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Abstract: In this study, we proposed novel estimators for finite population variance based on the raw
moments of the study and auxiliary variables. Specifically, we developed both biased and unbiased
estimators of variance using the raw moments of the study variable alone, as well as biased and
unbiased difference-type estimators that incorporate the raw moments of a single auxiliary variable.
These estimators were evaluated under two-stage cluster sampling (2SCS) and three-stage cluster
sampling (3SCS) schemes. Their performance, with and without auxiliary information, was assessed
using mean squared error (MSE), absolute bias (AB), and relative efficiency (RE) criteria. Results
from two real populations showed that AB decreases and RE improves with increasing sample size.
Notably, under 3SCS, the unbiased difference estimator, Ŝ 2

Y,DU , achieved the highest efficiency (RE3 =

527.69), closely followed by the biased difference estimator, Ŝ 2
Y,DB (RE4 = 527.26). Both estimators

substantially outperformed conventional variance estimators without auxiliary information (baseline
RE = 100). These findings demonstrate that incorporating auxiliary variables significantly enhances
estimation accuracy, offering a practical and robust approach for variance estimation in complex survey
designs.
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1. Introduction

Accurate estimation of the finite population variance is a cornerstone of survey sampling theory,
particularly in the context of complex survey designs such as the 2SCS and 3SCS. These multistage
strategies are widely employed in demographic, agricultural, and health surveys due to their operational
feasibility and cost-effectiveness. However, the hierarchical structure and intra-cluster correlations
inherent in such designs pose significant challenges in achieving efficient and unbiased estimators.
Classical approaches, such as those by [1, 2], often rely on restrictive assumptions of cluster
homogeneity, which may not hold in real-world applications, potentially leading to inefficiencies and
biases.

1.1. Classical and design-based approaches

Early contributions to variance estimation focused mainly on simple random sampling (SRS)
and cluster sampling frameworks. Traditional estimators developed by [1], extended by [2], and
further refined by [3, 4], provided foundational tools but were limited in efficiency under complex
multistage structures. Extensions to the 2SCS included variance estimators by [5], which provided
exact confidence intervals under equal cluster sizes, and robust approaches by [6, 7], which accounted
for within-cluster correlation and imputed data. While these works advanced the field, their reliance
on assumptions such as homogeneity or specific model forms has limited their practical applicability.

1.2. Auxiliary information and estimator efficiency

The integration of auxiliary information has proven particularly effective in enhancing estimator
performance. Auxiliary variables, known for the entire population or significant subpopulations, tend
to exhibit a strong correlation with the study variable. Ratio, product, and regression-type estimators
using auxiliary data have demonstrated notable reductions in sampling error [2, 8–11]. Within
variance estimation, ratio-and regression-based extensions were proposed by [12–15], followed by
refinements in [16–20]. More recent developments have considered measurement errors and rank-
based auxiliary variables [21–26]. Under SRS, [21,27,28] introduced improved and hybrid estimators
that significantly outperformed conventional approaches. These contributions collectively establish
auxiliary information as a powerful tool to improve estimator efficiency.

1.3. Recent developments in complex sampling designs

Despite extensive progress under SRS and stratified designs, fewer contributions directly address
variance estimation under complex multistage sampling. Notable exceptions include the robust error
variance estimators of [6,7] for the 2SCS. However, there remains a gap in exploring estimators rooted
in raw moment theory and difference-type formulations, particularly when auxiliary information is
incorporated. Given the prevalence of multistage sampling in large-scale demographic and health
surveys, this gap limits both theoretical advances and practical applications in fields where complex
designs are the norm.

1.4. Contribution of the present study

To address this gap, the present study proposes a flexible class of biased and unbiased estimators
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for finite population variance under the 2SCS and 3SCS designs. The methodology is grounded in
raw moment theory, employing both simple and difference-type estimators, with and without auxiliary
variables. By systematically incorporating auxiliary data, our approach enhances estimation precision
across diverse sampling configurations. We rigorously analyze the bias, MSE, and RE of the proposed
estimators and validate their performance using two real-life datasets through extensive simulations.

This framework contributes both theoretically and practically. It generalizes traditional estimators
to multistage sampling, provides efficient alternatives when auxiliary information is available, and
demonstrates substantial gains in accuracy relative to conventional methods. The results confirm that
auxiliary-variable-based estimators consistently outperform their traditional counterparts, highlighting
their practical relevance for applications in health, economic, and social surveys where multistage
sampling is standard.

The remainder of this paper is organized as follows. Section 2 details the estimation procedures for
the finite population mean and its variance under the 2SCS and 3SCS models. Section 3 derives key
covariances that inform the structure of the proposed estimators. In Section 4, we present a difference
estimator that incorporates auxiliary information. Section 5 outlines computational techniques for
variance estimation. Section 6 introduces and evaluates both biased and unbiased estimators. Section 7
presents results from simulation studies and empirical applications, with detailed discussions and study
limitations, and highlights potential avenues and methodologies. Finally, Section 8 concludes the study
with key insights and directions for future research.

2. Estimation of the finite population mean under two-stage and three-stage cluster sampling

This section develops unbiased estimators for the finite population mean µY under the 2SCS
and 3SCS schemes. Further, the variances of these estimators and unbiased estimators of their
variances are also derived in this section, which will later be utilized in the variance estimation
procedures.

2.1. Two-stage cluster sampling

Consider a population consisting of N primary sampling units (PSUs), each containing Ni secondary
sampling units (SSUs). Let Yi, j denote the value of the study variable for the jth SSU in the ith PSU.
The finite population mean µY is defined as:

µY =
1

NN

N∑
i=1

NiµY,i, (2.1)

where N =
∑N

i=1 Ni/N is the average cluster size, and µY,i =
∑Ni

j=1 Yi, j/Ni is the PSU-specific mean.
A sample of n PSUs is selected using SRS without replacement. From each chosen PSU, a sample

of ni SSUs is then drawn accordingly. The 2SCS estimator for µY is defined as:

Y2S =
1

nN

n∑
i=1

Niȳi, (2.2)

where ȳi =
∑ni

j=1 Yi, j/ni is the sample mean of SSUs within the ith PSU. Further elaboration is available
in [29] and the references therein.
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Lemma 2.1. Y2S is an unbiased estimator of µY .

Proof. Let E1 and E2 denote expectations over the first and second sampling stages, respectively. Then,

E(Y2S) = E1

 1

nN

n∑
i=1

NiE2(ȳi)


= E1

 1

nN

n∑
i=1

NiµY,i


=

1

NN

N∑
i=1

NiµY,i = µY .

The result follows from properties of SRS. See also [24, 30] and the references cited therein for more
details. □

Lemma 2.2. The variance of Y2S is given by:

V(Y2S) =
λσ2

Y,b,2

n
+

1

nNN
2

N∑
i=1

λiN2
i σ

2
Y,i,2

ni
, (2.3)

where λ = 1 − n/N, λi = 1 − ni/Ni, and

σ2
Y,b,2 =

1
N − 1

N∑
i=1

(NiµY,i − NµY)2,

σ2
Y,i,2 =

1
Ni − 1

Ni∑
j=1

(Yi, j − µY,i)2.

Proof. By the law of total variance,

V(Y2S) = V1

[
E2(Y2S)

]
+ E1

[
V2(Y2S)

]
.

Using the properties of expectations,

V1

[
E2(Y2S)

]
=
λσ2

Y,b,2

nN
2 ,

E1

[
V2(Y2S)

]
=

1

nNN
2

N∑
i=1

λiN2
i σ

2
Y,i,2

ni
.

Combining the two components yields the stated result. □

Lemma 2.3. An unbiased estimator of V(Y2S) is:

V̂(Y2S) =
λσ̂2

Y,b,2

n
+

1

nNN
2

N∑
i=1

λiN2
i σ̂

2
Y,i,2

ni − 1
, (2.4)
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where

σ̂2
Y,b,2 =

1
n − 1

n∑
i=1

(Niȳi − N Y2S)2, (2.5)

σ̂2
Y,i,2 =

1
ni − 1

ni∑
j=1

(Yi, j − ȳi)2. (2.6)

Proof. From Eq (2.5), we can write

σ̂2
Y,2b =

n
n − 1

1
n

n∑
i=1

(NiȲi)2 − (N Ȳ2S )2

 . (2.7)

Take mathematical expectations of the terms on the right side of Eq (2.7) to get

E

1
n

n∑
i=1

(NiȲi)2

 = E1

1
n

n∑
i=1

E2(NiȲi)2


= E1

1
n

n∑
i=1

(
V2(NiȲi) + {E2(NiȲi)}2

)
= E1

1
n

n∑
i=1

λiM2
i σ

2
Y,i,2

ni
+ M2

i µ
2
Y,i




=
1
N

N∑
i=1

λiM2
i σ

2
Y,i,2

ni
+

1
N

N∑
i=1

M2
i µ

2
Y,i

and

E(N Ȳ2S )2 = V(N Ȳ2S ) +
(
E(N Ȳ2S )

)2

=
λσ2

Y,b,2

n
+

1
nN

N∑
i=1

λiM2
i σ

2
Y,i,2

ni
+ (NµY)2.

Thus, σ̂2
Y,b,2 is a biased estimator of σ2

Y,b,2. Moreover, from Eq (2.6), we can write:

σ̂2
Y,2i =

ni

ni − 1

 1
ni

ni∑
j=1

Y2
i j − (Ȳi)2

 . (2.8)

Take mathematical expectations of terms on the right side of Eq (2.8) to get

E2

 1
ni

ni∑
j=1

Y2
i j

 =
V2(

1
ni

ni∑
j=1

Yi j) +

E2(
1
ni

ni∑
j=1

Yi j)


2

=
σ2

Y,i,2

ni
+

1
Ni

Ni∑
j=1

Y2
i j
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and

E2(Ȳi)2 = V2(Ȳi) + [E2(Ȳi)]2

=
λiσ

2
Y,i,2

ni
+ (µY,i)2.

