊤dk

λ

∥∥∥2
and dividing both sides by s from the above mentioned inequality, we

get ∥∥∥A⊤dk
λ

∥∥∥2
≤

∥∥∥αk
∥∥∥2
+

1 − s
s

(∥∥∥A⊤dk−1
λ

∥∥∥2
−

∥∥∥A⊤dk
λ

∥∥∥2
)
. (4.3)

Case 2: s ∈ (1, 2).
Based on (4.2), one has∥∥∥A⊤dk

λ

∥∥∥2
= (1 − s)2

∥∥∥A⊤dk−1
λ

∥∥∥2
+ s2

∥∥∥αk
∥∥∥2
+ 2s(1 − s)

〈
A⊤dk−1

λ , αk
〉
.

Combining the above derived result with the Cauchy–Schwarz inequality, we get for ν > 0,∥∥∥A⊤dk
λ

∥∥∥2
≤ (1 − s)2

∥∥∥A⊤dk−1
λ

∥∥∥2
+ s2

∥∥∥αk
∥∥∥2
+ s(s − 1)

(
ν
∥∥∥A⊤dk−1

λ

∥∥∥2
+

1
ν

∥∥∥αk
∥∥∥2

)
=

(
(1 − s)2 + s(s − 1)ν

) ∥∥∥A⊤dk−1
λ

∥∥∥2
+

(
s2 +

s(s − 1)
ν

) ∥∥∥αk
∥∥∥2
. (4.4)

When ν =
2 − s

s
is chosen and (4.4) is reused, we have

(1 − s)2 + s(s − 1)ν = s − 1, s2 +
s(s − 1)

ν
=

s2

2 − s
,
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and ∥∥∥A⊤dk
λ

∥∥∥2
≤ (s − 1)

∥∥∥A⊤dk−1
λ

∥∥∥2
+

s2

2 − s

∥∥∥αk
∥∥∥2
.

By subtracting (s − 1)
∥∥∥A⊤dk

λ

∥∥∥2
and dividing both sides by (2 − s) from the above inequality, we

obtain ∥∥∥A⊤dk
λ

∥∥∥2
≤

s2

(2 − s)2

∥∥∥αk
∥∥∥2
+

s − 1
2 − s

(∥∥∥A⊤dk−1
λ

∥∥∥2
−

∥∥∥A⊤dk
λ

∥∥∥2
)
. (4.5)

Combining (4.3) and (4.5), and taking into account the definitions of H1 and H2 in (4.1), one can further
get ∥∥∥A⊤dk

λ

∥∥∥2
≤ H1(s)

∥∥∥αk
∥∥∥2
+ H2(s)

(∥∥∥A⊤dk−1
λ

∥∥∥2
−

∥∥∥A⊤dk
λ

∥∥∥2
)
. (4.6)

By (3.5), the property E[E[· | Fk]] = E[·], Assumption 1(a), and the Cauchy–Schwartz inequality,
we can derive

E
[∥∥∥αk

∥∥∥2
]
= E

[∥∥∥∥∇ f
(
xk+1

)
− ∇ f

(
xk

)
+ ξk

x − ξ
k+1
x

∥∥∥∥2]
≤ E

[(∥∥∥∥∇ f
(
xk+1

)
− ∇ f

(
xk

)∥∥∥∥ + ∥∥∥ξk
x

∥∥∥ + ∥∥∥ξk+1
x

∥∥∥)2
]

≤ 2L2
fE

[∥∥∥dk
x

∥∥∥2
]
+ 4E

[∥∥∥ξk
x

∥∥∥2
]
+ 4E

[∥∥∥ξk+1
x

∥∥∥2
]

≤ 2L2
fE

[∥∥∥dk
x

∥∥∥2
]
+ 4(Lψ2δ)

2
(
2σ2

M
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk−1
x

∥∥∥2
]
+ E

[∥∥∥dk−1
y

∥∥∥2
])

≤
(
2L2

f + 4Lψ2δ
2
)
E

[∥∥∥dk
x

∥∥∥2
]
+ 4(Lψ2δ)

2E
[∥∥∥dk−1

x

∥∥∥2
]
+ 4(Lψ2δ)

2E
[∥∥∥dk

y

∥∥∥2
]

+ 4(Lψ2δ)
2E

[∥∥∥dk−1
y

∥∥∥2
]
+

8L2
ψ2
δ2σ2

M
. (4.7)

By combining (4.6) and (4.7), it is easy to see that

E
[∥∥∥A⊤dk

λ

∥∥∥2
]
≤ H2(s)E

(∥∥∥A⊤dk−1
λ

∥∥∥2
−

∥∥∥A⊤dk
λ

∥∥∥2
)
+ H1(s)

(
2L2

f + 4L2
ψ2
δ2

)
E

[∥∥∥dk
x

∥∥∥2
]

+ 4H1(s)L2
ψ2
δ2E

[∥∥∥dk−1
x

∥∥∥2
]
+ 4H1(s)L2

ψ2
δ2E

[∥∥∥dk
y

∥∥∥2
]

+ 4H1(s)L2
ψ2
δ2E

[∥∥∥dk−1
y

∥∥∥2
]
+ 8H1(s)

L2
ψ2
δ2σ2

M
.

This completes the proof. □

4.2. Global convergence and sublinear convergence rates

We now give important conclusions about global convergence and sublinear convergence rates.

Lemma 4. Suppose that Assumptions 1(a)–(d) hold and the ALF has a lower bound. Let{
wk :=

(
xk, yk, λk

)}
be a sequence of iterations satisfying (3.3) and (3.5), and choose the parameters in
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this way: 

1 + τ
sβσA

H1(s)
(
2L2

f + 4L2
ψ2
δ2

)
+ Â ≤ −w,

2Â −
δ

2
≤ −w,

L2

s2βσA
≤ −w,(

L2

s2βσA
+ βPA

)
θ2 −

δ

2
≤ −w,

(4.8)

where ω > 0 and Â = 4
1 + τ
sβσA

H1(s)L2
ψ2
δ2. We further state that

L̂k = L̂β
(
wk

)
:= Lβ

(
xk, yk, λk

)
+ Â

∥∥∥dk−1
x

∥∥∥2
+ Â

∥∥∥dk−1
y

∥∥∥2

+

(
L2

s2βσA
+ βPA

)
θ2

∥∥∥xk − xk−1
∥∥∥2
+

1 + τ
sβσA

H2(s)
∥∥∥Adk−1

λ

∥∥∥2
. (4.9)

Here, the constants τ > 0, H1(s), and H2(s) are defined as found in Lemma 3. Then the following
inequality holds:

min
k∈{0,...,K}

{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]}
≤
EL̂0 − EL̂k+1

µ(K + 1)
+
η

µ

σ2

M
,

where µ = min
{

w,
τ

sβ

}
, η =

ζ2
ψ2
δ2

2
+

8(1 + τ)H1(s)L2
ψ2
δ2

sβσA
, M denotes the batch size for stochastic

gradient estimation, and K denotes the total number of iterations from the initial iteration to the K-th
iteration.

