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qualitative analysis. Existence and uniqueness are confirmed via fixed-point theory, and Ulam-Hyers
criteria assess robustness. Numerical solutions are obtained using the iterative Adams and Adams-
Bashforth methods for accurate time-series simulations. Numerical experiments evaluate vaccination
effects under a constant rate for a subset of the population. The results show that vaccination effectively
reduces disease prevalence, emphasizing its critical role in rabies control. Deep neural network (DNN)
techniques are applied for training, validation, and testing. The DNN has three hidden layers (10, 100,
10 neurons) and is trained over 1000 epochs using the Levenberg-Marquardt algorithm. The model
achieves high predictive accuracy, with mean square errors as low as 0.00027 and root mean square
errors under 0.17 across compartments. Overall, combining fractional calculus with deep learning
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public health strategies in regions with significant dog populations.
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1. Introduction

Rabies is a viral infection caused by the Lyssavirus genus, leading to inflammation of the brain
in mammals. It is primarily transmitted through bites or scratches from infected animals, with dogs
serving as the main reservoir in endemic areas, accounting for over 99% of human cases [1, 2]. The
disease incubation period varies widely, typically ranging from one to three months, but it can extend
beyond a year, depending on the exposure site and viral load. Rabies is almost always fatal once clinical
symptoms develop, underscoring the importance of vaccination and post-exposure prophylaxis [3].

Mathematical models based on the SEIR framework have been extensively used to study rabies
transmission dynamics, and the effectiveness of interventions such as vaccination and culling [4–10].
These classical integer-order models describe the population as divided into susceptible, exposed,
infected, and recovered compartments but do not account for the memory or hereditary properties
inherent in disease progression.

Fractional calculus has emerged as a powerful tool to address these limitations by introducing
derivatives of non-integer order, which inherently incorporate memory effects [11–13]. The
Atangana-Baleanu-Caputo fractional derivative, in particular, features a non-singular kernel that
enhances the model’s accuracy and stability. Recent epidemiological studies have applied fractional
differential equations to modeling infectious disease, demonstrating improved predictive capabilities
and robustness compared to traditional models [14–16]. Recent studies have applied neural networks
to fractional differential systems across various domains. For example, Anwar et al. [17] used
stochastic adaptive networks with Grünwald-Letnikov differences for modeling coffee rust, while
Raja et al. [18] developed predictive intelligent networks for a fractional tuberculosis-virus model.
Similarly, Fida et al. [19] proposed a neuro-architecture-driven approach for fractional breast cancer
risk analysis. These works highlight the growing interest in combining fractional calculus with
artificial intelligence (AI) for complex systems, motivating our integration of the Atangana-Baleanu
operator with deep neural networks (DNNs) for rabies dynamics.

While fractional models offer theoretical advantages, their application to modeling rabies remains
limited. Concurrently, DNNs have gained prominence in epidemiology for their capacity to learn
complex, nonlinear patterns from data [20–22]. DNNs have been successfully employed for
forecasting, parameter estimation, and classification of infectious diseases.

Our study uniquely integrates fractional calculus with DNN techniques to model rabies
transmission. We propose a fractional SEIR-SEIV model utilizing the Atangana-Baleanu-Caputo
operator to capture memory effects in both human and dog populations and extend the dog
compartments to include vaccination status. The DNN component approximates solutions to the
fractional system, facilitating efficient computation and accurate prediction. Theoretical analysis
ensures the existence, uniqueness, and stability of solutions, while numerical simulations demonstrate
the impact of fractional order and vaccination on the dynamics of the disease.

This integrated framework advances rabies modeling by combining mechanistic and data-driven
approaches, providing valuable insights for optimizing control strategies in endemic regions.
Schematic diagram of the rabies transmission model integrating human and dog populations is shown
in Figure 1. The manuscript is structured as follows: Section 2 covers essential definitions and
concepts from fractional calculus. Section 3 discusses the theoretical findings, leveraging fixed-point
theory and examining Ulam-Hyers stability under minor perturbations in the initial conditions.
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Section 4 employs Adams-Bashforth methods to approximate the model’s solutions, offering insights
into its numerical behavior.

Figure 1. Schematic diagram of the rabies transmission model integrating human (SEIR)
and dog (SEIV) populations.

2. Basic results

This section introduces essential notations and key definitions relevant to fractional calculus.

Definition 2.1. Let U(t) be a function such that ξ ∈ [0, 1]. The Caputo-type fractional derivative,
represented asABC, is defined as:

ABCDξ
t (U(t)) =

M(ξ)
1 − ξ

∫ t

0
Eξ

[
−ξ

1 − ξ
(t − u)ξ

]
d
du

U(u) du, (2.1)

where M(0) = M(1) = 1 is the normalization function, and Eξ denotes the Mittag-Leffler function,
given by:

Eξ(y) =

∞∑
k=0

yk

Γ(ξk + 1)
. (2.2)

Definition 2.2. For a function U(t) ∈ L1(0,T ), the fractional integral in theABC sense is given by

ABCIξt U(t) =
1 − ξ
M(ξ)

U(t) +
ξ

M(ξ)
1

Γ(ξ)

∫ t

0
(t − u)ξ−1U(u) du, t > 0. (2.3)

Lemma 2.1. For ξ ∈ (0, 1], the solution to the given fractional problem is expressed as

ABCDξ
t U(t) = U(t),
U(t) = U0
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with the assumption

U(t) = U0 +
1 − ξ
M(ξ)

U(t) +
ξ

M(ξ)
1

Γ(ξ)

∫ t

0
(t − u)ξ−1U(u)du. (2.4)

Model formulation

In this study, we employ SEIR framework to model the human population and SEIV framework
for the dog population to analyze rabies transmission patterns. The human population is categorized
into four compartments: Susceptible, exposed, infected, and recovered. The dog population is
classified into susceptible, exposed, infected, and vaccinated groups. Individuals classified as
susceptible are not yet infected but are at risk of contracting rabies through interactions with rabid
dogs. Exposed individuals have acquired the virus, typically through bites or scratches, but do not yet
show clinical symptoms. Infected individuals exhibit symptoms of the disease, while the recovered
category includes those who have undergone treatment and returned to a non-infectious state. Without
proper intervention, exposed individuals may advance to the infectious phase and, ultimately,
succumb to rabies.

The human population is modeled using four compartments: S h (susceptible), Eh (exposed), Ih

(infectious), and Rh (recovered). Individuals are initially recruited into the susceptible category. If a
rabid dog bites a susceptible individual, they move to the exposed compartment. Without timely post-
exposure prophylaxis, the individual progresses to the infectious stage and eventually succumbs to the
disease, as recovery is not possible during the infectious phase.

Similarly, the dog population is structured into the compartments S d (susceptible), Ed (exposed),
Id (infectious), and Vd (vaccinated). Dogs are added to the susceptible group at a recruitment rate ϕd.
Treatment of susceptible dogs is implemented to prevent the disease from advancing. If no intervention
is applied during the exposure phase, an exposed dog transitions directly to the infectious category.