Thus, σ̂2
Y,i,2 is an unbiased estimator of σ2

Y,i, 2. Now, by Eq (2.7), we already have the expectation of∑n
i=1(NiȲi)2/n, and by Eq (2.8) we know the expectation of within-cluster variance σ̂2

Y,i,2. Substituting
these results into Eq (2.4), we get

E
(
V̂(Ȳ2S )

)
=

n
n − 1

E

1
n

n∑
i=1

(NiȲi)2

 − E
[
(NȲ2S )2

] . (2.9)

Now, substituting the results of Eqs (2.7) and (2.8) into the above and grouping like terms, we obtain

E
(
V̂(Ȳ2S )

)
=

n
n − 1

[ (
1 −

1
n

)
1
N

N∑
i=1

λiN2
i σ

2
Y,i,2

ni
+

 1
N

N∑
i=1

(NiµY,i)2 − (NµY)2

 − λσ2
Y,b,2

n

]
. (2.10)

Recall that the between-cluster variance is defined as

σ2
Y,b,2 =

1
N − 1

N∑
i=1

(
NiµY,i − NµY

)2
. (2.11)

Now, consider the cross-term appearing in Eq (2.10),

1
N

N∑
i=1

(NiµY,i)2 − (NµY)2. (2.12)

Expanding this using the definition in Eq (2.11), we have

1
N

N∑
i=1

(NiµY,i)2 − (NµY)2 =
1
N

N∑
i=1

[
(NiµY,i − NµY)2 + 2(NiµY,i − NµY)(NµY) + (NµY)2

]
− (NµY)2

=
1
N

N∑
i=1

(NiµY,i − NµY)2 +
2NµY

N

N∑
i=1

(NiµY,i − NµY) +
1
N

N∑
i=1

(NµY)2 − (NµY)2.

Since
∑N

i=1(NiµY,i−NµY) = 0, the middle term vanishes, and the last two terms cancel each other. Thus,

1
N

N∑
i=1

(NiµY,i)2 − (NµY)2 =
1
N

N∑
i=1

(NiµY,i − NµY)2. (2.13)

Using Eq (2.12), this simplifies to

1
N

N∑
i=1

(NiµY,i)2 − (NµY)2 =
N − 1

N
σ2

Y,b,2. (2.14)

AIMS Mathematics Volume 10, Issue 10, 23429–23466.



23435

Substituting Eq (2.14) into the Eq (2.10), and combining with the within-cluster component, we obtain

E
(
V̂(Ȳ2S )

)
=
λσ2

Y,b,2

n
+

1

nNN
2

N∑
i=1

λiN2
i σ

2
Y,i,2

ni
, (2.15)

which establishes the desired result.

E
(
V̂(Ȳ2S )

)
= V(Ȳ2S ) (2.16)

which completes the proof. The proof of this lemma is also provided in [29, 31], where a similar
derivation is presented. □

2.2. The 3SCS scheme

The 3SCS methodology improves upon the 2SCS approach by adding an extra stage to the sampling
process. In this extended 3SCS structure, the overall population U consists of N PSUs, each of which
contains Ni SSUs, and each SSU is further subdivided into Ni j tertiary sampling units (TSUs). The
characteristic value for the kth TSU within the jth SSU of the ith PSU is denoted as Yi jk, where i ranges
from 1 to N, j ranges from 1 to Ni, and k ranges from 1 to Ni j. Within this framework, the population
mean, µY , is defined as

µY =
1

NT

N∑
i=1

Ni∑
j=1

Ni jµY,i j, (2.17)

where T =
∑N

i=1
∑Ni

j=1 Ni j/N represents the average cluster size, while µY,i j =
∑Ni j

k=1 Yi j,k/Ni j denotes the
mean calculated from the jth SSU of the ith PSU.

In the 3SCS framework, the population mean µY is estimated by deriving an unbiased estimator
through a structured sampling procedure. Initially, a sample of PSUs, denoted as n, is selected.
Subsequently, a sample of SSUs, ni, is drawn from each PSU, followed by the selection of TSUs,
ni j, within each SSU. It is important to note that SRS without replacement is employed at each stage
of the sampling under 3SCS scheme. The estimator for µY is then given by:

Y3S =
1

nT

n∑
i=1

Ni

ni

ni∑
j=1

Ni jȳi j , (2.18)

where ȳi j =
∑ni j

k=1 Yi j,k/ni j.
In the forthcoming lemmas, we explore the mathematical attributes of Y3S.

Lemma 2.4. Y3S is an unbiased estimators of µY .

Proof. Here, 1–3, with E and V , refer to the expectation and variance at the first, second, and third
stages of sampling, respectively. By assigning these, we obtain:

E(Y3S) = E1E2

 1

nT

n∑
i=1

Ni

ni

ni∑
j=1

Ni jE3(ȳi j)


AIMS Mathematics Volume 10, Issue 10, 23429–23466.
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= E1E2

 1

nT

n∑
i=1

Ni

ni

ni∑
j=1

Ni jµY,i j


= E1

 1

nT

n∑
i=1

Ni∑
j=1

Ni jµY,i j


=

1

NT

N∑
i=1

Ni∑
j=1

Ni jµY,i j = µY , (2.19)

which completes the proof. □

Lemma 2.5. The variances of Y3S is given by:

V(Y3S) =
λσ2

Y,b,3

nT
2 +

1

nNT
2

N∑
i=1

λiN2
i σ

2
Y,i,3

ni
+

1

nNT
2

N∑
i=1

ni

ni

Ni∑
j=1

N2
i jλi jσ

2
Y,i j

ni j
, (2.20)

where

σ2
Y,b,3 =

1
N − 1

N∑
i=1

(NiµY,i − TµY)2, σ2
Y,i,3 =

1
Ni − 1

Ni∑
j=1

(
Ni jµY,i j − µY,i

)2
,

σ2
Y,i j =

1
Ni j − 1

Ni j∑
k=1

(
Yi j,k − µY,i j

)2
, µY,i =

1
Ni

Ni∑
j=1

Ni jµY,i j , and λi j =

(
1 −

ni j

Ni j

)
.

In the 3SCS, between-cluster variation denoted by σ2
Y,b,3, known as the first-stage variation, refers

to the differences among the PSUs, capturing the diversity of clusters. Between-sub-cluster variation
denoted by σ2

Y,i,3, known as the second-stage variation, reflects the differences among SSUs within each
selected PSU, highlighting variation at the sub-cluster level. Within-sub-cluster variation denoted by
σ2

Y,i j, known as the third-stage variation, involves the variability within TSUs selected from each SSU,
capturing the final level of within-cluster diversity.

Proof. As it is known that

V(Y3S) = E1E2V3[Y3S] + E1V2E3[Y3S] + V1E2E3[Y3S], (2.21)

from Eq (2.19), we can write

V1E2E3[Y3S] = V1E2

 1

nT

n∑
i=1

Ni

ni

ni∑
j=1

Ni jµY,i j


= V1

 1

nT

n∑
i=1

NiµY,i

 = λσ2
Y,b,3

nT
2 (2.22)

and

E1V2E3[Y3S] = E1V2

 1

nT

n∑
i=1

Niȳi


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= E1

 1

n2
1T

2

n∑
i=1

N2
i V2(ȳi)


=

1

nNT
2

N∑
i=1

λiN2
i σ

2
Y,i,3

ni
, (2.23)

where ȳi =
∑ni

j=1 Ni jµY,i j/ni. Also from Eq (2.19), we have:

V3[Y3S] =
1

n2T
2

n∑
i=1

N2
i

n2
i

ni∑
j=1

N2
i j V3(ȳi j)

=
1

n2T
2

n∑
i=1

N2
i

n2
i

ni∑
j=1

N2
i jλi jσ

2
Y,i j

ni j
. (2.24)

We take expectations of Eq (2.24) to get

E1E2V3[Y3S] =
1

nNT
2

N∑
i=1

Ni

ni

Ni∑
j=1

N2
i jλi jσ

2
Y,i j

ni j
. (2.25)

Eq (2.20) is derived by substituting Eqs (2.22), (2.23), and (2.25) into Eq (2.21), thereby concluding
the proof. □

Lemma 2.6. Unbiased estimators of V(Y3S) are given as follows:

V̂(Y3S) =
λσ̂2

Y,b,3

nT
2 +

1

nNT
2

n∑
i=1

λiN2
i σ̂

2
Y,i,3

ni
+

1

nNT
2

n∑
i=1

Ni

ni

ni∑
j=1

N2
i jλi jσ̂

2
Y,i j

ni j
, (2.26)

respectively, where

σ̂2
Y,b,3 =

1
n − 1

n∑
i=1

(
Niȳi − T Y3S

)2
, (2.27)

σ̂2
Y,i,3 =

1
ni − 1

ni∑
j=1

(
Ni jȳi j − ȳi

)2
, (2.28)

σ̂2
Y,i j =

1
ni j − 1

ni j∑
k=1

(
Yi j,k − ȳi j

)2
. (2.29)

Proof. From Eq (2.27), we can write

σ̂2
Y,b,3 =

n
n − 1

1
n

n∑
i=1

(Niȳi)2 − (T Y3S)2

 . (2.30)

Consider the expected values of the terms on the right-hand side (RHS) of Eq (2.30) to obtain:

E

1
n

n∑
i=1

(Niȳi)2

 = E1E2

1
n

n∑
i=1

E3(Niȳi)2


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= E1E2

1
n

n∑
i=1

{
V3(Niȳi) + (E3(Niȳi))2

}
= E1E2

1
n

n∑
i=1

 N2
i

n2
i,2

ni∑
j=1

N2
i jV3(ȳi j) + (Niȳi)2




= E1

1
n

n∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+
λiN2

i σ
2
Y,i,3

ni
+

(
NiµY,i

)2




=
1
N

N∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+

1
N

N∑
i=1

λiN2
i σ

2
Y,i,3

ni
+

1
N

N∑
i=1

(
NiµY,i

)2 (2.31)

and

E[T Y3S]2 = V[T Y3S] +
[
E(T Y3S)

]2

=
λσ2

Y,b,3

n
+

1
nN

N∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+

1
nN

N∑
i=1

λiN2
i σ

2
Y,i,3

ni
+ (T µY)2. (2.32)

By combining Eqs (2.31) and (2.32), and subsequently taking the expected values of Eq (2.27), we
obtain:

E(σ̂2
Y,b,3) =

n
n − 1

[
1
N

N∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+

1
N

N∑
i=1

λiN2
i σ

2
Y,i,3

ni
+

1
N

N∑
i=1

(NiµY,i)2

−

{
λσ2

Y,b,3

n
+

1
nN

N∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+

1
nN

N∑
i=1

λiN2
i σ

2
Y,i,3

ni
+ (T µY)2

}]
. (2.33)

Now grouping like terms, we can rewrite the above as

E(σ̂2
Y,b,3) =

n
n − 1

[ (
1 −

1
n

)
1
N

N∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j

+

(
1 −

1
n

)
1
N

N∑
i=1

λiN2
i σ

2
Y,i,3

ni
+

{
1
N

N∑
i=1

(NiµY,i)2 − (T µY)2
}
−
λσ2

Y,b,3

n

]
.