Proof. By (3.3) and (3.5), we obtain

Lβ

(
xk
, yk+1, λk

)
− Lβ

(
xk
, yk, λk

)
≤ −

δ

2

∥∥∥yk+1 − yk
∥∥∥2

(4.10)

and

EkLβ

(
xk+1, yk+1, λk

)
− Lβ

(
xk
, yk+1, λk

)
≤

(ζψ2δ)
2

2
σ2

M
−
δ

2
Ek

∥∥∥xk+1 − xk
∥∥∥2
. (4.11)

Then using the update rule of λ in subsection 3.3, one has

Lβ

(
xk+1, yk+1, λk+1

)
− Lβ

(
xk+1, yk+1, λk

)
=

1
sβ

∥∥∥λk+1
− λk

∥∥∥2
. (4.12)

On the other hand, since

Lβ

(
xk
, yk, λk

)
− Lβ

(
xk, yk, λk

)
= f

(
xk

)
− f

(
xk

)
−

〈
λkA⊤, xk

− xk
〉
+
β

2

∥∥∥Axk
+ Byk − b

∥∥∥2
−
β

2

∥∥∥Axk + Byk − b
∥∥∥2
, (4.13)

from the optimal value condition for the x-subproblem and Lemma 1, it follows that

f
(
xk

)
− f

(
xk

)
≤

〈
∇ f

(
xk

)
, xk
− xk

〉
+

L
2

∥∥∥xk
− xk

∥∥∥2
=

〈
λkA⊤, xk

− xk
〉
+

L
2

∥∥∥xk
− xk

∥∥∥2
. (4.14)
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One can easily obtain
β

2

∥∥∥Axk + Byk − b
∥∥∥2
=

1
2s2β

∥∥∥λk−1
− λk

∥∥∥2
. (4.15)

Furthermore, we use the inequality (a + b)2 ≤ 2(a2 + b2) to know that

β

2

∥∥∥Axk
+ Byk − b

∥∥∥2
=
β

2

∥∥∥∥∥ 1
sβ

(
λk−1
− λk

)
+ A

(
xk
− xk

)∥∥∥∥∥2

≤
1

s2β

∥∥∥λk−1
− λk

∥∥∥2
+ βPA

∥∥∥xk
− xk

∥∥∥2
. (4.16)

By Lemma 2 and the optimal value condition for the x-subproblem, we have∥∥∥λk−1
− λk

∥∥∥2
≤

1
σA

∥∥∥∥A⊤
(
λk−1
− λk

)∥∥∥∥2
=

1
σA

∥∥∥∥∇ f
(
xk−1

)
− ∇ f

(
xk

)∥∥∥∥2

≤
L2

σA

∥∥∥xk−1 − xk
∥∥∥2
≤

2L2

σA

(∥∥∥xk−1 − xk
∥∥∥2
+

∥∥∥xk
− xk

∥∥∥2
)
, (4.17)

where
∥∥∥xk−1 − xk

∥∥∥2
≤ 2

(∥∥∥xk−1 − xk
∥∥∥2
+

∥∥∥xk
− xk

∥∥∥2
)
.

Substituting (4.14)–(4.17) into (4.13), one has

Lβ

(
xk
, yk, λk

)
− Lβ

(
xk, yk, λk

)
≤

L2

s2βσA

∥∥∥xk−1 − xk
∥∥∥2
+

(
βPA +

L2

s2βσA

) ∥∥∥xk
− xk

∥∥∥2
. (4.18)

From equation
1
sβ
E

[∥∥∥dk
λ

∥∥∥2
]
≤

1 + τ
sβσA

E
[∥∥∥Adk

λ

∥∥∥2
]
−
τ

sβ
E

[∥∥∥dk
λ

∥∥∥2
]

with τ ∈ (0, 1), we take the expected values of (4.10)–(4.12) and (4.18) and add them to get

ELβ
(
xk+1, yk+1, λk+1

)
≤ ELβ

(
xk, yk, λk

)
+

1
sβ
E

[∥∥∥dk
λ

∥∥∥2
]
−
δ

2
E

[∥∥∥dk
y

∥∥∥2
]
−
δ

2
E

[∥∥∥xk+1 − xk
∥∥∥2

]
+

(ζψ2δ)
2

2
σ2

M
+

L2

s2βσA
E

[∥∥∥xk−1 − xk
∥∥∥2

]
+

(
βPA +

L2

s2βσA

)
E

[∥∥∥xk
− xk

∥∥∥2
]

≤ ELβ
(
xk, yk, λk

)
+

1 + τ
sβσA

E
[∥∥∥Adk

λ

∥∥∥2
]
−
τ

sβ
E

[∥∥∥dk
λ

∥∥∥2
]
−
δ

2
E

[∥∥∥dk
y

∥∥∥2
]
−
δ

2
E

[∥∥∥xk+1 − xk
∥∥∥2

]
+

L2

s2βσA
E

[∥∥∥xk−1 − xk
∥∥∥2

]
+

(
βPA +

L2

s2βσA

)
E

[∥∥∥xk
− xk

∥∥∥2
]
+

(ζψ2δ)
2

2
σ2

M
. (4.19)

By applying Lemma 3 to (4.19), we get

ELβ
(
xk+1, yk+1, λk+1

)
≤ ELβ

(
xk, yk, λk

)
−
τ

sβ
E

[∥∥∥dk
λ

∥∥∥2
]
−
δ

2
E

[∥∥∥dk
y

∥∥∥2
]
−
δ

2
E

[∥∥∥xk+1 − xk
∥∥∥2

]
+

(ζψ2δ)
2

2
σ2

M
+

L2

s2βσA
E

[∥∥∥xk−1 − xk
∥∥∥2

]
+

(
βPA +

L2

s2βσA

)
E

[∥∥∥xk
− xk

∥∥∥2
]

+ 4
1 + τ
sβσA

H1(s)L2
ψ2
δ2

(
E

[∥∥∥dk−1
x

∥∥∥2
]
+ E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk−1
y

∥∥∥2
])
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+
1 + τ
sβσA

H1(s)
(
2L2

f + 4L2
ψ2
δ2

)
E

[∥∥∥dk
x

∥∥∥2
]

+
1 + τ
sβσA

H2(s)E
[∥∥∥A⊤dk−1

λ

∥∥∥2
−

∥∥∥A⊤dk
λ

∥∥∥2
]
+ 8

1 + τ
sβσA

H1(s)
L2
ψ2
δ2σ2

M
.

Now, we define

Lβ(k) := ELβ
(
xk, yk, λk

)
, B̂ :=

1 + τ
sβσA

H1(s)
(
2L2

f + 4L2
ψ2
δ2

)
, Â := 4

1 + τ
sβσA

H1(s)L2
ψ2
δ2.

