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Abstract: The stochastic Schrodinger—Hirota equation is a well-established model for describing
nonlinear pulse propagation in magneto-optic waveguides and fiber optics. While prior research
has primarily concentrated on isolated soliton solutions, broader chaotic dynamics affecting signal
stability remain less explored. In this work, we applied the Generalized Arnous method, planar
dynamical system theory, and numerical simulations with the Runge—Kutta method to construct and
analyze the solutions of the stochastic Schrodinger—Hirota equation. The result yielded tan-type
bright, cot-type dark, and periodic solutions. Chaotic behavior was characterized via bifurcation
diagrams, positive Lyapunov exponents, Poincaré sections, and time-series analyses. Sensitivity to
initial conditions confirmed the presence of deterministic chaos. These results demonstrate that
the stochastic Schrodinger—Hirota equation displays a rich spectrum of dynamical behavior, with
the stability strongly influenced by parameter variations and perturbations. These insights offer a
theoretical foundation for advancing the stability of optical soliton transmission and reducing the
adverse effects of chaos in nonlinear communication systems.
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1. Introduction

Researchers hope to understand the complexities of nature. Partial differential equations (PDEs) are
valuable tools for modeling complex phenomena. Among them, nonlinear partial differential equations
(NLPDESs) are very important in solving physical problems. NLPDESs provide valuable insights into a
variety of fields, helping scientists make accurate predictions about behavior and evolution. Advances
in 3D visualization have enhanced their analytical capabilities. Many researchers are now focusing on
NLPDE to better understand the structure of the universe.

A soliton is a self-reinforcing wave that maintains its shape as it propagates. It appears in
inhomogeneous systems in response to other NLPDEs. Unlike normal waves, which disperse and
spread out over time, single-mode waves remain unchanged as they propagate and do not spread
out. Solitary waves play a key role in several scientific and technical sectors owing to their unusual
ability to keep their form and speed across vast distances and via interactions. In physics [1] and
engineering [2], solitons are used to simulate stable wave phenomena in nonlinear optics [3], fluid
dynamics [4], and plasma physics [5], such as optical pulses in fiber optics [6] and ion-acoustic
waves in space plasmas. They are also significant in biological [7] systems for understanding
nerve signal transmission and pattern generation, and in chemistry [8] for characterizing reaction-
diffusion processes. In mathematics [9], solitons give insight into nonlinear dynamics [10], chaos
theory [11], and integrable systems. Their stability and resilience make them important for applications
in electronics [12], telecommunications, and maybe even in quantum computing [13], giving solutions
for signal processing, data transfer, and stable information storage.

Studying the single-wave solutions of NLPDEs is crucial for generating improved insights and
knowledge of their underlying mechanism and valuable usage. Therefore, various academics have
established novel approaches to investigate these NLPDE solutions. Plenty of strong techniques
are available such as the exp(—y(®)) expansion method [14], extend mapping method [15],
GAE scheme [16], homotopy perturbation method [17], Darboux transformation [18], generalized
Kudryashov method [19], extended trial equation method [20], Hirota bilinear method [21],
polynomial complete discriminant method [22], extended Jacobian method [23], extended direct
algebraic method [24], modified sub-equation method [25], improved extended fan-sub equation
method [26], modified extended tanh method, Bicklund transform method [27], extended (%)
expansion method [28], extended auxiliary equation mapping method [29], IBSEF method [30],
extended simple equation method [31], and new Kudryashov method [32].

Nonlinear partial differential equations (NLPDEs) are important tools in scientific studies, offering
useful insights into fields such as plasma, dynamics, acoustics, optics, and condensed matter physics.
These equations not only help in our comprehension of complicated behaviors but also allow scientists
to make exact predictions regarding their future growth. Consequently, many scholars are investigating
a range of NLPDEs to better understand complicated behaviors in natural systems. Recent studies
have examined equations such as the Schrodinger equation [33, 34], Batman-Burger equation [35],
Benjamin-Bona-Mahony equation [36], generalized Calogero-Bogoyavlenskii-Schiff equation [37],
Date-Jimbo-Kashiwara-Miwa equation [38], thin film ferroelectric material equation [39], Boussinesq
equation [40], and nonlinear non-classical Sobolev-type wave model [41].

Bifurcation analysis [42] is a fundamental tool to analyze nonlinear systems. It provides insight
into the nature of the system’s behavior variation with respect to parameters. Detection of bifurcation
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points by a quantitative transformation of the dynamics of the system allows to predict and investigate
the transitions between the states of equilibrium, periodic solutions, and chaotic activity. In addition
to regular soliton propagation, nonlinear wave models such as the Schrodinger—Hirota equation can
exhibit chaotic dynamics under perturbations. Studying chaos is significant because it reveals the
parameter regimes where stable pulse transmission is lost, leading to irregular oscillations or signal
degradation in optical and plasma systems. Thus, analyzing chaotic responses through tools like
bifurcation diagrams, Lyapunov exponents, and Poincaré maps provides both theoretical insight and
practical guidance for controlling nonlinear wave behavior in realistic environments. The quantitative
measure of sensitivity is through the Lyapunov exponent, which computes the rate at which the
trajectories diverge from each other. A positive Lyapunov exponent indicates that the system is
chaotic. Bifurcation analysis is closely related to modulation stability, which looks at the stability
of wave patterns against disturbances. The study of how waves behave when subjected to small
perturbations may be crucial in explaining the development of instabilities that may eventually give
rise to phenomena such as rogue waves in optical systems or turbulence in fluids. Such analysis is quite
crucial in engineering and control systems, as appropriate parameter settings could avoid catastrophes
or enhance performance.

