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1. Introduction

Adenoviruses, members of the Adenoviridae family, are common viral pathogens capable of
causing diverse illnesses, including respiratory, gastrointestinal, and ocular infections. Among these,
adenoviral conjunctivitis represents one of the most frequent clinical manifestations. It occurs due to
inflammation of the conjunctiva, the transparent membrane covering the sclera and lining the eyelids,
which can result from viral, bacterial, or allergenic exposure. Conjunctivitis presents in multiple forms,
with allergic conjunctivitis being particularly associated with environmental irritants such as pollen,
dust mites, animal dander, contact lenses, or chemicals [1, 2].

Transmission typically occurs through direct or indirect contact with infected individuals,
contaminated objects, or exposure to ocular and respiratory secretions. Maternal infections such as
chlamydia and gonorrhea may also contribute to neonatal cases. A severe form, acute hemorrhagic
conjunctivitis (AHC), is characterized by abrupt symptom onset within one to three days, with clinical
features including tearing, eye discomfort, photophobia, sore throat, eyelid swelling, and sometimes
purulent discharge [3]. Management strategies mainly emphasize symptom control and containment of
transmission through hygienic practices, temporary isolation, and, in some cases, antibiotic eye drops.
AHC tends to spread rapidly in tropical climates, particularly during rainy seasons where humidity
favors viral persistence [4–6]. Countries such as Thailand frequently report seasonal outbreaks [7, 8].
Public health guidelines underscore the importance of isolation measures, including medical leave and
school absenteeism during the infectious phase, to reduce secondary transmission [9–12].

Mathematical modeling provides a powerful framework for analyzing the dynamics of infectious
diseases and guiding intervention strategies. Traditionally, epidemiological systems have been
described using classical integer-order differential equations. However, these models often fall short in
capturing memory, heterogeneity, and long-term persistence inherent in biological processes [13–17].
The emergence of fractional calculus has significantly advanced the modeling of such complex
dynamics, enabling the inclusion of non-local effects and hereditary properties. Recent works have
emphasized the importance of fractional-order epidemic models in providing richer insights into
disease spread, particularly by accounting for memory and anomalous transmission patterns [18–22].

Moreover, fractional models have been adapted to multi-strain diseases and non-biological
epidemics. For example, Yaagoub proposed a fractional two-strain Susceptible–Vaccinated–Latent–
Infected–Recovered (SVLIR) framework with vaccination and quarantine interventions [23], while
related research applied fractional calculus to the study of computer virus propagation [24]. These
examples illustrate the versatility and applicability of fractional operators in diverse domains. Within
this context, Caputo and Fabrizio introduced a non-singular fractional derivative that avoids the
limitations of singular kernels [25]. More recent developments have integrated fractal structures with
fractional operators [26], further enriching the study of diverse epidemiological systems [27, 28].

Several Susceptible–Exposed–Infected–Recovered (SEIR)-type models have been proposed for
conjunctivitis transmission. For instance, [6] formulated a classical SEIR model, later extended
by [29] into a SEVIR framework that incorporated vaccination and the Atangana-Baleanu derivative.
Additional variations explored treatment strategies [30] and waning immunity with reinfection [31].
While insightful, these models generally overlook the role of asymptomatic carriers, who may silently
sustain transmission chains in closed populations such as schools, hospitals, and military camps.

To address this gap, we extend the SEVIR model by introducing an asymptomatic class, resulting
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in the SEVAIR framework. The new compartment accounts for infected individuals who show no
clinical symptoms but remain infectious. This modification enables a more realistic assessment of
adenovirus dynamics, particularly the hidden contribution of asymptomatic spread. Additionally, the
model is formulated using the fractal-fractional Caputo-Fabrizio derivative with power-law kernel
enabling us to capture both non-local memory effects and fractal-like heterogeneity observed in real-
world epidemic processes. Adenovirus transmission often exhibits delays, long-term dependencies,
and non-exponential decay of infection rates, which cannot be fully captured by classical integer-order
or standard fractional models. The fractal-fractional operator provides a flexible framework to account
for these complex features.

The main contributions of this study can be summarized as follows:

• We develop a novel SEVAIR model that extends the fractional-order SEVIR framework [29], by
explicitly incorporating asymptomatic individuals.
• We employ the fractal-fractional Caputo-Fabrizio operator with a power-law kernel to capture

non-local memory and heterogeneous disease dynamics.
• We analyze equilibrium states, calculate the basic reproduction number, and analyze the stability

of the equilibrium points.
• We investigate the existence and stability of the model using fixed-point theory and Hyers-Ulam

(H-U) stability concepts.
• We develop a numerical scheme for the solution of the proposed model.
• We support theoretical analysis with numerical simulations that illustrate both fractional and

fractal-fractional dynamics.
• We provide schematic flow diagrams and simulation results to highlight the interplay between

symptomatic and asymptomatic pathways.

The structure of the paper is outlined as follows. In Section 2, the proposed model is presented.
Section 3 presents the required preliminaries and supporting mathematical concepts. In Section 4, we
carry out the theoretical analysis, focusing on equilibrium states, the basic reproduction number, and
stability properties. The existence and uniqueness of solutions are discussed in Section 5. Section 6
presents H-U stability criteria of the proposed SEVAIR model. Section 7 is devoted to the numerical
scheme for the solution of the SEVAIR model. Section 8 presents a simulation and analysis. Lastly,
Section 9 summarizes the main results and outlines potential avenues for future research.

2. Model formulation

In this section, we formulate the proposed model as follows:

FFCF Dσ,%
θ S (θ) = Nρ − ζIS (θ) − ζaAS (θ) − βS (θ),

FFCF Dσ,%
θ E(θ) = ζIS (θ) + ζaAS (θ) − ηE(θ) − βE(θ),

FFCF Dσ,%
θ V(θ) = ηE(θ) − γV(θ) − βV(θ),

FFCF Dσ,%
θ A(θ) = kγV(θ) − (τ + β)A(θ),

FFCF Dσ,%
θ I(θ) = (1 − k)γV(θ) + τA − (b + q + β)I(θ),

FFCF Dσ,%
θ R(θ) = (b + q)I(θ) − βR(θ),

S (0) = S 0, E(0) = E0, V(0) = V0, A(0) = A0, I(0) = I0, R(0) = R0,

(2.1)
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where the notion FFCF Dσ,%
θ denotes the Caputo-Fabrizio fractal-fractional differential operator, S (θ)

corresponds to individuals who are susceptible, E(θ) represents those who have been exposed, V(θ)
corresponds to vaccinated individuals, I(θ) corresponds to individuals infected with conjunctivitis,
A(θ) is the class of asymptomatic individuals, and R(θ) indicates those who have recovered at time θ.