Thus, we obtain

Lβ(k + 1)

≤ Lβ(k) + Â
(
E

[∥∥∥dk−1
x

∥∥∥2
]
− E

[∥∥∥dk
x

∥∥∥2
])
+

(
B̂ + Â

)
E

[∥∥∥dk
x

∥∥∥2
]
+ Â

(
E

[∥∥∥dk−1
y

∥∥∥2
]
− E

[∥∥∥dk
y

∥∥∥2
])

+

(
2Â −

δ

2

)
E

[∥∥∥dk
y

∥∥∥2
]
−
τ

sβ
E

[∥∥∥dk
λ

∥∥∥2
]
+

1 + τ
sβσA

H2(s)E
[∥∥∥A⊤dk−1

λ

∥∥∥2
−

∥∥∥A⊤dk
λ

∥∥∥2
]

−
δ

2
E

[∥∥∥xk+1 − xk
∥∥∥2

]
+

L2

s2βσA
E

[∥∥∥xk−1 − xk
∥∥∥2

]
+

(
βPA +

L2

s2βσA

)
θ2E

[∥∥∥xk − xk−1
∥∥∥2

]
+

(ζψ2δ)
2

2
σ2

M
+ 8

1 + τ
sβσA

H1(s)
L2
ψ2
δ2σ2

M
. (4.20)

Recalling the definition of the potential function L̂k in (4.9) and substituting it into (4.20), one has

EL̂k+1 ≤ EL̂k +
(
B̂ + Â

)
E

[∥∥∥dk
x

∥∥∥2
]
+

(
2Â −

δ

2

)
E

[∥∥∥dk
y

∥∥∥2
]

+

[(
βPA +

L2

s2βσA

)
θ2 −

δ

2

]
E

[∥∥∥xk+1 − xk
∥∥∥2

]
+

L2

s2βσA
E

[∥∥∥xk−1 − xk
∥∥∥2

]
−
τ

sβ
E

[∥∥∥dk
λ

∥∥∥2
]
+

(ζψ2δ)
2

2
σ2

M
+ 8

1 + τ
sβσA

H1(s)
L2
ψ2
δ2σ2

M
. (4.21)

Letting µ = min
{

w,
τ

sβ

}
and η =

ζ2
ψ2
δ2

2
+

8(1 + τ)H1(s)L2
ψ2
δ2

sβσA
, then by (4.8), one further finds that

µ
{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]
+ E

[∥∥∥xk+1 − xk
∥∥∥2

]
+ E

[∥∥∥xk−1 − xk
∥∥∥2

]}
≤ EL̂k − EL̂k+1 +

 (ζψ2δ)
2

2
+

8(1 + τ)L2
ψ2
δ2

sβσA
H1(s)

 σ2

M
, (4.22)

and

µ

K∑
k=0

{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]
+ E

[∥∥∥xk+1 − xk
∥∥∥2

]
+ E

[∥∥∥xk−1 − xk
∥∥∥2

]}
≤ EL̂0 − EL̂k+1 + (K + 1)

σ2

M
η. (4.23)
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We assume that the batch size M is linearly related to the number of iterationsK, i.e., M = O(K+1).
It follows from (4.23) that:

µ

K∑
k=0

{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]
+ E

[∥∥∥xk+1 − xk
∥∥∥2

]}
≤ µ

K∑
k=0

{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]
+ E

[∥∥∥xk+1 − xk
∥∥∥2

]
+ E

[∥∥∥xk−1 − xk
∥∥∥2

]}
≤ EL̂0 − EL̂k+1 + O

(
σ2η

)
≤ EL̂0 − L̂⋆ + O

(
σ2η

)
,

where L̂⋆ is the lower bound of L̂k, and

K∑
k=0

{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]
+ E

[∥∥∥xk+1 − xk
∥∥∥2

]}
< +∞,

min
k∈{0,...,K}

{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]}

≤ min
k∈{0,...,K}

{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]
+ E

[∥∥∥xk+1 − xk
∥∥∥2

]}
≤
EL̂0 − L̂k+1

µ(K + 1)
+
η

µ
O

(
σ2

M

)
.

In summary, when K is large enough, we have

min
k∈{0,...,K}

{
E

[∥∥∥dk
y

∥∥∥2
]
+ E

[∥∥∥dk
x

∥∥∥2
]
+ E

[∥∥∥dk
λ

∥∥∥2
]}
= O

(
1
K

)
,

and

lim
k→∞
E

∥∥∥dk
x

∥∥∥ = 0, lim
k→∞
E

∥∥∥dk
y

∥∥∥ = 0, lim
k→∞
E

∥∥∥dk
λ

∥∥∥ = 0, lim
k→∞
E

∥∥∥xk+1 − xk
∥∥∥ = 0. (4.24)

Additionally, according to the update rule of λk in subsection 3.3, which is rk+1 = −
dk
λ

sβ
, one gets

lim
k→∞
E

∥∥∥rk
∥∥∥ = 0. (4.25)

□

Theorem 1. Assuming that the conditions and assumptions in Lemma 4 hold and the total number of
iterations is denoted by K, we have

min
1≤k≤K

E
[
dist

(
0, ∂L̂β

(
wk

))2
]
= O (1/K) .
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Proof. First of all, we define

εk
1 := A⊤

(
λk−1
− λk

)
+

(
2Â − Lψ2

) (
xk − xk−1

)
+ 2Ĉ

(
xk − xk−1

)
,

εk
2 := B⊤

(
λk−1
− λk

)
− βB⊤Aθ

(
xk − xk−1

)
+

(
2Â − Lψ2

) (
yk − yk−1

)
,

εk
3 :=

(
1
sβ
+

1 + τ
sβσA

2H2(s)PA

) (
λk−1
− λk

)
,

εk
4 := 2Ĉ

(
xk−1
− xk

)
,

εk
5 := 2Â

(
yk−1 − yk

)
,

εk
6 :=

1 + τ
sβσA

2H2(s)PA

(
λk−1
− λk

)
.

By the definition of the potential energy function L̂k, and noting that Ĉ =
(

L2

s2βσA
+ βPA

)
θ2, we

have 

∂xL̂β
(
wk

)
= ∇ f

(
xk

)
− A⊤λk + βA⊤

(
Axk + Byk − b

)
+ 2Â

(
xk − xk−1

)
+ 2Ĉ

(
xk − xk−1

)
,

∂yL̂β
(
wk

)
= ∂g

(
yk

)
− B⊤λk + βB⊤

(
Axk + Byk − b

)
+ 2Â

(
yk − yk−1

)
,

∂λL̂β
(
wk

)
=

(
1
sβ
+

1 + τ
sβσA

2H2(s)PA

) (
λk−1
− λk

)
,

∂x̄L̂β
(
wk

)
= 2Ĉ

(
xk−1
− xk

)
,

∂ȳL̂β
(
wk

)
= 2Â

(
yk−1 − yk

)
,

∂λ̄L̂β
(
wk

)
=

1 + τ
sβσA

2H2(s)
∥∥∥∥A⊤

(
λk−1
− λk

)∥∥∥∥ ≤ 1 + τ
sβσA

2H2(s)PA

(
λk−1
− λk

)
.