Practical applications of bifurcation analysis [43] are extensive. It is used in designing stable
chemical reactors, understanding population dynamics in ecological models, and ensuring stability
in electric circuits. This ability to map out bifurcation diagrams provides a clear visual representation
of stable and unstable regions, aiding in decision-making and system design.

1.1. Formulation of model

This work examines the stochastic Schrodinger—Hirota equation (SSHE) in magneto-optic
waveguides, expressed as.

iQ; + j1Qu + (k|QP" + LeP)Q + idy Qe + i(m | QP + i) Q, + ED%

= Pip + i[s1px + a1 (gl @) + il
(1.1)
iQ + Qe + (k2 QPn + LIQPR) Q+ idy Qs + 1 (o QP + o] QP) Qy + €QE =

Prp+i [szgox + @, (|<p|2n<p)x + v (I(plzn)x go] .

The complex functions Q(x, f) and ¢(x, f) present a wave profile. The constants a. (¢ = 1,2) correspond
to chromatic dispersion (CD) coefficients. Self-phase modulation and cross-phase modulation (XPM)
are represented by k. and /. (c = 1,2), respectively. Third-order dispersion (30D) is described by d, (c
=1,2). The coeflicients M, and n. (c = 1,2) account for nonlinear effects. The noise strength coeflicient
is €, and Z(t) denotes the standard Wiener process, with % indicating white noise. Magneto-optic
waveguide terms are expressed as P, (¢ = 1,2). Finally, s., v, and @, (c = 1,2) represent inter-model
dispersion (IMD), nonlinear dispersion, and self-steepening (SS) coefficients, respectively.

The generalized SSHE in magneto-optic waveguides is a classical model with applications across
various fields, including chemical circulation systems, heat pulses in solids, nonlinear optics, fluid
mechanics, ecology, optical fiber in communication, plasma physics, and engineering.
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1.2. Literature review

Many scholars and researchers have focused on developing traveling wave solutions and optical
solitons for this model. Zayad et al. [44] used the extended simplest equation algorithm to derive
optical solitons for the system (1.1). Additionally, Zayed et al. [45] obtained new optical solutions
and solutions in terms of Jacobi’s elliptic using the ®¢ expansion scheme method. Tang et al. [46]
obtained the optical traveling soliton solutions in magneto-optic waveguides. Cakicioglu et al. [47]
derived the optical solitons of Schrodinger—Hirota equation with parabolic-law nonlinearity via
generalized Kudryashov algorithm, illustrating its capability to produce exact analytical solutions
for this class of nonlinear wave models. Kumar et al. [48] derived the diverse optical solitons
and soliton-like solutions of the Schrodinger—Hirota equation with parabolic-law nonlinearity using
the modified generalized Riccati-equation mapping approach. Biswas et al. [49] obtained optical
soliton solutions for the Schrodinger—Hirota equation in a power-law medium via the G’/G-expansion
approach, representing the effectiveness of the method in handling nonlinearity beyond Kerr law
models. Kilic et al. [50] derived optical soliton solutions of the Schrodinger—Hirota equation with
power-law nonlinearity by applying the Backlund transformation. Han et al. [51] analyzed dynamics
of perturbed Schrodinger—Hirota equation with cubic—quintic—septic nonlinearity in dispersive media,
and reported a variety of soliton solutions under higher-order nonlinear effects. Novel expansion and
auxiliary-equation schemes have been used recently to construct new traveling-wave, kink, and lump
solutions of (2+1)-dimension Hirota—Satsuma—Ito—type equations [52]. Han et al. [53] investigated
the nonlinear dissipative (2+1)-dimensional model and constructed high-order solitary waves, fission
structures, hybrid waves, and various interaction solutions.

1.3. Research aim and objectives

This study examines the SSHE as a fundamental model for nonlinear wave propagation in magneto-
optic waveguides and fiber optics, emphasizing soliton solutions and chaotic dynamics. Exact solutions
of SSHE are derived using the generalized Arnous method, and their dynamical properties are
analyzed employing planar dynamical theory. This analysis yields distinct solution families, including
bright solitons, dark solitons, and periodic waves, each systematically characterized. Numerical
simulations based on the Runge-Kutta method are employed to investigate bifurcation diagrams,
Lyapunov exponents, Poincaré sections, and time-series responses, revealing quasi-periodicity and
chaotic regimes. This integrated analytical and numerical approach clarifies how the parameter
variations and perturbations elucidate the sensitivity of the soliton stability, providing insight relevant
to optical communication and chaotic phenomena in nonlinear media.