In Figure 1, a flowchart depicting the movement of individuals among the SEVAIR compartments
is included to visually represent the structure and propagation pathway of the proposed model.

Figure 1. Flowchart of the proposed model (2.1).

Many of the parameter values employed in the fractal-fractional SEVAIR model are retained
from the fractional-order SEVIR model [29]. This approach ensures consistency with earlier studies
and facilitates a direct comparison of the dynamical behaviors under different derivative operators.
Furthermore, the extension of the model to incorporate the asymptomatic class within the fractal-
fractional framework highlights the novelty of our work, while maintaining biological interpretability
of the parameters. A more detailed parameter identification framework, such as that presented in [32],
could be considered in future work for refined data-driven analysis.

3. Basic results

In this section, we present the essential theoretical background and analytical tools relevant to our
study. These include definitions from fractal-fractional calculus, specifically involving the fractal-
fractional Caputo–Fabrizio (FFCF) derivative and the fractal-fractional Riemann–Liouville (FFRL)
integral, each defined with distinct kernel functions.

Definition 3.1. [26] Let ϑ(θ) be a continuous function that is fractally differentiable on the interval
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(a, b) of order %. Then, its FFCF derivative of order σ is defined using a power-law kernel:

FFCF Dσ,%ϑ(θ) =
1

Γ(1 − σ)

∫ θ

0

d
dy%

ϑ(y)(θ − y)−σdy, θ ∈ [0,T ], (3.1)

where 0 < σ, % ≤ 1, and
d

dy%
ϑ(y) = lim

θ→y

ϑ(θ) − ϑ(y)
θ% − y%

. (3.2)

Definition 3.2. [26] Let ϑ ∈ C(0,T ) and then the FFRL integral of the function ϑ(θ) with a power-law
kernel is given as

FFRLIσ,%ϑ(θ) =
%

Γ(σ)

∫ θ

a
(θ − y)σ−1y%−1ϑ(y)dy. (3.3)

Theorem 3.3. Let Q1 and Q2 be two operators where Q1 is a contraction and Q2 is completely
continuous over a closed and bounded subset of a Banach space. Then, the operator equation
Q1F + Q2F = F admits at least one solution.

Definition 3.4. The Adams-Bashforth method for solving ordinary differential equations numerically
can be described by the following scheme:

xp+1 = xp + h
r∑

i=1

ai f (tp + ih, xp + ih),

where xp represents the numerical approximation at time tp, h denotes the time step size, f (x, ϑ) is the
given ordinary differential equation, and ai are method-specific coefficients that depend on the order of
the method.

In the next section, we obtain equilibrium points and compute the basic reproduction number.

4. Equilibria, basic reproduction number, and local stability analysis

In this section, we analyze disease-free equilibrium (DFE), endemic equilibrium (EE) points, and
their stability. Moreover, we compute the basic reproduction number R0 that provides a threshold
condition for disease spread. The positivity of the model is also presented in this section.

It is important to note that the determination of equilibrium points is independent of the fractional
or fractal-fractional order of the derivative. The equilibria are obtained by solving algebraic equations
derived from the system, which remain identical to those of the corresponding integer-order model.

4.1. Equilibria and basic reproduction number

To determine the equilibrium points, we set all the right-hand sides of the differential equations in
the system to zero. 

Nρ − ζIS − ζaAS − βS = 0,
ζIS + ζaAS − ηE − βE = 0,
ηE − γV − βV = 0,
kγV − (τ + β)A = 0,
(1 − k)γV + τA − (b + q + β)I = 0,
(b + q)I − βR = 0.

(4.1)
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Disease-free equilibrium (DFE):
At the DFE, there is no infection in the population, and hence we get

S 0 =
Nρ
β
. (4.2)

Thus, we have the following DFE:

(S 0, E0,V0, A0, I0,R0) =

(
Nρ
β
, 0, 0, 0, 0, 0

)
.

Before proceeding to the derived condition for existence of endemic equilibrium, we find the basic
reproduction number.

Basic reproduction number:
We derive the basic reproduction number R0 using the next-generation matrix method for the

SEVAIR model, which is governed by the following system:

FFCF Dσ,%
θ S (θ) = Nρ − ζIS (θ) − ζaAS (θ) − βS (θ),

FFCF Dσ,%
θ E(θ) = ζIS (θ) + ζaAS (θ) − ηE(θ) − βE(θ),

FFCF Dσ,%
θ V(θ) = ηE(θ) − γV(θ) − βV(θ),

FFCF Dσ,%
θ A(θ) = kγV(θ) − (τ + β)A(θ),

FFCF Dσ,%
θ I(θ) = (1 − k)γV(θ) + τA(θ) − (p + q + β)I(θ),

FFCF Dσ,%
θ R(θ) = (p + q)I(θ) − βR(θ).

(4.3)

We identify the infected compartments contributing to new infections as:

x =


E
V
A
I

 .
At the DFE, all infected compartments are zero:

E = V = A = I = 0, S = S ∗ =
Nρ
β
, R = 0.

