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1. Introduction

Hardy inequalities have found wide-ranging applications across various fields, including nonlinear
and partial differential equations (PDEs) [16, 18], geometry [5, 22], mathematical physics [6, 15].
Enhanced versions of these inequalities, achieved by adding positive terms to the right-hand side,
have played a crucial role in understanding critical phenomena in elliptic and polynomial PDEs. These
resultant inequalities are of significant importance in understanding critical phenomena in elliptic and
polynomial PDEs [25]. The study of Hardy-type operators has therefore garnered significant attention,
leading to important developments, including fractional versions that broaden the applicability of these
inequalities.

In this paper, we investigate weak-type estimates for fractional Hardy-type operators on
homogeneous groups. For foundational concepts related to homogeneous groups, we refer the reader
to [11,21] and the references therein. Recall that a Lie group G, represented by (R”, o), is called


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20251033

23293

homogeneous if it admits a dilation map D, : R" — R" for each y > 0, given by
D)/(x) = (')’lel, yVZXZ’ ) ")’V"xn), VisV2yewnsVy > 0’

where D, is an automorphism of G. The homogeneous dimension of G is defined as Q = v +v,+- - -+v,,.
Homogeneous groups are known to be nilpotent and unimodular, and their Haar measure coincides with
the Lebesgue measure on R". For a measurable set w C G and y > 0, the Haar measure satisfies

D@l =%l and [ fomdx=y? [ foodx

Moreover, for g € L!(G), the following polar decomposition formula holds:

fg(x)dxzfmfg(ry)rQ_lda'(y)dr. (1.1)
G 0 J6

where ® = {x € G : |x|] = 1} € G is the unit sphere with respect to a quasi-norm, and o is a
unique Radon measure on ®. This representation plays a crucial role in analyzing the distribution of
functions on G in relation to their behavior on the unit sphere. Typical examples of homogeneous
groups are Euclidean space R" (where Q = n), the Heisenberg group, and more general categories such
as stratified groups (also known as homogeneous Carnot groups) and graded groups.

For a locally integrable function f on G and 0 < 8 < Q, the fractional Hardy-type operators on
homogeneous group G are defined as
dy. (1.2)

Hyf(x) = fo)dy and Hf(x) = f JO)

B0, |x)|'~ JB0u) G\BO |B(O, [y])]'~@

When g = 0, Hg and Hj; become H and H*, respectively.

Comprehending the weak-type estimates of these operators is essential, particularly for managing
their behavior on functions exhibiting singularities. While classical L? estimates provide average
control, weak-type inequalities ensure boundedness on more irregular subsets, thus playing an essential
role in harmonic analysis and PDE theory. For instance, Zhao et al. [28] established sharp weak (p, p)
bounds for Hardy operators, and Lu et al. [17] determined that the norm of the weak (1, #) inequality
for the fractional Hardy operator is exactly 1. The study of weighted estimates further enriches the
theory by introducing a broader, more flexible framework. Gao and Zhao [13] investigated the weighted
weak-type boundedness of fractional Hardy operators and their adjoints with power weights, obtaining
sharp bounds. Subsequent work by Gao et al. [12] extended some results of [13] to the weighted case,
and gave sharp bound for the power weight of ?{; Recently, Yu and Li [27] extended the results of
reference [13] with power weight.

Recently, research has extended beyond Euclidean spaces [8, 12, 13, 27] to homogeneous groups
[9, 19, 23], offering deeper insights into the operators’ behavior under non-Euclidean geometries.
Motivated by these advancements, in this paper, we focus on establishing sharp weak-type bounds for
fractional Hardy-type operators on homogeneous groups. By doing so, we contribute to the theoretical
understanding of these operators in a broader and more general setting.

Additionally, we explore the framework of central Morrey spaces on homogeneous groups. Recall

that the Morrey space L%*(R"), introduced by Morrey [20], characterizes the local behavior of solutions
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to elliptic PDEs. Alvarez et al. [2] introduced central Morrey spaces with non-power weights, and
subsequent works by Fu et al. [10], Wu [26], Zhao et al. [28], Aykol et al. [1], He and Tao [14],
and Sarfraz et al. [24] provided sharp bounds for Hardy operators in these spaces. In [12], the
authors introduced the weak central Morrey space with non-power weights WB”*(R"), and proved
that [|H]|gr.arr)—waragn = 1, where 1 < p < co and —% <A<0.