Invoking the optimality condition, one gets

A⊤
(
λk−1
− λk

)
+

(
2Â − Lψ2

) (
xk − xk−1

)
+ 2Ĉ

(
xk − xk−1

)
∈ ∂xL̂β

(
wk

)
,

B⊤
(
λk−1
− λk

)
− βB⊤Aθ

(
xk − xk−1

)
+

(
2Â − Lψ2

) (
yk − yk−1

)
∈ ∂yL̂β

(
wk

)
,(

1
sβ
+

1 + τ
sβσA

2H2(s)PA

) (
λk−1
− λk

)
= ∂λL̂β

(
wk

)
,

2Ĉ
(
xk−1
− xk

)
= ∂x̄L̂β

(
wk

)
,

2Â
(
yk−1 − yk

)
= ∂ȳL̂β

(
wk

)
,

1 + τ
sβσA

2H2(s)PA

(
λk−1
− λk

)
∈ ∂λ̄L̂β

(
wk

)
.

Thus, we are certain that
(
εk+1

1 , εk+1
2 , εk+1

3 , εk+1
4 , εk+1

5 , εk+1
6

)⊤
∈ ∂L̂β

(
wk

)
holds. Moreover, according

to (4.24), there is a real number ζ0 such that

d
(
0, ∂L̂β

(
wk

))
≤

∥∥∥∥(εk+1
1 , εk+1

2 , εk+1
3 , εk+1

4 , εk+1
5 , εk+1

6

)∥∥∥∥
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≤ ζ0

(∥∥∥xk − xk−1
∥∥∥ + ∥∥∥xk − xk−1

∥∥∥ + ∥∥∥yk − yk−1
∥∥∥ + ∥∥∥λk−1

− λk
∥∥∥) . (4.26)

Taking expectations on both sides of equation (4.26), we have

E
[
dist

(
0, ∂L̂β

(
wk

))]
≤ ζ0

(
E

[∥∥∥dk−1
y

∥∥∥] + E [∥∥∥dk−1
x

∥∥∥] + E [∥∥∥dk−1
λ

∥∥∥] + E [∥∥∥xk − xk−1
∥∥∥]) .

From (4.24), it follows that:

lim
k→∞
E

[
dist

(
0, ∂L̂β

(
wk

))2
]
= 0, (4.27)

and using M = O(K + 1), a sufficiently large K, one gets

min
1≤k≤K

E
[
dist

(
0, ∂L̂β

(
wk

))2
]
= O(1/K).

□

4.3. Linear convergence rate

In this section, the local linear convergence of the iterative sequence
{
wk

}
and the potential energy

function
{
E

{
L̂k

}}
will be established under specific assumptions.

Assumption 2. (a) (Error-bound condition) For any ξ ≥ infwLβ(w), there are ς > 0 and τ > 0 such
that the following holds:

dist(w,Ω∗) ≤ τ dist(0, ∂Lβ(w)),

whenever dist(0, ∂Lβ(w)) ≤ ς and Lβ(w) ≤ ξ.
(b) For any ξ ≥ infw L̂β(w), there are ς, τ > 0 such that dist

(
w, Ω̂

)
≤ τ dist

(
0, ∂L̂β(w)

)
, whenever

dist
(
0, ∂L̂β(w)

)
≤ ς and L̂β(w) ≤ ξ.

(c) The set Ω∗ is nonempty, and there exists a positive constant ω∗ such that ∥w1 −w2∥ ≥ ω
∗ whenever

w1,w2 ∈ Ω
∗ and f (x1) + g(y1) , f (x2) + g(y2) for every xi ∈ R

na and each yi ∈ R
nb (i = 1, 2).

(d) The function g shows local weak convexity near

Ω∗y := {y ∈ Rnb | there exist x and λ such that (x, y, λ) ∈ Ω∗},

which implies that there are ς, δ, σ > 0. For all y1, y2 ∈ R
nb with dist(y1,Ω

∗
y) ≤ ς, dist(y2,Ω

∗
y) ≤ ς, and

∥y1 − y2∥ ≤ δ, and for all ϖ ∈ ∂g(y2), the following holds:

g(y1) ≥ g(y2) + ⟨ϖ, y1 − y2⟩ − σ∥y1 − y2∥
2.

Lemma 5. Let S (w0) be the set of limit points of the iterates
{
wk :=

(
xk, yk, λk

)}
. Suppose that

Assumption 1 and the conditions in Theorem 1 are satisfied. Then there is an F ∗ such that (i) when M
is very large or σ2 → 0 (using a VR-gradient estimator), the sequence

{
E

[
L̂k

]}
does not increase and

lim
k→∞
E

[
L̂k

]
= lim

k→∞
E

[
Lβ(wk)

]
= F ∗; (4.28)

(ii) S (w0) ⊆ critLβ almost surely (a.s.).
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Proof. (i) By combining a sufficiently large M or σ2 → 0 with (4.8), (4.21), and µ = min
{

w,
τ

sβ

}
, we

obtain
EL̂k+1 ≤ EL̂k − µE

[∥∥∥dk
x

∥∥∥2
]
− µE

[∥∥∥dk
y

∥∥∥2
]
− µE

[∥∥∥dk
λ

∥∥∥2
]
− µE

[∥∥∥xk+1 − xk
∥∥∥2

]
,

and so, the sequence EL̂k is monotonically nonincreasing. Since
{
L̂k

}
is bounded from below, one has

limk→∞ E
[
L̂β(wk)

]
= F ∗ for some F ∗. Then, from the definition of L̂k in (4.9), it follows that (4.24)

and (4.25) hold. Thus, we have

lim
k→∞
E

[
L̂k

]
= lim

k→∞
E

[
Lβ(wk)

]
= F ∗.

(ii) For each w̃ ∈ S (w0), it can be proved that w̃ ∈ critLβ . Given w̃ ∈ S (w0) by Definition 2,
we have wkq → w̃, dkq ∈ ∂Lβ

(
wkq

)
, and dkq → 0 a.s. Noting the outer semicontinuity of the Clarke

subgradient ∂Lβ
(
wkq

)
, it implies that 0 ∈ ∂Lβ

(
w̃
)
. Therefore, we show that w̃ ∈ critLβ for any

w̃ ∈ S (w0), which is equivalent to S (w0) ⊆ critLβ a.s. □

Theorem 2. Assume that the conditions in Lemma 4 and Assumption 2 are satisfied. Let{
wk :=

(
xk, yk, λk

)}
be the iterations produced by Algorithm 1, Ω∗ be the cluster point set of the

sequence
{
wk

}
, and Ω̂ denote the cluster point set of the sequence

{
wk

}
. Then the following assertions

hold:
(i) limk→∞ dist

(
wk
, Ω̂

)
= 0, limk→∞ dist

(
wk,Ω∗

)
= 0 a.s.

(ii) There exist constants C̃ ∈ (0, 1) and C̆ > 0 such that

EL̂k − F∗ ≤
(
C̃
)k (
EL̂0 − F∗

)
+ C̆

σ2

M
a. s. (4.29)

If
σ2

M
= 0 (the noiseless case), then (4.29) simplifies to

EL̂k − F∗ ≤
(
C̃
)k (
EL̂0 − F∗

)
a. s.,

which shows that EL̂k a.s. converges to F∗ at a linear rate as the iteration number k approaches
infinity.