Now, we derive the new infection matrix F (x). Only the exposed class receives new infections and
hence

F =


ζIS ∗ + ζaAS ∗

0
0
0

 .
The transition matrixV(x) is obtained as:

V =


(η + β)E

−ηE + (γ + β)V
−kγV + (τ + β)A

−(1 − k)γV − τA + (p + q + β)I

 .
AIMS Mathematics Volume 10, Issue 10, 23235–23260.
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The Jacobian of F at the DFE is given as:

JF =
∂F

∂(E,V, A, I)
=


0 0 ζaS ∗ ζS ∗

0 0 0 0
0 0 0 0
0 0 0 0

 .
The Jacobian ofV at the DFE is given as:

JV =


η + β 0 0 0
−η γ + β 0 0
0 −kγ τ + β 0
0 −(1 − k)γ −τ p + q + β

 .
By computing JF JV−1 explicitly, we obtain the following basic reproduction number (R0):

R0 =
S ∗ηγ

(η + β)(γ + β)

(
ζa ·

k
τ + β

+ ζ

(
(1 − k)

p + q + β
+

kτ
(τ + β)(p + q + β)

))
.

Substituting S ∗ =
Nρ
β

, we obtain:

R0 =
Nρηγ

β(η + β)(γ + β)

[
ζa ·

k
τ + β

+ ζ

(
(1 − k)

p + q + β
+

kτ
(τ + β)(p + q + β)

)]
.

This is the expression for R0, which determines whether the infection will spread in the population. If
R0 > 1, an epidemic occurs; otherwise, the disease will die out.

Necessary condition for the existence of an endemic equilibrium (EE):
Setting the right-hand sides of system (4.3) to zero gives the steady-state algebraic system

Nρ − ζI∗S ∗ − ζaA∗S ∗ − βS ∗ = 0,
ζI∗S ∗ + ζaA∗S ∗ − (η + β)E∗ = 0,
ηE∗ − (γ + β)V∗ = 0,
kγV∗ − (τ + β)A∗ = 0,
(1 − k)γV∗ + τA∗ − (p + q + β)I∗ = 0,
(p + q)I∗ − βR∗ = 0.

(4.4)

From the third, fourth, and fifth equations of (4.4), we obtain direct linear relations expressing V∗, A∗, I∗

in terms of E∗:
V∗ =

η

γ + β
E∗, A∗ =

kγ
τ + β

V∗ =
kγη

(γ + β)(τ + β)
E∗,

and
I∗ =

(1 − k)γV∗ + τA∗

p + q + β
=

(1 − k)γη + τ · (kγη/(τ + β))/(γ + β)
p + q + β

E∗.

Collecting terms, the explicit expression for I∗ in terms of E∗ is

I∗ =
γη

(γ + β)(p + q + β)

[
(1 − k) +

kτ
τ + β

]
E∗ =

γη

(γ + β)(p + q + β)
·

(1 − k)(τ + β) + kτ
τ + β

E∗.
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Substitute A∗ and I∗ into the second equation of (4.4). For an endemic equilibrium with E∗ > 0 we
obtain the relation

(η+β) = S ∗ (ζI∗/E∗ + ζaA∗/E∗) = S ∗
[
ζ ·

γη

(γ + β)(p + q + β)
·

(1 − k)(τ + β) + kτ
τ + β

+ ζa ·
kγη

(γ + β)(τ + β)

]
.

Rearranging yields an explicit expression for the susceptible population at the EE:

S ∗ =
η + β

ζ
γη

(γ + β)(p + q + β)
·

(1 − k)(τ + β) + kτ
τ + β

+ ζa
kγη

(γ + β)(τ + β)

=
η + β

C
, (4.5)

where
C = ζ

γη

(γ + β)(p + q + β)
(1 − k)(τ + β) + kτ

τ + β
+ ζa

kγη
(γ + β)(τ + β)

. (4.6)

From the first equation of (4.4), we also have

S ∗ =
Nρ

β + ζI∗ + ζaA∗
. (4.7)

Using the previously derived relations

I∗ =
γη

(γ + β)(p + q + β)
(1 − k)(τ + β) + kτ

τ + β
E∗, A∗ =

kγη
(γ + β)(τ + β)

E∗, (4.8)

we compute

ζI∗ + ζaA∗ =

(
ζ

γη

(γ + β)(p + q + β)
(1 − k)(τ + β) + kτ

τ + β
+ ζa

kγη
(γ + β)(τ + β)

)
E∗

= CE∗. (4.9)

Hence (4.7) becomes

S ∗ =
Nρ

β + CE∗
. (4.10)

From the second steady–state equation, we already obtained

S ∗ =
η + β

C
. (4.11)

Equating (4.10) and (4.11) gives
Nρ

β + CE∗
=
η + β

C
. (4.12)

Cross-multiplying,
CNρ = (η + β)(β + CE∗). (4.13)

Expanding the right-hand side,

CNρ = (η + β)β + (η + β)CE∗. (4.14)
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Subtracting (η + β)β from both sides,

CNρ − (η + β)β = (η + β)CE∗. (4.15)

Dividing by C(η + β) yields

E∗ =
CNρ − β(η + β)

C(η + β)
. (4.16)

For an endemic equilibrium (EE), we require E∗ > 0, which is equivalent to

CNρ − β(η + β) > 0 ⇐⇒ NρC > β(η + β). (4.17)

Substituting the definition (4.6) of C gives

Nρ
(
ζ

γη

(γ + β)(p + q + β)
(1 − k)(τ + β) + kτ

τ + β
+ ζa

kγη
(γ + β)(τ + β)

)
> β(η + β). (4.18)

Simplifying the last inequality and re-arranging the terms, we obtain

Nρηγ
(γ + β)

[
ζa ·

k
τ + β

+ ζ

(
(1 − k)

p + q + β
+

kτ
(τ + β)(p + q + β)

)]
> β(η + β).

Dividing both sides by β(η + β) yields the equivalent condition R0 > 1, where R0 is the reproduction
number. Thus we obtain the standard existence result:

Proposition 1. The model admits the DFE E0 = (S ∗, 0, 0, 0, 0, 0) with S ∗ = Nρ/β. A positive EE E∗

(with E∗ > 0) exists if and only if R0 > 1.

The numerical EE point for the given set of parameter values is given by

(S ∗, E∗,V∗, A∗, I∗,R∗) ≈ (28.8948, 0.13642, 1.0221, 0.81595, 0.12013, 969.0106).