The SEIR framework operates under the following assumptions:

• The recruitment rates of susceptible individuals for humans and dogs are represented by Λh and
Λd, respectively.
• Transmission of rabies among humans is considered.
• Individuals who come into contact with a rabid dog through bites or scratches move into either

the exposed or infected category.
• All compartments share a uniform natural death rate.

Based on the stated assumptions and the relationships among the variables and parameters, as
illustrated in Figure 2, the dynamics of rabies transmission are formulated using ordinary differential
equations. The SEIR framework offers a robust method for analyzing rabies transmission dynamics:
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ABCDξ
t S h(t) = Λh + ωhRh(t) − (βh1S h(t)Ih(t) + βh2S h(t)Id(t)) − µhS h(t),

ABCDξ
t Eh(t) = (βh1S h(t)Ih(t) + βh2S h(t)Id(t)) − (ϕh + ρh + µh)Eh(t),

ABCDξ
t Ih(t) = ρhEh(t) − (µh + σh)Ih(t),

ABCDξ
t Rh(t) = ϕhEh(t) − (ωh + µh)Rh(t),

ABCDξ
t S d(t) = Λd − βdS d(t)Id(t) + ωdVd(t) − (ϕd + µd)S d(t),

ABCDξ
t Ed(t) = βdS d(t)Id(t) − (ρd + µd)Ed(t),

ABCDξ
t Id(t) = ρdEd(t) − (µd + σd)Id(t),

ABCDξ
t Vd(t) = ϕdS d(t) − (ωd + µd)Vd(t),

S h(0) = S h0 , Eh(0) = Eh0 , Ih(0) = Ih0 ,Rh(0) = Rh0 , S d(0) = S d0 , Ed(0) = Ed0 , Id(0) = Id0 ,Vd(0) = Vd0 .

(2.5)

The analyzed system’s positivity, feasibility, and stability can be evaluated by considering all
compartments, as shown in [23].

Figure 2. The flow diagram of model (2.5).

The parameters used in the proposed system are provided in Table 1.
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Table 1. Parameters used in the numerical simulations of the model (2.5).

Parameter Description
S h(t) Number of susceptible humans at time t
Eh(t) Number of exposed humans at time t
Ih(t) Number of infected humans at time t
Rh(t) Number of recovered humans at time t
S d(t) Number of susceptible dogs at time t
Ed(t) Number of exposed dogs at time t
Id(t) Number of infected dogs at time t
Vd(t) Number of vaccinated dogs at time t
Nh(t) Total human population size at time t
Nd(t) Total dog population size at time t
Λh,Λd Recruitment rates for human and dog populations,

respectively
σh, σd Rabies-induced death rates for humans and dogs,

respectively
µh, µd Natural death rates of human and dog populations,

respectively
ρh, ρd Incubation periods for humans and dogs, respectively
ϕh Treatment rate for exposed humans
ϕd Vaccination rate for susceptible dogs
ωh, ωd Immunity loss rates for vaccinated humans and dogs,

respectively

The study presents a fractional framework for analyzing rabies dynamics, utilizing a system of
twelve compartments. The Atangana-Baleanu-Caputo operator is incorporated to enhance the
modeling accuracy. The investigation ensures the existence and uniqueness of solutions for the initial
value problem (IVP) within this structure. The robustness of the model is evaluated through the
Ulam-Hyers stability concept. To approximate solutions, Newton’s interpolation method is applied,
allowing for the introduction of a fractional parameter to improve the numerical simulations across
five compartments. This approach provides a comprehensive representation of the total density,
spanning the range from 0 to 1.

3. Existence theory

This section discusses the significance of the proposed model in practical applications. Furthermore,
an analysis of the stability and existence properties that are relevant to the underlying problem is
provided. On the basis of these considerations, the problem is reformulated as follows:
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ABCDξ
t S h(t) = G1(S h, Eh, Ih,Rh, S d, Ed, Id,Vd),

ABCDξ
t Eh(t) = G3(S h, Eh, Ih,Rh, S d, Ed, Id,Vd),

ABCDξ
t Ih(t) = G4(S h, Eh, Ih,Rh, S d, Ed, Id,Vd),

ABCDξ
t Rh(t) = G5(S h, Eh, Ih,Rh, S d, Ed, Id,Vd),

ABCDξ
t S d(t) = G6(S h, Eh, Ih,Rh, S d, Ed, Id,Vd),

ABCDξ
t Ed(t) = G7(S h, Eh, Ih,Rh, S d, Ed, Id,Vd),

ABCDξ
t Id(t) = G8(S h, Eh, Ih,Rh, S d, Ed, Id,Vd).

(3.1)

We write Eq (2.5) in the form

ABCDξ
t U(t) = η(t,U(t)),

U(0) = U0(t), (3.2)

where 
U(t) := (S h, Eh, Ih,Rh, S d, Ed, Id,Vd)T ,

U0 := (S h0 , Eh0 , Ih0 ,Rh0 , S d0 , Ed0 , Id0 ,Vd0)
T ,

η(t,U(t)) := Gi(t, S h, Eh, Ih,Rh, S d, Ed, Id,Vd)T , i = 1, 2, 3, 4, 5, 6, 7, 8.
(3.3)

Here, (.)T represents the transpose of a vector. The integral formulation of the equation in system (3.2)
can be written as:

U(t) = U0 +
1 − ξ
M(ξ)

Z(t,U(t)) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − ϕ)ξ−1Z(ϕ,U(ϕ)) dϕ. (3.4)

Let Υ = C([0,T ],Rk)1≤k≤n be a Banach space equipped with the norm ‖U‖ = supt∈[0,T ] |U(t)|.
Moreover, define Φ = (Υ8, ‖U‖) as another Banach space, where the norm ‖U‖ is specified as:

‖U‖ = sup
t∈[0,T ]

(
|S h| + |Eh| + |Ih| + |Rh| + |S d| + |Ed| + |Id| + |Vd|

)
. (3.5)

The existence results are established in the following theorem using Schauder’s fixed-point theorem.

Theorem 3.1. Let Z ∈ Φ be a continuously defined function, and suppose that a positive constant
V > 0 exists that the inequality,

|Z(t,U(t))| ≤ V(1 + |U|)

holds for all t ∈ [0,T ] and U ∈ Φ. Under this condition, the following inequality is satisfied:

∇1 =

(
(1 − ξ)Γ(ξ)V + VT ξ

M(ξ)Γ(ξ)

)
< 1. (3.6)

Consequently, the solution of Eq (3.4) is well-defined, unique, and continuous for every t ∈ [0,T ].