Proof. (i) From (4.27) and (4.28), we know that there is a constant ζ ≥ infw L̂β
(
w
)

such that
EL̂β

(
wk

)
≤ ζ for every k. By Assumption 2(b), when ξ = ζ, we obtain

dist
(
wk
, Ω̂

)
≤ τ dist

(
0, ∂L̂β

(
wk

))
and

lim
k→∞

dist
(
0, ∂wβ

(
wk

))
= 0.

Thus, we have limk→∞ dist
(
wk
, Ω̂

)
= 0 a.s. Similarly, it follows from Assumption 2(a) that

limk→∞ dist
(
wk,Ω∗

)
= 0 is a.s. clearly established.
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(ii) Let us define w̃k ∈ Ω∗ such that for any iterate wk, dist
(
wk,Ω∗

)
=

∥∥∥wk − w̃k
∥∥∥. Due to the

closedness of the set Ω∗, such a w̃k must exist. Then, based on the conclusion of (i), we get

lim
k→∞

∥∥∥wk − w̃k
∥∥∥ = 0 a. s. (4.30)

In addition, by (4.24) and
∥∥∥wk − wk−1

∥∥∥ ≤ ∥∥∥dk−1
x

∥∥∥ + ∥∥∥dk−1
y

∥∥∥ + ∥∥∥dk−1
λ

∥∥∥, one has

lim
k→∞

∥∥∥wk − wk−1
∥∥∥ = 0 a. s. (4.31)

Hence, from
∥∥∥w̃k − w̃k−1

∥∥∥ ≤ ∥∥∥w̃k − wk
∥∥∥ + ∥∥∥wk − wk−1

∥∥∥ + ∥∥∥wk−1 − w̃k−1
∥∥∥, (4.30), and (4.31), it further

implies that
lim
k→∞

∥∥∥w̃k − w̃k−1
∥∥∥ = 0 a. s.

Combining with Assumption 2(c) and w̃k ∈ Ω, there exists a constant F̃∗ such that for all k large
enough,

Lβ

(
w̃k

)
= Lβ

(̃
xk, ỹk, λ̃

k
)
= F

(̃
xk, ỹk

)
= F̃∗ a. s. (4.32)

By Assumption 2, the sequence
{
wk

}
has a cluster point denoted as w∗. That is, there is a

subsequence
{
wki

}
converging to w∗. Thus, from Lemma 5, we infer that w∗ ∈ Ω∗. Moreover,

according to (4.30), one gets

lim
i→∞

∥∥∥w̃ki − w∗
∥∥∥ ≤ lim

i→∞

(∥∥∥w̃ki − wki
∥∥∥ + ∥∥∥wki − w∗

∥∥∥) = 0 a. s.

Again, from (4.32), w∗ ∈ Ω∗, and Assumption 2(c), it follows that:

Lβ (w∗) = F̃∗ a. s.

Then, due to the lower semicontinuity of the function Lβ(·), we have

F̃∗ = Lβ (w∗) ≤ lim
i→∞
Lβ

(
wki

)
= F∗ a. s., (4.33)

where F∗ = limk→∞ L̂
k = limk→∞Lβ

(
wk

)
a. s., as given in (4.28).

Based on the definition of Lβ(x, y, λ), the update rules of x, y, and λ, along with some calculations,
we get

Lβ

(
xk, yk, λk

)
− Lβ

(
xk, yk, λ

)
=

1
sβ

(
λ − λk

)⊤ (
λk−1
− λk

)
, (4.34)

Lβ

(
xk, yk, λ

)
− Lβ

(
xk, y, λ

)
= g

(
yk

)
− g (y) + λ⊤B

(
y − yk

)
+
β

2

(∥∥∥Axk + Byk − b
∥∥∥2
−

∥∥∥Axk + By − b
∥∥∥2

)
, (4.35)

and

Lβ

(
xk, y, λ

)
− Lβ (x, y, λ)

AIMS Mathematics Volume 10, Issue 10, 24804–24835.
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= f
(
xk

)
− f (x) + λ⊤A

(
x − xk

)
+
β

2

(∥∥∥Axk + By − b
∥∥∥2
− ∥Ax + By − b∥2

)
. (4.36)

Summing up (4.34)–(4.36), and for all k large enough, based on (4.32) and (4.33), one gets

Lβ

(
xk, yk, λk

)
− F∗ ≤ Lβ

(
xk, yk, λk

)
− F̃∗ = Lβ

(
xk, yk, λk

)
− Lβ

(̃
xk, ỹk, λ̃

k
)

=
1
sβ

(̃
λ

k
− λk

)⊤ (
λk−1
− λk

)
+ f

(
xk

)
− f

(̃
xk

)
+

〈
A⊤λ̃

k
, x̃k − xk

〉
+ g

(
yk

)
− g

(̃
yk

)
+

〈
B⊤λ̃

k
, ỹk − yk

〉
+
β

2

∥∥∥Axk + Byk − b
∥∥∥2

=
1
sβ

(̃
λ

k
− λk

)⊤ (
λk−1
− λk

)
+ f

(
xk

)
− f

(̃
xk

)
+

〈
A⊤λ̃

k
, x̃k − xk

〉
+ g

(
yk

)
− g

(̃
yk

)
+

〈
B⊤λ̃

k
, ỹk − yk

〉
+
β

2

∥∥∥∥∥∥dk−1
λ

sβ

∥∥∥∥∥∥
2

a. s., (4.37)

where the first equation is due to w̃k ∈ Ω∗ : Ax̃k + B̃yk = b, and the last one is from dk−1
λ = −sβrk.

From Assumption 1(a) and A⊤λ̃
k
= ∇ f

(̃
xk

)
, we can derive

f
(
xk

)
− f

(̃
xk

)
+

〈
A⊤λ̃

k
, x̃k − xk

〉
≤

L
2

∥∥∥̃xk − xk
∥∥∥2
. (4.38)

Remembering (3.3), there exists a ξk
y ∈ ∂yLβ

(
xk−1

, yk, λk−1
)
, i.e.,

ϖk := ξk
y + B⊤λk−1

− βB⊤
(
Axk−1

+ Byk − b
)
∈ ∂g

(
yk

)
,

with
∥∥∥ξk+1

y

∥∥∥ ≤ Lψ1

∥∥∥yk − yk−1
∥∥∥ = Lψ1

∥∥∥dk−1
y

∥∥∥ such that∥∥∥∥ϖk − B⊤λ̃
k
∥∥∥∥ = ∥∥∥∥ξk

y + B⊤λk−1
− βB⊤

(
Axk−1

+ Byk − b
)
− B⊤λ̃

k
∥∥∥∥

≤

∥∥∥∥ξk
y + B⊤λk−1

− B⊤λ̃
k
∥∥∥∥

≤
∥∥∥ξk

y

∥∥∥ + ∥∥∥∥∥B⊤
(
λk−1
− λ̃

k
)∥∥∥∥∥

≤ Lψ1

∥∥∥dk−1
y

∥∥∥ + ∥B∥ (∥∥∥dk−1
λ

∥∥∥ + ∥∥∥∥λk
− λ̃

k
∥∥∥∥) .