4.2. Local stability analysis

To analyze the local stability of the equilibrium points, we compute the Jacobian matrix of the
system. Let f1, f2, . . . , f6 denote the right-hand sides of the model equations for (S , E,V, A, I,R). The
Jacobian is

J =



∂ f1
∂S

∂ f1
∂E

∂ f1
∂V

∂ f1
∂A

∂ f1
∂I

∂ f1
∂R

∂ f2
∂S

∂ f2
∂E

∂ f2
∂V

∂ f2
∂A

∂ f2
∂I

∂ f2
∂R

∂ f3
∂S

∂ f3
∂E

∂ f3
∂V

∂ f3
∂A

∂ f3
∂I

∂ f3
∂R

∂ f4
∂S

∂ f4
∂E

∂ f4
∂V

∂ f4
∂A

∂ f4
∂I

∂ f4
∂R

∂ f5
∂S

∂ f5
∂E

∂ f5
∂V

∂ f5
∂A

∂ f5
∂I

∂ f5
∂R

∂ f6
∂S

∂ f6
∂E

∂ f6
∂V

∂ f6
∂A

∂ f6
∂I

∂ f6
∂R


. (4.19)

Substituting the partial derivatives gives

J =



−β − Aζa − Iζ 0 0 −S ζa −S ζ 0
Aζa + Iζ −β − η 0 S ζa S ζ 0

0 η −γ − β 0 0 0
0 0 γk −β − τ 0 0
0 0 −γ(1 − k) τ −β − b − q 0
0 0 0 0 b + q −β


. (4.20)
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At the disease-free equilibrium (DFE) E0 = (S , E,V, A, I,R) = (N, 0, 0, 0, 0, 0), we substitute S = N,
A = 0, and I = 0, yielding

J0 =



−β 0 0 −Nζa −Nζ 0
0 −β − η 0 Nζa Nζ 0
0 η −γ − β 0 0 0
0 0 γk −β − τ 0 0
0 0 −γ(1 − k) τ −β − b − q 0
0 0 0 0 b + q −β


. (4.21)

The characteristic equation is obtained by subtracting ΥI from J0 (where Υ denotes the eigenvalue
parameter and I is the 6 × 6 identity matrix) and computing the determinant:

|J0 − ΥI| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−Υ − β 0 0 −ζaN −ζN 0
0 −Υ − β − η 0 ζaN ζN 0
0 η −Υ − γ − β 0 0 0
0 0 γk −Υ − β − τ 0 0
0 0 γ(k − 1) τ −Υ − β − p − q 0
0 0 0 0 p + q −Υ − β

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (4.22)

Solving |J0 − ΥI| = 0 gives the eigenvalues of the DFE. Using the parameter values from Table 1, we
find:

Υ1 = −0.00004215, Υ2 = −0.00004215, Υ3 = 0.0305495, Υ4 = −0.0774637 + 0.261544 i,

Υ5 = −0.0774637 − 0.261544 i, Υ6 = −0.575791.

Table 1. Parameters and their descriptions.

Parameters Definition Parameters values Source
N Total population 1000 Assumed
ζ Transmission rate for AHC 0.005 Assumed
ζa Transmission rate by asymptomatic 0.001 Assumed
k Vaccinated-exposed to asymptomatic proportion 0.4 [29]
τ Asymptomatic-to-symptomatic rate 0.02 Assumed
ρ Birth rate 0.00004215 [29]
β Natural death rate 0.00004215 [29]
η Incubation rate for AHC 0.3 [29]
γ Vaccinated-to-infected incidence rate 0.04 [29]
b Recovery rate for symptomatic individuals 0.04 [29]
q Quarantine rate for symptomatic individuals 0.3 [29]

Since Υ3 > 0, the disease-free equilibrium is unstable, implying that the infection can invade
the population when introduced. For the endemic equilibrium E∗ = (S ∗, E∗,V∗, A∗, I∗,R∗), we
evaluate (4.20) at the starred values. Substituting these and the parameter values yields:

Υ1 = −0.00004215, Υ2 = −0.000606315 + 0.00455853 i, Υ3 = −0.000606315 − 0.00455853 i,
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Υ4 = −0.050494, Υ5 = −0.32496 + 0.0549824 i, Υ6 = −0.32496 − 0.0549824 i.

All eigenvalues have negative real parts, confirming that E∗ is locally asymptotically stable. Small
perturbations decay over time, and the trajectories return to E∗, with complex conjugate pairs indicating
damped oscillations in the transient dynamics.

Positivity of the model:
We describe the positivity of the model as:

FFCF Dσ,%
θ S (θ) = Nρ ≥ 0,

FFCF Dσ,%
θ E(θ) = ζIS + ζaAS ≥ 0,

FFCF Dσ,%
θ V(θ) = ηE ≥ 0,

FFCF Dσ,%
θ A(θ) = kγV ≥ 0,

FFCF Dσ,%
θ I(θ) = γV + τA,

FFCF Dσ,%
θ R(θ) = (b + q)I ≥ 0.

(4.23)

Theorem 4.1. Every solution of (4.23) is bounded and it exists inside the boundary region as given by

Λ =

{
(S , E,V, A, I,R) ∈ R6

+ : N = S + E + V + A + I + R ≤
Nρ
dr

}
.

Proof. We have
N = S + E + V + A + I + R. (4.24)

Applying the differential operator FFCF Dσ,%
θ to both sides, we have

FFCF Dσ,%
θ N =FFCF Dσ,%

θ S +FFCF Dσ,%
θ E +FFCF Dσ,%

θ V +FFCF Dσ,%
θ A +FFCF Dσ,%

θ I +FFCF Dσ,%
θ R. (4.25)

Using the corresponding values, we have

FFCF Dσ,%
θ N = Nρ − Nβ. (4.26)

Taking the limit n→ 0, and applying the Laplace transform, we have

N ≤
Nρ
β
. (4.27)

�

In the next section, we investigate the existence and uniqueness of solutions.

5. Fixed-point results

We proceed with fixed point theory and functional analysis to examine the existence and uniqueness
of solutions for the proposed model (2.1).