1.4. Contribution and originality

This research undertakes a detailed study of SSHE, focusing on both exact wave solutions and
dynamical features of nonlinear systems. Using the traveling wave transformation together with the
generalized Arnous method, an extensive class of exact solutions is obtained, including trigonometric,
exponential, and soliton types, supported with two- and three-dimensional graphical representations.
The originality of this study lies in its integration of bifurcation theory, chaotic dynamics, multi-
stability, Lyapunov exponents, and sensitivity analysis to explore the stability and nonlinear transitions
in a unified framework. Distinct from the earlier studies restricted to deterministic models or limited
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solution families, this research considers the stochastic perturbations and external forcing, revealing
a rich spectrum of dynamical phenomena such as quasi-periodicity, chaos, and the coexistence of
multiple attractors. The contribution is twofold: mathematically, it extends the SSHE solution
space with exact solitary waves; from the physical standpoint, it offers a deeper understanding of
nonlinear interactions, modulation stability, and sensitivity in optical fibers, plasma, fluid dynamics,
and magneto-optic waveguides. Collectively, these outcomes advance the theoretical foundation of
SSHE and highlight new opportunities in stable transmission, chaos control, and nonlinear engineering
systems.

The article is summarized as follows: Section 2 outlines the mathematical analysis required to
transform the nonlinear partial differential problem into an ordinary differential equation. Section 3
examines the generalized Arnous method and its applications, with graphical representations. Section 4
highlights bifurcation analysis, chaotic behavior, multistability, Lyapunov exponent, and sensitivity
analysis of our model. In Section 5, we discuss the graphical description and application of the obtained
solutions and dynamical analysis. In Table 1, we discuss the comparison of the literature of Eq (1.1).
In Table 2, we add the nomenclature of this article. Section 6 concludes our study.

Table 1. Comparison of literature on soliton solutions of the Schrodinger—Hirota equation.

Reference Methodology used Main outcomes/solutions

Zayed et al. [44] Extended simplest equation method Optical soliton solutions for system
(1.1

Zayed et al. [45] ®%-expansion scheme Optical solitons and Jacobi elliptic
solutions

Tang et al. [46] Analytical construction Optical traveling solitons in

magneto-optic waveguides
Cakicioglu et al. [47] Generalized Kudryashov algorithm  Solitons with parabolic-law

nonlinearity

Kumar et al. [48] Modified Riccati-equation mapping Optical soliton-like solutions under
parabolic law

Biswas et al. [49] G’ /G-expansion method Solitons in power-law medium,
beyond Kerr-law

Kilic et al. [50] Bicklund transformation Optical solitons with power-law
nonlinearity

Han et al. [51] Cubic—quintic—septic model Soliton families in dispersive

nonlinear media

Han et al. [53] Auxiliary-equation schemes High-order solitary waves, fission,
hybrid solutions

GA method + GA method combined with Novel kink, bright, dark,

dynamical analysis  bifurcation and chaos theory and rational  solitons  (new
type); analysis of bifurcation,
multistability, chaos, Lyapunov
exponents, and sensitivity under
stochastic perturbations
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Table 2. Nomenclature of parameters and variables used in this study.

Symbol Description/physical meaning

X Spatial coordinate

t Temporal coordinate

& =x— wot Traveling-wave variable (co-moving frame)

u(t, x), v(t, x) Field variables / wave components of the coupled system

o(t, x) Second field in the coupled model

B Amplitude-related parameter in the generalized Arnous method
H Scaling constant in logarithmic solution form

n Nonlinear phase or coupling parameter in solution ansatz

0 Solution-shaping parameter (affects exponential/hyperbolic parts)
v Nonlinearity index controlling wave steepness

n Coeflicient in nonlinear interaction term

ki Nonlinear coupling strength parameter

d; Dispersion coefficient (controls soliton width)

A, P Amplitude and phase constants in solution structure

s1, 1 Solution constants controlling wave symmetry and profile

my Coeflicient linked to higher-order nonlinearity

ay Fractional-order or scaling parameter in reduced ODE

A Auxiliary integration constant from solution process

wWo Soliton velocity (propagation speed of traveling wave)

€ Noise intensity (strength of stochastic perturbation)

Z(1) Wiener process (standard Brownian motion)

Lyapunov exponent (A) Stability indicator: A < 0 (stable), A > 0 (chaotic)
Multistability Existence of multiple stable states under the same parameters
Bifurcation Parameter-driven change in solution stability/structure

2. Mathematical investigation

The generalized NLPDE can be expressed in the following form:

Q(D’ Dt’ Qx» an 'Qp ’Dt,t’ Dx,x’ ) = O (21)

While the function Q = Q(,y, x) is still not known, by applying the below transformation, we can
convert the NPLDE as shown in Eq (1.1) into an ODE.

Q(t, x) = R1(€) exp (—vx + ut + €Z(t) — ezt) , )
@(t, x) = R (&) exp (—vx + ut + €Z(t) — eZt) ' 22)
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and,
& = x— wot. (2.3)

The non-zero real constants v, wy, and u represent the frequency, velocity, and wave number of the
soliton, respectively. The functions R;(¢) and R,(£) are real functions that describe the amplitude
portion of solitons. The multiplicative stochastic factor in Eq (2.2) is

M, = exp(eZ(t) — €1),
where Z(t) denotes the standard Wiener process. By 1t6’s formula, one has

Writing
¢, x) = Ri(&) e M, &=x—wo,

and applying the 1t6 product rule yields
d¢ = ¢p(edZ, — 1€ dt) — wg e MR\ (¢) dt.