By Assumption 2(d), we can conclude that

g
(
yk

)
− g

(̃
yk

)
+

〈
ϖk, ỹk − yk

〉
≤ σ

∥∥∥̃yk − yk
∥∥∥2
. (4.39)

Thus, substituting (4.38) and (4.39) into (4.37), and using the inequality ab ≤
a2 + b2

2
for all a, b ∈ R,

we derive

Lβ

(
xk, yk, λk

)
− F∗ ≤

1
sβ

(̃
λ

k
− λk

)⊤ (
λk−1
− λk

)
+

L
2

∥∥∥̃xk − xk
∥∥∥2
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+
1

2βs2

∥∥∥dk−1
λ

∥∥∥2
+ σ

∥∥∥̃yk − yk
∥∥∥2
+

∥∥∥∥ϖk − B⊤λ̃
k
∥∥∥∥ ∥∥∥̃yk − yk

∥∥∥
≤

(
1

2sβ
+
∥B∥2

2

) ∥∥∥∥̃λk
− λk

∥∥∥∥2
+

L
2

∥∥∥̃xk − xk
∥∥∥2
+

(
σ +

3
2

) ∥∥∥̃yk − yk
∥∥∥2

+

(
1

2βs
+

1
2βs2 +

∥B∥2

2
+
∥B∥2

2s2

) ∥∥∥dk−1
λ

∥∥∥2
+

L2
ψ1

2

∥∥∥dk−1
y

∥∥∥2

≤

(
1

2sβ
+
∥B∥2

2

) ∥∥∥∥̃λk
− λk

∥∥∥∥2
+

L
2

∥∥∥̃xk − xk
∥∥∥2
+

(
σ +

3
2

) ∥∥∥̃yk − yk
∥∥∥2

+

(
1

2βs
+

1
2βs2 +

∥B∥2

2
+
∥B∥2

2s2

) ∥∥∥dk−1
λ

∥∥∥2
+

L2
ψ1

2

∥∥∥dk−1
y

∥∥∥2
+
β2

2

∥∥∥dk−1
x

∥∥∥2

≤ C1

(∥∥∥dk−1
x

∥∥∥2
+

∥∥∥dk−1
y

∥∥∥2
+

∥∥∥dk−1
λ

∥∥∥2
)
+C2

∥∥∥w̃k − wk
∥∥∥2

a. s., (4.40)

where

C1 = max
{

1
2βs
+

1
2βs2 +

∥B∥2

2
+
∥B∥2

2s2 ,
Lψ1

2
,
β2

2

}
, C2 = max

{
1

2sβ
+
∥B∥2

2
,

L
2
, σ +

3
2

}
.

Using the notation of the iterates produced by Algorithm 1 as
{
wk :=

(
xk, yk, λk

)}
and performing

some straightforward calculations, we find that

∂xLβ
(
wk

)
= ∇ f

(
xk

)
− A⊤λk + βA⊤rk

= ∇xLβ
(
xk, yk, λk−1

)
− A⊤dk−1

λ = ξk
x − A⊤dk−1

λ ,

∂yLβ
(
wk

)
= ∂yg

(
yk

)
− B⊤λk−1 + βB⊤

(
Axk + Byk − b

)
+ B⊤λk−1

− B⊤λk

= −βB⊤
(
Axk−1

+ Byk − b
)
+ ∇ψ1

(
yk−1

)
− ∇ψ1

(
yk

)
+ βB⊤

1
sβ

(
λk−1
− λk

)
+ B⊤

(
λk−1
− λk

)
≤ Lψ1d

k−1
y +

(
B⊤ +

B⊤

s

)
dk−1
λ ,

∂λLβ
(
wk

)
= ∂λLβ

(
wk

)
= −rk = −

1
sβ

dk−1
λ .

(4.41)

By applying the optimal conditions (3.3) and (3.5), along with (4.24) and (4.25), and considering
M = O(K + 1) for a sufficiently large K, we can infer that

lim
k→∞
E

[
dist

(
0, ∂Lβ

(
wk

))]
= lim

k→∞
E


∂xLβ

(
wk

)
∂yLβ

(
wk

)
∂λLβ

(
wk

)


≤ lim
k→∞
E


ξk

x − A⊤dk−1
λ

Lψ1dk−1
y +

(
B⊤ + B⊤

s

)
dk−1
λ

−rk

 = 0,

and then we get limk→∞ E
[
dist

(
0, ∂Lβ

(
wk

))]
= 0.
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From the results in (4.41) and Assumption 2(a) once more, it follows that

E
[
dist

(
0, ∂Lβ

(
wk

))]
≤ E

{∥∥∥ξk
x

∥∥∥ + (
∥A∥ +

∥∥∥∥∥B +
B⊤

s

∥∥∥∥∥ + 1
sβ

) ∥∥∥dk−1
λ

∥∥∥ + Lψ1

∥∥∥dk−1
y

∥∥∥} ,
and

E
∥∥∥wk − w̃k

∥∥∥ = E [
dist

(
wk,Ω∗

)]
≤ τE

[
dist

(
0, ∂Lβ

(
wk

))]
≤ τE

{∥∥∥ξk
x

∥∥∥ + (
∥A∥ +

∥∥∥∥∥B +
B⊤

s

∥∥∥∥∥ + 1
sβ

) ∥∥∥dk−1
λ

∥∥∥ + Lψ1

∥∥∥dk−1
y

∥∥∥} . (4.42)

Combining (4.40) with (4.42), one can derive

ELβ
(
xk, yk, λk

)
− F∗ ≤ C1E

(∥∥∥dk−1
x

∥∥∥2
+

∥∥∥dk−1
y

∥∥∥2
+

∥∥∥dk−1
λ

∥∥∥2
)

+ 3C2τE

∥∥∥ξk
x

∥∥∥2
+

(
∥A∥ +

∥∥∥∥∥B +
B⊤

s

∥∥∥∥∥ + 1
sβ

)2 ∥∥∥dk−1
λ

∥∥∥2
+ L2

ψ1

∥∥∥dk−1
y

∥∥∥2


≤ C3E
(∥∥∥dk−1

x

∥∥∥2
+

∥∥∥dk−1
y

∥∥∥2
+

∥∥∥dk−1
λ

∥∥∥2
)
+ 3C2τ(L2

ψ2
δ2)