Thus, after simplification and reorganization as given in Lemma 2.3, we obtain the final biased expected
value:

E(σ̂2
Y,b,3) = σ2

Y,b,3 +
1
N

N∑
i=1

λiN2
i σ

2
Y,i,3

ni
+

1
N

N∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
. (2.34)

This demonstrates that σ̂2
Y,b,3 is a biased estimator of σ2

Y,b,3. For more details, see [30, 32]. Similarly,
we can derive from Eq (2.28):

σ̂2
Y,i,3 =

ni

(ni − 1)

 1
ni

ni∑
j=1

(Ni jȳi j)2 − (ȳi)2

 . (2.35)
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Now take the expected values of the terms on the RHS of Eq (2.35) to obtain:

E2

 1
ni

ni∑
j=1

(Ni jȳi j)2

 = E2

 1
ni

ni∑
j=1

E3(Ni jȳi j)2


= E2

 1
ni

ni∑
j=1

{
V3(Ni jȳi j) +

(
E3(Ni jȳi j)

)2
}

=
1
Ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+

1
Ni

Ni∑
j=1

(
Ni jµY,i j

)2
(2.36)

and

E2(ȳi)2 = E2E3(ȳi)2

= E2

[
V3(ȳi) +

(
E3(ȳi,SRS)

)2
]

= E2

 1
n2

i,2

ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+

 1
ni

ni∑
j=1

Ni jµY,i j


2

=
1

niNi

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+ E2

 1
ni

ni∑
j=1

Ni jµY,i j


2

=
1

niNi

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+ V2

 1
ni

ni∑
j=1

Ni jµY,i j

 +
E2(

1
ni

ni∑
j=1

Ni jµY,i j)


2

=
λiσ

2
Y,i,3

ni
+

1
niNi

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
+

(
µY,i

)2 . (2.37)

By combining Eqs (2.36) and (2.37), and subsequently taking the expected values of Eq (2.35), we
obtain:

E2

(
σ̂2

Y,i,3

)
= σ2

Y,i,3 +
1
Ni

Ni∑
j=1

λi jN2
i jσ

2
Y,i j

ni j
. (2.38)

This indicates that σ̂2
Y,i,3 serves as a biased estimator of σ2

Y,i,3. Similarly, we can derive from Eq (2.29):

σ̂2
Y,i j =

ni j

ni j − 1

 1
ni j

ni j∑
k=1

Y2
i j,k − (ȳi j)2

 . (2.39)

Consider the expectation of the terms on the RHS of Eq (2.39), which demonstrate that σ̂2
Y,i j serves as

an unbiased estimator of σ2
Y,i j, i.e.,

E3(σ̂2
Y,i j) = σ

2
Y,i j. (2.40)

By following the same lines provided in Lemma 2.3, consider the expectation of Eq (2.26), and apply
the results from Eqs (2.34), (2.38), and (2.40) to show that:

E
(
V̂(Y3S)

)
= V(Y3S), (2.41)

which completes the proof. □
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In the previous section, we developed unbiased estimators for the population mean µY , along with
their variances and unbiased estimators of variance under the 2SCS and 3SCS schemes. It is important
to note that the estimation for the auxiliary variable X follows exactly the same procedure as for Y . In
the next section, we extend this framework to derive the covariance between the mean estimators and its
unbiased estimator. Estimating this covariance is essential for constructing difference and regression-
type estimators, which are subsequently used to enhance the efficiency of variance estimation.

3. Covariance computation and estimation under the 2SCS and 3SCS schemes

In this section, we employ the previously mentioned 2SCS/3SCS schemes to derive accurate
mathematical formulas for the covariances and unbiased estimator of covariance of the mean
estimators, which are utilized in the following sections. The covariances C(Ȳ2S , X̄2S ) and C(Ȳ3S , X̄3S ),
along with their unbiased estimators Ĉ(Ȳ2S , X̄2S ) and Ĉ(Ȳ3S , X̄3S ), serve as key components in
improving the efficiency of difference and regression-type estimators by incorporating the correlation
between the study and auxiliary variables. It is important to note that SRS without replacement is
applied at each stage of sampling under the 2SCS/3SCS schemes, and it is assumed that information
on both the study and auxiliary variables is available and observations within and between clusters are
independent with homogeneous variance. These assumptions ensure the theoretical properties of the
estimators, such as unbiasedness and MSE, hold.

3.1. The 2SCS scheme

In a finite population Ω, we consider X as the auxiliary variable and Y as the study variable of
interest. To estimate (µY , µX) within the 2SCS framework, let (Y2S, X2S) denote the mean estimators
obtained from the variables (Y, X). It is worth noting that the mean estimators for X can be calculated
in a manner similar to those for Y .

Lemma 3.1. Under the 2SCS scheme, the covariance between Y2S and X2S and its unbiased estimator
are expressed as:

C(Y2S, X2S) =
λσXY ,b,2

nN
2 +

1

nNN
2

N∑
i=1

λiN2
i σXY ,i,2

ni
, (3.1)

Ĉ(Ȳ2S , X̄2S ) =
λσ̂XY,b,2

nN
2 +

1

nNN
2

n∑
i=1

λiM2
i σ̂XY,i,2

ni
, (3.2)

where

σXY,b,2 =
1

N − 1

N∑
i=1

(
(NiµY,i − NµY)(NiµX,i − NµX)

)
,

σXY,i,2 =
1

Ni − 1

Ni∑
j=1

(
(Yi, j − µY,i)(Xi, j − µX,i)

)
,

σ̂XY,b,2 =
1

n − 1

n∑
i=1

(
(NiȲi − N Ȳ2S )(NiX̄i − NX̄2S )

)
,

AIMS Mathematics Volume 10, Issue 10, 23429–23466.



23441

σ̂XY,i,2 =
1

ni − 1

ni∑
j=1

(Yi, j − Ȳi)(Xi, j − X̄i).

Here, σXY,b,2, σ̂XY,b,2, and σXY,i,2, σ̂XY,i,2 have their usual meanings.

Proof. Here, 1 and 2, with C and E, refer to the covariance and expectation at the first and second
stages of sampling, respectively. By assigning these, we obtain the covariance between Y2S and X2S:

C(Y2S, X2S) = C1[E2(Y2S, X2S)] + E1[C2(Y2S, X2S)].

It can be shown that E2(Y2S) =
∑n

i=1 NiµY,i/(nN). Based on this result, we have

C1

[
E2(Y2S, X2S)

]
= C1

 1

nN

n∑
i=1

NiµY,i,
1

nN

n∑
i=1

NiµX,i

 = λσXY,b,2

nN
2 , (3.3)

E1

[
C2(Y2S, X2S)

]
= E1

 1

n2N
2

n∑
i=1

N2
i C2(µY,i, µX,i)

 ,
=

1

nNN
2

N∑
i=1

λiN2
i σXY ,i,2

ni
. (3.4)

Add Eqs (3.3) and (3.4), and this completes the proof. □

3.2. The 3SCS scheme

In a finite population Ω, we consider X as the auxiliary and Y as the study variable of interest. To
estimate (µY , µX) within the context of the 3SCS, let (Y3S, X3S) denote the respective mean estimators
obtained from the variables (Y, X).

Lemma 3.2. In the 3SCS framework, the covariance between Y3S and X3S including its unbiased
estimator are given as follows:

C
(
Y3S, X3S

)
=
λσXY ,b,3

nT
2 +

1

nNT
2

N∑
i=1

λiN2
i σXY ,i,3

ni
+

1

nNT
2

N∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσXY ,i j,3

ni j
, (3.5)

Ĉ
(
Ȳ3S , X̄3S

)
=
λσ̂XY ,b,3

nT
2 +

1

nNT
2

n∑
i=1

λiM2
i σ̂XY ,i,3

ni
+

1

nNT
2

n∑
i=1

Ni

ni

ni∑
j=1

λi jT 2
i jσ̂XY,i j,3

ni j
, (3.6)

where

σXY,b,3 =
1

N − 1

N∑
i=1

(
(NiµY,i − TµY)(NiµX,i,3 − TµX)

)
,

σ̂XY,3b =
1

n − 1

n∑
i=1

(
NiȲi − NȲ3S )(NiX̄i − NX̄3S )

)
,

σXY,i,3 =
1

Ni − 1

Ni∑
j=1

(
(Ni jµY,i j − µY,i)(Ni jµX,i j − µX,i,3)

)
,
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σ̂XY,3i =
1

mi − 1

mi∑
j=1

(
(Ni jȲi j − Ȳi)(Ni jX̄i j − X̄i)

)
,

σXY,i j,3 =
1

Ni j − 1

Ni j∑
k=1

(
(Yi j,k − µY,i j)(Xi j,k − µX,i j)

)
,

σ̂XY,3i j =
1

ni j − 1

ni j∑
k=1

(
(Yi j,k − Ȳi j)(Xi j,k − X̄i j)

)
,

and λi j = (1 − ni j/Ni j), where σXY,b,3, σXY,i,3, and σXY,i j,3 have their usual meanings. For more details,
the reader may see [33] and the references cited therein.