To better present our main results, we now extend the definitions of the central Morrey space
introduced in [2] and its corresponding weak central Morrey space given in [12] to homogeneous
groups equipped with power weights.

Forl < p < oo, —% <A1<0,and @ € R. A function f € L] (G) belongs to the central Morrey space

BP(G) if

1/p
1
LA llgea ) = su (—f | (X)|p~IXI“dx) < 0.
f By (G) R>g IBO, R[22 Jp0p, f

If @ = 0, we denote it simply by B”*(G). Moreover, if A = —1]—7, B”(G) coincides with the weighted L?

space L5(G). The corresponding weak central Morrey space WBﬁ”I(G) consists of functions f € Lf; (&)
such that

1/p

-1 04

11l gty = sup IBO, R)[ ™77 supt( f |x| dx) < oo.
R>0 >0 {xeB(O,R): |f(x)|>1}

When a = 0, we denote WB."(G) by WBPA(G). Obviously, if 1 = ‘%’ then WB2Y(G) = LI™(G),

which is the weak L” space. It is also clear that B(G) € WB2'(G) for 1 < p < o and —ﬁ <A1<0.

Our work establishes weak bounds for fractional Hardy operators on central Morrey spaces over
homogeneous groups. The employed methodology features a succinct and efficient proof technique,
significantly simplifying the demonstration process compared to conventional approaches in operator
theory. As an application, we reveal connections between these operators and nonlinear ordinary
differential equations of the form (see [3,4]):

A%memﬁamwﬁ+wmumrwzo, (1.3)

where v and w are weight functions on (0, o), v € C!(0,0), A > 0, and y(¢) is a positive increasing
function. Indeed, by using the argument of Theorem 2.2 in [4], we immediately obtain that

00 1/q 00 1/p
( fo y(x)qw(x)dx) < A4 ( fo y’(x)”w(x)dx) , (1.4)

where 1 < p < g < oo and y(x) is a solution of Eq (1.3). Note that the inequality (1.4) was connected
with the Hardy operator, which can be found in [3].
The key outcomes of our analysis are systematically organized in the following theorems.

Theorem 1.1. Assume that f € B2\ (G) is nonnegative. If 1 < p < oo, —% <A1<0and0 < a <
—-ApQ(p — 1), then the inequality

”Wf”WBg’A(G) < ﬂsharp”fHBgJ(GO
holds with the sharp constant

_Q% o\
ﬂ””‘(Q+a)(Q—amp—D)'
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Remark 1.1. When p = 1, we still attain the sharp weak bound Ag.,, = 1. The proof closely follows
that of Theorem 1.1, with nearly identical methods and steps. Indeed, as p — 1%, we have @ — 07,
and thus

Q Y Q ’
(p.@)>(1%,0%) (Q + a) (Q -a/(p— 1))
For the fractional Hardy operators Hj, the weak Morrey estimates also hold.
Theorem 1.2. Assume that f € B> (G) is nonnegative. If0 << Q,1 < p < g < oo, —117 <A <0,

1 1 1 1 1 B : ;
i < = = 4 2 -
g /12 < 0, » + /11 = p + /12 Cll’ld p = o then the mequallly

||7—[ﬁf”WB‘M2(G) < Bsharp“f”BNl(G)

holds with the best constant satisfactions

(Q%ﬁ)(Q_Qpﬁ)p < By < 1. (1.5)

Remark 1.2. When p = 1, By = 1 in Theorem 1.2. And when B = 0, i.e, p = q and 4, = A,
Theorem 1.2 reduces to the case a = 0 in Theorem 1.1, which can be viewed as a natural extension of
Theorem 2.1 in [12] to the setting of homogeneous groups.