The original stochastic PDE (1.1) already contains the forcing term e€¢ dZ,. Substituting the above
expression for d¢ shows that the dZ,—dependent pieces coming from dQ and from the explicit noise
term have the same multiplicative structure, and thus are absorbed when the real and imaginary parts are
separated. The remaining It6 drift term —%ez is deterministic and is incorporated into the coefficients
(e.g., into u or the combination written as —e” in Eq (2.2)). Consequently, the reduced profile equations
for R, (€) and R, (&) are purely deterministic ordinary differential equations.

By substituting Eqs (2.2) and (2.3) into Eq (1.1), we can separately extract the real and imaginary
parts of the equation.

(j1+3d R = (=€ + jiv* +n’ + si)R + (ky +mpy—a)R + (L +n )RR+ PR, =0 (2.4)
and,
(ja+3daV)RY —(v—€*+ jov* +myV + 5:9) Ry + (ky + myy — aa)RI + (L + )RR = PyR, = 0, (2.5)
and the imaginary parts are
AR = (wo + 2j1v + 3V + s)R) + [my = 2nv; — 2n + Day ] RTR +mRIR) =0 (2.6)
and,
R — (wo + 2jav + 3V + $2)R, + [my — 2nvy — 2n + Dan] R + R, + RPN, =0, (2.7)

Assume a linear relationship exists between R; and R, such that R, = AR, where (A # 0). Substituting
R, = AR, in Eq (2.4) to Eq (2.7), we obtain:

(1 + 3R} = (=€ + jp? +dp” + 51+ APOR, + [k +myy = av(ly + m)A” [ R =0, (2.8)
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(2 +3d)RY = (=€ + jp” +doy + 53y + APYR, + [ky + myy — agv(ly + npn) A" | R = 0, (2.9)

and
AR = (wo + 2j1v + 3dv* + s)R| + [m1 —2nv; — 2n + Day + n1A2n] RIR, = 0,

AR = (wo + 2oy + 3o + )R] + |y + A (my = 2nvy — 2n + D) | RTR = 0.
By integrating Eq (2.10) and Eq (2.11),

diRY — (wo + 2j1v + 3d? + s)R; + |1 = 2nv) = @0+ Day + m A | 1! =0,

2n+1

d,R" — + 27V + 3dV? + 50)R; +
HR| — (wo + 2jov Vo + )Ry P

According to Eq (2.12) and Eq (2.13), we have

dy  wo+2jiv+3divi+s  m =2 — 2n+ Day +nA”
d2 B wq + 2j2V + 3d2V2 + 5 B ny + A2"(m2 - 21’1\/‘2 — (2n + 1)&2)‘

We can find the velocity of the soliton from Eq (2.14) as:

_ 2(jidy — jod1)v — s2dy + s1d>
d—d, ’

wo (d) # dy).

Let n =1 for Eq (2.8), we obtain:

ki + myv —av(ly +n1V)A2€R3 A=+ jiv +dV +s,v+ AP

R+
! j] + 3d,v ! jl + 3d,v

9{120.

[n2 + A™(my — 2nvy — 2n + 1)@2)] RN, = 0.

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

We will now focus on obtaining new traveling waves and optical solitons for the SSHE. This will be

achieved using the complete discriminant model system and symbolic computation.
3. Generalized Arnous method

The basic steps of the generalized Arnous (GA) method are as follows [54]:
Step 01: The GA method provides the solution of Eq (2.16) as follows:

N

a; + b (&)
&) =ap+ _
H=a+ ) "o
where ay, a;, b; (fori=1, 2, ..., N) are constants, and the function £(¢) verifies the relation

[&(&)]* = [2©)° - n]In[B],

with

o © = {8/({-‘) ln(B)”,_1 %f n %s even,
& In(B)!, ifnis odd,

3.1

(3.2)

(3.3)
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where n > 2, and B # 1. Eq (3.2) has solutions of the form:

n

Q&) = HIn(B)B* + THIWB)E

(3.4)
where § and € are arbitrary parameters.

Step 02: By balancing the nonlinear term and the term with the highest order derivative in Eq (2.3),
the positive integer N is determined for Eq (3.1).

Step 03: After inserting Eq (3.2) and Eq (3.5) in Eq (2.16) and since £(¢) = 0, as a result of this
substitution, we get a polynomial of @ (%) Equivalently, setting all terms with the same power
equal to zero, and by solving this set of nonlinear algebraic systems and with the help of Eq (3.2) and
Eq (2.2), the solutions of Eq (1.1) may be determined.

3.1. Solitary wave solution by generalized Arnous method

To find the exact solution of Eq (2.3), first we find the value of positive integer N = 1; plugging the
value of N in Eq (3.1), then Eq (3.1) will become as follows:

a b2’ (&)
LE L
By inserting Eq (3.5) into Eq (2.3), together with Eq (2.3) and Eq (3.2), we have a polynomial in terms

of %(LT@) This creates a system of algebraic equations when we aggregate all terms of the same
power and set them to zero. The values of unknown constants are obtained.