σ2

M
a. s., (4.43)

where the positive constant

C3 = max


C1 + 3C2τL2

ψ2
δ2,C1 + 3C2τL2

ψ1
+ 3C2τL2

ψ1
δ2,

C1 + 3C2τ

(
∥A∥ +

∥∥∥B + B⊤
s

∥∥∥ + 1
sβ

)2

 .
Adding ÂE

∥∥∥dk−1
x

∥∥∥2
+ ÂE

∥∥∥dk−1
y

∥∥∥2
+

(
L2

s2βσA
+ βPA

)
θ2E

∥∥∥xk − xk−1
∥∥∥2
+

1 + τ
sβσA

H2(s)E
∥∥∥Adk−1

λ

∥∥∥2
to both

sides of (4.43) and recalling the definition of L̂k, one gets

ELβ
(
xk, yk, λk

)
− F∗ + ÂE

∥∥∥dk−1
x

∥∥∥2
+ ÂE

∥∥∥dk−1
y

∥∥∥2

+

(
L2

s2βσA
+ βPA

)
θ2E

∥∥∥xk − xk−1
∥∥∥2
+

1 + τ
sβσA

H2(s)E
∥∥∥Adk−1

λ

∥∥∥2

≤ C3E
(∥∥∥dk−1

x

∥∥∥2
+

∥∥∥dk−1
y

∥∥∥2
+

∥∥∥dk−1
λ

∥∥∥2
)
+ 3C2τL2

ψ2
δ2σ

2

M
+ ÂE

∥∥∥dk−1
x

∥∥∥2

+ ÂE
∥∥∥dk−1

y

∥∥∥2
+

(
L2

s2βσA
+ βPA

)
θ2E

∥∥∥xk − xk−1
∥∥∥2
+

1 + τ
sβσA

H2(s)E
∥∥∥Adk−1

λ

∥∥∥2
a. s.,

that is,

EL̂k − F∗ ≤ C3E
(∥∥∥dk−1

x

∥∥∥2
+

∥∥∥dk−1
y

∥∥∥2
+

∥∥∥dk−1
λ

∥∥∥2
)
+ 3C2τL2

ψ2
δ2σ

2

M
+ ÂE

∥∥∥dk−1
x

∥∥∥2

+ ÂE
∥∥∥dk−1

y

∥∥∥2
+

(
L2

s2βσA
+ βPA

)
θ2E

∥∥∥xk − xk−1
∥∥∥2
+

1 + τ
sβσA

H2(s)E
∥∥∥Adk−1

λ

∥∥∥2

≤ C
(∥∥∥dk−1

x

∥∥∥2
+

∥∥∥dk−1
y

∥∥∥2
+

∥∥∥dk−1
λ

∥∥∥2
+

∥∥∥xk − xk−1
∥∥∥2

)
+ 3C2τL2

ψ2
δ2σ

2

M
a. s.,
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where C = max
{

C3 + Â,C3 +
1 + τ
sβσA

H2(s)∥A∥2,
(

L2

s2βσA
+ βPA

)
θ2

}
. By reusing (4.22), it follows that

EL̂k − F∗ ≤
C
µ

EL̂k−1 − EL̂k +

 (ζψ2δ)
2

2
+ 8

(1 + τ)L2
ψ2
δ2

sβσA
H1(s)

 σ2

M

 + 3C2τL2
ψ2
δ2σ

2

M
.

The term
C
µ

(
EL̂k − F∗

)
is added to both sides of the above inequality. Then one has

1 + C
µ

 (EL̂k − F∗
)
≤

C
µ

(
EL̂k−1 − F∗

)
+

C
µ

 (ζψ2δ)
2

2
+ 8

(1 + τ)L2
ψ2
δ2

sβσA
H1(s)

 + 3C2τL2
ψ2
δ2

 σ2

M
,

and

EL̂k − F∗ ≤
C

µ +C

(
EL̂k−1 − F∗

)
+ Ĉ

σ2

M
a. s.,

where Ĉ :=

[
C
µ

(
(ζψ2δ)

2

2 + 8
(1+τ)L2

ψ2
δ2

sβσA
H1(s)

)
+ 3C2τL2

ψ2
δ2

]
(
1 + C

µ

) .

Hence, by rearranging the equation, we can further deriveEL̂k − F∗ − Ĉ
σ2

M

1 + C
µ

 ≤ C

µ +C

EL̂k−1 − F∗ − Ĉ
σ2

M

1 + C
µ

 ,
EL̂k − F∗ ≤

 C

µ +C

k (
EL̂0 − F∗

)
+

1 −  C

µ +C

k Ĉ
σ2

M

1 + C
µ

 a. s.

Defining C̃ =
C

µ +C
and C̆ = Ĉ

1 + C
µ

, we finish the proof. □

5. Numerical experiments

In this section, we present the application of the proposed ISBI-ADMMs (Algorithm 1) to the
graphically guided fused LASSO problem (1.2). To highlight the performance advantages of the
ISBI-ADMMs and to verify the effectiveness of Algorithm 1, it is compared with several
state-of-the-art methods, including the conventional ADMM [42, 43], SGD-ADMM [44] with
stochastic gradient descent, and the SVRG-ADMM [45] with variance-reduction techniques.
Furthermore, after integrating the aforementioned existing methods with the ISBI-ADMMs, we then
compare these integrated methods with the original methods to further demonstrate the advantages of
the ISBI-ADMMs. All codes are implemented in MATLAB 2024b and executed on a Windows 10
system equipped with an Intel i7-10510U CPU.

During the experiments, we differentiate and label the different gradient estimation strategies: the
SADMM algorithms integrating the SGD and SVRG gradient estimators are named the SADMM and
SVRG, respectively. Similarly, the ISBI-ADMMs algorithms equipped with the above mentioned
gradient estimators are labeled as the BSADMM and BSVRG in turn. In addition, the integration
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of the ISBI-ADMMs algorithm with the SARAH gradient estimator proposed by Bian et al. [21] is
denoted as BSARAH.

We apply the proposed Algorithm 1 to the previously mentioned graph-guided fused LASSO
model (1.2), which can be formulated as follows:

min
x,z

1
n

n∑
i=1

fi(x) + γ1∥z∥1,

s. t. Ax − z = 0.

(5.1)

We have already mentioned the specifics in detail in (1.1) and (1.2), where A ∈ Rm×na , z ∈ Rm, x ∈
Rna . Equation (5.1) is an adapted form designed in this paper for the graph-guided fusion LASSO
model (1.2), which essentially involves transforming the constraint Ax − z = 0 of model (1.2) into the
general constraint form Ax + By = b corresponding to Assumption 1(d). By setting B = I, y = −z,
and b = 0, the constraint Ax − z = 0 can be rewritten as Ax + Iy = 0. The core of the graph-guided
fused LASSO approach lies in characterizing the graph-structured relationships between variables via
matrix A. The graph structures corresponding to the datasets used in the experiments are all connected
graphs, which implies that the row vectors of A are linearly independent, i.e., A is a full row rank matrix
and Im(A) = Rm. Meanwhile, the image space of the m-dimensional identity matrix I is Im(I) = Rm.
Thus, Im(I) = Rm = Im(A), which clearly satisfies Im(I) ⊆ Im(A). Additionally, b = 0 obviously
belongs to the image space of any matrix. Therefore, the condition Im(I) ∪ {0} ⊆ Im(A) holds entirely.
Consequently, we have verified that (5.1) satisfies Assumption 1(d).

In this experiment, since there exists an explicit solution to the approximation operator for g, we let
ψ1 = 0 and zk+1 can be easily obtained in Step 2 of Algorithm 1. Note that this adaptation scenario does
not apply to xk+1. To ensure that the x-subproblem has the property of an explicit solution, ψ2 =

τ
2∥x∥

2
Q

can be parameterized in Step 3 of Algorithm 1. In this setting, the solution of the x-subproblem will
take the following specific form:

xk+1 = (βA⊤A + τQ)−1
(
τQxk −

(
∇ f (xk, ξM) − A⊤λk

− βA⊤zk+1
))
.

