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Abstract: The conjugate gradient method is widely recognized as one of the most efficient approaches
for solving large-scale optimization problems. In this paper, we have propose a novel hybrid conjugate
gradient projection (CGP)-based algorithm that integrates an improved conjugate coefficient derived
from the Hestenes-Stiefel (HS) and Polak-Ribière-Polak (PRP) formulas. The proposed algorithm
exhibits several key characteristics: (i) The hybrid coefficient with a single parameter was employed
to construct a search direction that ensures both the sufficient descent condition and trust-region
feature, enhanced via a restart strategy; (ii) we incorporated an inertial-relaxed scheme alongside a
projection technique in a hybrid CGP-based framework for further improving performance; (iii) we
established the global convergence of the proposed algorithm under relaxed assumptions, providing
a solid theoretical foundation; and (iv) extensive numerical experiments demonstrated the superior
numerical performance of the proposed algorithm compared to existing algorithms on large-scale
constrained nonlinear equations and impulse noise image restoration problems.
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1. Introduction

The goal of this paper is to find solutions of constrained nonlinear monotone equations (CNME),
which can be formulated as follows:

G(x) = 0, x ∈ D, (1.1)

where G : Rn → Rn is continuous, andD ⊆ Rn is a non-empty and closed convex set. Specifically, the
CNME (1.1) reduces to unconstrained nonlinear monotone equations whenD is set to Rn.

Nonlinear monotone equations have received significant attention in various engineering
applications, such as compressive sensing [1,2], machine learning [3], logistic regression [4], and traffic
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assignment [5]. Generally speaking, iterative methods for solving nonlinear monotone equations can be
categorized into two primary types: derivative-based methods and derivative-free methods. Derivative-
based methods include Newton-type methods [6, 7], quasi-Newton methods [8, 9], and Levenberg-
Marquardt methods [10]. These methods are known for their rapid convergence. However, they are
often difficult to apply to large-scale nonlinear equations due to the need to compute and store the
Jacobian matrix or its approximation at each iteration. In contrast, derivative-free methods have proven
to be well-suited for large-scale nonlinear equations, as they do not rely on derivatives, making them
more efficient for such problems.

The CGP method, a derivative-free approach, is widely recognized as an efficient technique
for solving large-scale nonlinear equations. This efficiency stems from its simplicity and low
memory requirements. For instance, Salihu et al. [11] proposed an enhanced spectral CGP-based
method for solving monotone nonlinear equations, particularly in signal processing applications.
In another example, Waziri et al. [12] combined the adaptive PRP scheme with the projection
technique, presenting a numerically efficient PRP-type method for systems of monotone nonlinear
equations where the solution is confined to a closed convex set. Based on the three-term conjugate
gradient method and hybrid techniques, Yin et al. [13] introduced a hybrid three-term CGP method,
incorporating an adaptive line search for solving large-scale nonlinear monotone equations with convex
constraints. Additional relevant methods can be found in works such as [14–16]. However, these
approaches do not consider the integration of the inertial-relaxed scheme, which replaces the current
point with an inertial point that includes both the current and previous points. This scheme is designed
to accelerate the method and improve its performance. Some recent works have employed this
scheme to enhance the numerical performance of the CGP method. For example, Liu et al. [17]
developed a spectral CGP-based method with an inertial factor for solving nonlinear equations, while
Zheng et al. [18] improved the Fletcher-Reeves (FR) conjugate parameter with a shrinkage multiplier,
leading to a derivative-free two-term search direction and its extended spectral version. Further inertial-
relaxed CGP-based methods can be found in [19–21].

In this paper, we focus on enhancing the double-parameter-based conjugate gradient methods
introduced in [22] by utilizing a hybridization approach and a restart strategy. To achieve this, we
propose an inertial hybrid CGP-based algorithm for solving the CNME (1.1) and apply it to impulse
noise image restoration problems. The key contributions of this paper are outlined as follows:

♦ A hybrid conjugate coefficient with a single parameter is designed based on a double-parameter
conjugate coefficient. This new conjugate coefficient is then used to construct a novel search direction
that satisfies the sufficient descent property and trust region feature by integrating the restart strategy.

♦ By combining the projection technique with an inertial scheme, we propose an inertial hybrid
CGP-based algorithm for solving constrained nonlinear equations and addressing impulse noise image
restoration. The global convergence of the proposed algorithm is proved under weaker assumptions,
which only require the monotonicity of the nonlinear equations.

♦ The proposed algorithm is applied to large-scale constrained nonlinear equations and impulse
noise image restoration problems. Experimental results demonstrate its efficiency and competitiveness
compared to existing methods.
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2. Motivation and algorithm

In this section, we propose an inertial hybrid CGP-based (IHCGPB) algorithm, which is designed
by introducing a new hybrid conjugate coefficient and incorporating a restart strategy to accelerate the
descent of its search direction.

