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Abstract: In this paper, a finite-time Q-Learning algorithm is designed and applied to the mountain
car problem. Compared with traditional Q-Learning algorithms, our designed finite-time Q-Learning
algorithm can achieve learning objectives more rapidly. It is widely recognized that the operational
efficiency of the Q-Learning algorithm heavily depends on the capabilities of the underlying hardware,
and computational processes often consume a considerable amount of time. To reduce the time
overhead associated with Q-Learning execution, this study utilizes the theoretical framework of finite-
time stability to devise a novel Q-Learning algorithm. This innovative approach has been effectively
implemented to tackle challenges related to the mountain car problem. Simulation results show a
significant reduction in training completion time, along with a substantial increase in the subsequent
success rate of the algorithm’s performance.
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1. Introduction

The Q-Learning (QL) algorithm stands as a prominent reinforcement learning approach, having
been widely applied in various domains including path planning [1, 2], intelligent transportation
systems [3, 4], penetration testing [5, 6], robotics and autonomous systems [7–9], and so on. It
essentially focuses on the interaction between an agent and its environment, enabling the agent
to acquire an optimal policy aimed at maximizing cumulative rewards. The QL algorithm is a
quintessential approach within the realm of reinforcement learning, and its effectiveness and broad
applicability across numerous domains have been well-established in recent years. Nevertheless,
a concerning aspect of the traditional QL algorithm lies in its initialization process, where the Q-
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values are set to identical or random values. This means the algorithm embarks on learning within
the environment without any prior knowledge, ultimately resulting in sluggish convergence of the
algorithm.

To address the slow convergence of the traditional QL algorithm, scholars have explored a
variety of approaches to enhance its performance, such as optimizing the update rules, introducing
prior knowledge, and combining it with other advanced machine-learning techniques. Bai et al.
introduced a modified QL algorithm that leverages the flower pollination algorithm (FPA) for Q-table
initialization [10]. Prior to executing QL, the FPA algorithm explores the environment to initialize
the Q-table with estimated Q-values, enabling agents to utilize prior knowledge during path planning
rather than starting from scratch. However, the accuracy of this initialization process can significantly
impact the algorithm’s efficiency and convergence [11]. Moving on, Zhang et al. enhanced the reward
function by incorporating the reward value of diagonal motion, thereby reducing blind search during
exploration and improving learning efficiency [12]. This approach shortens the agent’s moving path but
may lead the agent to favor diagonal paths and overlook potentially better alternatives. Furthermore,
Gao et al. proposed an improved QL algorithm by adding a learning layer on top of the traditional
QL framework, specifically for path planning of mobile robots in multi-obstacle environments [13].
This modification accelerates the learning process and demonstrates generalization capabilities under
complex conditions. However, it also introduces increased algorithmic complexity, potential new
hyper-parameters, and higher memory consumption. In addition, Low et al. introduced a novel multi-
step approach that differs from traditional QL by employing a new return function in [14]. This function
adjusts the discount of future rewards while reducing immediate rewards when selecting current
state actions, aiming to enhance data efficiency in deep reinforcement learning. Nevertheless, this
method increases the difficulty of algorithm tuning and may heighten sensitivity to hyper-parameters.
Moreover, Song et al. integrated the genetic algorithm with QL, enabling multi-step exploration and
smoothing key nodes of the optimal path using Bessel curves in [15]. This approach reduces the
likelihood of falling into local optima and improves path planning under dynamic map conditions.
However, it is confronted with complex parameter adjustments and limited robustness in dynamic
environments. Similarly, Meerza et al. developed a fusion path planning algorithm that combines
QL with particle swarm optimization (PSO) in [16]. PSO is utilized to enhance Q-table iteration and
accelerate the algorithm’s speed. Nonetheless, this method increases computational complexity and the
risk of converging to local optimal solutions. In conclusion, while these innovative approaches offer
promising improvements to the traditional QL algorithm, each comes with its own set of trade-offs and
challenges that need to be carefully considered in practical applications. For instance, some methods
may increase computational complexity, while others could introduce difficulties in parameter tuning
or be less robust in dynamic environments. These limitations highlight the need for a more effective
and well-rounded improvement strategy for the QL algorithm.