Proof. Here, 1–3, with C and E, refer to the covariance and expectation at the first, second, and third
stages of sampling, respectively. By assigning these, we obtain the covariance between Y3S and X3S:

C
(
Y3S, X3S

)
= C1E2E3

[
Y3S, X3S

]
+ E1C2E3

[
Y3S, X3S

]
+ E1E2C3

[
Y3S, X3S

]
. (3.7)

It can be demonstrated, as shown in Eq (2.19), that E3(Y3S) =
∑n

i=1(Ni/ni)
∑ni

j=1 Ni jµY,i j/nT .
Consequently, we obtain:

C1E2E3

[
Y3S, X3S

]
= C1E2

 1

nT

n∑
i=1

Ni

ni

ni∑
j=1

Ni jµY,i j,
1

nT

n∑
i=1

Ni

ni

ni∑
j=1

Ni jµX,i j


= C1

 1

nT

n∑
i=1

NiµY,i,
1

nT

n∑
i=1

NiµX,i,3

 = λσXY ,b,3

nT
2 . (3.8)

E1C2E3

[
Y3S, X3S

]
= E1C2

 1

nT

n∑
i=1

Ni

ni

ni∑
j=1

Ni jµY,i j,
1

nT

n∑
i=1

Ni

ni

ni∑
j=1

Ni jµX,i j


= E1

 1

n2T
2

n∑
i=1

N2
i C2

( 1
ni

ni∑
j=1

Ni jµY,i j,
1
ni

ni∑
j=1

Ni jµX,i j

)
= E1

 1

n2T
2

n∑
i=1

λiN2
i σXY ,i,3

ni


=

1

nNT
2

N∑
i=1

λiN2
i σXY ,i,3

ni
. (3.9)

E1E2C3

[
Y3S, X3S

]
= E1E2

 1

n2T
2

n∑
i=1

N2
i

n2
i

ni∑
j=1

N2
i j C3

(
yi j, xi j

)
= E1E2

 1

n2T
2

n∑
i=1

N2
i

n2
i

ni∑
j=1

λi jN2
i jσXY ,i j,3

ni j


= E1

 1

n2T
2

n∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσXY ,i j,3

ni j


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=
1

nNT
2

N∑
i=1

Ni

ni

Ni∑
j=1

λi jN2
i jσXY ,i j,3

ni j
. (3.10)

Add Eqs (3.8)–(3.10), and this completes the proof. For more details, see [30]. The proofs of
Ĉ
(
Ȳ2S , X̄2S

)
, and Ĉ

(
Ȳ3S , X̄3S

)
can be seen in the study of [33], where a similar derivation is present. □

In the previous section, we derived the covariances and their unbiased estimators under the 2SCS
and 3SCS schemes. In the next section, we focus on deriving the difference estimator. The relative error
terms, which will be used to express the bias and MSE of the proposed estimators, are also introduced
here. This difference estimator will subsequently be employed in the variance estimation procedures
to enhance the efficiency of the estimators.

4. Difference estimator

This section examines the unbiased difference estimator for the population mean and second raw
moment using study data and an auxiliary variable. These estimators were used to construct biased and
unbiased variance estimators within an S-sampling framework. The biases and MSEs of the proposed
estimators for S 2

Y are evaluated through the following relative error terms:

ξ0 =
YS − µY

µY
and ξ1 =

XS − µX

µX
,

ξ
′

0 =
Y
′

S − µ
′

Y

µ
′

Y

and ξ
′

1 =
X
′

S − µ
′

X

µ
′

X

,

such that E(ξ0) = E(ξ1) = E(ξ
′

0) = E(ξ
′

1) = 0. Let us denote

Vrs = E
(
ξr

0ξ
s
1
)
= E

YS − µY

µY

r XS − µX

µX

s ,
V
′

rs = E
(
ξ
′r
0 ξ

′s
1

)
= E


Y

′

S − µ
′

Y

µ
′

Y


r X

′

S − µ
′

X

µ
′

X


s ,

which gives

V20 = E(ξ2
0) =

V(YS)
µ2

Y

, V
′

20 = E(ξ
′2
0 ) =

V(Y
′

S)
µ
′2
Y

,

V02 = E(ξ2
1) =

V(XS)
µ2

X

, V
′

02 = E(ξ
′2
1 ) =

V(X
′

S)
µ
′2
X

,

V11 = E(ξ0ξ1) =
C(YS, XS)
µYµX

, V
′

11 = E(ξ
′

0ξ
′

1) =
C(Y

′

S, X
′

S)
µ
′

Yµ
′

X

,

V (∗)
11 = E(ξ0ξ′0) =

C(Ȳ ′S , ȲS )
µYµX

.
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Here, YS and XS represent the mean estimators of the study and auxiliary variables Y and X,
respectively, while Y

′

S and X
′

S denote the mean estimators of Y2 and X2, respectively, based on an
S-sampling scheme, where S is either 2S or 3S.

Lemma 4.1. The difference estimators of E(Y) and E(Y2) using information on (Y, X) are given by

YD = YS + β(µX − XS) , (4.1)

Y
′

D = Y
′

S + β
′

(µ
′

X − X
′

S) , (4.2)

respectively, where

βS =
C(YS, XS)

V(XS)
and β

′

S =
C(Y

′

S, X
′

S)

V(X
′

S)

are known constants.

Proof. YD and Y
′

D are the unbiased estimators of µY , and µ
′

Y , respectively [2,34]. The variance of YD is
derived by rewriting Eq (4.1) in terms of ε

′

s. To calculate the V(ȲD), we represent it in relation to ε’s,
i.e.,

ȲD = µY(1 + ε0) − βSµXε1

ȲD − µY = µYε0 − βSµXε1. (4.3)

To calculate the variance of ȲD, we square both sides of Eq (4.3) and apply the expectation.

V(ȲD) = µ2
YΛ20 + β

2
Sµ

2
XΛ02 − 2βSµXµYΛ11. (4.4)

The simplified equation for the variance of ȲD may be obtained by substituting βS. The variance of YD

is given by

V(YD) = µ2
YV20

(
1 −

V2
11

V20V02

)
(4.5)

= µ2
YV20(1 − ϱ2)

where ϱ = V11/
√

V20V02 represents the correlation coefficient between YS and XS within the context of
the S-sampling scheme. On the same lines, one can prove the variance of Y

′

D given in Eq (4.2). □

The difference estimator can be viewed as a special case of the regression estimator. Specifically,
when the regression coefficient β̂S is chosen as the population regression coefficient (or its unbiased
estimate), the regression estimator reduces to the difference estimator: ȲD = ȲS + β(µX − X̄S ). This
shows that the difference estimator essentially applies a linear adjustment using auxiliary information,
achieving variance reduction under the condition that β̂S correctly reflects the relationship between Y
and X. The value of βS may be obtained through prior research, surveys, or census data. If this value
is not available, it may be approximated using a large sample size. In order to determine the estimated
value of βS, one can substitute C(ȲS , X̄S ) and V(X̄S ) with their respective unbiased estimators.

β̂S =
Ĉ(YS, XS)

V̂(XS)
and β

′

S =
Ĉ(Y

′

S, X
′

S)

V̂(X
′

S)
.
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The sample covariance estimator, Ĉ(ȲS , X̄S ), Ĉ(Y
′

S, X
′

S), and the sample variance estimator, V̂(X̄S ),
V̂(X

′

S), are known to exhibit weak consistency in estimating C(ȲS , X̄S ), C(Y
′

S, X
′

S), and V(X̄S ), V(X
′

S),
respectively, under an SRS scheme. Consequently, for larger sample sizes, β̂S can be regarded as a
weakly consistent estimator of βS , see [30, 35] for more details. Since the regression-type estimators
rely on the adjustment factor β̂, it is necessary to first estimate the covariance between the study and
auxiliary variables. The covariance estimator Ĉ(ȲS , X̄S ) ensures that β̂ = Ĉ(ȲS , X̄S )/V̂(X̄S ) can be
computed from the sample, thereby allowing auxiliary information to be incorporated. This step is
essential because it accounts for the correlation structure between Y and X, which leads to improved
efficiency compared to estimators that ignore auxiliary variables. The estimator ȲD, when incorporating
the estimated value of βS , is commonly referred to as the regression estimator.

ȲReg = ȲS + β̂S

(
µX − X̄S

)
.

Similarly, for Y2, the regression estimator can be given as follows:

Ȳ
′

Reg = Ȳ
′

S + β̂
′

S

(
µ
′

X − X̄
′

S

)
.

It can be demonstrated that the estimators ȲReg and Ȳ
′

Reg are biased in estimating µY . Furthermore, as
the sample size increases significantly, the following can be observed for ȲReg:

MSE(ȲReg) ≈ V(ȲD) = µ2
YΛ200(1 − ρ2). (4.6)

Similarly, the variance of Ȳ
′

Reg can be obtained from the above expression. In the next section,
we present the expressions for computing the finite population variance under the 2SCS and 3SCS
schemes.

5. Computation of the finite population variance under the 2SCS and 3SCS schemes

This section provides an overview of the finite population variance, S 2
Y , under the 2SCS/3SCS,

which will be utilized in the subsequent sections.

5.1. The 2SCS scheme

The following expression can be used to obtain the finite population variance under the 2SCS:

S 2
Y =

1

NN − 1

N∑
i=1

Ni∑
j=1

(Yi j − µY)2

=
NN

NN − 1

 1

NN

N∑
i=1

Ni∑
j=1

Y2
i j − (µY)2

 = η [µ′Y − (µ2
Y)

]
= η

[
E(Y2) −

(
E(Y)

)2
]
, (5.1)

where η = NN/(NN − 1). The aim is to formulate difference estimators for E(Y) and E(Y2) within
the framework of the 2SCS, which will subsequently be employed to derive unbiased estimators of the
finite population variance, S 2

Y . For more details, refer to [24] and the cited references.
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5.2. The 3SCS scheme

Under the 3SCS, the expression below calculates the finite population variance:

S 2
Y =

1

NT − 1

N∑
i=1

Ni∑
j=1

Ni j∑
k=1

(Yi j,k − µY)2

=
NT

NT − 1

 1

NT

N∑
i=1

Ni∑
j=1

Ni j∑
k=1

Y2
i j,k − µ

2
Y

 = η [µ′Y − µ2
Y

]
= η

[
E(Y2) −

(
E(Y)

)2
]
, (5.2)

where η = NT/(NT − 1).
In the next section, we derive the proposed estimators for the finite population variance. These

include both biased and unbiased estimators, constructed with and without the use of auxiliary
information.

6. Proposed estimators

This section presents both biased and unbiased estimators of the finite population variance, S 2
Y ,

developed with and without auxiliary information, under an S-sampling scheme. These estimators are
constructed using the first and second raw moments of the study and auxiliary variables to enhance
efficiency and accuracy.

6.1. First proposed estimator

Following the framework established by [24], we have introduced both biased and unbiased
estimators for the variance of a finite population.

Ŝ 2
Y,S B = η

[
Y
′

S − (YS)2
]
, (6.1)

Ŝ 2
Y,S U = η

[
Y
′

S − (YS)2 + V̂(YS)
]
. (6.2)

Based solely on information Y under an S-sampling scheme. In this context, Y
′

S represents the second
moment (i.e., the sample mean of squared observations), while YS denotes the first moment (i.e., the
sample mean of the observations) under the S-sampling scheme.