To begin with, we review conjugate gradient methods, which are widely used to solve unconstrained
optimization problems of the form min{ f (x) | x ∈ Rn}. These methods iterate along the update formula
xk+1 = xk + tkdk, where tk denotes the step-length, and dk is the search direction determined by the
conjugate coefficient βk. Some well-known conjugate coefficients include the FR, PRP, HS, and Dai-
Yuan (DY), which are defined as follows:

βFR
k =

∥gk∥
2

∥gk−1∥
2 , βPRP

k =
gT

k vk−1

∥gk−1∥
2 , βHS

k =
gT

k vk−1

dT
k−1vk−1

, βDY
k =

∥gk∥
2

dT
k−1vk−1

,

where gk := ∇ f (xk), vk−1 = gk − gk−1, and ∥ · ∥ denotes the Euclidean norm. According to
these methods, Nazareth [22] proposed a hybrid formulation of a double-parameter-based conjugate
coefficient, defined by

βk =
λk∥gk∥

2 + (1 − λk)gT
k vk−1

ηk∥gk−1∥
2 + (1 − ηk)dT

k−1vk−1
, (2.1)

where 0 ≤ λk, ηk ≤ 1. To ensure the sufficient descent condition, Wei et al. [23] slightly modified the
HS method, yielding a new conjugate coefficient formula:

βk =

gT
k

(
gk −

gT
k gk−1

∥gk−1∥2
gk−1

)
dT

k−1vk−1
. (2.2)

Similarly, Zhang et al. [24] proposed a modified PRP conjugate gradient method, which introduced a
new formula for the conjugate coefficient:

βk =

gT
k

(
gk −

gT
k gk−1

∥gk−1∥2
gk−1

)
∥gk−1∥

2 . (2.3)

Motivated by the construction of the hybrid conjugate coefficient defined in (2.1), and inspired
by the improvements made to the HS and PRP conjugate coefficients defined in (2.2) and (2.3), we
propose a new double-parameter-based conjugate coefficient. This coefficient is designed to enhance
the theoretical and numerical performance. Specifically, it is expressed as:

βk =

λk

[
gT

k

(
gk −

gT
k gk−1

∥gk−1∥2
gk−1

)]
+ (1 − λk)∥gk∥

2

ηk∥gk−1∥
2 + (1 − ηk)dT

k−1vk−1
, (2.4)

which allows the method to incorporate information from each of the four methods at every iteration.
However, the selection of the double parameters (i.e., λk and ηk) is not trivial. By setting ηk =

1
2 , we

can simplify (2.4) into a single-parameter-based conjugate coefficient as follows:

βk =

2
(
∥gk∥

2 − λk
(gT

k gk−1)2

∥gk−1∥2

)
∥gk−1∥

2 + dT
k−1vk−1

, (2.5)
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which serves as a more tractable alternative. To ensure the global convergence under weaker
assumptions, we further refine this expression to:

βk =

2
(
∥gk∥

2 − λk
(gT

k gk−1)2

∥gk−1∥2

)
max
{
∥gk−1∥

2 + dT
k−1vk−1, µ1∥gk−1∥

2, µ2∥gk∥∥dk−1∥
} , (2.6)

where µ1 ≥ 2 and µ2 > 0. Based on the above discussion, we propose an inertial hybrid CGP-based
algorithm with a restart strategy to solve the CNME (1.1) by extending this conjugate coefficient (2.6).
The inertial scheme of such an algorithm is used to evaluate the inertial step-length through the
following formula:

τk =

 min
{
τ, 1

k2∥xk−xk−1∥2

}
, if xk , xk−1,

τ, otherwise,
(2.7)

where τ ∈ (0, 1) and 0 ≤ τk ≤ τ < 1. From this, the following inequality holds:

τk∥xk − xk−1∥
2 ≤

1
k2 , ∀k ≥ 1, (2.8)

which implies that:
+∞∑
k=1

τk∥xk − xk−1∥
2 ≤

+∞∑
k=1

1
k2 < +∞. (2.9)

Using this inertial step-length, we evaluate the inertial point by yk = xk + τk(xk − xk−1). Consequently,
the search direction is defined as:

dk =


−G(yk), k = 0,
−G(yk) + βIHCGP

k dk−1, if flag and k ≥ 1,
−G(yk) + ζ

G(yk)T dk−1
∥dk−1∥2

dk−1, otherwise,
(2.10)

where

flag := −υ1∥G(yk−1)∥2 ≤ G(yk)T dk−1 ≤ υ2∥G(yk−1)∥2 ∈ {True,False},

βIHCGP
k =

2
(
∥G(yk)∥2 − λk

(G(yk)T G(yk−1))2

∥G(yk−1)∥2

)
max
{
∥G(yk−1)∥2 + dT

k−1ṽk−1, µ1∥G(yk−1)∥2, µ2∥G(yk)∥∥dk−1∥
} , (2.11)

and |ζ | < 1, ṽk−1 = G(yk) −G(yk−1), 0 < υ1, υ2 < 1.
Based on the search direction in (2.10) and the conjugate coefficient in (2.11), we describe the

proposed algorithm as follows:
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Algorithm 1 IHCGPB algorithm
Step 0. Initial points x0 ∈ R

n; Parameters ϵ ∈ (0, 1), µ1 ≥ 2, µ2 > 0, τ ∈ (0, 1), ς > 0, ρ ∈ (0, 1), σ > 0,
κ2 > κ1 > 0, 0 < υ1, υ2 < 1, 0 < λk < 1, and γ ∈ (0, 2); Set k := 0 and x−1 := x0.
Step 1. Evaluate ∥G(xk)∥. If ∥G(xk)∥ ≤ ϵ, then stop.
Step 2. Evaluate the inertial step-length by (2.7) to generate yk = xk + τk(xk − xk−1). If ∥G(yk)∥ ≤ ϵ,
then stop.
Step 3. Evaluate the search direction dk by (2.10) and (2.11).
Step 4. Set zk = yk + tkdk, where the step-length tk = ςρ

ik and ik is the smallest non-negative integer i
that satisfies

−G(yk + ςρ
idk)T dk ≥ σςρ

iMk(i)∥dk∥
2, (2.12)

where Mk(i) = min
{
κ2,max

{
∥G(yk + ςρ

idk)∥, κ1

}}
. If ∥G(zk)∥ ≤ ϵ, then stop.