Fortunately, based on the finite-time stability theory [17] and some preliminary work [18–20],
we find a promising avenue to address the aforementioned issues. In this article, we will introduce
finite-time stability theory into the QL algorithm. Finite-time stability, as a crucial branch of control
theory, offers substantial advantages over asymptotic stability, and these advantages directly translate
into significant benefits for the QL algorithm. The most notable aspect is its ability to guarantee
system convergence to the equilibrium point within a predetermined finite time frame. In the context
of the QL algorithm, this means that the agent can learn the optimal policy and reach the desired
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performance level much faster compared to traditional methods that rely on asymptotic stability,
where the algorithm state gradually approaches the optimal solution as time tends to infinity. This
key characteristic of finite-time stability significantly accelerates the algorithm’s convergence speed,
enabling quicker attainment of the desired control objectives in path planning and other reinforcement
learning tasks. Furthermore, when confronted with external disturbances or uncertainties in system
parameters, which are common in real-world scenarios, finite-time stable systems leverage their rapid
convergence properties to swiftly suppress interference effects and restore stable operation. For the
QL algorithm, this implies that it can better handle noisy environments and changes in the problem
settings, maintaining stable learning performance and avoiding getting stuck in sub-optimal solutions.
This endows the finite-time stability-enhanced QL algorithm with superior robustness compared to its
asymptotically stable counterparts. Additionally, in application scenarios demanding exceptionally
high control accuracy, such as precise robot navigation or complex decision-making in dynamic
systems, finite-time stability ensures that the system precisely reaches and maintains the desired
state within a limited time. For the QL algorithm, this means it can achieve high-precision policy
learning, effectively meeting stringent high-precision control requirements. Since its inception, finite-
time stability theory has undergone extensive development and found widespread applications across
various fields. However, its integration into reinforcement learning remains largely unexplored, with
few scholars having investigated the potential of finite-time theory in this domain. It is possible that this
article represents one of the initial attempts at a systematic exploration of finite-time stability within
reinforcement learning contexts, and we are hopeful that it could potentially open up new avenues for
the development of more efficient and robust QL algorithms.

The contributions of this paper are summarized as follows:
1. Algorithm Innovation: Finite-Time Constrained QL Algorithm
We break from traditional QL algorithms relying on asymptotic stability by integrating finite-time

stability theory. This guarantees convergence to the optimal policy within a finite time, offering a
strict upper bound on learning time and enhancing predictability. A new update rule is designed,
dynamically adjusting the learning rate and exploration-exploitation balance. It enables rapid initial
exploration and timely fine-tuning of the policy, significantly speeding up convergence compared to
traditional methods.

2. Practical Application: Solving the Mountain Car Problem
Applying the proposed algorithm to the mountain car problem, a classic reinforcement learning

benchmark with a continuous state space and sequential action requirements, it efficiently explores and
finds an optimal policy within the finite-time limit, demonstrating practical applicability. Compared
to traditional QL algorithms for this problem, our approach converges in fewer episodes, reducing
learning time and computational resources.

3. Performance Excellence: Running Speed and Beyond
Experiments across various environments, including the mountain car problem, show our algorithm

outperforms traditional ones in running speed. The algorithm is robust to different initial conditions
and environmental uncertainties, quickly adapting and recovering from sub-optimal states. It also
generalizes well to related problem settings with minimal re-training, offering versatility.

4. Insightful Analysis: Theory-Experiment Synergy
Rigorous theoretical analysis establishes relationships between finite-time convergence and

performance metrics like running speed and solution quality. Mathematical bounds on learning
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time are derived, guiding parameter optimization for different applications. Experimental results
confirm theoretical claims and provide insights into finite-time learning behavior. Comparisons with
traditional algorithms deepen understanding of advantages and limitations, informing future algorithm
development and strategy selection.