Set 01.

&(&) = ap + (3.5)

log(8) VAP — 2dv3 + 1 + —€?
4y = — og()\/ v VS| — € a4 =0.B=1,

\/(10g2(6) £ 202) (v (my — an A2 (1) + vmy) + ko)

(3.6)
' 2 (AP +A+vs — 62) +d, (3v10g2(6) + 2v3)
n= log2(8) + 22 '
By putting set 1 in Eq (3.5), we obtain the exact solution as follows:
=3
6 by (HBf log’(B) - L-) 102(8) VAP — 2d + A + vs1 — € o
16) = yra: - .
#g(lf) + HB log(B) \/(logz(é) + 21/2) (v(my — a1 A2 (L) + vmy)) + ky)
When we choose B = e and i = 4H?, the Eq (3.7) is
log(6) VAP — 2d\v? + A+ vs| — €
Qu(&) = by tanh(x — twp) — OB 4 el B (3.8)
J(10g2®) + 202) (v (m) — a1 42 (1 + i) + ki)
When we choose B = e and n = —4H?, the Eq (3.7) is
log(6) VAP — 2d\v? + A+ vs| — €
Qy(&) = by coth(x — fwp) — 0g(®) ¥ 4 Y€ (3.9)

\/(logz(d) + 2v2) (a1 A2L(=v) — a1A2V? g + kg + vmy)
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Set 02.
V2 7 1og(8) VAP — 2d\v3 + A + vs| — €2 1
ap = 0,a; = Vilog®) y ‘ ‘ by =0,B=05",
\/(10g2(5) - 2v2) (v(my — A2 (L + vmy)) + ky) (3.10)
o A (3v1og’(6) - 2v7) —2 (AP + A+ vs; - €)
= 212 — log*() '
By putting set 2 in Eq (3.5), we obtain the exact solution as follows:
V2 \7log(6) VAP = 2d\V? + A + vs| — €
Q) = — G
Hlog (5«%)56“ + 2 E | Jl0g26) - 202) (v (m1 — A2 (b +vm)) + k)
4H10g(6 ‘/5)

When we choose B = e and np = 4H?, the Eq (3.11) is

e AVHE 1og2(6)5 & AP —2d1 + A+ vs1 — €
5(6) = . (3.12)
H (2620 + 10g*(6)6 V) \/(logZ(d) = 202) (v (my — 1 A2 (Iy + vny)) + ky)

When we choose B = e and n = —4H?, the Eq (3.11) is

twy+x

4H logz(d)éoiﬁ \/AP —-2dV3+ A+ vs; — €

Q(§) = - - (3.13)
V=H? (log*(6)5 V2x — 25 V) \/(10g2(5) = 202) (v (my = @ A2 (Iy + vmy)) + ky)
Set 03.
V2 \10g(8) VAP = 2d\v3 + A + vs| — €2 0
610:0,611: \/ﬁ g()\/ : : ,bIZO,B:5_\15,
\/(logz(é) - 21/2) (v(my — 1A% (L) + vny)) + ky) (3.14)
A (3v10g(8) —2V}) —2(AP + A+ vs; - €2)
= 212 — log?(6) ‘
By putting set 3 in Eq (3.5), we obtain the exact solution as follows:
V2 \710g(8) VAP = 2d\v3 + A + vs| — €2
27(8) = \/—WO (3.15)
Hlog (5‘«%)5"50 1 E | J10g26) = 202) (v (my - A2 (1 + vmy) + o)
4H10g(6 ‘/5)
When we choose B = e and np = 4H?, the Eq (3.15) is
AVIE 10g2(8)5 & \JAP =2y + 1+ vs; — &
) = - 0’00 * d Il (3.16)

H (10g2(0)6 V2 +26Y27) [(1og2(®) = 202) (v (my = n A2 (1 + vmy) + ko)
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When we choose F = e and € = —4?, the Eq (3.15) is

AH109%(6)5 & AP —2d 3 + A+ vs — €
Qo(&) = g0 % ¥ 4 Y€ GBI

V_H2 (10g2(5)5\ﬁtwo _ 25\@) \/(10g2(5) - 2v2) (v(my — 1A% (L) + vny)) + ky)

The analytical solutions derived through the generalized Arnous method are illustrated in Figures 1—
3, which depict distinct soliton structures, including kink, bright, and rational waves. These graphical
representations validate the obtained results and provide visual insight into the nonlinear wave behavior
discussed in the following sections.

ulx t)

—10 -5 0 5 10
x

[—rt=1—1=0—1=1]