Step 5. Evaluate the next point xk+1 by

xk+1 = PD
[
yk − γϑkG(zk)

]
, ϑk =

G(zk)T (yk − zk)
∥G(zk)∥2

. (2.13)

Remark 1. The adaptive line search approach in (2.12) is well-defined, and its complete proof can be
found in Lemma 3.2 of [25]. This implies that there exists a positive integer ik such that (2.12) holds.
Otherwise, we assume that there exists an index k0 ≥ 0 such that (2.12) is not satisfied for any i, i.e.,

−G(yk0 + ςρ
idk0)

T dk0 < σςρ
iMk0(i)∥dk0∥

2.

We take limits in this inequality as i → +∞, which indicates that G(yk0)
T dk0 ≥ 0 is satisfied from the

continuity of G and ρ ∈ (0, 1). However, this result contradicts the sufficient descent property discussed
in Section 3. Therefore, the adaptive line search approach is well-defined.

Remark 2. From Step 5 of the IHCGPB algorithm, for the closed convex set D ⊆ Rn, the projection
operator PD[·] is defined as:

PD[x] = arg min {∥y − x∥ | y ∈ D} .

This projection operator satisfies the non-expensive property:

∥PD[x] − PD[y]∥ ≤ ∥x − y∥, ∀x, y ∈ Rn. (2.14)

3. Theoretical analysis of the proposed algorithm

In this section, we present the theoretical analysis of the IHCGPB algorithm. To facilitate this
analysis, we introduce the following general assumptions:
Assumption A1: The CNME (1.1) has a non-empty solution setD∗.
Assumption A2: The function G(x) is monotone over the set Rn, i.e.,

(G(x) −G(y))T (x − y) ≥ 0, ∀x, y ∈ Rn.
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These assumptions are fundamental in establishing the convergence behavior of the IHCGPB
algorithm, as they ensure that the iterative process converges to a solution within the feasible region of
the CNME (1.1).

The following lemma shows that the search direction generated by the algorithm satisfies the
sufficient descent property.

Lemma 1. For all k ≥ 0, the search direction generated from (2.10) and (2.11) satisfies the sufficient
descent property, i.e.,

G(yk)T dk ≤ −N∥G(yk)∥2, (3.1)

where N = min{1 − 2υ
µ1
, 1 − ζ} and υ = max{υ1, υ2}.

Proof. For k = 0, it is easy to observe that G(y0)T d0 = −∥G(y0)∥2. For k ≥ 0, we proceed by considering
the following two cases:

(i) If −υ1∥G(yk−1)∥2 ≤ G(yk)T dk−1 ≤ υ2∥G(yk−1)∥2, then the relation
∣∣∣G(yk)T dk−1

∣∣∣ ≤ υ∥G(yk−1)∥2 holds,
with υ = max{υ1, υ2}. Combining this with (2.10) and (2.11), we derive the following inequality:

G(yk)T dk = −∥G(yk)∥2 + βIHCGP
k G(yk)T dk−1

≤ −∥G(yk)∥2 + βIHCGP
k

∣∣∣G(yk)T dk−1

∣∣∣
≤ −∥G(yk)∥2 +

2∥G(yk)∥2

µ1∥G(yk−1)∥2υ∥G(yk−1)∥2

= −
(
1 − 2υ

µ1

)
∥G(yk)∥2.

(ii) If G(yk)T dk−1 < −υ1∥G(yk−1)∥2 or G(yk)T dk−1 > υ2∥G(yk−1)∥2, then the following relation holds:

G(yk)T dk ≤ −∥G(yk)∥2 + ζ
∥G(yk)∥∥dk−1∥

∥dk−1∥
2 ∥G(yk)∥∥dk−1∥ = − (1 − ζ) ∥G(yk)∥2.

By combining the results from these two cases, we conclude that G(yk)T dk ≤ N∥G(yk)∥2 with N =
min{1 − 2υ

µ1
, 1 − ζ}. Thus, the proof is complete. □

Lemma 2. Suppose that Assumptions A1 and A2 hold. Then, the following relations hold:

a−1 = a0, ak+1 − ak ≤ τk(ak − ak−1) + bk − γ(2 − γ)
t4
kσ

2κ2
1∥dk∥

4

∥G(zk)∥2
,

where ak = ∥xk − x∗∥2 and bk = 2τk∥xk − xk−1∥
2.