The remainder of this article is structured as follows: In Section 2, we first provide an introduction
to the mountain car problem and the classic QL algorithm. Subsequently, we conduct a comprehensive
review of the concept of finite-time stability and its associated convergence criteria, laying the
theoretical groundwork for subsequent discussions. Section 3 is dedicated to the design of a novel QL
algorithm incorporating finite-time constraints, specifically tailored to address the challenges presented
by the mountain car problem. This section will elaborate on the key modifications and innovations in
the algorithm design. In Section 4, we present a series of numerical simulations. These simulations
are carefully designed to validate the correctness and demonstrate the effectiveness of our proposed
method in solving the mountain car problem. Detailed results and analyses will be provided to support
our claims. Finally, Section 5 serves as a conclusion of this work. We summarize the major findings
and contributions of our research. Moreover, we outline potential future research directions, aiming to
inspire further exploration in the field of finite-time constrained reinforcement learning algorithms.

2. Preliminaries

In this section, we introduce the mountain car problem and the original QL algorithm. Additionally,
we review the definition of finite-time stability and convergence criteria.

2.1. Mountain car problem

The mountain car problem [21], a classical benchmark in reinforcement learning, involves
maneuvering an underpowered vehicle out of a sinusoidal valley, which is shown in Figure 1.
This problem has been extensively studied within the reinforcement learning community due to its
well-defined dynamics and tractable 2-D state space (position and velocity), facilitating intuitive
visualization and analysis. Notably, despite its formulation as a reinforcement learning task, the
problem can be rigorously cast as a finite-horizon optimal control problem with state and action spaces.
The initial position of the car is a random number between −0.6 and −0.4. The initial speed is 0. When
the position reaches or exceeds 0.5, the training ends because the car has reached its target (the small
yellow flag on the right mountain peak). Or when the length of the episode reaches 200 (indicating
failure, proceed to the next iteration). There are three possible actions for the car: 0 for accelerating
to the left, 1 for staying still, and 2 for accelerating to the right. When the car performs an action, the
observation, which consists of the change in speed (V) and position (P), follows the following formula:

Vt+1 = Vt + (action − 1) ∗ force − cos(3Pt) ∗ gravity, (2.1)
Pt+1 = Pt + Vt+1, (2.2)

where the constants are set to force = 0.001 and gravity = 0.0025. When the car reaches the finish
line, the reward is 0.5; otherwise, the reward for each action is −1.
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Figure 1. Continuous mountain car problem.

2.2. Q-Learning algorithm for mountain car problem

Based on references [22,23], the pseudo code of the original QL algorithm for mountain car problem
is provided below.

Algorithm 1 Q-Learning algorithm for mountain car problem
Require: Initialize the Q-table and assign initial values to the Q-values of all state action pairs, usually

0. Set the learning rate α, discount factor γ, exploration rate ε and maximum number of episodes
M.

Ensure: Reward, Q-table, and Q-value
1: Initialize the Q-matrix and set initial values to 0. Set the parameters α, γ, ε and M.
2: for episode= 1 : 1 : M do
3: Reset the environment to obtain the initial state.
4: for t=1:1:T do
5: Select the action using the epsilon green method: action = arg max Q(st, at).
6: Randomly select an action with probability ε to obtain a reward and the next state st.
7: Execute the action and obtain the reward and the next state, then update the values in

the Q-table according to the Q-table and Bellman equation: Q(st, at) ← Q(st, at) + α(reward +
γmax Q(st+1, at+1) − Q(st, at))

8: Update current status: state← st.
9: end for

10: end for
11: return Reward, Q-table, and Q-value.

2.3. Finite-time stability

Consider the system:
ẋ(t) = f (x(t)), f (0) = 0, x ∈ Rn, x(0) = x0, (2.3)

where f is a continuous function on an open neighborhood D with the origin x = 0. Next, we are going
to delve into the concepts of finite-time stability and a criterion.
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Definition 1 ( [17]). Let x0 ∈ U \ 0 be the initial condition. Then, x(t, x0) is uniquely defined for all
t ∈ [0,Tx(x0)), where Tx(x0) : U \ 0→ (0,∞) is a function which depends on x0. If lim

t→Tx(x0)
x(t , x0) = 0

and Tx(x0) is referred to as the convergent time, then the equilibrium is said to be finite-time stable for
the system (2.3). Moreover, it is globally finite-time stable if U = D = Rn.