Let the interval [0,T ] be represented by I and we define a suitable Banach space accordingly as
below:

B = C
(
I,R+) ×C

(
I,R+) ×C

(
I,R+) ×C

(
I,R+) ×C

(
I,R+) ×C

(
I,R+)
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equipped with the following norm:

‖ϑ‖ = max {|S (θ)| + |E(θ)| + |V(θ)| + |A(θ)| + |I(θ)| + |R(θ)|} ;

S , E,V, A, I,R ∈ B.
Problem (2.1) can be formulated as

FFCF Dσ,%
θ ϑ(θ) = ϑ1(θ, S , E,V, A, I,R),

FFCF Dσ,%
θ ϑ(θ) = ϑ2(θ, S , E,V, A, I,R),

FFCF Dσ,%
θ ϑ(θ) = ϑ3(θ, S , E,V, A, I,R),

FFCF Dσ,%
θ ϑ(θ) = ϑ4(θ, S , E,V, A, I,R),

FFCF Dσ,%
θ ϑ(θ) = ϑ5(θ, S , E,V, A, I,R),

FFCF Dσ,%
θ ϑ(θ) = ϑ6(θ, S , E,V, A, I,R).

(5.1)

System (5.1) can be given in a compact form as

FFCF Dσ,%
θ ϑ(θ) =

g(θ, ϑ(θ)),
ϑ(0) = ϑ0, θ ∈ I,

(5.2)

where the vector ϑ(θ) = (S , E,V, A, I,R) denotes the variable with specified initial condition ϑ0 and the
variable function g takes the form:

g(θ, ϑ(θ)) =



ϑ1(θ, S , E,V, A, I,R)
ϑ2(θ, S , E,V, A, I,R)
ϑ3(θ, S , E,V, A, I,R)
ϑ4(θ, S , E,V, A, I,R)
ϑ5(θ, S , E,V, A, I,R)
ϑ6(θ, S , E,V, A, I,R)


, ϑ(θ) =



ϑ1

ϑ2

ϑ3

ϑ4

ϑ5

ϑ6


=



Nρ − ζIS (θ) − ζaAS (θ) − βS (θ),
ζIS (θ) + ζaAS (θ) − ηE(θ) − βE(θ),
ηE(θ) − γV(θ) − βV(θ),
kγV(θ) − (τ + β)A(θ),
(1 − k)γV(θ) + τA − (b + q + β)I(θ),
(b + q)I(θ) − βR(θ),


,

and

ϑ0 =



S 0

E0

V0

A0

I0

R0


.

Lemma 5.1. Problem

FFCF Dσ,%
θ ϑ(θ) =

{
ϕ(θ), 0 < σ, % ≤ 1, if θ ∈ [0,T ] ,

ϑ(0) = ϑ0,
(5.3)

has the solution

ϑ(θ) = ϑ0 +
%(1 − σ)θ%−1ϕ(θ)

M(σ)
+

σ%

M(σ)

∫ θ

0
yσ−1ϕ(y)dy, θ ∈ I. (5.4)
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Corollary 1. By Lemma 5.1, the solution to the problem (5.2) of the proposed model can be expressed
as

ϑ(θ) = ϑ0 +
%(1 − σ)θ%−1g(θ, ϑ(θ))

M(σ)
+

σ%

M(σ)

∫ θ

0
yσ−1g(y, ϑ(y))dy, θ ∈ I. (5.5)

We introduce the operator Z : B→ B by

Z(ϑ) = ϑ0 +
%(1 − σ)θ%−1g(θ, ϑ(θ))

M(σ)
+

σ%

M(σ)

∫ θ

0
yσ−1g(y, ϑ(y))dy, θ ∈ I. (5.6)

For carrying out the results, we need to take the following necessary assumptions:

(A1) Let there exist some constants, say Lg > 0, such that for ϑ, ϑ ∈ B, we have

|g(θ, ϑ(θ)) − g(θ, ϑ(θ))| ≤ Lg|ϑ − ϑ|;

(A2) Assume that there exist constants Cg and Mg > 0 such that

|g(θ, ϑ(θ))| ≤ Cg|ϑ(θ)| + Mg.

Theorem 5.2. Under assumptions (A1) and (A2), problem (5.2) has at least one solution.

Proof. For the proof, see [31]. �

Theorem 5.3. Under assumption (A1) and the condition Lg

M(σ)

(
% (1 − σ) T %−1 + σT %

)
< 1, the problem

of model (5.2) has a unique solution.

Proof. For the proof, see [31]. �

In the coming section, we derive conditions of H-U stability of the proposed model.

6. Hyers-Ulam (H-U) stability

Here, we develop conditions for H-U stability of the proposed SEVAIR model.

Definition 6.1. The model prescribed by (5.2) is H-U stable if there is a real number c > 0 3 for each
ε > 0, any solution ϑ̂ ∈ B of inequality∣∣∣∣PFFCF Dσ,%

θ ϑ̂(θ) − g(θ, ϑ̂(θ))
∣∣∣∣ ≤ ε, θ ∈ I,

and a unique solution ϑ ∈ B of model (5.2), the following inequality satisfies∥∥∥∥ϑ̂ − ϑ∥∥∥∥ ≤ cε, θ ∈ I,

where

ϑ̂(θ) =



Ŝ (θ)
Ê(θ)
V̂(θ)
Â(θ)
Î(θ)
R̂(θ)


, ϑ̂(0) =



Ŝ (0)
Ê (0)
V̂ (0)
Â (0)
Î (0)
R̂ (0)


, g(θ, ϑ̂(θ)) =



ϑ̂1(θ, Ŝ , Ê, V̂ , Â, Î, R̂)
ϑ̂2(θ, Ŝ , Ê, V̂ , Â, Î, R̂)
ϑ̂3(θ, Ŝ , Ê, V̂ , Â, Î, R̂)
ϑ̂4(θ, Ŝ , Ê, V̂ , Â, Î, R̂)
ϑ̂5(θ, Ŝ , Ê, V̂ , Â, Î, R̂)
ϑ̂6(θ, Ŝ , Ê, V̂ , Â, Î, R̂)


.
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Remark 1. Let there exist a small perturbation Ψ ∈ B such that
(i) |Ψ(θ)| ≤ ε, θ ∈ I;
(ii) PFFCF Dσ,%

θ ϑ̂(θ) = g(θ, ϑ̂(θ)) + Ψ(θ), θ ∈ I.