For 8 > 0, the following results provide the sharp bounds for the norm of the conjugate operator H, -

Theorem 1.3. Assume that f € L2(G) is nonnegative. Let 0 < B < Q, 1 < p < &2 and assume that

B
QT” = % —B. If f € LY(G), then the inequality

holds with the sharp constant

1Hs fllz=c) < Bopanlf 20
1 1

(e (e (e
B“"””’_(p’) (Q+7) (Q)

Remark 1.3. When 8 = 0, the condition 1 < p < % should be interpreted as 1 < p < oo, and
Theorem 1.3 remains valid in this case. In particular, when the homogeneous group G reduces to the
Euclidean space R", so that Q = n, Theorem 1.3 specializes to the result in [12, Theorem 2.4].

+

Q=
Q=
Q=
<=

1 Bl 4
Remark 1.4. When p = 1, we also obtain the sharp bound 85, = (Q—%)" (%)Q+”’ . The method is
similar to the proof of Theorem 1.3.

Throughout this paper, |®| denotes the volume of the unit sphere. Let 1 < p, p” < oo, where p and p’
are conjugate indices, i.e., 1/p + 1/p’ = 1. Formally, we will also define p = 1 as the conjugate to
p’ = oo, and vice versa.
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2. Proofs of main results

In this section, we will prove our main results.
Proof of Theorem 1.1. Since —é <A<0and0 < a < -ApQ(p—1), we deduce that P%l < Q. Applying

Holder’s inequality yields
1 (f ||—"”/d)"]'(f O ||“d);
yl ray Sy ay
Volx12 \Upou) BOJx)

i 2.1)
<o [Q_LLI) LS 11l

p—

[H ()] <

where V), is the volume measure of the unit sphere in the homogeneous group G and V) = &

o
Inequalities (2.1) and QA — % < 0 imply that
. 1/p
—/1—]—7 Lyl
”Wf”WBg’ﬂ(G) = ilig |1B(0, R)| SIEEI(LX{EB(O,R): |x|<(7§)m}(x) ] dx) ’

1/p' 1/(Q1-2
where A = Vé (%) r ”f”Bg,A(G). Let K := (ﬁ) e p), we will now consider two cases: 0 < R <
KandR > K.

Casel: 0 < R < K. Since —QA + % > 0, it follows that

R P
IH flly gy < sup BO, R)F Supt(l@l f Lo dr)
@ 0 0

<R<K >0

; @
= VE( O ) sup sup - R
Q+a) 150 0<rR<k

_uaf @ ’ [ QO z 0 v
= Yo (Q+a) A‘(Qw) (Q—a/(p—l)) Wl

Case II: R > K. It is easy to compute that

1
K v
H Flly ) < sup 1B, R Sup,(m)l f a0 dr)
‘ R>K 0

>0

1
P _ 1 a+Q
) supsup? - R™IMDK

>0 R>K

_yaf[_2
_VQ (Q+a

_—/IQII; Coue Q) 0 L
~ Ve (Q+a) o K _(Q+a/) (Q—a/(p—l)) 1l

Combining Cases I and 1I, we obtain

1

oV o v
”7‘{f||WBf;‘ﬂ(G) < (Q n a/) (Q — a/(p — 1)) ”f”Bgv/l(G)- (2.2)
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1 1
Next, we will demonstrate that the constant Agparp = (%)" ( Q_a/Q(p_l))” is optimal, that is, show the

existence of a function f, € BZ’A(G) that satisfies the following equation:

||wf0||WB£’/l(G) = ﬂsharp”f()”ggvﬂ(@})- (2.3)

Suppose that there exists a function in the simple form fy(x) = |x"x{s: xy<1;(X), where the real number

m € (10 — a/p,0). In this case, it suffices to prove that Eq (2.3) has at least one solution for m. When

0 <R < 1, it follows from m > 10 — % and A > —;—7 that m > —%. Thus, F can be computed as

|®]

R
= P xl?dx = |6 Q+pm+a—ld —
F fo(I - x| dx ||f0r r (—Q+pm+a

)RQ+pm+a
B(O,R)
When R > 1, it is also easy to calculate that

1 |6l
F = |(5|f rermrel gy = :
0 O+pm+a

Therefore, combining the above two cases and the definition of Bfi’ﬂ(Gr), we have

1/p 1/p
1 foll g1, = max § sup 5 , Sup __F
o (@ o<k<1 \|B(0, R)|1+4P r>1 \|B(0, R)|!*4»