In the following lemmas, we establish the mathematical properties of the proposed estimators Ŝ 2
Y,S B,

Ŝ 2
Y,S U , Ŝ 2

Y,DB, and Ŝ 2
Y,DU , including their biased and unbiased nature. We also derive the expressions for

their variances to assess their efficiency.

Lemma 6.1. Ŝ 2
Y,S B is an unbiased estimator of Ŝ 2

Y .

Proof. The mathematical expectation of Ŝ 2
Y,S B is

E(Ŝ 2
Y,S B) = η

[
E(Y

′

S) − E(Y
2
S)
]
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= η
[
µ
′

Y − µ
2
Y − V(YS)

]
= S 2

Y − ηV(YS),

which shows that Ŝ 2
Y,S B underestimates S 2

Y ; hence, it is a biased estimator of S 2
Y . □

Lemma 6.2. The variance of Ŝ 2
Y,S B under S-sampling scheme is given as follows:

V(Ŝ 2
Y,S B) = η2

[
Var(Ȳ ′S ) + 4µ2

YVar(ȲS ) − 4µYCov(Ȳ ′S , ȲS )
]

= η2
[
µ′2Y V ′20 + 4µ4

YV20 − 4µ2
Yµ
′
YV (∗)

11

]
. (6.3)

To derive the variances of the proposed finite population variance estimators, we use a linearization
approach with relative error terms, ξ0 = (ȲS − µY)/µY for linear observations and ξ′0 = (Ȳ ′S − µ

′
Y)/µ′Y for

squared observations. This allows variance decomposition incorporating the variance of linear (V20)
and squared (V ′20) observations, as well as their covariance (V (∗)

11 ), which accounts for their interaction.
For difference-type estimators, auxiliary information reduces variance through correlations with study
variables, and a finite population correction is applied to account for the sampling design. See Table 1
for more details.

Table 1. Variance and covariance terms in Lambda notation used for all proposed estimators.

Term Definition Lambda notation
V(ȲS ) Variance of sample mean under S µ2

YΛ20

V(Ȳ ′S ) Variance of the mean of squared observations µ2
Y2Λ40

V(ȲD) Variance of difference mean µ2
YV20(1 − ϱ2)

V(Ȳ ′D) Variance of difference mean of squared µ′2Y V ′20(1 − ϱ′2)
C(Ȳ ′S , ȲS ) Covariance between Ȳ ′S and ȲS µYµ

′
YV (∗)

11
C(Ȳ ′D, ȲD) Covariance between Ȳ ′D and ȲD µYµ

′
YV (∗)

11 (1 − ϱϱ′)

Proof. Express Ŝ 2
Y,S B in terms of relative errors:

Ŝ 2
Y,S B = η

[
µ′Y(1 + ξ′0) − (µY(1 + ξ0))2

]
. (6.4)

Expanding the squared term:

(µY(1 + ξ0))2 = µ2
Y(1 + 2ξ0 + ξ2

0) ≈ µ2
Y(1 + 2ξ0), (6.5)

where the higher-order term ξ2
0 is negligible under the first-order approximation. Substituting back, we

obtain the linearized form:

Ŝ 2
Y,S B ≈ η

[
µ′Y(1 + ξ′0) − µ2

Y(1 + 2ξ0)
]
= η

[
(µ′Y − µ

2
Y) + µ′Yξ

′
0 − 2µ2

Yξ0
]
. (6.6)

Using the linearized form of the estimator:

Ŝ 2
Y,S B ≈ η

[
(µ′Y − µ

2
Y) + µ′Yξ

′
0 − 2µ2

Yξ0
]
, (6.7)
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we calculate its variance. By the properties of variance, a constant term does not contribute:

V(Ŝ 2
Y,S B) = V

(
η(µ′Yξ

′
0 − 2µ2

Yξ0)
)
= η2V(µ′Yξ

′
0 − 2µ2

Yξ0). (6.8)

The term (µ′Y − µ
2
Y) is constant with respect to the sample. Variance measures the variability of a

random quantity around its mean, and constants do not vary. Therefore, it does not contribute to the
variance. Only the deviations from the mean, captured by the relative errors ξ0 and ξ′0, determine
the variability of the estimator. Higher-order terms like ξ2

0 are also ignored under the first-order
linearization approximation.

Using the variance formula for a linear combination of random variables:

V(aX + bY) = a2Var(X) + b2V(Y) + 2abC(X,Y), (6.9)

we expand V(µ′Yξ
′
0 − 2µ2

Yξ0) as

V(µ′Yξ
′
0 − 2µ2

Yξ0) = (µ′Y)2V(ξ′0) + (2µ2
Y)2V(ξ0) − 2 · 2µ2

Y · µ
′
YC(ξ′0, ξ0). (6.10)

Substituting the definitions of the relative error variances and covariance:

V ′20 = V(ξ′0), V20 = V(ξ0), V (∗)
11 = C(ξ′0, ξ0), (6.11)

we obtain
V(Ŝ 2

Y,S B) = η2
[
µ′2Y V ′20 + 4µ4

YV20 − 4µ2
Yµ
′
YV (∗)

11

]
, (6.12)

which completes the proof. □

Lemma 6.3. Ŝ 2
Y,S U is an unbiased estimator of S 2

Y .

Proof. By taking the expectation of Eq (6.2), we obtain:

E(Ŝ 2
Y,S U) = E(Ŝ 2

Y,S B) + η E(V̂(YS))

= E(Ŝ 2
Y,S B) + η V(YS) = S 2

Y .

Hence, Ŝ 2
Y,S U is an unbiased estimator of Ŝ 2

Y under S-sampling scheme. □

Lemma 6.4. The variance of Ŝ 2
Y,S U is given as follows:

V(Ŝ 2
Y,S U) = η2

[
(µ′Y)2V ′20 + 4µ4

YV20 − 4µ2
Yµ
′
YV∗11

]
. (6.13)

Proof. The second estimator is defined as the unbiased version of the first estimator:

Ŝ 2
Y,S U = Ŝ 2

Y,S B + ηV(ȲS ) = Ŝ 2
Y,S B + ηµ

2
YV20. (6.14)

Since the term ηµ2
YV20 is constant with respect to the sample, it does not contribute to the variance.

Therefore,
V(Ŝ 2

Y,S U) = V(Ŝ 2
Y,S B + ηµ

2
YV20). (6.15)

Substituting the variance of the first estimator, we obtain:

V(Ŝ 2
Y,S U) = η2

[
(µ′Y)2V ′20 + 4µ4

YV20 − 4µ2
Yµ
′
YV∗11

]
≈ V(Ŝ 2

Y,S B), (6.16)

which completes the proof. □

Remark: Adding a constant to an estimator does not change its variance. Hence, the variance of the
second (unbiased) estimator is the same as that of the first estimator.
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6.2. Second proposed estimator

In line with the methodology outlined by [24], we introduce biased and unbiased estimators for the
finite population variance within an S-sampling framework, leveraging data from a single auxiliary
variable, X.

Ŝ 2
Y,DB = η

[
Y
′

D − Y
2
D

]
, (6.17)

Ŝ 2
Y,DU = Ŝ 2

Y,DB + ηV(YD). (6.18)

Lemma 6.5. Ŝ 2
Y,DB is a biased estimator of Ŝ 2

Y .

Proof. The mathematical expectation of Ŝ 2
Y,DB is

E(Ŝ 2
Y,DB) = η

[
E(Y

′

D) − E(Y
2
D)

]
= η

[
µ
′

Y − µ
2
Y − V(YD)

]
= S 2

Y − η µ
2
Y V20 (1 − ϱ2),

which also shows that Ŝ 2
Y,DB underestimates S 2

Y , and it is thus a biased estimator of S 2
Y . □

The estimator, Ŝ 2
Y,DB = η

(
Ȳ ′D − (ȲD)2) , is a difference-type biased estimator that incorporates

auxiliary information. The difference-type sample means are defined as ȲD = ȲS − β (X̄S − µX) and
Ȳ ′D = Ȳ ′S − β

′ (X̄′S − µ
′
X), where β and β′ are the regression coefficients between the study variable and

auxiliary variable for linear and squared observations, respectively.

Lemma 6.6. The variance of Ŝ 2
Y,DB under an S-sampling is given as follows:

V(Ŝ 2
Y,DB) = η2

[
µ′2Y V ′20(1 − ϱ′2) + 4µ4

YV20(1 − ϱ2) − 4µ2
Yµ
′
YV (∗)

11 (1 − ϱϱ′)
]
. (6.19)

To derive the variance, we first linearize ȲD and Ȳ ′D using relative error terms ξ0, ξ′0, ξ1, ξ
′
1, which

allows us to center the estimators at zero. Using these error terms, the variances of the adjusted
means are reduced due to the auxiliary information, giving Var(ȲD) = µ2

YV20(1 − ϱ2) and Var(Ȳ ′D) =
µ′2Y V ′20(1 − ϱ′2), where ϱ and ϱ′ = V ′11/

√
V ′20V ′02, are the correlations between the study and auxiliary

variables. Then the linearized form of the estimator is:

Proof.
Ŝ 2

Y,DB ≈ η
[
(µ′Y − µ

2
Y) + µ′Yξ

′
0 − 2µ2

Yξ0
]
. (6.20)

For a linear combination of random variables aξ′0 + bξ0:

V(aξ′0 + bξ0) = a2V(ξ′0) + b2V(ξ0) + 2ab C(ξ′0, ξ0). (6.21)

Here, a = µ′Y and b = −2µ2
Y , giving:

V(Ŝ 2
Y,DB) = η2

[
µ′2Y V(ξ′0) + 4µ4

YV(ξ0) − 4µ2
Yµ
′
YC(ξ′0, ξ0)

]
. (6.22)
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Next, the covariance between Ȳ ′D and ȲD is obtained as C(Ȳ ′D, ȲD) = µYµ
′
YV (∗)

11 (1 − ϱϱ′), which accounts
for the interaction between the linear and squared observations after adjustment. Finally, applying the
variance decomposition formula for Ŝ 2

Y,DB = η(Ȳ
′
D − (ȲD)2) and keeping only leading-order terms,

we have V20 = V(ξ0), V ′20 = V(ξ′0), V (∗)
11 = C(ξ′0, ξ0), ϱ = correlation adjustment for ξ0, and ϱ′ =

correlation adjustment for ξ′0. Then: V(ξ0) = V20(1 − ϱ2), V(ξ′0) = V ′20(1 − ϱ′2), and C(ξ′0, ξ0) = V (∗)
11 (1 −

ϱϱ′).
Substituting these into the linear combination formula yields:

V(Ŝ 2
Y,DB) = η2

[
µ′2Y V ′20(1 − ϱ′2) + 4µ4

YV20(1 − ϱ2) − 4µ2
Yµ
′
YV (∗)

11 (1 − ϱϱ′)
]
, (6.23)

which completes the proof. □

This expression shows that the variance of the difference-type estimator is reduced relative to the
simple estimators due to the use of auxiliary information, while the mixed covariance term V (∗)

11 captures
the interaction between the linear and squared observations, ensuring accurate estimation of the total
variability.