A perturbed problem solution is derived by Remark 1, PFFCF Dσ,%
θ ϑ̂(θ) = g(θ, ϑ̂(θ)) + Ψ(θ),
ϑ̂(0) = ϑ̂0 > 0.

(6.1)

Lemma 6.2. The solution of problem (6.1) that has a perturbation function Ψ(θ) is provided by

ϑ̂(θ) = ϑ̂0 +
%(1 − σ)θ%−1(g(θ, ϑ̂(θ)) + Ψ(θ))

M(σ)
+

σ%

M(σ)

∫ θ

0
yσ−1(g(y, ϑ̂(y)) + Ψ(y))dy, θ ∈ I. (6.2)

Proof. The proof can be obtained by using Lemma 5.1. �

Theorem 6.3. Under assumption (A1) and the condition Lg

M(σ)

(
% (1 − σ) T %−1 + σT %

)
< 1, model (5.2)

is H-U stable.

Proof. Let ϑ, ϑ̂ ∈ B be unique and any solution of model (5.2) and (6.1), respectively. For θ ∈ (θ1,T ] ,
using (5.5) and (6.2), we have

∣∣∣∣ϑ̂(θ) − ϑ(θ)
∣∣∣∣ ≤ %(1 − σ)θ%−1

M(σ)

∣∣∣∣g(θ, ϑ̂(θ)) − g(θ, ϑ(θ))
∣∣∣∣ +

σ%

M(σ)

∫ θ

0
yσ−1

∣∣∣∣g(θ, ϑ̂(θ)) − g(θ, ϑ(θ))
∣∣∣∣ dy

+
%(1 − σ)θ%−1

M(σ)
|Ψ(θ)| +

σ%

M(σ)

∫ θ

0
yσ−1 |Ψ(θ)| dy

≤
Lg

M(σ)

(
% (1 − σ) T %−1 + σT %

) ∥∥∥∥ϑ̂ − ϑ∥∥∥∥ +

(
%(1 − σ)T %−1

M(σ)
+

%

M(σ)
Tσ

)
ε.

(6.3)

Further simplification implies

∥∥∥∥ϑ̂ − ϑ∥∥∥∥ ≤
(
%(1−σ)T %−1

M(σ) +
%

M(σ)T
σ
)

1 −
( Lg

M(σ)

(
% (1 − σ) T %−1 + σT %

))ε. (6.4)

This implies that ∥∥∥∥ϑ̂ − ϑ∥∥∥∥ ≤ cε,

where

c =

(
%(1−σ)T %−1

M(σ) +
%

M(σ)T
σ
)

1 −
( Lg

M(σ)

(
% (1 − σ) T %−1 + σT %

)) . (6.5)

This proves that model (5.2) is H-U stable. �
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7. Numerical solution of (2.1)

In this section, we aim to find the numerical solution for model (5.2) under FFCFDs. For the
numerical simulations, we employed an extended Adams-Bashforth numerical scheme, which is
widely used for fractional-order systems. This approach is known to provide reliable approximations
with a second-order convergence rate in the fractal-fractional Caputo-Fabrizio setting. While effective,
it is not the only available numerical scheme. Recent developments, such as the control parametrization
technique reported in [33], achieve second-order convergence and can offer improved computational
efficiency. Although a detailed implementation of that method is beyond the scope of this work, we
acknowledge its advantages and consider it a promising direction for future research. In this study,
we focus on the Adams-Bashforth scheme due to its robustness, simplicity, and ability to capture
the qualitative dynamics of the SEVAIR model under fractal-fractional operators. This approach has
already been applied to epidemiological models, see [31, 34].

We proceed with the corresponding integral form of the model, at θ = θa+1, presented in the
following:

S a+1 = S (0) +
%(1 − σ)θ%−1

a ϑ1(θa, S , E,V, A, I,R)
M(σ)

+
σ%

M(σ)

∫ θa

0
yσ−1ϑ1(y, S , E,V, A, I,R)dy, θa ∈ I,

Ea+1 = E(0) +
%(1 − σ)θ%−1

a ϑ2(θa, S , E,V, A, I,R)
M(σ)

+
σ%

M(σ)

∫ θa

0
yσ−1ϑ2(y, S , E,V, A, I,R)dy, θa ∈ I,

Va+1 = V(0) +
%(1 − σ)θ%−1

a ϑ3(θa, S , E,V, A, I,R)
M(σ)

+
σ%

M(σ)

∫ θa

0
yσ−1ϑ3(y, S , E,V, A, I,R)dy, θa ∈ I,

Aa+1 = A(0) +
%(1 − σ)θ%−1

a ϑ4(θa, S , E,V, A, I,R)
M(σ)

+
σ%

M(σ)

∫ θa

0
yσ−1ϑ4(y, S , E,V, A, I,R)dy, θa ∈ I,

Ia+1 = I(0) +
%(1 − σ)θ%−1

a ϑ5(θa, S , E,V, A, I,R)
M(σ)

+
σ%

M(σ)

∫ θa

0
yσ−1ϑ5(y, S , E,V, A, I,R)dy, θa ∈ I,

Ra+1 = R(0) +
%(1 − σ)θ%−1

a ϑ6(θa, S , E,V, A, I,R)
M(σ)

+
σ%

M(σ)

∫ θa

0
yσ−1ϑ6(y, S , E,V, A, I,R)dy, θa ∈ I.