Proof. The solution of the stated problem adheres to the equivalent integral form given in Eq (3.4).
Define the operator f : Φ→ Φ as follows:

(fU)(t) = U0 +
1 − ξ
M(ξ)

Z(t,U(t)) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − ϕ)ξ−1Z(λ,U(λ))dλ. (3.7)
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Consider a closed, bounded, and convex ball B% defined as {U ∈ λ : ‖U‖ ≤ %, % > 0}, where

% ≥
∇2

1 − ∇1
, and ∇2 = |U0| +

1 − ξ
M(ξ)

V +
T ξ

M(ξ)Γ(ξ)
V. (3.8)

To verify the required condition, it suffices to show that (f)(B%) ⊂ B% for every t ∈ [0,T ].
Consequently, we obtain

|(fU)(t)| ≤ |U0| +
1 − ξ
M(ξ)

|Z(t,U(t))| +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1|Z(λ,U(λ))|dλ

≤ |U0| +
1 − ξ
M(ξ)

V(1 + |U(t)|) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1V(1 + |U(t)|)dλ, (3.9)

and U ∈ B%. We also obtain

‖(fU)‖ ≤ |U0| +
1 − ξ
M(ξ)

V(1 + ‖U(t)‖) +
T ξ

M(ξ)Γ(ξ)
V(1 + ‖U(t)‖)

≤ |U0| +
1 − ξ
M(ξ)

V +
T ξ

M(ξ)Γ(ξ)
V +

[1 − ξ
M(ξ)

V +
T ξ

M(ξ)Γ(ξ)
V
]
%

≤ ∇2 + ∇1% ≤ %.

We have established that (fB%) ⊂ B%.
To establish the continuity of the operator f, consider a sequence {Un} such that Un converges to U

in B% as n→ ∞. Consequently, for any t ∈ [0,T ], the following condition is satisfied:∣∣∣(fUn)(t) − (fU)(t)
∣∣∣ ≤ 1 − ξ

M(ξ)

∣∣∣Z(t,Un(t)) − Z(t,U(t))
∣∣∣ +

ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1

∣∣∣Z(λ,Un(λ)) − Z(λ,U(λ))
∣∣∣dλ

≤
1 − ξ
M(ξ)

‖Z(t,Un(t)) − Z(t,U(t))‖

+
T ξ

M(ξ)Γ(ξ)
‖Z(λ,Un(λ)) − Z(y,U(λ))‖.

Due to the continuity of the function Z, the following holds:

‖(fUn)(t) − (fU)(t)‖ → 0 as n→ ∞. (3.10)

The operator f is proven to be continuous over B%. Furthermore, it can be established that (fB%)
possesses relative compactness. Since (fB%) ⊂ B%, the set (fB%) remains uniformly bounded. In
addition, we demonstrate that f satisfies the criterion of “equi-continuity” within B%. Given U ∈ B%
and two points t1, t2 ∈ [0,T ] where t1 < t2, the subsequent result follows:

‖fU(t2) −fU(t1)‖ ≤
1 − ξ
M(ξ)

∣∣∣Z(t2,U(t2)) − Z(t1,U(t1))
∣∣∣

+
ξ

M(ξ)Γ(ξ)

∣∣∣∣∣[ ∫ t2

0
(t2 − λ)ξ−1 −

∫ t1

0
(t1 − λ)ξ−1

]
Z(λ,U(λ))dλ

∣∣∣∣∣
AIMS Mathematics Volume 10, Issue 10, 23261–23291.
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≤
1 − ξ
M(ξ)

∣∣∣Z(t2,U(t2)) − Z(t1,U(t1))
∣∣∣ +

ξ

M(ξ)
L(1 + ‖U‖)
Γ(ξ + 1)

(tξ2 − tξ1).

It is evident that the norm ‖fU(t2)−fU(t1)‖ approaches zero as t2 tends to t1. Using the Arzelà-Ascoli
theorem, it follows that (fB%) is relatively compact, which implies that the operator is completely
continuous. As a result, the formulation in (2.5) guarantees the existence of at least one solution.

Next, we investigate the conditions ensuring the uniqueness of the solution corresponding to the
proposed model (2.5), subject to the following assumption:

0 ≤
[
1 −

1 − ξ
M(ξ)

% −
ξT ξ

M(ξ)Γ(ξ)
%
]
. (3.11)

Assume there are additional solutions, denoted by
S h(t), Eh(t), Ih(t),Rh(t), S d(t), Ed(t), Id(t), andVd(t); it then follows that

S h(t) − S h1(t) =
1 − ξ
M(ξ)

(
F1(t, S h(t)) − F1(t, S h(t))

)
+

ξ

M(ξ)Γ(ξ)

∫ t

0

(
F1(λ, S h) − F1(λ, S h1(t))

)
dλ.(3.12)

Using the norm to Eq (3.12), we have∥∥∥S h(t) − S h1(t)
∥∥∥ =

∥∥∥∥∥1 − ξ
M(ξ)

(
F1(t, S h(t)) − F1(t, S h1(t))

)
+

ξ

M(ξ)Γ(ξ)

∫ t

0

(
F1(λ, S h(t)) − F1(λ, S h1(t))

)
dλ

∥∥∥∥∥
≤

1 − ξ
M(ξ)

%
∥∥∥S h(t) − S h1(t)

∥∥∥ +
ξ

M(ξ)Γ(ξ)
%
∥∥∥S h(t) − S h1(t)

∥∥∥. (3.13)

Therefore, ∥∥∥S h(t) − S h1(t)
∥∥∥[1 − 1 − ξ

M(ξ)
% −

ξT ξ

M(ξ)Γ(ξ)
%
]
≤ 0. (3.14)

This implies that S h(t) = S h1(t) if the inequality (3.11) is satisfied. Similarly, for the other
compartments, we have Eh(t) = Eh1(t), Ih(t) = Ih1(t), Rh(t) = Rh1(t), S d(t) = S d1(t), Ed(t) = Ed1(t),
Id(t) = Id1(t), and Vd(t) = Vd1(t). Therefore, the solution is unique. �

Proceeding further, we analyze the Ulam–Hyers stability characteristics associated with the system
described in (2.5).

Theorem 3.2. Let Z ∈ λ be continuously defined function, and letK > 0 be a given constant such that
the inequality ∣∣∣Z(t,Q) − Z(t, Q̃)

∣∣∣ ≤ K ∣∣∣Q − Q̃
∣∣∣

holds for all t ∈ [0,T ] and Q ∈ λ. Additionally, assume that the condition

1 >
(1 − ξ)Γ(ξ)K +KT ξ

M(ξ)Γ(ξ)

is satisfied. Let Q and Q̃ be the solutions of Eq (3.2),

ABCDξ
t Q̃(t) = Z(t, Q̃(t)), Q̃(0) = Q0 + ε ≥ 0, (3.15)
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where 
Q̃ = (S̃ h, Ẽh, Ĩh, R̃h, S̃ d, Ẽd, Ĩd, Ṽd)T ,

Q0 + ε = (S h0 + ε, Eh0 + ε, Ih0 + ε,Rh0 + ε, S d0 + ε + Ed0 + ε, Id0 + ε,Vd0 + ε)T ,

Z(t, Q̃(t)) = Fi(S̃ h, Ẽh, Ĩh, R̃h, S̃ d, Ẽd, Ĩd, Ṽd)T , i = 1, 2, 3, 4, 5, 6, 7, 8.
(3.16)

Then,

‖Q − Q̃‖ ≤
[
1 −

(1 − ξ)Γ(ξ)K +KT ξ

M(ξ)Γ(ξ)

]−1

|ε|. (3.17)

Proof. The formulation of the given problem (3.2), along with Eq (3.15), leads to an equivalent integral
representation given by Eq (3.4), which can be expressed as follows:

Q̃(t) = Q0 + ε +
1 − ξ
M(ξ)

Z(t, Q̃(t)) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1Z(λ, Q̃(λ))dλ. (3.18)

For any t ∈ [0,T ], the following inequality holds:

|Q(t) − Q̃(t)| ≤ |ε| +
1 − ξ
M(ξ)

∣∣∣Z(t,Q(t)) − Z(t, Q̃(t))
∣∣∣

+
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1

∣∣∣Z(λ,Q(λ)) − Z(λ, Q̃(λ))
∣∣∣dλ

≤ |ε| +
1 − ξ
M(ξ)

K
∣∣∣Q(t) − Q̃(t)

∣∣∣ +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1K

∣∣∣Q(λ) − Q̃(λ)
∣∣∣dλ

≤ |ε| +
[1 − ξ

M(ξ)
+

T ξ

M(ξ)Γ(ξ)

]
K‖Q − Q̃‖.