(b) 2D surface

3
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] 142
12
_3 14

-14 =10 =5 0 5 10
x

(c) Contour plot (d) Density plot

Figure 1. Graphical visualization of the derived solution of Eq (3.7), including (a) 3D surface
plot, (b) 2D surface plot, (c) contour plot, and (d) density plot of Q(z, x) with parameters
B=05b=1w=1,H=01,n=2,0=2,v=-1,n =1,k =03,d =2,A=1,
P=1,s1=-1,1=2,e=0.5,m =0.1,a; =2,and 1 = 0.5.
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Figure 2. Graphical visualization of the derived solution of Eq (3.11), including (a) 3D
surface plot, (b) 2D surface plot, (c¢) contour plot, and (d) density plot of Qu(z,y, x) with
parameters B=—-1,b; =1.1,wo=-1.1,H=1,n=04,6=1.5,v=1,n, =0.01, k&, = 0.3,
di=03,A=03,P=15,51=1,1;=2,e=15m =1.1,a; =1,and 1 = 0.1.
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Figure 3. Graphical visualization of the derived solution of Eq (3.15), including (a) 3D
surface plot, (b) 2D surface plot, (c¢) contour plot, and (d) density plot of Qo(t,y, x) with
parameters B=—-1,b; =1.1,wo=-1.1,H=1,1=04,6=0.6,v=1,n, = 0.01, 5, = 0.3,
di=03,A=03,P=15,51=1,1;=2,e=15m =1.1,a; =1,and 1 = 0.1.

3.2. Advantages of the GA method

The GA method offers several methodological advantages. It gives exact analytical solutions,
such as trigonometric, exponential, and soliton forms, that explain system behavior more directly
than numerical results. The procedure remains relatively straightforward, as the balancing step and
subsequent algebraic manipulations are less demanding, unlike other, more complicated methods.
Furthermore, the GA method is versatile, capable of generating diverse families of solitary wave
solutions within a unified framework. Having explicit solutions also makes it easier to study stability
and bifurcations, offering insights that numerical work alone cannot provide.
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3.3. Limitations of the GA method

Although the GA method is powerful, it cannot be applied to all classes of nonlinear PDEs.
Its effectiveness depends on the ability to balance the high-order derivative with nonlinear terms.
When this balance cannot be established, the method may fail to yield meaningful solutions. Such
limitations commonly occur in equations with irregular structures, pronounced nonlocal effects,
or discontinuities. In particular, models involving fractional derivatives, stochastic elements, or
piecewise-defined nonlinearities often lie outside the scope of the GA framework. In such cases,
alternative methods such as homotopy analysis, variational iteration, or numerical schemes may be
more suitable.

4. Dynamical analysis of the governing equation

4.1. Phase portraits analysis

This subsection focuses on the phase plane analysis of the generalized stochastic
Schrédinger—Hirota equation. Phase portrait analysis [55] is a powerful qualitative technique
for dynamical systems. By applying the Galilean transformation, the system R’y = G on Eq (2.16).
The following system of differential equations is equivalent to Eq (2.16):

dR d
d_.fl =G, d_? = —%1R? + BrRy,
4.1
ki + myy — av(l; + nv)A? A—€e*+ jiv? +dv: + s;v+ AP “.D
B = , , By = , :
Ji+3dv J1+3d,v

To find the equilibrium points of the system (4.1), we solve as follows:

G=0,
. 4.2)
- %]Rl + %QR] =0.

As a consequence, we obtain three equilibrium points as follows:

ﬂo = (SO’ 0)9 ﬂl = (81’0)5 ﬂZ = (8290)a

where Sp =0, S, = 1/%, and S, = — g—f. Jacobian matrix of the system (4.1) can be written as:
TRLE) = | e o - or b = GBI — By)
DY 38R+, o TP

Proposition 1: As a consequence, point (Sy, 0) represents the saddle point if J(Ay) is less than zero,
indicates a center behavior if J(Ay) is greater than zero, and (S, 0) shows a cusp behavior if J(Ay) is
equally to zero. Similarly, point (S;, 0) represents the saddle point if J(A;) is less than zero, indicates
a center behavior if J(A;) is greater than zero, and (S;, 0) shows a cusp behavior if J(A,) is equal to
zero. Likewise, the third point has the same condition.

Family 1: When B, <0, B, > 0.
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Equation (4.1) has three equilibrium points. For (Sy,0), J(Ag) = —3B,, since, in this case, B, is
positive. So, J(Ag) < 0; therefore, (Sy,0) is a saddle point. For (S;,0), J(A;) = 29B,, since, in this
case, B, is positive. So, J(Ag) > 0; therefore, (S;,0) is a center point. Similarly, (S,,0) is also a
center point, which is shown in Figure 4.

Family 2: When 8, <0, 8, < 0.

Equation (4.1) has three equilibrium points. For (Sy,0), J(Ay) = B,, since, in this case, B, is
negative. So, J(A)y > 0; therefore, (Sy,0) is a center point. For (Sy,0), J(A;) = 2B,, since, in this
case, B, is negative. So, J(Ag) < 0; therefore, (S;,0) is a saddle point. Similarly, (S,,0) is also a
saddle point, which is demonstrated in Figure 4.

Equation (4.1) has three equilibrium points. For (Sy,0), J(Ag) = —3B,, since, in this case, B, is
negative. So, J(A)y > 0; therefore, (Sy,0) is a center point. For (S1,0), J(A;) = 2B,, since, in this
case, B, is negative. So, J(Ag) < 0; therefore, (S;,0) is a saddle point. Similarly (S,, 0), is also a
saddle point.

(@) B; <0,B,<0 (b) B <0,B,>0

Figure 4. Phase trajectory analysis in two-dimensional plots for the unperturbed system
(4.1).