Lemma 6.7. Unbiased estimators of finite population variance, utilizing a single auxiliary variable X
within an S-sampling scheme, are provided by:

Ŝ 2
Y,DU = Ŝ 2

Y,DB + ηV(YD). (6.24)

Proof. The demonstration can be easily achieved by following the steps in the previous proof. The
variances of Ŝ 2

Y,DB and Ŝ 2
Y,DU are identical. □

Lemma 6.8. Variance of the Ŝ 2
Y,DU is given as follows:

V(Ŝ 2
Y,DU) ≈ η2

[
µ′2Y V ′20(1 − ϱ′2) + 4µ4

YV20(1 − ϱ2) − 4µ2
Yµ
′
YV (∗)

11 (1 − ϱϱ′)
]
. (6.25)

Proof. Ŝ 2
Y,DU is the unbiased version of Ŝ 2

Y,DB:

Ŝ 2
Y,DU = Ŝ 2

Y,DB + ηV(ȲD), (6.26)

where Ŝ 2
Y,DB = η

[
Ȳ ′D − (ȲD)2] and V(ȲD) = µ2

YV20(1 − ϱ2). Then the variance of a sum of two terms is:

V(Ŝ 2
Y,DU) = V(Ŝ 2

Y,DB) + V(ηV(ȲD)) + 2C(Ŝ 2
Y,DB, ηV(ȲD)). (6.27)

The term V(ηV(ȲD)) is of higher order (since V(ȲD) is already small in first-order approximation) and
can be ignored. Similarly, the covariance term is negligible at the first order. Therefore, we have

V(Ŝ 2
Y,DU) ≈ V(Ŝ 2

Y,DB). (6.28)

The first-order variance still depends on the variance and covariance of linear and squared observations:
V20,V ′20,V

(∗)
11 , with the corresponding correlation reduction factors: 1− ϱ2, 1− ϱ′2, 1− ϱϱ′, respectively.

Thus, the final variance of Ŝ 2
Y,DU is:

V(Ŝ 2
Y,DU) ≈ η2

[
µ′2Y V ′20(1 − ϱ′2) + 4µ4

YV20(1 − ϱ2) − 4µ2
Yµ
′
YV (∗)

11 (1 − ϱϱ′)
]
, (6.29)

V(Ŝ 2
Y,DU) ≈ V(Ŝ 2

Y,DB), which completes the proof. □
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Remark: The variance of the fourth estimator is identical to that of the third estimator under first-
order approximation because the additional term ηV(ȲD) is a constant (known from the sample) and
contributes negligibly to the total variance at this order.

Table 2. Summary of notations.

No. Symbol / Estimator Nomenclature Description
1 N PSU Number of clusters at stage 1
2 Ni SSU Number of clusters at stage 2
3 N Average Cluster size Average cluster size under the 2SCS
4 σ2

Y,b,2 Between Variance Variance between clusters under the 2SCS
5 σ2

Y,i,2 Within Variance Variance within clusters under the 2SCS
6 Ni j TSU Number of clusters at stage 3
7 T Average Cluster size Average cluster size under the 3SCS
8 σ2

Y,b,3 Between Variance Variance between clusters under the 3SCS
9 σ2

Y,i,3 Within Variance Variance within clusters under the 3SCS
10 S 2

Y Population Variance Variance of the study variable
11 Ŝ 2

Y,S B Biased Variance Estimator Biased estimator under S-Scheme
12 Ŝ 2

Y,S U Unbiased Variance Estimator Unbiased estimator under S-Scheme
13 Ŝ 2

Y,DB Biased Difference Variance Biased difference variance estimator
14 Ŝ 2

Y,DU Unbiased Difference Variance Unbiased difference variance estimator
15 ABS B Absolute Bias SB Absolute Bias of Ŝ 2

Y,S B
16 ABS U Absolute Bias SU Absolute Bias of Ŝ 2

Y,S U
17 ABDB Absolute Bias DB Absolute Bias of Ŝ 2

Y,DB
18 ABDU Absolute Bias DU Absolute Bias of Ŝ 2

Y,DU
19 RE1 Relative Efficiency 1 RE of Ŝ 2

Y,S B with respect to Ŝ 2
Y,DB

20 RE2 Relative Efficiency 2 RE of Ŝ 2
Y,S B with respect to Ŝ 2

Y,DU
21 RE3 Relative Efficiency 3 RE of Ŝ 2

Y,S U with respect to Ŝ 2
Y,DB

22 RE4 Relative Efficiency 4 RE of Ŝ 2
Y,S U with respect to Ŝ 2

Y,DU

It is important to note that the terms S U, S B, DB, and DU in the subscripts of Ŝ 2
Y represent

different estimators of the finite population variance. Specifically, S U and S B refer to estimators
that are computed without the use of auxiliary information, whereas DB and DU are estimated using
auxiliary information. More precisely, S U refers to an unbiased estimator, while S B represents a
biased estimator without auxiliary information. Similarly, DB corresponds to a biased estimator of the
finite population variance obtained through the difference estimator, whereas DU denotes its unbiased
counterpart derived using auxiliary information. For instance, Ŝ 2

Y,S B denotes the finite population
variance estimator calculated without auxiliary information which is biased. Furthermore, we propose
its unbiased counterpart, Ŝ 2

Y,S U , which is also computed without the use of auxiliary information.
In contrast, Ŝ 2

Y,DB is an estimator that utilizes auxiliary information to estimate the finite population
variance which is biased. Similarly, the unbiased version of this estimator, Ŝ 2

Y,DU , is also derived
using auxiliary information. Furthermore, ABS B, ABS U , ABDB, and ABDU denote the ABs of the
corresponding variance estimators Ŝ 2

Y,S B, Ŝ 2
Y,S U , Ŝ 2

Y,DB, and Ŝ 2
Y,DU , measuring the magnitude of deviation

from the true population variance. For more details, see Table 2 where a consolidated notation table is
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provided for clarity.

6.3. Mathematical efficiency comparison between ȲS , ȲD, and ȲReg

It can be easy to show that the variance of ȲS can be written as follows [29]:

MSEmin(ȲS ) = µ2
YΛ20,

and similarly, from Eq (4.5), the variance of ȲD is given as follows:

MSEmin(ȲD) = µ2
Y

(
Λ20 −

Λ2
11

Λ02

)
.

To compare the efficiencies of the simple mean and the difference estimator, we consider the difference
between their minimum MSEs. Specifically, we evaluate MSEmin(Ȳ) −MSEmin(ȲD).

MSEmin(ȲS ) −MSEmin(ȲD) = µ2
YΛ20 − µ

2
Y

(
Λ20 −

Λ2
11

Λ02

)

= µ2
Y

(
Λ20 − Λ20 +

Λ2
11

Λ02

)
= µ2

Y

Λ2
11

Λ02
.

Since µ2
Y > 0 and (under the usual regularity conditions) Λ02 > 0, the difference is nonnegative and

equals zero if and only if Λ11 = 0. Thus, the minimum MSE of the difference estimator is smaller (or
equal, in the degenerate case) than that of the simple mean by the amount µ2

YΛ
2
11/Λ02. In the case of the

regression estimator, for large samples, β̂S is a consistent estimator of the true βS, since as the sample
size increases, β̂S converges to its true value. On this basis, the performance of the regression estimator
improves in large samples, and its bias becomes negligible. Consequently, the minimum MSE of the
regression estimator as given in Eq 4.6 ultimately equals that of the difference estimator, implying that,
asymptotically, both estimators perform equivalently.

The schematic diagram in Figure 1 illustrates the hierarchical link between the 2SCS and 3SCS. In
the 2SCS framework, the population is first divided into PSUs, and subsequently, SSUs are selected
within the chosen PSUs. In contrast, the 3SCS framework introduces an additional level of sampling,
whereby TSUs are further selected within each chosen SSU. From a methodological perspective, the
3SCS formulation generalizes that of the 2SCS: when the third stage is omitted (i.e., no TSUs are
drawn), the MSE and bias expressions for the 3SCS reduce directly to those of the 2SCS. Thus, the
two-stage design can be regarded as a special case of the more general 3SCS framework.
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Figure 1. Schematic link showing the 2SCS as a special case of the generalized 3SCS
framework.

In the next section, we validate the proposed estimators using two real-life datasets. Specifically, the
biased and unbiased estimators constructed with auxiliary information are compared without auxiliary
information. The comparison is based on the MSE, which is subsequently used to compute the RE of
the estimators. This choice is justified, as comparing MSEs provides an appropriate measure of both
bias and variability, allowing for a meaningful assessment of estimator performance.

7. Empirical study

This section analyzes real datasets to determine the AB, MSE, and RE of the proposed variance
estimators. These estimators are derived from the 2SCS and 3SCS methods, both with and without the
inclusion of auxiliary information.