Thus, we arrive at the following:

‖Q − Q̃‖ ≤ |ε| +
[ (1 − ξ)Γ(ξ) + T ξ

M(ξ)Γ(ξ)

]
K‖Q − Q̃‖.

Therefore,

‖Q − Q̃‖ ≤
[
1 −

(1 − ξ)Γ(ξ)K +KT ξ

M(ξ)Γ(ξ)

]−1

|ε|.

This completes the proof of the theorem. �

4. Numerical approach

In this section, we present a computational approach to address the problem at hand. The temporal
derivative is expressed in terms of a fractional derivative incorporating the Mittag-Leffler (ML)
kernel. The adopted strategy includes executing a numerical simulation facilitated by an interpolation
polynomial. Furthermore, the Adams-Bashforth (AB) scheme is employed to estimate the
fractional-order integral, as it is a widely recognized numerical technique [13].
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By incorporating the initial conditions and utilizing the operator ABCIξ0, we apply the outlined
scheme to the problem under consideration. The formulation is as follows:

S h(t) − S h0 = ABCIξ0G1(S h, t),
Eh(t) − Eh0 = ABCIξ0G2(Eh, t),
Ih(t) − Ih0 = ABCEξ

0G3(Ih, t),
Rh(t) − Rh0 = ABCIξ0G4(Rh, t),
S d(t) − S d0 = ABCIξ0G5(S d, t),
Ed(t) − Ed0 = ABCIξ0G6(Ed, t),
Id(t) − Id0 = ABCIξ0G7(Id, t),
Vd(t) − Vd0 = ABCIξ0G8(Vd, t),

(4.1)

which gives

S h(t) − S h0 =
1 − ξ
M(ξ)

G1(S h(t), t) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1G1(S h(λ), λ)dλ,

Eh(t) − Eh0 =
1 − ξ
M(ξ)

G2(Eh(t), t) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1G2(Eh(λ), λ)dλ,

Ih(t) − Ih0 =
1 − ξ
M(ξ)

G3(Ih(t), t) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1G3(Ih(λ), λ)dλ,

Rh(t) − Rh0 =
1 − ξ
M(ξ)

G4(Rh(t), t) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1G4(Rh(λ), λ)dλ,

S d(t) − S d0 =
1 − ξ
M(ξ)

G5(S d(t), t) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1G5(S d(λ), λ)dλ,

Ed(t) − Ed0 =
1 − ξ
M(ξ)

G6(Ed(t), t) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1G6(Ed(λ), λ)dλ,

Id(t) − Id0 =
1 − ξ
M(ξ)

G7(Id(t), t) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1G7(Id(λ), λ)dλ,

Vd(t) − Vd0 =
1 − ξ
M(ξ)

G8(Vd(t), t) +
ξ

M(ξ)Γ(ξ)

∫ t

0
(t − λ)ξ−1G8(Vd(λ), λ)dλ.

To develop an iterative process, we substitute t with tξ+1 for ξ = 0, 1, 2, . . . in the proposed system:
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S h(tξ+1) − S h(0) =
1−ξ
M(ξ)G1(S h(tξ), tξ) +

ξ

M(ξ)Γ(ξ)

∑ξ
i=0

∫ ti+1

ti
(tξ+1 − λ)ξ−1G1(S h(λ), λ)dλ,

Eh(tξ+1) − Eh(0) =
1−ξ
M(ξ)G2(Eh(tξ), tξ) +

ξ

M(ξ)Γ(ξ)

∑ξ
i=0

∫ ti+1

ti
(tξ+1 − λ)ξ−1G2(Eh(λ), λ)dλ,

Ih(tξ+1) − Ih(0) =
1−ξ
M(ξ)G3(Ih(tξ), tξ) +

ξ

M(ξ)Γ(ξ)

∑ξ
i=0

∫ ti+1

ti
(tξ+1 − λ)ξ−1G3(Ih(λ), λ)dλ,

Rh(tξ+1) − Rh(0) =
1−ξ
M(ξ)G4(Rh(tξ), tξ) +

ξ

M(ξ)Γ(ξ)

∑ξ
i=0

∫ ti+1

ti
(tξ+1 − λ)ξ−1G4(Rh(λ), λ)dλ,

S d(tξ+1) − S d(0) =
1−ξ
M(ξ)G5(S d(tξ), tξ) +

ξ

M(ξ)Γ(ξ)

∑ξ
i=0

∫ ti+1

ti
(tξ+1 − λ)ξ−1G5(S d(λ), λ)dλ,

Ed(tξ+1) − Ed(0) =
1−ξ
M(ξ)G6(Ed(tξ), tξ) +

ξ

M(ξ)Γ(ξ)

∑ξ
i=0

∫ ti+1

ti
(tξ+1 − λ)ξ−1G6(Ed(λ), λ)dλ,

Id(tξ+1) − Id(0) =
1−ξ
M(ξ)G7(Id(tξ), tξ) +

ξ

M(ξ)Γ(ξ)

∑ξ
i=0

∫ ti+1

ti
(tξ+1 − λ)ξ−1G7(Id(λ), λ)dλ,

Vd(tξ+1) − Vd(0) =
1−ξ
M(ξ)G8(Vd(tξ), tξ) +

ξ

M(ξ)Γ(ξ)

∑ξ
i=0

∫ ti+1

ti
(tξ+1 − λ)ξ−1G8(Vd(λ), λ)dλ.