4.2. Chaotic dynamics

In the present investigation, we employed the chaotic dynamics exhibited by the planar dynamical
system delineated in Eq (4.1) through the incorporation of the perturbation term 7 cos (K¢). The
system represented by Eq (4.1) can be expressed as [56,57]:

{@ =G, a6 _ B R + ByR, + T cos (KE). 4.3)

dé dé

A=+j1v+d v AP - A2
where B, = =% 'lei 3';1:“” and B, = 4 +’”1le‘f:3vfill];’”v) . Consequently, 7~ represents the frequency,

while K denotes the amplitude of the external force that exerts influence on the dynamic system
delineated in Eq (4.1). We present the 2D phase portraits, 3D phase portraits, time series, and Poincaré
map. In Figure 35, it is evident that the system described by Eq (4.3) is quasi-periodic, as part (c) of
Figure 5 depicts a closed curve, based on the chosen parametric values 8, = 0.5, 8, = 3.3, 7 = 0.2,
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and K = 0.08 and the initial conditions (R;,G) = (2.67,1.1). In Figure 6, it is shown that system
Eq (4.3) is quasi-periodic, as part (c) of Figure 6 also depicts a closed curve, based on varying the
initial conditions (R;,G) = (1.09,0.01). Similarly, Figure 7 also depicts chaotic behavior, since part
(c) of Figure 7 exhibits a torus when using the parametric values 8, = 2.5, 8, = 3.3, 7 = 0.09, and

9K = 0.06 and the initial conditions (R;,G) = (1.9,0.01).

(a) 3D Phase portraits

-0.25
245 25 255 26
P

(¢) 2D Phase portraits

265
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(b) Time series

o
L
e
Prme gy 8 AT
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oty 3 A

—008 —006 —004 —002 0 002 0.4
G

006 008

(d) Poincare map

Figure 5. Chaotic behavior of system (4.3) using parameters 8; = 0.5, 8, = 3.3, 7 = 0.2,

and K = 0.08 and initial conditions (R;,G) = (2.67,1.1).
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Figure 6. Chaotic behavior of system (4.3) using parameters 8; = 0.5, 8, = 3.3, 7 = 0.2,

and K = 0.08 and initial conditions (R;, G) = (1.09,0.01).
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Figure 7. Chaotic behavior of system (4.3) using parameters 8; = 2.5, 8, = 3.3, 7 = 0.09,
and K = 0.06 and initial conditions (R;,G) = (1.9,0.01).

4.3. Multistability analysis

In this section, we will evaluate the multistability analysis of system Eq (4.3). Multistability analysis
refers to the presence of two or more coexisting outcomes, representing the system’s flexibility under a
constrained set of parameter options and varying the initial conditions [58,59]. Our analysis will focus
on the specific nature of multistability in the system Eq (4.3), utilizing phase portraits to gain deeper
insight into its dynamics. In Figure 8(a), we present two separate images for the parameters B, = 0.5,
B, =3.3,7 =0.2,and K = 0.08, where the initial conditions (R}, G) = (2.67,0.1) are represented in
red and the initial conditions (R, G) = (2.57,0.1) are represented in blue. In Figure 8(b), we present
two separate images for the parameters B, = 2.5, 8, = 3.3, 7 = 0.9, and K = 0.06, where the initial
conditions (R;,G) = (1.95,0.01) are represented in red and initial conditions (R;,G) = (1.9,0.1) are
represented in blue.
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(a) 2D phase portraits; initial conditions (R;,G) = (b) 2D phase portraits; initial conditions (R,G) =
(2.67,0.1) in red and (R, G) = (2.57,0.1) in blue. (1.95,0.01) in red and (R, G) = (1.9,0.1) in blue.

Figure 8. Multistability of system Eq (4.3) showing different 2D phase portraits
corresponding to different initial conditions.

4.4. Lyapunov exponents

Lyapunov exponents quantitatively assess the exponential divergence or convergence of proximate
trajectories within a dynamical system, thereby elucidating the system’s stability and predictability.
A positive Lyapunov exponent indicates chaotic dynamics with sensitivity to initial conditions. In
contrast, negative exponents would indicate stability. Basically, these exponents are the prime
discriminators for chaos and regular behavior, and they give a measure of unpredictability linked to
the dynamic systems in question. The use of these exponents spans a broad horizon of fields, such
as physics, engineering, biology, finance, etc. They are the tools for stability analyses in control
systems and for complex behavior patterns in climate modeling and neuroscience. Besides, Lyapunov
exponents are employed in the study of chaotic time series and for phenomena related to turbulence in

fluid dynamics. Figures 9 and 10 demonstrate chaos in system (4.3) using Lyapunov exponents with
B; =0.6,B, =-0.6, 7 =0.5, K = 0.96, and varying initial conditions.
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Figure 9. Examining chaos in system (4.3) using Lyapunov exponents with parameters B, =
0.6, B, = -0.6, 7 = 0.5, K = 0.96, and initial conditions (0.03,0.03,0.03).
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Figure 10. Examining chaos in system (4.3) using Lyapunov exponents with parameters
B; =0.6, B, =-0.6,7 = 0.5, K =0.96, and initial conditions (0.03, 0.03, 0.03).

4.5. Sensitivity demonstration

To evaluate the model’s sensitivity, this section examines how the proposed equation responds to
variations in initial conditions.