To avoid computing the inverse (βA⊤A + τQ)−1, we define Q = I − τ−1βA⊤A. We then construct the
following framework to solve (5.1):

xk
= xk + θ

(
xk − xk−1

)
,

zk+1 ∈ S λ1
β

(
Axk
−
λk

β

)
,

xk+1 ≈ xk −
1
τ

(
∇ f (x, ξM) − A⊤λk + βA⊤

(
Axk − zk+1

))
,

λk+1 = λk
− sβ

(
Axk+1 − zk+1

)
,

where S λ1
β

(·) is the soft threshold operator. The soft-threshold function is often used in sparse
reconstruction to deal with ℓ1 regularization subproblems, and the soft-threshold operator is
specifically defined in [46] as follows for an input signal r and a threshold parameter c > 0:

Prox(r, c) = sign(r) ·max {| r | −c, 0 } , (5.2)
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and

sign(r) =


−1, r < 0,
0, r = 0,
1, r > 0.

Hence, the soft-thresholding operation is a nonlinear shrinkage function that induces sparsity in the
solution by causing smaller coefficients to be set to zero, and larger coefficients to shrink by the
threshold value. In the (k + 1)-th iteration, the primal residual is expressed as rk+1 = Axk+1 − zk+1, and
the dual residual is presented as sk+1 = βAT (zk+1 − zk), which satisfy the following inequalities:

∥rk+1∥2 ≤
√

na × 10−4 + 10−2 ·max
(
∥Axk∥2, ∥zk∥2

)
,

∥sk+1∥2 ≤
√

na × 10−4 + 10−2 · ∥βATλk
∥2,

where na denotes the column number of matrix A, and then the iteration termination occurs.
In our experiments, we used four publicly available datasets [47], the relevant details of which are

listed in Table 1. The sum of the training size and testing size in Table 1 yields the total number of our
samples, denoted as n. Additionally, the number of columns of matrix A, denoted as na, is defined as
the number of features in Table 1 plus 1.

Table 1. Datasets for graph-guided fused LASSO.

Datasets Training size Testing size Feature Classes
a8a 22696 9865 123 2
a9a 32561 16281 123 2
w8a 49749 14951 300 2
ijcnn1 49990 91701 22 2

On the a8a, a9a, w8a, and ijcnn1 datasets, by setting the regularization parameters γ1 = 1e − 3,
γ2 = 1e − 4, β = 5, and for the ISBI-ADMMs using SGD, we use θ = 0.5, and select τ = 0.2 and
the dual stepsize-related parameter s closer to 2 for testing. We found that s = 1.5 yields the optimal
performance. Moreover, the test experiments demonstrate that this choice not only avoids the issue of
slow convergence when s < 1 but also prevents residual oscillations, which occur when s > 1.6. In
the ISBI-ADMMs with various variance shrinking gradient estimators, we use θ = 0.4. Under these
parameter settings and Assumptions 1(a)–(c), we further systematically optimized the batch size M,
and finally determined M = 500. The low-variance property brought by this selection can reduce
the number of iterations required for the algorithm to converge to a stable loss, thereby improving
convergence efficiency. Meanwhile, it can also meet the requirements of the four datasets used in our
experiments. We initialize x1 = 0. In Figure 1, we give the results of the various methods based on the
test losses of the different datasets while keeping the same running time. In addition to this, we found
that Bian et al. [21] proposed a gradient estimator for SARAH with variance reduction, and BSARAH,
obtained by the ISBI-ADMMs piggybacking on this gradient estimator, shows the fastest performance
in most cases.

AIMS Mathematics Volume 10, Issue 10, 24804–24835.



24830

0 2 4 6 8 10

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

SVRG

SADMM

ADMM

BSARAH

BSVRG

BSADMM

(a) a8a

0 2 4 6 8 10

0.2

0.25

0.3

0.35

0.4

0.45

0.5

SVRG

SADMM

ADMM

BSARAH

BSVRG

BSADMM

(b) a9a

0 2 4 6 8 10

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

SVRG

SADMM

ADMM

BSARAH

BSVRG

BSADMM

(c) w8a

0 2 4 6 8 10

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

SVRG

SADMM

ADMM

BSARAH

BSVRG

BSADMM

(d) ijcnn1

Figure 1. Comparison of convergence efficiency of test loss with CPU time for different
algorithms on typical datasets.

By comparing the test loss convergence characteristics of the ISBI-ADMMs family of algorithms
equipped with SGD, SARAH, and SVRG variance-reduced gradient estimation with those of the
SVRG-ADMM, SADMM and conventional ADMM, the results show that BSARAH exhibits the
fastest convergence speed on all datasets, with the test loss decreasing rapidly and stabilizing in a
short period of time. The BSADMM and BSVRG also significantly outperform the SADMM with the
corresponding stochastic gradient estimator as well as the conventional ADMM, with more efficient
loss reduction and lower final convergence values. Moreover, the curve of the conventional ADMM
always changes slowly in the range of relatively high loss, which further verifies the dual advantages
of the ISBI-ADMMs in both convergence efficiency and final accuracy.

This result validates the adaptability of the ISBI-ADMMs framework for stochastic gradient
estimation and the advantage of parameter design in guaranteeing numerical stability while breaking
through the convergence performance through variance reduction techniques. On the contrary, the
traditional and similar comparison algorithms have slow loss reduction and high convergence values
due to underutilizing the gradient optimization strategy, which further highlights the efficient and
stable solving capability of the ISBI-ADMMs in large-scale optimization problems of the form (1.3).

6. Conclusions

In this paper, we studied the nonconvex and nonsmooth optimization problem (1.3). By integrating
a class of variance-reducing gradient estimation techniques, such as SVRG and SARAH, we proposed
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a unified framework for the inexact stochastic ADMMs. In addition, the framework also integrated
inertial acceleration techniques with Bregman distance regularization, which significantly improves
the convergence efficiency and practical applicability of the ISBI-ADMMs. Theoretical analysis
showed that under some mild assumptions, we established the global convergence and sublinear
convergence rate O(1/K) of the algorithm in nonconvex scenarios. Meanwhile, under stronger
assumptions, we established the linear convergence rate of the algorithm, which provided theoretical
support for the stability of the algorithm. To verify the theoretical contribution and effectiveness of
the method, we conducted multiple sets of comparative numerical experiments for the graph-guided
fusion LASSO problem (1.1) or (5.1), and the results fully demonstrated the superiority of the
ISBI-ADMMs in complex optimization scenarios.

If the inertial term in the ISBI-ADMMs for the variable y or the multiplier λ is considered, the rigor
of the theoretical analysis for the ISBI-ADMMs is worth exploring. Hence, in the future research, we
will focus on the design, convergence analysis, and application of the stochastic ADMM algorithm
under distributed systems. It is also worth investigating whether embodying the stochastic nature of
the ISBI-ADMMs in the objective function can make the problem more generalized.
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