(7.1)
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We then approximate the systems as



S a+1 =

 S (0) +
%(1−σ)θ%−1

a ϑ1(θa,S a,Ea,Va,Aa,Ia,Ra)
M(σ) −

%(1−σ)θ%−1
a−1ϑ1(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)

M(σ)

+
σ%

M(σ)

∫ θa+1

θa
yσ−1ϑ1(y, S , E,V, A, I,R)dy, θa, θa+1 ∈ I,

Ea+1 =

 E(0) +
%(1−σ)θ%−1

a ϑ2(θa,S a,Ea,Va,Aa,Ia,Ra)
M(σ) −

%(1−σ)θ%−1
a−1ϑ2(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)

M(σ)

+
σ%

M(σ)

∫ θa+1

θa
yσ−1ϑ2(y, S , E,V, A, I,R)dy, θa, θa+1 ∈ I,

Va+1 =

 V(0) +
%(1−σ)θ%−1

a ϑ3(θa,S a,Ea,Va,Aa,Ia,Ra)
M(σ) −

%(1−σ)θ%−1
a−1ϑ3(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)

M(σ)

+
σ%

M(σ)

∫ θa+1

θa
yσ−1ϑ3(y, S , E,V, A, I,R)dy, θa, θa+1 ∈ I,

Aa+1 =

 A(0) +
%(1−σ)θ%−1

a ϑ4(θa,S a,Ea,Va,Aa,Ia,Ra)
M(σ) −

%(1−σ)θ%−1
a−1ϑ4(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)

M(σ)

+
σ%

M(σ)

∫ θa+1

θa
yσ−1ϑ4(y, S , E,V, A, I,R)dy, θa, θa+1 ∈ I,

Ia+1 =

 I(0) +
%(1−σ)θ%−1

a ϑ5(θa,S a,Ea,Va,Aa,Ia,Ra)
M(σ) −

%(1−σ)θ%−1
a−1ϑ5(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)

M(σ)

+
σ%

M(σ)

∫ θa+1

θa
yσ−1ϑ5(y, S , E,V, A, I,R)dy, θa, θa+1 ∈ I,

Ra+1 =

 R(0) +
%(1−σ)θ%−1

a ϑ6(θa,S a,Ea,Va,Aa,Ia,Ra)
M(σ) −

%(1−σ)θ%−1
a−1ϑ6(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)

M(σ)

+
σ%

M(σ)

∫ θa+1

θa
yσ−1ϑ6(y, S , E,V, A, I,R)dy, θa, θa+1 ∈ I.

(7.2)

Employing Lagrangian polynomials for piecewise interpolation, and integrating, we find

S a+1 =


S (0) +

%(1−σ)θ%−1
a ϑ1(θa,S a,Ea,Va,Aa,Ia,Ra)

M(σ) −
%(1−σ)θ%−1

a−1ϑ1(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)
M(σ)

+
%σ

M(σ)
3
2 (∆θ)θ%−1

a ϑ1(θa, S a, Ea,Va, Aa, Ia,Ra) − %σ
M(σ)

(∆θ)
2 θ

%−1
a−1ϑ1(θa−1, S a−1, Ea−1,Va−1, Aa−1, Ia−1,Ra−1),

θa, θa−1 ∈ I,

Ea+1 =


E(0) +

%(1−σ)θ%−1
a ϑ2(θa,S a,Ea,Va,Aa,Ia,Ra)

M(σ) −
%(1−σ)θ%−1

a−1ϑ2(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)
M(σ)

+
%σ

M(σ)
3
2 (∆θ)θ%−1

a ϑ2(θa, S a, Ea,Va, Aa, Ia,Ra) − %σ
M(σ)

(∆θ)
2 θ

%−1
a−1ϑ2(θa−1, S a−1, Ea−1,Va−1, Aa−1, Ia−1,Ra−1),

θa, θa−1 ∈ I,

Va+1 =


V(0) +

%(1−σ)θ%−1
a ϑ3(θa,S a,Ea,Va,Aa,Ia,Ra)

M(σ) −
%(1−σ)θ%−1

a−1ϑ3(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)
M(σ)

+
%σ

M(σ)
3
2 (∆θ)θ%−1

a ϑ3(θa, S a, Ea,Va, Aa, Ia,Ra) − %σ
M(σ)

(∆θ)
2 θ

%−1
a−1ϑ3(θa−1, S a−1, Ea−1,Va−1, Aa−1, Ia−1,Ra−1),

θa, θa−1 ∈ I,

AIMS Mathematics Volume 10, Issue 10, 23235–23260.



23251

Aa+1 =


A(0) +

%(1−σ)θ%−1
a ϑ4(θa,S a,Ea,Va,Aa,Ia,Ra)

M(σ) −
%(1−σ)θ%−1

a−1ϑ4(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)
M(σ)

+
%σ

M(σ)
3
2 (∆θ)θ%−1

a ϑ4(θa, S a, Ea,Va, Aa, Ia,Ra) − %σ
M(σ)

(∆θ)
2 θ

%−1
a−1ϑ4(θa−1, S a−1, Ea−1,Va−1, Aa−1, Ia−1,Ra−1),

θa, θa−1 ∈ I,

Ia+1 =


I(0) +

%(1−σ)θ%−1
a ϑ5(θa,S a,Ea,Va,Aa,Ia,Ra)

M(σ) −
%(1−σ)θ%−1

a−1ϑ5(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)
M(σ)

+
%σ

M(σ)
3
2 (∆θ)θ%−1

a ϑ5(θa, S a, Ea,Va, Aa, Ia,Ra) − %σ
M(σ)

(∆θ)
2 θ

%−1
a−1ϑ5(θa−1, S a−1, Ea−1,Va−1, Aa−1, Ia−1,Ra−1),

θa, θa−1 ∈ I,

Ra+1 =


R(0) +

%(1−σ)θ%−1
a ϑ6(θa,S a,Ea,Va,Aa,Ia,Ra)

M(σ) −
%(1−σ)θ%−1

a−1ϑ6(θa−1,S a−1,Ea−1,Va−1,Aa−1,Ia−1,Ra−1)
M(σ)

+
%σ

M(σ)
3
2 (∆θ)θ%−1

a ϑ6(θa, S a, Ea,Va, Aa, Ia,Ra) − %σ
M(σ)

(∆θ)
2 θ

%−1
a−1ϑ6(θa−1, S a−1, Ea−1,Va−1, Aa−1, Ia−1,Ra−1),

θa, θa−1 ∈ I.
(7.3)

In the next section, the solution given in Eq (7.3) is employed to perform the numerical simulations.