Lemma 1 ( [17]). If a Lyapunov function V(x) exists, satisfying the inequality

V̇(x(t)) ≤ −kVr(x(t)), k > 0 and 0 < r < 1 (2.4)

Then, the equilibrium is finite-time stable. Moreover, the upper bound of the convergence time is given
by

T (x0) ≤
V(x0)1−r

k(1 − r)
. (2.5)

Remark 1. According to T (x0), it is not difficult to find that the larger k is, the faster the convergence
speed. Next, we will discuss the impact of r on convergence speed. Calculate the partial derivative of
V(x0)1−r

k(1−r) with respect to r. Then

D �
∂(V(x0)1−r

k(1−r) )

∂r
=

V(x0)1−r

k(1 − r)2 [(r − 1) ln(V(x0)) + 1].

Note that the polarity of D is uncertain. But, D will be positive for ln(V(x0)) > 1 and 1 > r > 1− 1
ln(V(x0)) .

D will always be positive for ln(V(x0)) ≤ 0 and 1 > r > 0. Meanwhile, D will be negative for
ln(V(x0)) > 1 and 0 < r < 1− 1

ln(V(x0)) . In addition, if 0 < ln(V(x0)) ≤ 1, then 1 > ((r−1) ln(V(x0))+1) ≥
r > 0 and D will always be positive. In summary, we have the following conclusion:

(1) For ln(V(x0)) > 1 and 1 > r > 1 − 1
ln(V(x0)) , the smaller r is, the faster the convergence speed;

(2) For ln(V(x0)) > 1 and 0 < r < 1 − 1
ln(V(x0)) , the larger r is, the faster the convergence speed;

(3) For ln(V(x0)) ≤ 1 and 1 > r > 0, the smaller r is, the faster the convergence speed.

Remark 2. Next, we will analyze the sensitivity of parameters k and r to time T (x0). Let T = V(x0)1−r

k(1−r) .
According to the formula

∆T/T
∆k/k

=
∆T
∆k

k
T
≈
∂T
∂k

k
T
= −1, (2.6)

it is observed that, T will decrease by 1% when k increases by 1%. According to the formula

∆T/T
∆r/r

=
∆T
∆r

r
T
≈
∂T
∂r

r
T
=

r
1 − r

[(r − 1) ln(V(x0)) + 1], (2.7)

it is observed that, T will decrease or increase by | r
1−r [(r − 1) ln(V(x0)) + 1]| when r increases by 1%.

It is worth noting that since the ratio varies with the absolute value of k or r, a precise analysis of the
change in T is only feasible for small perturbations (for instance, 1%). In cases where the increase
is substantial (e.g., 10%), estimating the amount of change in T using the formula alone may yield
inaccurate results. Table 1 shows the results.
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Table 1. The sensitivity of k and r to T .

k T (2.6) Conclusion
(r = 0.5,V(x0) = 1) Change amplitude of T

1 2 −1 k increases by 1%, T decreases by 1%
1.01 1.9802 −0.99%
0.99 2.0202 +1.01%
1.1 1.8182 Failure, −9.09%
r T (2.7) Conclusion

(k = 1,V(x0) = 1) Change amplitude of T
0.5 2 1 r decreases by 1%, T decreases by 1%

0.505 2.0202 +1.01%
0.495 1.9802 −0.99%
0.55 2.2222 +11.11%

r T (2.7) Conclusion
(k = 1,V(x0) = 10) Change amplitude of T

0.5 6.3246 −0.1513 r decreases by 1%, T increases by 0.1513%
0.505 6.3153 −0.1470%
0.495 6.3344 +0.1513%
0.55 6.2631 −0.9724%

3. Finite-time QL algorithm

Based on the finite-time stability criterion and the original QL algorithm, we give the pseudo code
of the finite-time QL algorithm for the mountain car problem in Algorithm 2.