To approximate the functions G1(S h(λ), λ), G2(Eh(λ), λ), G3(Ih(λ), λ), G4(Rh(λ), λ), G5(S d(λ), λ),
G6(Ed(λ), λ), G7(Id(λ), λ), and G8(Vd(λ), λ), a two-step interpolation polynomial is applied. This is
performed within the integral on the interval [ti, ti+1], leading to the following expression:

G1(S h(λ), λ) � G1(S h(ti),ti)
∆

(t − ti−1) +
G1(S h(ti−1),ti−1)

∆
(t − ti),

G2(Eh(λ), λ) � G2(Eh(ti),ti)
∆

(t − ti−1) +
G2(Eh(ti−1),ti−1)

∆
(t − ti),

G3(Ih(λ), λ) � G3(Ih(ti),ti)
∆

(t − ti−1) +
G3(Ih(ti−1),ti−1)

∆
(t − ti),

G4(Rh(λ), λ) � G4(Rh(ti),ti)
∆

(t − ti−1) +
G4(Rh(ti−1),ti−1)

∆
(t − ti),

G5(S d(λ), λ) � G5(S d(ti),ti)
∆

(t − ti−1) +
G5(S d(ti−1),ti−1)

∆
(t − ti),

G6(EdS (λ), λ) � G6(Ed(ti),ti)
∆

(t − ti−1) +
G6(Id(ti−1),ti−1)

∆
(t − ti),

G7(Id(λ), λ) � G7(Id(ti),ti)
∆

(t − ti−1) +
G7(Ed(ti−1),ti−1)

∆
(t − ti),

G8(Vd(λ), λ) � G8(Vd(ti),ti)
∆

(t − ti−1) +
G8(Vd(ti−1),ti−1)

∆
(t − ti),

(4.2)

which gives
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S h(t j+1) = S h(0) +
1 − ξ
M(ξ)

G1(S h(t j), t j) +
ξ

M(ξ)Γ(ξ)

ν∑
i=0

(G1(S h(ti), ti)
∆

Ii−1,ξ +
G1(S h(ti−1), ti−1)

∆
Ii,ξ

)
,

Eh(t j+1) = Eh(0) +
1 − ξ
M(ξ)

G2(Eh(t j), t j) +
ξ

M(ξ)Γ(ξ)

ν∑
i=0

(G2(Eh(ti), ti)
∆

Ii−1,ξ +
G2(Eh(ti−1), ti−1)

∆
Ii,ξ

)
,

Ih(t j+1) = Ih(0) +
1 − ξ
M(ξ)

G3(Ih(t j), t j) +
ξ

M(ξ)Γ(ξ)

ν∑
i=0

(G3(Ih(ti), ti)
∆

Ii−1,ξ +
G3(Ih(ti−1), ti−1)

∆
Ii,ξ

)
,

Rh(t j+1) = Rh(0) +
1 − ξ
M(ξ)

G4(Rh(t j), t j) +
ξ

M(ξ)Γ(ξ)

ν∑
i=0

(G4(Rh(ti), ti)
∆

Ii−1,ξ +
G4(Rh(ti−1), ti−1)

∆
Ii,ξ

)
,

S d(t j+1) = S d(0) +
1 − ξ
M(ξ)

G5(S d(t j), t j) +
ξ

M(ξ)Γ(ξ)

ν∑
i=0

(G5(S d(ti), ti)
∆

Ii−1,ξ +
G5(S d(ti−1), ti−1)

∆
Ii,ξ

)
,

Ed(t j+1) = Ed(0) +
1 − ξ
M(ξ)

G6(Ed(t j), t j) +
ξ

M(ξ)Γ(ξ)

ν∑
i=0

(G6(Ed(ti), ti)
∆

Ii−1,ξ +
G6(Ed(ti−1), ti−1)

∆
Ii,ξ

)
,

Id(t j+1) = Id(0) +
1 − ξ
M(ξ)

G7(Id(t j), t j) +
ξ

M(ξ)Γ(ξ)

ν∑
i=0

(G7(Id(ti), ti)
∆

Ii−1,ξ +
G7(Id(ti−1), ti−1)

∆
Ii,ξ

)
,

Vd(t j+1) = Vd(0) +
1 − ξ
M(ξ)

G8(Vd(t j), t j) +
ξ

M(ξ)Γ(ξ)

ν∑
i=0

(G8(Vd(ti), ti)
∆

Ii−1,ξ +
G8(Vd(ti−1), ti−1)

∆
Ii,ξ

)
,

(4.3)

where

Ii−1,ξ =

∫ ti+1

ti
(t − ti−1)(t j+1 − t)ξ−1dt, Ii,ξ =

∫ ti+1

ti
(t − ti)(t j+1 − t)ξ−1dt.

In this section, we evaluate the integrals Ii−1,ξ and Ii,ξ using the following approach:

Ii−1,ξ = −
1
ξ

[
(ti+1 − ti−1)(t j+1 − ti+1)ξ − (ti − ti−1)(t j+1 − ti)ξ

]
−

1
ξ(ξ − 1)

[
(t j+1 − ti+1)ξ+1 − (t j+1 − ti)ξ+1

]
,

and

Ii,ξ = −
1
ξ

[
(ti+1 − ti)(t j+1 − ti+1)ξ

]
−

1
ξ(ξ − 1)

[
(tξ+1 − t j+1)ξ+1 − (t j+1 − ti)ξ+1

]
.

Assuming ti = i∆, it follows that:

Ii−1,ξ = −
∆ξ+1

ξ(ξ + 1)

[
( j + 1 − i)ξ(−i + j + 2 + ξ) − (−i + j)ξ(−i + 2ξ + j + 2)

]
, (4.4)

Ii,ξ =
∆ξ+1

ξ(ξ + 1)

[
( j + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)

]
. (4.5)
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By inserting the results from Eqs (4.4) and (4.5) into Eq (4.3), the following is derived:

S h(t j+1) = S h(t0) +
(1 − ξ)
M(ξ)

[
G1(S h(t j), tJ)

]
+

ξ

M(ξ)

j∑
i=0

(G1(S h(t j), t j)
Γ(ξ + 2)

×∆ξ
[
( j + 1 − i)ξ( j − i + 2 + ξ) − ( j − i)ξ( j − i + 2 + 2ξ)

]
−

G1(S h(t j−1), t j−1)
ξ(ξ + 2)

∆ξ[( j + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)]
)
, (4.6)

Eh(t j+1) = Eh(t0) +
(1 − ξ)
M(ξ)

[
G2(Eh(t j), t j)

]
+

ξ

M(ξ)

j∑
i=0

(G2(Eh(t j), t j)
Γ(ξ + 2)

×∆ξ
[
( j + 1 − i)ξ( j − i + 2 + ξ) − ( j − i)ξ( j − i + 2 + 2ξ)

]
−

G2(Eh(t j−1), t j−1)
ξ(ξ + 2)

∆ξ[(ι + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)]
)
, (4.7)

Ih(t j+1) = Ih(t0) +
(1 − ξ)
M(ξ)

[
G3(Ih(t j), t j)

]
+

ξ

M(ξ)

j∑
i=0

(G3(Ih(t j), t j)
Γ(ξ + 2)

×∆ξ
[
( j + 1 − i)ξ( j − i + 2 + ξ) − ( j − i)ξ( j − i + 2 + 2ξ)

]
−

G3(Ih(t j−1), t j−1)
ξ(ξ + 2)

∆ξ[( j + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)]
)
, (4.8)

Rh(t j+1) = Rh(t0) +
(1 − ξ)
M(ξ)

[
G4(Rh(t j), t j)

]
+

ξ

M(ξ)

j∑
i=0

(G4(Rh(t j), t j)
Γ(ξ + 2)

×∆ξ
[
( j + 1 − i)ξ( j − i + 2 + ξ) − ( j − i)ξ( j − i + 2 + 2ξ)

]
−

G4(Rh(t j−1), t j−1)
ξ(ξ + 2)