7.1. Population I

Population I is drawn from a cross-sectional survey conducted in the Multan District, Pakistan (Jan–
Mar 2020) [36]. The sampling frame consisted of school-going children aged 3–18 years, enrolled in
government and private schools, with a total population of 4.7 million residents in the district. Schools
were first stratified by socioeconomic status (SES) based on fee structure, forming the PSUs. Within
selected schools, classes served as the SSUs, and for 3-stage sampling, students were further grouped
into age categories (TSUs). In total, 1040 students were selected using a probability proportional to
size (PPS). The body mass index (BMI), calculated as weight (kg)/height (m2), was used as the study
variable, while body weight (kg) served as the auxiliary variable due to its strong correlation with the
BMI. In the original study, written informed consent was obtained from the school administration, and
verbal consent was taken from students prior to participation. For empirical analysis, the dataset was
reorganized into two strata (males and females), while SES remained the PSU. Thus, for the 2SCS
design, SES and BMI were treated as the PSU and SSU, respectively, whereas for the 3SCS design,
SES, age, and BMI were considered as the PSU, SSU, and TSU, respectively.
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7.2. Population II

The other dataset is sourced from the Centers for Disease Control and Pervention is associated
with the second national health and nutrition examination survey. The dataset comprises 10,351
units representing the non-institutionalized civilian population of the United States, including
all 50 states and the District of Columbia. The data were divided into four geographic
regions (REGs)—midwestern, southern, northeastern, and western—each further subdivided into
specific locations (LOCs), with REG1, REG2, REG3, and REG4 containing 16, 14, 16, and 16 LOCs,
respectively. The total number of units in all LOCs of REG1 is 2774 (average LOC size: 173.38);
in REG2, 2096 (average: 149.71); in REG3, 2853 (average: 178.31); and in REG4, 2628 (average:
164.25). Random stratification into two strata was performed using a Bernoulli distribution with
success probability 0.50, where 0 indicates Stratum I and 1 indicates Stratum II. The study variable
Y represents BMI, and the auxiliary variable X is body weight (kg), which is highly correlated with
BMI. For the 2SCS design, LOC and BMI are treated as the PSU and SSU, respectively, whereas
for the 3SCS design, REG, LOC, and BMI are considered the PSU, SSU, and TSU, respectively.
The dataset is publicly available and can be downloaded from https://www.stata-press.com/
data/r15/svy.html or via Figshare at https://doi.org/10.6084/m9.figshare.28151576.
v1, where it has been uploaded for public availability.

7.3. Numerical illustration

Using two real datasets, we evaluate the performance of the proposed variance estimators under
the 2SCS and 3SCS schemes. For this purpose, we compute the AB, MSE, and RE of the estimators
under an S-sampling scheme by using the following formulas:

AB(Ŝ 2
Y,S B) =

∣∣∣∣∣∣∣1r
r∑

i=1

Ŝ 2
Y,S B,i − S 2

Y

∣∣∣∣∣∣∣ ,
MSE(Ŝ 2

Y,S B) =
1
r

r∑
i=1

(
Ŝ 2

Y,S B,i − S 2
Y

)2
,

MSE(Ŝ 2
Y,DB) =

1
r

r∑
i=1

(
Ŝ 2

Y,DB,i − S 2
Y

)2
.

To obtain stable estimates of these measures, we iterate the computations 10,000 times (i.e., r =
10, 000). The ABs and MSEs of these estimators were estimated for different n, ni, and ni j as provided
in Tables 3–6. The ABs and MSEs of the biased estimators with and without auxiliary information are
calculated using the formulas provided above. The RE of the biased estimator of S 2

Y with respect to the
unbiased variance estimator is given by

RE(Ŝ 2
Y,S B, Ŝ

2
Y,DB) =

MSE(Ŝ 2
Y,S B)

MSE(Ŝ 2
Y,DB)
. (7.1)
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Table 3. ABs and REs of the proposed estimators with respect to Ŝ 2
Y,S B under the 2SCS using

Population I.

n ni ABS B ABS U ABDB ABDU RE1 RE2 RE3 RE4

2 03 14.09 1.66 2.03 0.26 07.72 07.79 07.61 07.67
2 05 12.27 0.81 2.06 0.55 10.75 10.88 10.76 10.89
2 10 13.32 2.28 0.77 0.05 22.78 22.88 22.61 22.70
2 15 09.58 0.77 0.19 0.38 45.65 45.58 45.94 45.87
2 20 10.12 0.37 0.09 0.33 62.61 62.49 63.20 63.08
3 03 04.35 0.32 1.05 0.21 04.00 04.02 03.98 03.99
3 05 02.61 1.71 0.06 0.81 05.83 05.80 05.82 05.80
3 10 02.27 1.46 0.50 0.00 12.28 12.31 12.30 12.34
3 15 02.08 1.54 0.26 0.09 17.66 17.68 17.68 17.70
3 20 03.56 0.01 0.25 0.02 24.95 24.99 24.89 24.93
Note: ABS B, ABS U , ABDB, and ABDU denote the AB of Ŝ 2

Y,S B Ŝ 2
Y,S U , Ŝ 2

Y,DB, and Ŝ 2
Y,DU , respectively.

Table 4. ABs and REs of the proposed estimators with respect to Ŝ 2
Y,S B under the 2SCS using

Population II.

n ni ABS B ABS U ABDB ABDU RE1 RE2 RE3 RE4

3 05 18.23 2.54 0.48 0.18 085.19 085.33 078.84 078.96
3 10 14.68 0.01 0.34 0.01 167.49 167.82 156.25 156.56
3 15 11.29 3.71 0.07 0.31 221.87 221.39 208.28 207.83
3 20 15.06 0.05 0.21 0.03 386.50 387.14 364.78 365.39
5 05 08.79 0.70 0.43 0.04 073.24 073.42 069.67 069.84
5 10 10.66 1.67 0.18 0.02 166.55 166.72 155.59 155.74
5 15 09.68 0.84 0.11 0.03 232.55 232.66 221.41 221.51
5 20 10.21 1.43 0.12 0.23 317.67 317.00 302.58 301.94
10 05 03.90 0.47 0.34 0.15 070.72 070.92 069.33 069.53
10 10 05.77 1.65 0.25 0.14 122.01 122.27 118.39 118.64
10 15 02.79 1.19 0.18 0.11 207.60 208.00 203.12 203.50
10 20 04.19 0.21 0.08 0.03 272.96 273.16 265.92 266.11
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Table 5. ABs and REs of the proposed estimators with respect to Ŝ 2
Y,S B under the 3SCS using

Population I.

n ni ni j ABS B ABS U ABDB ABDU RE1 RE2 RE3 RE4

2 3 3 30.46 7.75 1.55 0.32 100.43 101.97 083.75 085.03
2 3 4 30.00 7.92 1.33 0.22 108.53 109.90 091.20 092.36
2 3 5 29.72 7.56 1.26 0.22 109.23 110.48 091.92 092.97
2 5 3 24.57 8.71 0.95 0.21 106.75 107.67 093.27 094.07
2 5 4 25.07 9.43 0.88 0.22 123.95 124.99 108.76 109.67
2 5 5 23.22 7.65 0.92 0.31 131.52 132.72 115.98 117.04
2 7 3 20.23 7.37 0.75 0.25 124.67 125.55 112.78 113.57
2 7 4 21.21 8.22 0.70 0.25 138.68 139.61 124.58 125.42
2 7 5 20.41 7.85 0.60 0.19 153.03 153.89 138.24 139.02
3 3 3 20.40 7.98 0.86 0.12 085.68 086.31 075.34 075.90
3 3 4 20.80 8.75 0.82 0.15 100.19 100.94 088.76 089.42
3 3 5 19.07 7.15 0.91 0.29 098.14 098.98 087.09 087.84
3 5 3 16.56 8.65 0.58 0.14 097.34 097.81 088.99 089.42
3 5 4 15.51 7.83 0.69 0.29 111.10 111.84 101.96 102.64
3 5 5 16.21 8.54 0.54 0.17 125.78 126.42 115.14 115.73
3 7 3 13.07 7.14 0.53 0.23 108.86 109.38 101.79 102.27
3 7 4 13.71 7.91 0.40 0.13 125.65 126.07 117.62 118.01
3 7 5 13.10 7.42 0.31 0.07 140.70 141.04 132.37 132.68
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Table 6. ABs and REs of the proposed estimators with respect to Ŝ 2
Y,S B under the 3SCS using

Population II.

n ni ni j ABS B ABS U ABDB ABDU RE1 RE2 RE3 RE4

2 3 05 12.60 2.37 0.47 0.14 118.42 118.81 114.38 114.76
2 3 10 12.25 2.84 0.24 0.07 241.10 241.52 234.49 234.90
2 3 15 12.24 3.17 0.06 0.06 368.88 368.89 357.46 357.46
2 5 05 8.24 1.29 0.30 0.10 134.25 134.53 133.92 134.20
2 5 10 9.45 3.16 0.07 0.03 292.28 292.34 290.77 290.83
2 5 15 8.95 2.92 0.09 0.02 443.40 443.68 442.20 442.47
2 7 05 7.71 2.19 0.22 0.08 165.38 165.65 166.66 166.94
2 7 10 7.63 2.60 0.08 0.01 335.87 336.02 339.36 339.52
2 7 15 6.43 1.56 0.09 0.04 520.34 520.76 527.26 527.69
3 3 05 8.40 2.29 0.25 0.03 111.17 111.33 107.42 107.57
3 3 10 8.76 3.32 0.07 0.04 234.78 234.82 227.32 227.36
3 3 15 7.14 1.95 0.09 0.01 340.86 341.05 331.71 331.89
3 5 05 6.27 2.33 0.18 0.05 128.63 128.77 126.39 126.53
3 5 10 5.57 2.15 0.09 0.02 269.82 269.97 266.57 266.72
3 5 15 7.01 3.79 0.05 0.01 418.16 418.30 412.51 412.65
3 7 05 4.65 1.65 0.13 0.04 150.00 150.13 148.91 149.03
3 7 10 5.18 2.65 0.07 0.02 313.80 313.95 312.04 312.20
3 7 15 5.04 2.67 0.04 0.00 483.15 483.25 481.22 481.33

On similar lines, one can find the ABs, MSEs, and REs of the other aforementioned estimators, as
given in Section 6. It should be noted that from Tables 3–6, RE1, RE2, RE3, and RE4 correspond to
the RE of Ŝ 2

Y,S B with Ŝ 2
Y,DB, Ŝ 2

Y,S B with Ŝ 2
Y,DU , Ŝ 2

Y,S U with Ŝ 2
Y,DB, and Ŝ 2

Y,S U with Ŝ 2
Y,DU , respectively. All

numerical calculations and iteration have been carried out using R 4.4.1.
To validate our proposed variance estimators, the true variance of Population II (S 2

Y = 10.8022) was
computed using Eq (5.2). Under the 3SCS scheme, with n = 3, ni = 7, and ni j = 5, the estimated
variances obtained are Ŝ 2

Y,S B = 2.28932, Ŝ 2
Y,S U = 3.427977, Ŝ 2

Y,DB = 10.40159, and Ŝ 2
Y,DU = 10.64815.