In Algorithm 2, let

V =
(R − R∗)2

2
(3.1)

where R is the actual cumulative reward, and R∗ is the optimal cumulative reward. Clearly, V = 0
is equivalent to R = R∗, indicating that when the value function V reaches zero, the reinforcement
learning algorithm has attained its optimal value and successfully achieved the learning objective.
Next, we use the derivative of V with respect to time to analyze the speed and time at which V reaches
0. By calculating the derivative of V with respect to time, we can obtain dV

dt = (R − R∗)dR
dt . According

to the definition of the derivative dR
dt = lim

∆t→0

∆R
∆t , it is known that dR

dt ≈
∆R
∆t when the time interval is small

enough. Then,

dV
dt
≈ (R − R∗)

∆R
∆t
= (Rt − R∗)(Rt − Rt−1). (3.2)

In order to achieve finite time convergence, according to Lemma 1, dV
dt needs to satisfy dV

dt ≤ −kVr.
That is to say,

dV
dt
≈ (R − R∗)

∆R
∆t
= (Rt − R∗)(Rt − Rt−1) ≤

−k(Rt − R∗)2r

2r . (3.3)
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During the training process, if R can make (3.3) hold, continue the training; otherwise, update R, and
choose R as the real root of the following equation:

(Rt − R∗)(Rt − Rt−1) =
−k(Rt − R∗)2r

2r . (3.4)

Therefore, it can be inferred that V can converge to 0 in finite-time, i.e., R reaches the optimal
reward by Lemma 1.

Algorithm 2 Finite-time Q-Learning algorithm for the mountain car problem
Require: Initialize the Q-table and assign initial values to the Q- values of all state action pairs, usually

0. Set the learning rate α, discount factor γ, exploration rate ε and maximum number of episodes
M.

Ensure: Reward, Q-table, and Q-value
1: Initialize the Q-matrix and set initial values to 0. Set the parameters α, γ, ε and M.
2: for episode= 1 : 1 : M do
3: Reset the environment to obtain the initial state.
4: for t=1:1:T do
5: Select the action using the epsilon green method: action = arg max Q(st, at).
6: Randomly select an action with probability ε to obtain a reward and the next state st.
7: Execute the action and obtain the reward and the next state, then update the values in

the Q-table according to the Q-table and Bellman equation: Q(st, at) ← Q(st, at) + α(reward +
γmax Q(st+1, at+1) − Q(st, at))

8: Update current status: state← st.
9: end for

10: if dV ≥ −kVrdt then
11: Q(st, at)← Q(st, at)
12: else
13: Select Q(st, at) to satisfy dV/dt ≥ −kVr

14: end if
15: end for
16: return Reward, Q-table, and Q-value.

Remark 3. In this part, we will compare our method with traditional QL algorithms in terms of
convergence speed and robustness. Table 2 presents the comparison results.
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Table 2. Comparison of our method vs. traditional QL algorithms.

Algorithm Convergence Speed Finite-time Robustness
QL Slow (especially in large No Moderate (sensitive to learning rate,

state-action spaces) exploration strategy, and reward scaling)
DQN Faster (neural network No Moderate-High (stabilized by experience

approximates Q-values) replay and target networks)
Double DQN Faster (reduces than DQN No High

overestimation bias) (mitigates DQN’s overestimation issues)
Dueling DQN Fast (separates state value No High

and advantage functions) (robust to state-value changes)
Rainbow DQN Fastest among DQN No Highest

(most robust DQN variant)
Our Method Faster than QL Yes Highest (dynamic hyperparameter

(finite-time constraints) tuning, noise resilience)

4. Numerical simulation and application

In this part, a numerical example is used to demonstrate the validity and effectiveness of our
proposed method. During the simulation process, we execute Algorithm 2 according to the process
shown in Figure 2. The algorithm iteratively updates the Q-table using finite-time Q-Learning, while
the flowchart illustrates the decision logic for state transitions and reward calculations.

Figure 2. Flowchart of Algorithm 2 in solving the mountain car problem.

In the simulation, select α = 0.2, γ = 0.9, ε = 0.8, M = 3000, R∗ = 200, k = 1, 10 or 0.1, and
r = 0.5. In Table 3, ‘A’ represents the interval of the number of experiments that reach the mountaintop
first (with an average reward greater than -200); ‘B’ represents the interval of the first three consecutive
experiments to reach the mountaintop (with an average reward greater than -200); ‘C’ represents the
proportion who reach the top of the mountain three times in a row.
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Table 3. Simulation result.