∆ξ[( j + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)]
)
, (4.9)

S d(t j+1) = S d(t0) +
(1 − ξ)
M(ξ)

[
G5(S d(t j), t j)

]
+

ξ

M(ξ)

j∑
i=0

(G5(S d(t j), t j)
Γ(ξ + 2)

×∆ξ
[
( j + 1 − i)ξ( j − i + 2 + ξ) − ( j − i)ξ( j − i + 2 + 2ξ)

]
−

G5(S d(t j−1), t j−1)
ξ(ξ + 2)

∆ξ[( j + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)]
)
, (4.10)

Ed(t j+1) = Ed(t0) +
(1 − ξ)
M(ξ)

[
G6(Ed(t j), t j)

]
+

ξ

M(ξ)

j∑
i=0

(G6(Ed(t j), t j)
Γ(ξ + 2)

×∆ξ
[
( j + 1 − i)ξ( j − i + 2 + ξ) − ( j − i)ξ( j − i + 2 + 2ξ)

]
−

G6(Ed(t j−1), t j−1)
ξ(ξ + 2)

∆ξ[( j + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)]
)
, (4.11)
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Id(t j+1) = Id(t0) +
(1 − ξ)
M(ξ)

[
G7(Id(t j), t j)

]
+

ξ

M(ξ)

j∑
i=0

(G7(Id(t j), t j)
Γ(ξ + 2)

×∆ξ
[
( j + 1 − i)ξ( j − i + 2 + ξ) − ( j − i)ξ( j − i + 2 + 2ξ)

]
−

G7(Id(t j−1), t j−1)
ξ(ξ + 2)

∆ξ[( j + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)]
)
, (4.12)

Vd(t j+1) = Vd(t0) +
(1 − ξ)
M(ξ)

[
G8(Vd(t j), t j)

]
+

ξ

M(ξ)

j∑
i=0

(G8(Vd(t j), t j)
Γ(ξ + 2)

×∆ξ
[
( j + 1 − i)ξ( j − i + 2 + ξ) − ( j − i)ξ( j − i + 2 + 2ξ)

]
−

G8(Ed(t j−1), t j−1)
ξ(ξ + 2)

∆ξ[( j + 1 − i)ξ+1 − ( j − i)ξ( j − i + 1 + ξ)]
)
, (4.13)

4.1. Numerical simulation results of the model and discussion

This section presents graphical results from numerical simulations, evaluating the model’s
outcomes across varying fractional-order levels. The findings are analyzed against the dataset
presented in Table 2 as shown in Figure 3, applying the defined initial conditions [23].

Table 2. Parameters and their numerical values in the model (2.5).

Notation Value Source Notation Value Source
Λh 2000 Assumed Λd 500 Assumed
µh 0.0022 [24] µd 0.83 [24]
σh 0.004 [24] σd 0.0002 [24]
ρh 0.71 [25] ρd 0.31 [25]
ϕh 0.29 [25] ϕd 0.17 [25]
ωh 0.19 [25] ωd 0.005 [25]
S h 430 Assumed Eh 40 Assumed
Ih 20 Assumed Rh 0 Assumed
S d 230 Assumed Ed 60 Assumed
Id 10 Assumed Vd 0 Assumed
βd 0.29 Global Alliance βh1 0.304 Global Alliance
βh2 0.58 Global Alliance
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 3. The numerical simulation graphs representing the susceptible, exposed, infected,
and recovered Humans; susceptible, exposed, infected, and vaccinated dogs.

To ensure reliable predictive performance, the DNN architecture was carefully designed,
comprising three hidden layers with 10, 100, and 10 neurons, respectively. This configuration
provided an optimal balance between model complexity and generalization, consistent with
approaches in recent studies on fractional epidemiological models. Sigmoid activation functions were
applied in the hidden layers to capture nonlinear relationships, while a linear activation function was
employed in the output layer to accommodate regression-based predictions. A log-sigmoid activation
function was employed in the hidden layers due to its suitability for modeling nonlinear
epidemiological dynamics. While this choice ensured convergence, alternative activation functions
such as Rectified Linear Unit (ReLU), Exponential Linear Unit (ELU), and hyperbolic tangent (tanh)
could potentially enhance learning efficiency. This limitation will be addressed in future studies by
benchmarking multiple activation strategies. The Levenberg-Marquardt optimization algorithm was
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selected for its efficiency in achieving rapid convergence on medium-scale datasets. Alternative
optimization techniques such as Adam, Root Mean Square Propagation (RMSProp), and stochastic
gradient descent (SGD) were not implemented in this study but will be explored in future work for
scalability and performance comparison. The dataset was partitioned into training, validation, and
testing subsets with proportions of 70%, 15%, and 15%, respectively, following standard supervised
learning practices. The network was trained over 1000 epochs. Hyperparameters such as learning
rate, batch size, and early stopping criteria were optimized to enhance performance and prevent
overfitting. The computational complexity of the proposed DNN architecture was primarily
influenced by the number of hidden neurons (10–100–10) and training epochs (1000). The overall
complexity can be approximated as O(n × m × L), where n is the number of neurons, m is the size of
the training data, and L is the number of layers. While this deep structure offers improved predictive
power, it introduces a higher computational burden compared with shallow architectures, which
remains a trade-off between accuracy and efficiency. Future work will explore lightweight
architectures to optimize complexity without sacrificing performance. The architecture of this model
in the sense of a neural network is given as Figure 4.

Figure 4. The deep neural network’s architecture.

Model evaluation was conducted using multiple statistical indicators, including the mean squared
error (MSE), root mean squared error (RMSE), and the coefficient of determination (R2), ensuring
robustness and accuracy of predictions across compartments. Residual plots were generated to assess
prediction errors, and uncertainty bands were included where applicable to indicate confidence
intervals around the model’s predictions. Time-series overlays comparing predicted and observed
dynamics demonstrated strong concordance throughout the simulation period. To complement the
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DNN training, the fractional Adams-Bashforth method was implemented to numerically approximate
the solutions of the fractional differential equations. This hybrid approach ensured consistency
between the mechanistic and data-driven frameworks, significantly enhancing the model’s analytical
and predictive capabilities. Regression analyses confirmed the stability and convergence, highlighting
the synergy between fractional calculus and deep learning.

To provide intuitive insights into the model’s performance, we include several visual diagnostics.
Time-series overlays compare predicted and observed case counts for key epidemiological
compartments, illustrating strong concordance over the simulation period. Residual plots highlight
the distribution and magnitude of prediction errors, confirming the model’s reliability and pinpointing
areas for refinement. Where applicable, uncertainty bands are displayed to indicate confidence
intervals around the model’s predictions. All figures have been enhanced to meet or exceed 300 dpi
resolution standards, with enlarged axis labels and legends to ensure readability in print and electronic
formats. Furthermore, a schematic graphic summarizing the data flow, neural network pipeline, and
epidemiological outputs has been added to facilitate understanding of the integrated methodology.