Proof. It is easy to see that a−1 = a0 holds due to x−1 = x0 and the definition of ak. We begin by
applying the adaptive line search in (2.12) and using the definition of zk. This leads to the following:

G(zk)T (yk − zk) = −tkG(zk)T dk ≥ t2
kσMk(ik)∥dk∥

2 ≥ t2
kσκ1∥dk∥

2 > 0, (3.2)

which, together with Assumption A2, yields:

G(zk)T (yk − x∗) = G(zk)T (yk − zk) +G(zk)T (zk − x∗)
= G(zk)T (yk − zk) + (G(zk) −G(x∗))T (zk − x∗)
≥ G(zk)T (yk − zk) .

(3.3)
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Using the projection operator PD[·] and the non-expansive property in (2.14), we obtain:

∥xk+1 − x∗∥2 =
∥∥∥PD [yk − γϑkG(zk)

]
− PD [x∗]

∥∥∥2
≤ ∥yk − γϑkG(zk) − x∗∥2

= ∥yk − x∗∥2 − 2γϑkG(zk)T (yk − x∗) + γ2ϑ2
k∥G(zk)∥2.

Using the above inequality and (3.3), we obtain:

∥xk+1 − x∗∥2 ≤ ∥yk − x∗∥2 − 2γϑkG(zk)T (yk − zk) + γ2ϑ2
k∥G(zk)∥2,

which, together with the definition of ϑk and (3.2), yields:

∥xk+1 − x∗∥2 ≤ ∥yk − x∗∥2 − γ(2 − γ) (G(zk)T (yk−zk))2

∥G(zk)∥2

≤ ∥yk − x∗∥2 − γ(2 − γ) t4kσ
2κ2

1∥dk∥
4

∥G(zk)∥2 .
(3.4)

Next, we analyze the term ∥yk − x∗∥2. Using the definition of yk, we get:

∥yk − x∗∥2 = ∥xk + τk(xk − xk−1) − x∗∥2

= ∥xk − x∗∥2 + τk (xk − xk−1)T (xk − x∗) + τ2
k ∥xk − xk−1∥

2

= ∥xk − x∗∥2 + τk

(
∥xk − x∗∥2 − ∥xk−1 − x∗∥2

)
+
(
τ2

k + τk

)
∥xk − xk−1∥

2 .

Considering the range of τk (i.e., 0 ≤ τk ≤ 1), we obtain:

∥yk − x∗∥2 ≤ ∥xk − x∗∥2 + τk

(
∥xk − x∗∥2 − ∥xk−1 − x∗∥2

)
+ 2τk ∥xk − xk−1∥

2 . (3.5)

Combining (3.4) with (3.5), we conclude that the proof is complete. □

Lemma 3. Suppose that Assumptions A1 and A2 hold. Under these conditions, it follows that the limit
lim

k→+∞
∥xk − x∗∥ exists with x∗ ∈ D∗.

Proof. From Lemma 2, together with the fact that γ ∈ (0, 2), we have the relation ak+1 − ak ≤ τk(ak −

ak−1) + bk. Applying this inequality, we obtain:

ck+1 ≤ τkck + bk ≤ τkh(ck) + bk,

where ck := ak−ak−1 and h(·) = max{·, 0}. Using this inequality, and knowing that τ ∈ (0, 1) and c0 = 0,
we further derive:

h(ck+1) ≤ τkh(ck) + bk ≤ τ
k+1h(c0) +

k∑
i=0

τibk−i =

k∑
i=0

τibk−i.

Summing both sides of this inequality from 0 to∞, we obtain:

+∞∑
k=0

h(ck+1) ≤
+∞∑
k=0

 k∑
i=0

τibk−i

 ≤ +∞∑
k=0

 k∑
i=0

τibk

 ≤ +∞∑
k=0

 +∞∑
i=0

τibk

 .
AIMS Mathematics Volume 10, Issue 10, 23360–23379.
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This leads, in combination with (2.9), to:

+∞∑
k=0

h(ck+1) ≤

 +∞∑
i=0

τi

  +∞∑
k=0

bk

 = 1
1 − τ

+∞∑
k=0

bk < +∞, (3.6)

which implies that the sequence
{∑k

i=0 h(ci)
}

is bounded above. Let ek := ak −
∑k

i=0 h(ci), and we have
from ak ≥ 0 that {ek} is bounded below. Moreover, we can further derive:

ek+1 = ak+1 − h(ck+1) −
k∑

i=0
h(ci)

≤ ak+1 − ck+1 −
k∑

i=0
h(ci)

= ak −
k∑

i=0
h(ci)

= ek.

(3.7)

This infers that the sequence {ek} is non-increasing. Thus, the limit lim
k→+∞

ek exists, and from 3.7, we
obtain:

lim
k→+∞

ak = lim
k→+∞

ek +

k∑
i=0

h(ci)

 = lim
k→+∞

ek +

∞∑
i=0

h(ci) < +∞.

Hence, we conclude that the limit lim
k→+∞

∥xk − x∗∥ exists. □

Lemma 4. Suppose that Assumptions A1 and A2 hold. Under these conditions, it follows that the
sequences {xk} and {yk} are both bounded.