1 1
= Vé‘ (—Q ) max{ sup R™ =4 sup R‘Qﬁ_%} = Vé’l (—Q ) . 24

O+pm+a 0<R<I R>1 Q+pm+a

Substituting the function fy(x) into the Hardy-type operator H f, i.e., Eq (1.2) with 8 = 0, we compute
H fo(x) as follows:

mgQ-lxlm, 0<|xl<1;
Hfo(x) = 0
X7, x| > 1.
m+ Q

Let D := < then we have

m+Q°
1

&= (x € BO.R): [Hfy(x)| > 1} = {x € BO,1): |x| < (?)_} U {1 <2l < R: | < (17))9}

To obtain our results, we divide D into two parts: D > fand D < t.

_1 1
Case I: D > ¢. In this case, we have (?) " >1and (%)Q > 1.

When 0 < R < (%)5, the set & = {x: x € B(0, R)}. Due to % < p — 1, we can obtain

~1 1
141-ZLs1+a-22" s 14250 2.5)
149 P P
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Thus, (2.5) allows us to conclude that

1
-1 R »
IH follygraey = sup (VQRQ) ”sup;(|®|f pa+0-1 dr)
’ 0<r<(2)' <D 0

o Q) o
:VQA(Q+0[ sup supt- R0

0<R<(?)1/Q t<D

1 A+ 1
3 Q P D rQ B Q P
=V,! R =V D
Q(Q+a) <> (r) ( )

_QQ+a

When R > (17))5, the set & can be calculated as {x: 0<|xl < (?)I/Q}. Thus, (2.5) also gives that

1

1 (e Z

1H folly ey = sup (VoR?) ™ 7 sup|I6)] f r et gy
e 0

<D

1 O+a .
» D\ @ 3
- Vél( ¢ ) sup supt- (—) LR+ Vé/l( 0 ) D,
Q ta R>(Q)1/Q <D t

Case II:. D < +t.

D)7 < 1, (2)Y < 1 and
D

In this case, we can easily obtain (
_1
) ", the set & is equal to {x: x € B(0,R)}. The

1
{1 <1 <R:lal<(2)°) = 0. When0 < R < (
inequality m > AQ — % allows us to deduce that

”7_{.](‘0”‘4/35’4(@) =

-1 R %
sup (VQRQ) ! supt(l(ﬁl f pate-! dr)
0<R<(2)" D 0

o Q) _oare
- VQA(Q+Q sup  supr- R 9o

0<R<(2)'" D

1 01_ a 1
i (o) e (7)) v (gt 2
>D

O+«
D “m . D _l/m . . a
When R > (7) , the set & can be computed as {x: 0 < |x| < (7) . The inequality m > A1Q — >
also gives that

1 (2)-tm ’
IH follypra = sup (VQRQ) ?supt||®]| f Ja0-1 .
RZ(?)_I/W >D 0

0 Z D\ 0 7

g e 1 2

= V; ( ) sup supt- (—) LR — Véﬂ ( ) D
Q + 04 R>(Q)fl/m >D t Q + 0%
-\ 1
AIMS Mathematics
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Combining Cases I and II, we obtain

o[ @ Vo 2 V(2
I follyr o = Vi (Qm) D=V, (Qm) (m+Q). 2.6)

Therefore, using (2.4) and (2.6), Eq (2.3) can be rewritten as

1

(0--5)" @+ pm+ay =m+Q.

Define the function

Tm) = (Q - )7 (Q+ pm+ )t —m— 0,

where m € (QA — a/p,0). Moreover, it is straightforward to obtain its derivative

£ 1_
T'(m) = (Q - p(TZl)p (Q+pm+a)r ' —1.
Let mg := —p‘T’l. Thus, it is easy to check that my € (Q4 — a/p,0). And it is not difficult to conclude
that 7'(m) is increasing on (QA — a/p, my) and decreasing on (my, 0). Hence, we have

T(m) < T(mpy) =0.

Therefore, the function 7'(m) has a unique solution m; in the interval (QA — a/p, 0). We conclude that
there exists a function f; € Bﬁ’A(G) such that Eq (2.3) holds. This completes the proof of Theorem 1.1.