Figure 5a illustrates the data for the S h(t) class, analyzed using DNN. The regression coefficient is
approximately one, with a MSE of 1.4635e − 06 and a RMSE of 0.0021127. The histogram shows
mean (ME) and variance errors (VE) of 2.3855e − 05 and 0.0021127, validating the proposed method.
Figure 5b presents the training data for S h(t), achieving regression near one, with a MSE and RMSE
of 4.3731e− 06 and 0.0020912, respectively. Histogram analysis shows a ME and VE of 6.6871e− 06
and 0.0020914, confirming the method’s reliability. The testing results for S h(t), shown in Figure 6c,
yield a regression coefficient close to one, with a MSE of 1.5602e−06 and a RMSE of 0.0021355. The
histogram analysis indicates ME and VE of −0.00016368 and 0.16293, further supporting the model’s
accuracy. Validation data for S h(t), shown in Figure 5d, report a regression coefficient of one, with a
MSE and RMSE of 1.7888e − 06 and 0.0021883, respectively. Histogram analysis reveals a ME and
VE of 8.6248e − 05 and 0.0021877, reinforcing the method’s validity. A comparison plot for S h(t)
using the DNN is displayed in Figure 5e, while Figure 5f highlights the absolute inaccuracies (AE).

Figure 6a illustrates the data for the Eh(t) class, analyzed using DNN. The regression coefficient is
approximately one, with a MSE of 1.2784e − 08 and a RMSE of 0.00011307. The histogram shows
a ME and VE of −3.7274e − 07 and 0.00011308, validating the proposed method. Figure 6b presents
the training data for Eh(t), achieving regression near one, with a ME and RMSE of 1.478e − 08 and
0.00012157, respectively. Histogram analysis shows ME and VE of −1.1669e − 07 and 0.00012159,
confirming the method’s reliability. The testing results for Eh(t), shown in Figure 6c, yield a regression
coefficient close to one, with a MSE of 5.7058e − 09 and a RMSE of 7.5537e − 05. The histogram
analysis indicates a ME and VE of −1.4091e − 07 and 7.5575e − 05, further supporting the model’s
accuracy. Validation data for Eh(t), shown in Figure 6d, report a regression coefficient of one, with a
MSE and RMSE of 1.055e − 08 and 0.00010271, respectively. Histogram analysis reveals a ME and
VE of −1.7995e − 06 and 0.00010275, reinforcing the method’s validity. A comparison plot for Eh(t)
using the DNN is displayed in Figure 6e, while Figure 6f highlights the absolute inaccuracies.

Figure 7a presents the data for the Ih(t) class, analyzed using a DNN. The regression coefficient in
this case is approximately one, with a MSE of 5.9402e − 09 and a RMSE of 7.7073e − 05. Histogram
analysis reveals a ME and VE of −6.8072e − 07 and 7.7076e − 05, confirming the accuracy of the
proposed method. Figure 7b illustrates the training data for Ih(t), processed through the DNN. For
this scenario, the regression coefficient is close to one, with a MSE and RMSE of 5.8535e − 09 and
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7.6508e − 05, respectively. The histogram shows a ME and VE of −3.6809e − 07 and 7.6516e − 05,
validating the reliability of the method. For the Ih(t) class, as shown in Figure 7c, the regression
coefficient remains around one, with a MSE of 6.004e−09 and a RMSE of 7.7486e−05. The histogram
depicts ME and VE of −2.1161e − 06 and 7.7495e − 05, confirming the accuracy of the approach.
Similarly, Figure 7d presents the validation data for Ih(t), where the regression coefficient is one. The
MSE is 6.2809e − 09, and the RMSE is 7.9252e − 05. Histogram analysis reveals a ME and VE of
−7.0436e − 07 and 7.9289e − 05, further supporting the correctness of the proposed technique. The
comparison plot for Ih(t) using the DNN is displayed in Figure 7e, while Figure 7f highlights the
absolute inaccuracies.

Figure 8a presents the results for all points of the Rh(t) class. The regression coefficient is 1, with
a MSE and RMSE of 9.8356e − 08 and 0.00031362. The histogram demonstrates a ME and VE of
2.7219e − 06 and 0.00031363, validating the accuracy of the proposed method. Figure 8b shows the
training data for the Rh(t) class analyzed using the DNN. The regression coefficient is 1, with a MSE
of 9.582e − 08 and RMSE of 0.00030955. The histogram highlights a ME and VE of 2.0197e − 07
and 0.00030958, confirming the effectiveness of the technique. The regression coefficient for the Rh(t)
class remains close to 1, as depicted in Figure 8c. The MSE is 1.0499e − 07, and the RMSE is
0.00032403. The histogram illustrates a ME and VE of −4.3186e − 06 and 0.00032416, respectively,
further validating the accuracy of the suggested approach. Similarly, Figure 8d displays the validation
data for the Rh(t) class, processed using the DNN. The regression coefficient is 1, with an MSE of
1.0355e − 07 and a RMSE of 0.0003218. The histogram shows a ME and VE of 2.1523e − 05 and
0.00032124, supporting the correctness of the proposed method. A comparison plot for Rh(t) using the
DNN is provided in Figure 8e, while Figure 8f highlights the absolute inaccuracies.

Figure 9a illustrates the data for the S d(t) class, analyzed using a DNN. The regression coefficient
is approximately one, with a MSE of 3.4142e − 10 and a RMSE of 1.8478e-05. The histogram shows
a ME and VE of 1.8805e − 07 and 1.8478e − 05, validating the proposed method. Figure 9b presents
the training data for S d(t), achieving regression near one, with a ME and RMSE of 3.334e − 10 and
1.8259e−05, respectively. Histogram analysis shows a ME and VE of −5.8788e−08 and 1.8261e−05,
confirming the method’s reliability. The testing results for S d(t), shown in Figure 9c, yield a regression
coefficient close to one, with a MSE of 3.6325e − 10 and a RMSE of 1.9059e − 05. The histogram
analysis indicates a ME and VE of 9.2962e − 07 and 1.9046e − 05, further supporting the model’s
accuracy. Validation data for S d(t), shown in Figure 9d, report a regression coefficient of one, with a
MSE and RMSE of 3.5703e− 10 and 1.8895e− 05, respectively. Histogram analysis reveals a ME and
VE of 5.9849e − 07 and 1.8895e − 05, reinforcing the method’s validity. A comparison plot for S d(t)
using the DNN is displayed in Figure 9e, while Figure 9f highlights the absolute inaccuracies.

Figure 10a presents the data for the Ed(t) class, analyzed using a DNN. The regression coefficient
in this case is approximately one, with a MSE of 8.252e− 10 and a RMSE of 2.8726e− 05. Histogram
analysis a ME and VE of 7.8965e − 08 and 2.8728e − 05, confirming the accuracy of the proposed
method. Figure 10b illustrates the training data for Ed(t), processed through the DNN. For this scenario,
the regression coefficient is close to one, with a MSE and RMSEs of 8.1647e − 10 and 2.8574e − 05,
respectively. The histogram shows a ME and VE of −8.7563e − 10 and 2.8577e − 05, validating the
reliability of the method. For the Ed(t) class, as shown in Figure 10c, the regression coefficient remains
around one, with a MSE of 8.4308e − 10 and a RMSE of 2.9036e − 05. The histogram depicts a
ME and VE of −1.0917e − 06 and 2.903e − 05, confirming the accuracy of the approach. Similarly,
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Figure 10d presents the validation data for Ed(t), where the regression coefficient is one. The MSE is
8.4808e−10, and the RMSE is 2.9122e−05. Histogram analysis reveals a ME and VE of 1.6223e−06
and 2.9091e−05, further supporting the correctness of the proposed technique. The comparison plot for
Ed(t) using the DNN is displayed in Figure 10e, while Figure 10f highlights the absolute inaccuracies.