Proof. From Lemma 3, we know that the sequence {xk} is bounded. Furthermore, from (2.9), we
deduce that lim

k→+∞
τk∥xk − xk−1∥

2 = 0. Now, considering the definition of yk and the fact that 0 ≤ τk ≤

τ < 1, we can derive the following:

∥yk − xk∥
2 = τ2

k∥xk − xk−1∥
2 ≤ τk∥xk − xk−1∥

2,

which leads to the conclusion:
lim

k→+∞
∥yk − xk∥ = 0. (3.8)

Thus, the sequence {yk} is also bounded.
□

Lemma 5. For all k ≥ 0, the search direction generated from (2.10) and (2.11) satisfies the trust region
feature, i.e.,

N∥G(yk)∥ ≤ ∥dk∥ ≤ M∥G(yk)∥, (3.9)

where M = min{1 + 4
µ2
, 1 + ζ}.

Proof. We begin by considering the conjugate coefficient βIHCGP
k , which, along with 0 < λk < 1, can

be simplified as: ∣∣∣βIHCGP
k

∣∣∣ ≤ 2
(
∥G(yk)∥2 + ∥G(yk)∥2

)
µ2∥G(yk)∥∥dk−1∥

=
4
µ2

∥G(yK)∥
∥dk−1∥

. (3.10)
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We now proceed with the proof, considering two cases:
(i) If −υ1∥G(yk−1)∥2 ≤ G(yk)T dk−1 ≤ υ2∥G(yk−1)∥2, then, combining this with (2.10) and (3.10), we

deduce the following inequality:

∥dk∥ = ∥ −G(yk) + βIHCGP
k dk−1∥

≤ ∥G(yk)∥ +
∣∣∣βIHCGP

k

∣∣∣ ∥dk−1∥

≤ ∥G(yk)∥ + 4
µ2

∥G(yK )∥
∥dk−1∥

∥dk−1∥

≤
(
1 + 4

µ2

)
∥G(yk)∥.

(ii) If G(yk)T dk−1 < −υ1∥G(yk−1)∥2 or G(yk)T dk−1 > υ2∥G(yk−1)∥2, then, using (2.10), we obtain:

∥dk∥ ≤ ∥G(yk)∥ + ζ
∥G(yk)∥∥dk−1∥

∥dk−1∥
2 ∥dk−1∥ ≤ (1 + ζ) ∥G(yk)∥.

Thus, combining the results from these two cases, we conclude that:

∥dk∥ ≤ M∥G(yk)∥, M = min
{

1 +
4
µ2
, 1 + ζ

}
.

Finally, applying the Cauchy-Schwarz inequality, we obtain from Lemma 1:

−∥G(yk)∥∥dk∥ ≤ G(yk)T dk ≤ −N∥G(yk)∥2,

which implies that ∥dk∥ ≥ N∥G(yk)∥. Thus, the proof is complete.
□

Lemma 6. Suppose that Assumptions A1 and A2 hold. Under these conditions, it follows that the limit
lim

k→+∞
tk∥dk∥ = 0, where the sequence {dk} is generated by the IHCGPB algorithm.

Proof. From Lemma 4 and the continuity of G(·), without loss of generality, we know that there exists
a constant ϕ1 such that the following relations hold:

∥yk∥ ≤ ϕ1, ∥G(yk)∥ ≤ ϕ1, ∀k ≥ 0. (3.11)

This, along with Lemma 5, implies that ∥dk∥ ≤ M∥G(yk)∥ ≤ Mϕ1, meaning the sequence {dk} is
bounded. Next, considering the definition of zk = yk + tkdk, tk ∈ (0, ς], and Lemma 4, we deduce that
the sequence zk is also bounded. Similarly, by the continuity of G(·), there exists a constant ϕ2 such
that the following relation holds:

∥G(zk)∥ ≤ ϕ2, ∀k ≥ 0. (3.12)

Now, using Lemma 2 and the fact that τk ≤ τ, we obtain the following inequality:

γ(2 − γ)
t4
kσ

2κ2
1∥dk∥

4

∥G(zk)∥2
≤ ak − ak+1 + τk(ak − ak−1) + bk ≤ ak − ak+1 + τh(ck) + bk.

Summing both sides of this inequality, and using (3.6) and (2.9), we obtain:

γ(2 − γ)σ2κ2
1

+∞∑
k=0

t4
k∥dk∥

4

∥G(zk)∥2
≤ a0 +

+∞∑
k=0

τh(ck) +
+∞∑
k=0

bk < +∞,
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which implies that

lim
k→∞

t4
k∥dk∥

4

∥G(zk)∥2
= 0.

This result, together with (3.12), leads to the conclusion that lim
k→+∞

tk∥dk∥ = 0. Thus, the proof is
complete. □

Theorem 1. Suppose that Assumptions A1 and A2 hold. Under these conditions, it follows that the
sequences {xk}, {yk}, and {zk} converge to a solution of the CNME (1.1).

Proof. We begin by proving that lim
k→+∞

inf ∥G(yk)∥ = 0. Assume that there exists a constant ϕ3 such that
the following relation holds:

∥G(yk)∥ ≤ ϕ3, ∀k ≥ 0.

This result, combined with Lemma 5, implies that

∥dk∥ ≥ N∥G(yk)∥ ≥ Nϕ3. (3.13)

Thus, applying Lemma 6, we obtain lim
k→∞

tk = 0. Without loss of generality, from the boundedness of
{yk} and {dk}, we define the following limits:

lim
i→+∞

yki = ÿ, lim
i→+∞

dki = d̈.