Remark 2.1. It can be shown that (2.2) still holds when a € (ApQ,0). However, no function of the
simple form fo(x) = |x|"x(x: <1y (x) satisfies Eq (2.3), not even for m < Q.

Proof of Theorem 1.2. By Holder’s inequality and 4, — 4; = g, we obtain

1/p
l%f(x)ISIB(O,IxI)Ih( f If(y)l”dy) < Vgl llgna e - M2 = 712
B(0,|x])

|B(O, x|+

Therefore, we have

1/q
H, , < sup|B(O,R ~h=4 qup ¢ f aydx| .
e flhwae R>]g| R o5 [ GX{XGB(O,R):IxK(%)QIAZ}

1 1
When 0 < R < (%)Qﬁz, it is easy to see that {x € B(O,R): |x| < (%)942} = {x € B(0, R)}. Based on this

case, we obtain

- _ _ -1
Hsfllwpeoey < sup  sup VQA2 R = VQA2 supt(%) = [1fllgri - 2.7

0<RS(%)1/Q12 >0 >0

1 1 1
When R > (#)Q‘iz , we can also obtain {x € B(O,R): |x] < (%)Q’{z} = {x: x| < (,%)Q/‘Z } This case gives
that

1/q2 _

1, -0+ 1 ! -2 1

Hsfllwpsoe < sup  sup VQ 2RO+ (—) = VQ 2 supt(%) =1 fllpri c)- (2.8)
R>(%)1/Qﬂz >0 T >0

AIMS Mathematics Volume 10, Issue 10, 23292-23305.
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It follows from (2.7) and (2.8) that

1Hpflwpeae) < 1 11fllgrar)-

Thus, we have derived the right-hand side of inequality (1.5), namely B, < 1. Next, we turn to the
proof of the lower bound of inequality (1.5). Taking fy(x) = le‘ﬁ)({x; <11(X). When 0 < R < 1, we can
compute that

R
®
I::f [fo(x)IP dx = |(Y)|f pFPRO-l g — —l I RO-15.
B(O.R) 0 Q-pB

When R > 1, we also have

6]
Q-pB
Combining the above two cases, the B”*(G)-norm of f; can be obtained directly, noting that for -8 —
Q4 = -04, >0,

1
1= |(5|f rP e gr =
0

I 1/p I 1/p
Wit =m0 (s 3 )

you (Q Q ﬁ)p max{ sup R7#24, supR_Q“‘ﬂl’)} (2.9)
=P

0<R<1 R>1
1
_ 0 )
y-h ( .
0-pB

By the definition of Hj, we have

B
9]

Vo5 0<hd<1;

Hefolx) =1 , .

Ve_=_ . |xf9, |x| > 1.

°0-p
8
Let M := Ql_ﬂvg , it is evident that [Hj fo(x)| < M. Thus, we can choose ¢ < M, such that

{x € B(O,R): [Hpfo(x)| > l] ={xeBO,1): M>1}uU {1 <|x| <R:|x| < (ﬁ)”(ﬂ_g)}

_ {x € B(O,R): |x]| < (ﬁ)l/w_g)}'

Similar to the estimates of inequalities (2.7) and (2.8), we have ||H follwpet2(q) = V;z Ql_ﬁ. Therefore,

nﬂmwwm>(gzﬂg—wy
Bs arp — H, P41 (G)— W B2 = = .
narp = |1l gras gy wae2 ) 0-8 0

Il follgr1 @)

Thus, Theorem 1.2 is proved.
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O+y

Proof of Theorem 1.3. By Holder’s inequality, and since p < %, =t = % — /3, we have

, , 1/p’ 1/p
" _ra 2By a
|74ﬂf<x>|s( f ™% - B, Iy P dy) ( f £ dy)
G\B(O0,]x[) G\B(0,|x])

L L
/

B_1 7
yor q\’ 0 Y _0vy 0wy
S o7 4 . = . .
€ (p’) (Q+y) g ™o 2= Ll

Therefore, we have

+

(£)25 Ha 70 s
. ’ - ”' Gtar
1Hs fll o) < supt[l@lf rét ld’”] = (l) ( ) Vé) ez -
0

|-
Q=

10 )24 O+vy

Next, we will demonstrate that the constant B;“harp is optimal, that is, show the existence of a function
fo € LE(G) that satisfies the following equation:

||7‘{Ef0||L$°°(G) = :harp”ﬁ)“Lg(G)- (2.10)