Result Algorithm 1 Algorithm 2 Algorithm 2 Algorithm 2
(k = 10) (k = 1) (k = 0.1)

A 680-690 540-550 670-680 540-550
B 810-840 710-740 670-700 680-710
C 134/215 151/225 184/230 145/229

Speed increase 100% 120.59% 101.47% 120.59%

Remark 4. The simulation results presented in Table 3 and Figure 3 provide compelling evidence
that there is superior performance when employing our proposed algorithm compared to the baseline
approach (Algorithm 1). Specifically, two key advantages are observed:
(1) Faster Ascent:

The proposed algorithm enables the vehicle to reach the mountaintop 20% faster on average
(as quantified in Table 3), reducing the total traversal time from 680 seconds (Algorithm 1) to 540
seconds under identical environmental conditions. This acceleration is attributed to the addition of an
appropriate finite time to the algorithm.
(2) Higher Post-Ascent Reliability:

Beyond mere speed, our method demonstrates a statistically significant improvement in post-ascent
success probability, defined as the vehicle’s ability to maintain stability and complete secondary
objectives after reaching the summit. Although Algorithm 1 achieved a success rate of 62.3% in these
scenarios, due to the addition of finite time constraints, the success rate of the proposed algorithm
has increased to 74.4%. These findings collectively underscore the robustness of our approach in
balancing speed and safety, making it particularly suitable for time-critical missions in challenging
environments.

Remark 5. This article introduces finite-time constraints into traditional QL algorithms, significantly
improving both decision speed and task success rate. The algorithm strengthens its perception of
urgent deadlines during the training phase by incorporating finite-time constraints, resulting in faster
policy convergence and fewer redundant exploration steps during online execution. The limited time
constraint forces the algorithm to prioritize high-reliability paths, thereby reducing the task failure
rate compared to the unconstrained version. This has important practical application value. For
example: In emergency obstacle avoidance or time-constrained traffic scenarios at intersections during
autonomous driving, the algorithm can quickly generate a safe path to reduce the risk of traffic
accidents. Medical or industrial robots can ensure operations are completed within the allowed time
in surgical or precision assembly tasks, avoiding medical accidents or production delays caused by
timeouts. For Mars rovers or drones, the algorithm maximizes scientific data collection efficiency
when planning optimal exploration routes under limited energy resources. The algorithm’s advantages
in time efficiency and safety provide a more reliable decision-making framework for high-risk, high-
cost tasks.

Remark 6. Theoretical analysis suggests that, under identical experimental conditions, a smaller
value of parameter k is generally expected to correlate with accelerated convergence rates. However,
empirical observations occasionally exhibit deviations from this trend, which may be attributable to
inherent stochasticity in the experimental setup. Despite these isolated discrepancies, the aggregate
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data still support a high likelihood that the theoretical relationship holds true in most practical
scenarios.
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Figure 3. Simulation result.
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Figure 4. Simulation result.

Remark 7. From the analysis of Table 2, it can be observed that the method Rainbow DQN is
significantly superior to other methods when no finite-time constraints are added. Figure 4 presents
a comparison between our proposed Algorithm 2, the original QL algorithm (Algorithm 1), and the
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method Rainbow DQN. From the simulation results, it is evident that Algorithm 2 reaches the optimal
value first. The curve corresponding to the method Rainbow DQN is smoother. It is conceivable that by
incorporating finite-time constraints into the method Rainbow DQN, we can combine the advantages
of both methods, and this area can be explored in the future.

5. Conclusions

Drawing upon the theoretical foundations of finite-time stability, this study introduces a finite-
time QL algorithm. In contrast to conventional QLg algorithms, our proposed approach demonstrates
superior efficiency. The effectiveness of our method has been substantiated through its application to
the classic mountain car problem. When compared with traditional approaches, our algorithm not only
shortens the training completion time but also improves the subsequent success rate. Looking ahead,
we intend to investigate more stringent finite-time constraints to further accelerate the convergence
speed of finite-time QL algorithms. Additionally, we will explore strategies to substantially increase
the success rate after successful training.
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