Substituting k := ki into (3.1), we have G(yki)
T dki ≤ −N∥G(yki)∥

2. Taking the limit in this inequality,
and utilizing the continuity of G(·), we deduce:

G(ÿ)T d̈ ≤ −N∥G(ÿ)∥2 < 0. (3.14)

Furthermore, the step-length ρ−1tk does not satisfy the adaptive line search in (2.12), i.e.,

−G(yk + ρ
−1tkdk)T dk < σρ

−1tkMk(ik)∥dk∥
2 ≤ σρ−1tkκ2∥dk∥

2.

Substituting k := ki into the above inequality, we have G(yki + ρ
−1tkidki)

T dki > −σρ
−1tkiκ2∥dki∥

2. Taking
the limit in this inequality, and utilizing the continuity of G(·) and lim

k→∞
tk = 0, we deduce:

G(ÿ)T d̈ ≥ 0,

which contradicts (3.14). Thus, we conclude that lim
k→+∞

inf ∥G(yk)∥ = 0.
Next, from (3.11) and lim

k→+∞
inf ∥G(yk)∥ = 0, we defined the following limits:

lim
i→+∞

yki = ÿ, lim
i→+∞
∥G(yki)∥ = ∥G(ÿ)∥ = 0. (3.15)

Note that from (3.8) and (3.15), it follows that lim
i→+∞

xki = ÿ. Since xki ∈ D and D is a closed set,
we conclude that ÿ ∈ D. Additionally, (3.15) shows that ÿ ∈ D∗. Using Lemma 3 for x∗ := ÿ and
lim

i→+∞
xki = ÿ, we obtain:

lim
k→+∞

∥xk − ÿ∥ = lim
i→+∞
∥xki − ÿ∥ = 0,

which implies that the sequence {xk} converges to ÿ ∈ D∗. Moreover, using the definition of zk and
Lemma 6, we conclude that lim

k→+∞
∥zk − yk∥ = 0. Combining this with (3.8), we conclude that both

sequences {yk} and {zk} converge to ÿ. Thus, the proof is complete. □
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4. Numerical experiments

We conduct numerical experiments aimed at solving large-scale constrained nonlinear monotone
equations as well as impulse noise image restoration problems. To evaluate the performance and
competitiveness of the IHCGPB algorithm, we compare it with two existing methods: the CGAIS
algorithm [26] and the JHCGPM algorithm [27]. The parameter settings for the IHCGPB algorithm
are as follows:

ϵ = 10−6, µ1 = 2, µ2 = 4, τ = 0.015, ς = 1, ρ = 0.55, σ = 0.0001, κ1 = 0.001,

κ2 = 0.8, υ1 = 0.9, υ2 = 0.4, γ = 1.55, λk =
∣∣∣G(yk)T dk−1

∣∣∣/∥G(yk)∥ ∥dk−1∥.

The parameter settings for the CGAIS and JHCGPM algorithms are adopted directly from their
respective original references. All three algorithms were executed on a Lenovo PC, which is equipped
with a 2.10 GHz CPU, 16 GB RAM, and the Windows 11 operating system.

4.1. Constrained nonlinear monotone equations

In the following, we consider a series of test problems where the function G(x) =

(G1(x),G2(x), . . . ,Gn(x))T is defined for x = (x1, x2, . . . , xn). These test problems are designed to assess
the performance of the IHCGPB algorithm in solving large-scale constrained nonlinear monotone
equations. For each of these problem, we select the initial points as follows: x1 =

(
1
2 ,

1
22 , . . . ,

1
2n

)
,

x2 =
(
0, 1

n , . . . ,
n−1

n

)
, x3 =

(
1, 1

2 , . . . ,
1
n

)
, x4 =

(
1
n ,

2
n , . . . ,

n
n

)
, x5 =

(
n−1

n ,
n−2

n , . . . ,
n−n

n

)
, x6 = (1, 1, . . . , 1),

x7 =
(

1
3 ,

1
32 , . . . ,

1
3n

)
, x8 = randn(n, 1). The dimension of each test problem is selected from the set

{10000, 50000, 100000, 150000, 200000}. The specific problem formulations are outlined as follows:
Problem 1. The equations are given by:

G1(x) = ex1 − 1,
Gi(x) = exi + xi − 1, for i = 2, 3, . . . , n,

and the domain remainsD = Rn
+.

Problem 2. The equation is given by:

Gi(x) = exi − 1, for i = 1, 2, . . . , n,

and the domain remainsD = Rn
+.

Problem 3. The equations are given by:

G1(x) = 2x1 + 0.5h2(x1 + h)3x2,

Gi(x) = 2xi − xi−1 + xi+1 + 0.5h2(xi + ih)3, for i = 2, 3, . . . , n − 1,
Gn(x) = 2xn − xn−1 + 0.5h2(xn + nh)3,

and the domain remainsD = Rn
+, h = 1

n+1 .
Problem 4. The equations are given by:

G1(x) = x1 − ecos( x1+x2
2 ),
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Gi(x) = xi − ecos( xi−1+xi+xi+1
i ), for i = 2, 3, . . . , n − 1,

Gn(x) = xn − ecos( xn−1+xn
n ),

and the domain remainsD = Rn
+.