Suppose there exists a function of the simple form fy = [x["x/x. x>1}(x), Where the real number m <
—%. In this case, it suffices to show that Eq (2.10) admits at least one solution for m.
Since pm + a + Q < 0, it follows that

1/p +00 1/p
-1
||fo||Lg(G):( f "X |x|2u(x>-|x|“dx) :(|®| f om0 dr)
G 1

0 Vo
=|— | V’. 2.11
(—pm —a-Q) ° 1D
Observe thatm + 8 < m + % < 0; thus, we can conclude that
B
Q Vs, 0<|x<1;
5 —m _ﬁ
ﬁﬁ)(x) = Q B
Vg xR, |x| > 1.
—-m _ﬁ
B
Let K := ?Q_ﬁVQQ , and it is evident that |7-{g Jo(x)| < K. When t > K, it implies that

{xeG: 11 i)l > 1} = 0.
Thus, we only need to consider the case t < K, and the following identity holds:
xeG: IH ) >t} =(0< 1M < 1: K >t Uflxl > 1: K™ > 1)

= {x eG: |x| < (%)”mﬁﬁ)}.

Furthermore, note that

0.

Q+y _,, Qt@)ip-p_m+Q+a)p

1+ —— =
q(m+ B) m+ m+

AIMS Mathematics Volume 10, Issue 10, 23292-23305.
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Therefore, we have

(%)1/(771+ﬁ) 1/q
* -1
1Hp folleg=@) = sup f(|(‘5|f rét dr]
0

O<t<K
i oy " ¢ B
= Sup (ﬂ) (](_q(gﬂﬂ) . l1+q(gn+ﬁ> = ( Q )( Q ) VQQ+q. (212)
O<t<K Q+7 _m_IB Q+7
Hence, by combining (2.11) and (2.12), Eq (2.10) simplifies to the following form:
1 1
%~ oo o)
-m—=pB \-pm—-a-0] \p(Q+7v)
Furthermore, using the relation % = % — 3, the equation can be further simplified as follows:
1 1 z 1
:( )( P- ) . 2.13)
-m—pB \-pm-a-Q) \Q+a-pB
Taking the logarithm on both sides of Eq (2.13), we obtain
1 1 p-1
—In(-m—-p)=——=In(-mp—a - Q)+ —In (—) .
p P \Q+a-pp
Define the function
1 1 p—1
@(m) = In(~m — ) — ~In(~mp — a — Q) + —In (—) :
p P \Q+a-pp
where m € (—oo, —%). Then, we can calculate its derivative
, p-Dm+Q+a-p
@'(m) = :
(m+pB)(mp + Q +a)
Let mg := 2 ;E]_“, then we obtain m, < —%. It is not difficult to conclude that ¢(m) is decreasing on

(=00, my) and increasing on (my, —%). Hence, we have

@(m) = @(mo) = 0.

Therefore, the function ¢(m) has a unique solution m in the interval (—oo, —
the proof of Theorem 1.3.

%). Thus, we complete

3. Conclusions

In this paper, we have established sharp weak-type estimates for both classical and fractional Hardy
operators and their adjoints on homogeneous groups, within the frameworks of weighted Lebesgue
spaces and central Morrey spaces. Specifically, in weighted central Morrey spaces, we obtain the sharp
weak bound A, for the classical Hardy operator H, and accurately characterized the influence of

AIMS Mathematics Volume 10, Issue 10, 23292-23305.



23303

the homogeneous dimension Q and the weight parameter @ on the value of the constant. For the
fractional case, we establish the sharp weak-type estimates of the fractional Hardy operator Hj; under
the conditions 717 + 4 = é + A, and % -1= g. In weighted Lebesgue spaces, we derive the sharp
weak bound B;‘harp for the adjoint operator 7—([’; Furthermore, we reveal a connection between these
Hardy-type operators and a class of nonlinear ordinary differential equations, highlighting the interplay

between harmonic analysis and differential equations.
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