8. Numerical simulations and analysis

In this section, we present numerical simulations that illustrate the time evolution of the SEVAIR
system. The parameter values adopted for our simulations are summarized in Table 1. They
represent key biological processes in adenovirus transmission: ζ and ζa describe the transmission
rates from symptomatic and asymptomatic individuals, respectively, η reflects the short incubation
period of adenovirus conjunctivitis, k is the proportion of vaccinated-exposed individuals who become
asymptomatic, γ is the vaccinated-to-infected progression rate, b and q represent recovery and
quarantine rates for symptomatic cases, respectively, while ρ and β account for natural birth and death
rates in the population, respectively.

These values are illustrative rather than fitted to real outbreak data and are chosen to highlight the
dynamics for acute hemorrhagic conjunctivitis, consistent with the parameter values used in [29].

The trajectories of the susceptible, exposed, asymptomatic, symptomatic, vaccinated, and recovered
populations are plotted to highlight their dynamics. These results provide an intuitive picture of how
the disease spreads through different transmission routes. To further enhance clarity, we include a
comparison chart that contrasts the contributions of asymptomatic and symptomatic pathways, thereby
supporting the theoretical deductions with visual evidence.

We simulate the numerical results under fractional-order and fractal-dimensional variations to
observe the dynamics of the different compartments in the proposed SEVAIR model. All numerical
simulations were executed using MATLAB R2023a, providing a robust and reliable environment for
implementing the algorithms and analyzing the system’s dynamic behavior.

As a first simulation, we plot the dynamical behavior of all compartments in a single figure, as
shown in Figure 2.

In Figures 3–8, the fractal dimension is fixed at 0.65 while the fractional order is varied to examine
its effect on the model dynamics. The figures display the evolution of all compartments (Susceptible,
Exposed, Vaccinated, Asymptomatic, Infected, and Recovered) under different fractional orders. As
the fractional order increases, the solutions become smoother and stabilize more rapidly. In contrast,
lower orders reflect stronger memory effects, often causing delayed convergence or oscillations. This
demonstrates the model’s sensitivity to memory effects governed by the fractional parameter σ.
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Figure 2. Dynamical behavior of the SEVAIR model taking σ = 0.95 and % = 0.65.
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Figure 3. Dynamical behavior of the susceptible class on various fractional orders with the
same fractal dimension.
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Figure 4. Dynamical behavior of the exposed class on various fractional orders with the
same fractal dimension.
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Figure 5. Dynamical behavior of the vaccinated class on various fractional orders with the
same fractal dimension.
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Figure 6. Dynamical behavior of the recovered class on various fractional orders with the
same fractal dimension.
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Figure 7. Dynamical behavior of the infected class on various fractional orders with the
same fractal dimension.
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Figure 8. Dynamical behavior of the recovered class on various fractional orders with the
same fractal dimension.

In Figures 9–14, the fractional order is kept constant while the fractal dimension is varied to examine
its impact on the model’s dynamics. These figures show how changes in fractal dimension values
influence each compartment, with the fractional order fixed. The fractal dimension reflects structural
irregularities and heterogeneity in population behavior. As it increases, the dynamics generally exhibit
greater complexity and faster peak responses—particularly in the exposed, vaccinated, asymptomatic,
and infected compartments. This suggests that more intricate population structures may drive more
intense epidemic waves.
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Figure 9. Dynamical behavior of the susceptible class on various fractal dimensions with
fixed fractional orders.
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Figure 10. Dynamical behavior of the exposed class on various fractal dimensions with fixed
fractional orders.
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Figure 11. Dynamical behavior of the vaccinated class on various fractal dimensions with
fixed fractional orders.
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Figure 12. Dynamical behavior of the vaccinated class on various fractal dimensions with
fixed fractional orders.
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Figure 13. Dynamical behavior of the infected class on various fractal dimensions with fixed
fractional orders.
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Figure 14. Dynamical behavior of the recovered class on various fractal dimensions with
fixed fractional orders.

Across all figures, the interaction between fractional order and fractal dimension offers nuanced
control over the system’s behavior. Such sensitivity analysis is essential for fitting real-world data and
capturing diverse epidemic patterns. Notably, the asymptomatic class is especially responsive to both
parameters, underscoring its critical role in modeling adenovirus transmission.

In the Figure 15, the stacked-area plot compares the instantaneous contributions of symptomatic
and asymptomatic transmission to new exposures. This clarifies the role of asymptomatic carriers in
driving the epidemic under the fractal-fractional operator.
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Figure 15. Contributions to new exposures using σ = 0.95 and % = 1.

9. Conclusions

This research introduced an enhanced SEVAIR model to better represent the spread of adenovirus
by accounting for individuals who carry the virus without showing symptoms. By integrating the
fractal-fractional Caputo-Fabrizio operator with a power-law kernel, the model effectively captures
memory and hereditary traits in the disease’s transmission. Through rigorous mathematical techniques,
including fixed point theory and H-U stability, we established the existence and stability of solutions.
The model’s critical thresholds, such as the basic reproduction number, were derived to assess the
potential for outbreaks. Numerical simulations using a refined Adams-Bashforth method confirmed the
analytical outcomes and revealed the significant influence of the asymptomatic population on disease
dynamics.

The present study is based on certain simplifying assumptions that should be acknowledged. In
particular, the model does not explicitly incorporate age structure, spatial heterogeneity, or possible
virus mutations, all of which can influence transmission dynamics in real-world settings. These
simplifications were made to keep the analysis tractable, but they also indicate potential directions
for future work. Incorporating demographic structure, mobility patterns, and viral variability into
fractional-order epidemic models may provide a more comprehensive understanding of adenovirus
transmission and intervention strategies. Despite these limitations, the current framework provides
important insights into the roles of vaccination and asymptomatic carriers in shaping epidemic
outcomes and offers a basis for further refinement in more realistic contexts.

In this study, parameters were selected solely to examine the qualitative dynamics of the system
under varying fractal-fractional orders, without data fitting. A valuable future direction is the
systematic estimation and validation of parameters for the fractional-order model, as memory effects
influence coefficient scaling. Advanced estimation methods, such as those in [32], could ensure
dimensional consistency and improve alignment with epidemiological data. Such calibration would
enhance forecasting accuracy, support intervention assessments, and increase the model’s practical
relevance for public health decision-making.
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