Problem 5. The equations are given by:

Gi(x) =
√

8xi − 1, for i = 1, 2, . . . , n,

and the domain remainsD = Rn
+.

Problem 6. The equations are given by:

G1(x) = x1 + sin(x1) − 1,
Gi(x) = −xi−1 + 2xi + sin(xi) − 1, for i = 2, 3, . . . , n − 1,
Gn(x) = xn + sin(xn) − 1,

and the domain remainsD = {x ∈ Rn : x ≥ −3}.
Problem 7. The equations are given by:

Gi(x) = ln(|xi| + 1) −
xi

n
, for i = 1, 2, . . . , n,

and the domain remainsD = Rn
+.

Problem 8. The system is given by:

Gi(x) = xi − sin(|xi − 1|), for i = 1, 2, · · · , n,

and the domain remainsD = Rn
+.

The comparison results can be found at https://www.cnblogs.com/reports/p/18795260, where the
term “IP” refers to the initial points, the term “Dim” refers to the dimension of the test problems, the
term “RTim” refers to the running time in seconds, the term “NFun” refers to the number of function
evaluations, the term “NIte” refers to the number of iterations, and the term “G∗” refers to the value of
∥G(xk)∥ when the code terminates. To effectively present the performance of the three algorithms, we
utilize the performance profiles introduced by Dolan and Moré [28], which are defined as follows:

ρ(τ) :=
1
|TP|

∣∣∣∣∣∣∣∣
tp ∈ TP | log2

 tp,q

min
{
tp,q | q ∈ Q

} ≤ τ

∣∣∣∣∣∣∣∣ ,

where TP is the test problem set, |TP| is the number of problems in the set TP, Q is the set of optimization
solvers, and tp,q is the number of iterations (or the number of function evaluations or running time in
seconds) for tp ∈ TP and q ∈ Q. These profiles provide a clear visual illustration of the numerical
results. Specifically, Figures 1–3 display the performance of the algorithms in terms of NIte, NFun,
and RTim. From these figures, it is evident that the IHCGPB algorithm outperforms both the CGAIS
and JHCGPM algorithms. In general, the higher the curve of ρ(τ), the better the numerical performance
of the corresponding method.
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Figure 1. Performance profiles on NIte.
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Figure 2. Performance profiles on NFun.
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Figure 3. Performance profiles on RTim.
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4.2. Application to impulse noise image restoration

The goal of impulse noise image restoration is to remove impulse noise (i.e., salt-and-pepper noise),
which arises from faulty pixels in camera sensors or transmission errors through noisy channels. In
works such as [29,30], a two-phase scheme is proposed for detecting and removing impulse noise. The
first stage of the scheme involves using an adaptive median filter to identify noisy pixels, denoted by I.
Once the noisy pixels are detected, the second stage focuses on removing these noisy pixels by solving
a smooth optimization problem. Specifically, the problem is formulated as:

min f (x) :=
∑

(i, j)∈I

2χ1
i, j + χ

2
i, j,

where
χ1

i, j =
∑

(m,n)∈Ji, j\I

ψα
(
xi, j − ym,n

)
, χ2

i, j =
∑

(m,n)∈Ji, j∩I

ψα
(
xi, j − xm,n

)
.

Here, Ji, j denotes the set of four neighbors at the pixel (i, j), and ym,m represents the pixel value of
the image at position (m, n). The function ψα(·) serves as an edge-preserving potential function. In
particular, we adopt the Huber function as ψα(·), which is defined as:

ψα(o) =
{

o2

2α , if |o| ≤ α,
|o| − α

2 , otherwise.

The Huber function is convex and first-order Lipschitz continuous, which ensures that the gradient
G(x) := ∇ f (x) is monotone. This property plays a crucial role in solving the optimization problem
efficiently, as it guarantees the existence of a well-behaved solution.

In this experiment, we consider 24 grayscale test images, which are available at
http://www.hlevkin.com. Each image is contaminated by 40% and 60% impulse noise, simulating
an impulse noise image. For a fair comparison, the experiment is repeated 15 times with different
noise samples, and the result are averaged. The experimental results are summarized in Table 1, where
NIte and RTim denote the average number of iterations and average running time, respectively. To
visually demonstrate the comparative results, we present a summary of the winners with respective to
NIte and RTim in Table 2. The table indicates that the IHCGPB algorithm outperforms the other two
algorithms in 79.17% (89.58%) of the cases for NIte (RTim), while the other two algorithms win in
6.25% (2.08%) and 14.58% (8.33%) of the cases, respectively. Additionally, Figures 4 and 5 illustrate
the restored images affected by 40% and 60% impulse noise, further highlighting the effectiveness of
the proposed algorithm in image denoising.

Table 1. The numerical results for restoring impulse noise images.