Figure 11a presents the results for all points of the Id(t) class. The regression coefficient is 1, with
a MSE and RMSE of 3.1066e − 12 and 1.7626e − 06. The histogram demonstrates a ME and VE of
−1.1388e−08 and 1.7627e−06, validating the accuracy of the proposed method. Figure 11b shows the
training data for the Id(t) class analyzed using the DNN. The regression coefficient is 1, with an MSE of
3.0362e−12 and a RMSE of 1.7425e−06. The histogram highlights a ME and VE of −1.5238e−09 and
1.7426e−06, confirming the effectiveness of the technique. The regression coefficient for the Id(t) class
remains close to 1, as depicted in Figure 11c. The MSE is 3.2648e−12, and the RMSE is 1.8069e−06.
The histogram illustrates a ME and VE of 2.7848e−08 and 1.8076e−06, respectively, further validating
the accuracy of the suggested approach. Similarly, Figure 11d displays the validation data for the Id(t)
class, processed using the DNN. The regression coefficient is 1, with a MSE of 3.2773e − 12 and a
RMSE of 1.8103e − 06. The histogram shows a ME and VE of −9.6658e − 08 and 1.8086e − 06,
supporting the correctness of the proposed method. A comparison plot for Id(t) using the DNN is
provided in Figure 11e, while Figure 11f highlights the absolute inaccuracies.

Figure 12a presents the results for all points of the Vd(t) class. The regression coefficient is 1,
with a MSE and RMSE of 2.2454 − 09 and 4.7386e − 05. The histogram demonstrates a ME and
VE of −1.495e − 07 and 4.7389e − 05, validating the accuracy of the proposed method. Figure 12b
shows the training data for the Vd(t) class analyzed using the DNN. The regression coefficient is 1,
with an MSE of 2.2119e − 09 and RMSE of 4.7031e − 05. The histogram highlights a ME and VE of
6.0275e−08 and 4.7036e−05, confirming the effectiveness of the technique. The regression coefficient
for the Vd(t) class remains close to 1, as depicted in Figure 12c. The MSE is 2.2635e − 09, and the
RMSE is 4.7576e − 05. The histogram illustrates a ME and VE of −7.2754e − 07 and 4.7594e − 05,
respectively, further validating the accuracy of the suggested approach. Similarly, Figure 12d displays
the validation data for the Vd(t) class, processed using the DNN. The regression coefficient is 1, with a
MSE of 2.3838e−09 and a RMSE of 4.8824e−05. The histogram shows a ME and VE of −5.5045e−07
and 4.8846e−05, supporting the correctness of the proposed method. A comparison plot for Vd(t) using
the DNN is provided in Figure 12e, while Figure 12f highlights the absolute inaccuracies.
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(a) (b)

(c) (d)

(e) (f)

Figure 5. Dynamical behavior for class S h(t) with the DNN: (a) all points, (b) training points,
(c) testing points, (d) points of validation, (e) the comparison plot, and (f) the AE.
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(a) (b)

(c) (d)

(e) (f)

Figure 6. Dynamical behavior for class Eh(t) with the DNN: (a) all points, (b) training points,
(c) testing points, (d) points of validation, (e) the comparison plot, and (f) the AE.
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(a) (b)

(c) (d)

(e) (f)

Figure 7. Dynamical behavior for class Ih(t) with the DNN: (a) all points, (b) training points,
(c) testing points, (d) points of validation, (e) the comparison plot, and (f) the AE.
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(a) (b)

(c) (d)

(e) (f)

Figure 8. Dynamical behavior for class Rh(t) with the DNN: (a) all points, (b) training points,
(c) testing points, (d) points of validation, (e) the comparison plot, and (f) the AE.
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(a) (b)

(c) (d)

(e) (f)

Figure 9. Dynamical behavior for class S d(t) with the DNN: (a) all points, (b) training points,
(c) testing points, (d) points of validation, (e) the comparison plot, and (f) the AE.
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(a) (b)

(c) (d)

(e) (f)

Figure 10. Dynamical behavior for class Ed(t) with the DNN: (a) all points, (b) training
points, (c) testing points, (d) points of validation, (e) the comparison plot, and (f) the AE.
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(a) (b)

(c) (d)

(e) (f)

Figure 11. Dynamical behavior for class Id(t) with the DNN: (a) all points, (b) training
points, (c) testing points, (d) points of validation, (e) the comparison plot, and (f) the AE.
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(a) (b)

(c) (d)

(e) (f)

Figure 12. Dynamical behavior for class Vd(t) with the DNN: (a) all points, (b) training
points, (c) testing points, (d) points of validation, (e) the comparison plot, and (f) the AE.

AIMS Mathematics Volume 10, Issue 10, 23261–23291.



23289

5. Conclusions

This manuscript presents an in-depth exploration of rabies transmission dynamics in human and
dog populations through an eight-compartment model employing the generalized ABC fractional
operator. The study validates the dynamic behavior of each compartment across varying fractional
orders, demonstrating the flexibility and robustness of derivative selection within this framework.
Using fixed-point theory, the existence and uniqueness of the solutions are established in a
generalized context, while a stability analysis is conducted via the Ulam-Hyers approach. Numerical
simulations are facilitated by the Adams-Bashforth method, enabling approximate solutions over
varying fractional orders, iterative time intervals, and diverse initial conditions. For smaller fractional
orders, the model exhibits higher precision and stability, whereas larger fractional orders yield
amplified effects and more complex behavior. Additionally, comparisons with the Laplace-Adomian
decomposition method underscore the applicability of the numerical approach to both fractional and
classical models. DNN techniques were employed to partition the dataset into training, testing, and
validation subsets, allowing detailed analysis of the data’s characteristics and patterns. This
integration of fractional differential equations with DNNs establishes a practical framework to model
complex disease transmission dynamics, highlighting the critical role of vaccination in controlling
rabies spread. The limitations of the current work include assumptions of homogeneous mixing and
the exclusion of specific transmission pathways, which merit further investigation. Future research
directions include extending the model to incorporate more generalized fractional operators, adapting
the framework for multi-strain rabies, applying transfer learning to other zoonotic diseases, and
incorporating physics-informed neural network loss functions to enhance interpretability and
predictive power. These advances underscore the broad potential of this approach to inform and
improve public health interventions targeting rabies and related infectious diseases. Future work will
integrate modern heuristic algorithms (e.g., genetic algorithms, particle swarm optimization, grey
wolf optimizer) to optimize hyperparameters such as the learning rate, neuron allocation, and
regularization parameters. These approaches have demonstrated significant potential in improving
training efficiency and prediction accuracy in similar modeling frameworks.
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