This validation was conducted only for the 3SCS, while the 2SCS scheme was omitted to avoid
repetition, as similar conclusions are expected in both designs. It can be observed that all the proposed
estimators provide estimates of the true variance; however, the difference estimators (Ŝ 2

Y,DB and Ŝ 2
Y,DU)

are much closer to the true variance, thereby confirming their superior performance in practical
applications.

For n = 2, ABSB and ABSU show moderate variation across increasing ni, while ABDB and ABDU

decrease notably, with ABDU nearing zero at ni = 10 as we see in Figure 2. The REs (RE1 to RE4)
increase steadily, peaking around 63 at n = 2, ni = 20, highlighting improved estimator precision.

AIMS Mathematics Volume 10, Issue 10, 23429–23466.



23458

0

2

4

6

8

10

12

14

Ab
so

lu
te

 B
ia

s

Absolute Biases (n = 2)
ABSB

ABSU

ABDB

ABDU

0

1

2

3

4

Absolute Biases (n = 3)

ABSB

ABSU

ABDB

ABDU

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
ni

10

20

30

40

50

60

Re
la

tiv
e 

Ef
fic

ie
nc

y

Relative Efficiencies (n = 2)
RE1
RE2
RE3
RE4

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
ni

5

10

15

20

25
Relative Efficiencies (n = 3)

RE1
RE2
RE3
RE4

Figure 2. ABs and REs of the proposed estimators with respect to Ŝ 2
Y,S B under the 2SCS

using Population I.

When n = 3, all ABs are lower, and REs remain consistently high, with DB and DU estimators
performing best in terms of accuracy and efficiency.

In Population II (Table 4), the estimators demonstrate greater improvement with increased n and ni.
ABDU and ABDB remain minimal across all cases, while REs rise sharply, exceeding 380 for n = 3, ni =

20, and which can also be seen in Figure 3. This confirms that deeper cluster sampling significantly
enhances precision, especially for DU and DB estimators.
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Figure 3. ABs and REs of the proposed estimators with respect to Ŝ 2
Y,S B under the 2SCS

using Population II.

The 3D scatter plots given in Figures 4 and 5 using the values given in Tables 5 and 6, respectively,
illustrate how ABs (ABSB, ABSU, ABDB, ABDU) and REs (RE1 to RE4) of the proposed estimators vary
with ni and ni j for n = 2 and n = 3. As both ni and ni j increase, the ABs generally decrease, indicating
improved estimator accuracy, while the REs increase, reflecting better performance with larger sub-
sample sizes.
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Figure 5. ABs and REs of the proposed estimators with respect to Ŝ 2
Y,S B under the 3SCS

using Population II

Notably, ABDU and ABDB exhibit the lowest bias, while RE3 and RE4 consistently achieve higher
efficiency, especially for n = 3. Under the 3SCS using Population I, the difference unbiased
estimator Ŝ 2

Y,DU attained the highest efficiency (RE2 = 153.89), closely followed by the difference
biased estimator Ŝ 2

Y,DB (RE1 = 527.26). Similarly, using Population II, Ŝ 2
Y,DU attained the highest

efficiency (RE4 = 527.69), closely followed by the Ŝ 2
Y,DB (RE3 = 527.26). Both substantially

outperformed the conventional sample variance estimator without auxiliary information. These trends
suggest that increasing the complexity of the configuration, through larger ni and ni j values, leads to
lower bias and higher efficiency, enhancing overall estimator performance.
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7.4. Robustness and limitations for small samples

We examined the performance of the proposed estimators under very small sample sizes (e.g., n =
1, ni = 2, ni j = 5) to assess robustness. Some variance estimates could not be computed (N/A) because
multi-stage cluster sampling requires a minimum number of clusters and subunits for valid estimation.
Nonetheless, under the 3SCS scheme using Population II, the difference estimators yielded reasonable
estimates: Ŝ 2

Y,DB = 4.6539, Ŝ 2
Y,DU = 10.8093, with ABs ABDB = 6.14834, ABDU = 0.0071, and REs

RE1 = 177.36, RE2 = 186.72. These results indicate that while the difference estimators are relatively
robust even in sparse data settings, the accuracy and stability of variance estimation deteriorate when
the number of clusters or subunits is extremely small. Therefore, we recommend a minimum number
of clusters and subunits to ensure reliable estimation in practical applications.

The RE of the proposed estimators increases significantly with larger sample sizes, as higher n,
ni, and ni j reduce AB and provide more precise variance estimates. For survey practitioners, this
indicates that increasing sub-sample sizes and using auxiliary information can substantially improve
estimator performance. However, auxiliary information may fail to improve efficiency if it is poorly
correlated with the study variable, measured with error, or has incorrect distributional assumptions,
potentially increasing bias or variance. Moreover, estimators using auxiliary information can be
sensitive to outliers or skewed auxiliary variables, which may reduce efficiency or introduce bias.
Among the estimators considered, the Ŝ 2

Y,DU consistently performs best, exhibiting the lowest bias and
highest efficiency across 2SCS and 3SCS schemes. While regression estimators could be applied, their
efficiency is generally lower due to the need to estimate regression coefficients from the sample. These
findings highlight practical strategies for designing surveys that yield reliable and robust variance
estimates. Additionally, it is important to consider uncertainties arising from non-sampling errors,
measurement inaccuracies, and assumptions regarding auxiliary information, as these factors may
impact the reliability of the estimators in real-world applications.

7.5. Discussion

In this study, we have estimated the finite population variance under the 2SCS and 3SCS using the
method of moments. Accurate and efficient variance estimation enhances the reliability of survey-based
inferences, leading to more precise estimates, better resource allocation, increased confidence in policy
decisions, effective monitoring and evaluation of programs, and identification of priority populations.
These advantages support informed decision-making in health and demographic policy contexts. For
this purpose, variance estimation has been carried out through both the difference estimator and the
simple estimator (without auxiliary information), and their results have been compared.

The numerical results reported in Tables 3–6 consistently demonstrate that the difference unbiased
estimator (Ŝ 2

Y,DU) outperforms the other proposed and conventional estimators under both the 2SCS and
3SCS schemes. This superior performance is fully consistent with the theoretical expectations, since
the estimator leverages the structure of the difference estimator together with raw moment information,
leading to both lower AB and higher RE. The maximum efficiency observed under the 3SCS (RE3 =

527.69 for Ŝ 2
Y,DU) validates the theoretical prediction that difference-type estimators incorporating

auxiliary information should outperform sample-based estimators without auxiliary variables. Thus,
the empirical evidence not only supports but also strengthens the theoretical justification of Ŝ 2

Y,DU as
the most reliable estimator of finite population variance.
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While the proposed estimators show clear efficiency gains, certain limitations should be
acknowledged. First, the numerical evaluation is based on two real-life datasets, which may constrain
the generalizability of the findings to populations with different structures or auxiliary relationships.
Second, although we have now derived the closed-form variance expressions for the proposed
estimators under the 2SCS and 3SCS schemes (which were not provided in the work of [24] under
stratified random sampling), the efficiency assessment in this study has been limited to AB, MSE, and
RE. Third, the efficiency of estimators involving auxiliary information depends critically on the quality
and strength of the correlation between the study and auxiliary variables; in practice, poor auxiliary
data may limit their effectiveness. Therefore, while the results strongly favor the use of difference-type
estimators, particularly the unbiased version, care must be taken when applying them in real-world
surveys where auxiliary information may be weak or unreliable.

Implementing the proposed estimators in real surveys may face challenges such as limited auxiliary
information, non-response, and computational complexity for multi-stage and stratified designs. Their
efficiency depends on assumed relationships between study and auxiliary variables, which may not
always hold, and uncertainties from non-sampling errors, measurement inaccuracies, and model
assumptions can further affect reliability. Although our simulations using two real-life datasets account
for sampling variability, they do not capture all practical uncertainties, and full uncertainty modeling
is beyond the current scope, representing a direction for future research. Frameworks such as those
in [37–41] could be adapted in future studies to enhance the robustness of variance estimation under
complex sampling. Nevertheless, the proposed estimators rely on simple computations involving
sample means, variances, covariances, and available auxiliary information, ensuring computational
efficiency for typical survey applications. For large-scale surveys, the primary computational effort
arises from multi-stage clustering and processing auxiliary data, which can be handled efficiently
using standard statistical software, making the estimators practically feasible and providing a flexible
framework for variance estimation in complex survey designs.

8. Conclusions

This study proposed biased and unbiased estimators of finite population variance under the 2SCS
and 3SCS schemes, including difference-type estimators that exploit auxiliary information. Analytical
and empirical results showed that incorporating auxiliary variables reduces bias and MSE while
substantially improving RE. Notably, the proposed unbiased and biased difference estimators under
the 2SCS/3SCS outperformed proposed conventional estimators (without auxiliary information),
confirming their practical advantage. However, the analysis was limited to two real populations and
a single auxiliary variable. Future research may extend these methods to multiple auxiliaries and
other complex designs such as stratified multi-stage sampling. For survey practitioners, the findings
underscore that even biased estimators leveraging auxiliary data can deliver significant efficiency gains,
enabling more precise variance estimation without expanding the sample size.

8.1. Future works

The accuracy of the proposed estimators for finite population variance can be enhanced by
incorporating multiple auxiliary variables. In future research, the difference estimator can be
extended by incorporating two or more auxiliary variables (dual difference estimator, ratio-cum-
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product or exponential ratio-cum-product type estimators), enabling the estimator to exploit additional
information for more accurate and less biased variance estimation. Moreover, difference estimators
or other classes of estimators provided by [42, 43] based on single or dual auxiliary information
can also be explored to improve efficiency further. Additionally, adopting PPS sampling at the first
stage would allow larger units a higher probability of selection, thereby making the sample more
representative. The integration of these approaches is expected to not only enhance the precision of
estimation but also provide more effective control of variance in complex survey designs. In a similar
manner, new estimators for finite population variance can be developed by incorporating auxiliary
information into the frameworks of stratified 2SCS and 3SCS schemes. If the estimators for the 2SCS
and 3SCS are applied in stratified designs, the population must be divided into strata, and separate
estimates and variances need to be calculated for each stratum, which are then combined using stratum
weights [29, 33]. The bias and MSE formulas for ratio-, product-, or moment-based estimators must
also be adjusted stratum-wise, and sample allocation can be optimized based on stratum size and
variability [24, 44].
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