Image Impulse
IHCGPB CGAIS JHCGPM
NIte/RTim NIte/RTim NIte/RTim

airplane(512×512)
40% 6.000/2.039 37.300/12.874 35.400/10.882
60% 23.100/7.550 45.000/20.495 47.000/16.863

airplaneU2(1024×1024)
40% 14.000/16.232 16.400/30.794 13.600/18.639
60% 11.000/14.432 26.300/48.026 24.700/33.267

Continued on the next page
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Image Impulse
IHCGPB CGAIS JHCGPM
NIte/RTim NIte/RTim NIte/RTim

brickwall(1024×1024)
40% 6.000/8.097 18.500/34.984 18.600/24.832
60% 18.000/22.032 29.400/53.224 25.600/36.406

bridge(512×512)
40% 11.100/3.127 31.700/11.842 48.400/13.431
60% 9.800/4.096 39.100/18.824 39.700/15.622

cameraman(256×256)
40% 8.300/0.419 51.500/3.821 35.000/2.306
60% 6.200/0.348 57.800/5.007 67.000/4.478

carpet(1024×1024)
40% 28.600/27.781 28.000/42.793 17.400/24.354
60% 37.400/38.786 39.500/63.037 65.900/90.172

clown(512×512)
40% 7.000/2.404 38.300/13.687 27.300/8.419
60% 12.000/4.685 40.500/20.458 37.600/14.450

couple(512×512)
40% 7.100/2.427 32.400/12.082 39.300/12.371
60% 6.000/3.031 35.600/17.670 31.800/12.439

crowd(512×512)
40% 7.000/2.176 26.300/9.636 22.200/7.373
60% 6.000/3.003 38.700/18.712 35.300/13.842

finger(256×256)
40% 28.800/1.339 24.900/2.009 8.500/0.427
60% 26.200/1.279 43.700/3.504 9.100/0.481

girlface(512×512)
40% 17.700/4.667 36.500/13.851 18.800/5.749
60% 14.400/5.894 24.900/12.519 22.600/9.499

houses(512×512)
40% 106.800/22.607 45.600/15.660 67.500/20.086
60% 132.400/35.606 62.400/28.365 47.700/17.925

kiel(512×512)
40% 11.000/3.025 45.500/15.567 31.200/10.167
60% 8.000/3.640 65.700/31.913 51.400/19.311

lighthouse(512×512)
40% 11.900/3.285 41.000/13.657 22.400/7.894
60% 7.800/3.601 49.900/24.292 54.000/20.492

lungs(425×425)
40% 12.700/2.593 18.700/5.411 14.600/3.214
60% 10.300/2.616 20.800/6.144 20.100/4.507

man(1024×1024)
40% 19.000/21.379 30.300/52.272 19.700/27.011
60% 17.000/20.465 38.700/66.013 24.700/33.600

pepper(512×512)
40% 6.000/2.314 28.800/11.179 12.500/4.191
60% 20.000/7.182 48.300/22.125 34.300/13.320

sailboat(512×512)
40% 7.000/2.426 31.200/11.593 34.800/11.655
60% 6.000/2.962 52.300/24.292 30.700/11.943

tank(512×512)
40% 20.800/5.355 19.500/8.163 20.800/6.763
60% 9.900/4.167 24.000/12.654 26.300/10.393

tank2(512×512)
40% 22.500/5.883 21.100/8.899 19.500/6.305
60% 14.000/5.373 32.300/15.700 27.600/10.825

tiffany(512×512)
40% 9.500/3.072 29.700/12.152 20.100/6.423
60% 17.000/6.333 39.600/19.433 25.300/10.035

truck(512×512)
40% 20.900/5.566 22.600/8.941 17.500/5.758
60% 14.000/5.470 29.600/14.293 25.100/9.965

Continued on the next page
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Image Impulse
IHCGPB CGAIS JHCGPM
NIte/RTim NIte/RTim NIte/RTim

trucks(512×512)
40% 6.600/2.376 19.800/8.502 25.200/8.312
60% 13.800/5.278 29.600/13.770 30.800/11.196

zelda(512×512)
40% 21.200/5.549 21.000/8.237 21.800/6.975
60% 6.000/3.348 29.100/13.455 25.800/9.719

Table 2. Winners with respect to NIte and RTim.

IHCGPB CGAIS JHCGPM

NW/Percentage(%) NW/Percentage(%) NW/Percentage(%)

NIte 38/79.17% 3/6.25% 7/14.58%

RTim 43/89.58% 1/2.08% 4/8.33%

Figure 4. From left to right: an image with 40% impulse noise and restored images from the
IHCGPB, CGAIS, and JHCGPM algorithms.
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Figure 5. From left to right: an image with 60% impulse noise and restored images from the
IHCGPB, CGAIS, and JHCGPM algorithms.

5. Conclusions

In this paper, we design a novel hybrid conjugate coefficient, which integrates the improved HS and
PRP conjugate coefficients into a single parameter. This new coefficient is used to construct a search
direction that satisfies both the sufficient descent property and the trust-region feature by introducing
a restart strategy. Additionally, we develop an inertial hybrid CGP-based algorithm by combining
an inertial-related scheme with a projection technique, designed to address large-scale constrained
nonlinear equations and impulse noise image restoration problems. The theoretical analysis of
the proposed algorithm is performed under weaker assumptions, and its convergence is rigorously
proved. Numerical experiments on large-scale constrained nonlinear equations and impulse noise
image restoration demonstrate the superior numerical efficiency of the proposed algorithm compared
to existing alternatives. Future work will focus on further improving the algorithm’s performance,
especially in more complex settings, and exploring its applicability to other types of optimization
problems.
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