- G, - —BR] + BoR,. (4.4)
In this phase of the study, we conduct a detailed sensitivity analysis of the dynamical system described
by Eq (4.4), considering two distinct sets of initial conditions. The resulting solutions are illustrated in
figures using relevant parameter values, including 8; = 0.6 and B, = 1.3. Figures 11 and 12 illustrate
the analysis of two sets of initial conditions, while Figure 13 explores three additional sets. Figures 11
depicts two solutions by utilizing the various initial conditions (G, R;) = (0.5,5.02) in green and
(G, R1) = (1.02,8.02) in red. Figure 12 depicts two solutions by utilizing the various initial conditions

(g, 46
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(G, Ry) =(0.5,5.02) in green and (G, Ry) = (7.02,2.2) in magenta. Figure 13 shows three two solutions
by utilizing the various initial conditions (G, R;) = (0.5,5.02) in green (G, R;) = (7.02,2.2) in magenta,
and (G, Ry) = (1.02,8.02) in red. These results reveal that even small adjustments in initial conditions
can lead to subtle changes in the system’s dynamics. The solution curves notably do not overlap,
indicating that the proposed system exhibits a degree of sensitivity. Understanding this sensitivity is
crucial, as it highlights the impact of initial conditions on outcomes, thereby enhancing the model’s
predictive accuracy and robustness across diverse applications. The initial conditions for sensitivity
analysis were chosen as small perturbations of the soliton profile. This choice reflects the practical
situation in optical communication systems, where unavoidable fluctuations in the initial pulse shape
and amplitude are present. By selecting nearby initial states, we can demonstrate how such small
deviations evolve under the system dynamics. In particular, the positive Lyapunov exponents show that
these perturbations grow over time, confirming the sensitivity to initial conditions and the presence of
chaotic dynamics.

0 1 2 ) 3 4 5
Figure 11. Sensitivity analysis of Eq (4.4) using different initial conditions: (G,R;) =
(0.5,5.02) in green and (G, R;) = (1.02,8.02) in red.

1 2 3 4
X

=]
[5,]

Figure 12. Sensitivity analysis of Eq (4.4) using different initial conditions: (G,R;) =
(0.5,5.02) in green and (G, R;) = (7.02,2.2) in magenta.
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Figure 13. Sensitivity analysis of Eq (4.4) using different initial conditions: (G,R;) =
(0.5,5.02) in green, (G, R;) = (7.02,2.2) in magenta, and (G, R;) = (1.02,8.02) in red.

5. Results and discussion

The graphical results are presented in Figures 1-3, which correspond to the different physical soliton
structures, each carrying specific meanings in nonlinear wave dynamics. Figure 1, with the parameters
B=05b =1w =1,H=01,n=2,0=2v=-1,n =1k =03,d =2,A =1,
P=1,si=-1,11 =2, =05,m; =0.1, o) = 2, and 1 = 0.5, represents kink-type solution. Kink
solitons link two asymptotic states in a step-like profile, representing domain walls or transition layers
in nonlinear materials. A higher dispersion coefficient d; broadens the Kink’s transition region, while
the coupling parameters (e.g., ki, m;) make the front steeper. An increase in the velocity (wy) leads
to the faster translational motion while preserving the overall kink profile in the coordinates x and t.
The noise intensity € acts as an effective damping factor: for moderate levels (e.g., e= 0.5), the kink
remains visible but with a slightly weaker gradient as € ~ 0; at high values, the step becomes blurred.

Figure 2, with parameters B = -1, by = 1.1, wy = -1.1, H = 1, = 04,6 = 15, v = 1,
n = 001, k1 = 03, dl = 03, A= 03, P = 15, ST = 1, ll = 2, € = 15, m; = 11, ) = 1, and
A = 0.1, represents tanh-type bright soliton. These solutions exhibit maximum amplitude at the center
and approach a constant value background at infinity, which makes them well-suited for describing
optical pulse transmission in nonlinear optical fibers. The pulse amplitude depends on the factor b,
and the nonlinear coeflicients (k;,m); a larger value leads to higher and narrower peaks. Increasing
dispersion d; makes the pulse wider and lowers its peak, reflecting the dispersion nonlinearity balance.
Noise intensity € affects amplitude decay: at moderate noise (e.g., € = 0.5), the envelope decays more
slowly than in the noiseless case (e =0), helping the pulse to stay stable for a while. At large noise
amplitudes, fluctuations increase and coherence degrades.

Figure 3 with parameters B = -1,b; = 1.1, wo=-1.1, H=1,n=04,6 =0.6,v =1,n; = 0.01,
ky =03,d=03,A=03,P=15, 57 =1, =2,e=15,m =1.1,a; = 1, and 4 = 0.1, depicts
rational soliton, which is strongly localized in space and decays algebraically. These solutions describe
localized excitations in physical systems such as magneto-optic waveguides and plasmas, where energy
is limited to a small region. The depth of the notch is controlled by amplitude parameters (e.g., 1) and
nonlinear factors, while its width is set by the dispersion d;. Noise intensity € affects the background
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and the notch depth. Moderate noise causes slow relaxation and reduces the contrast, while a very
small € keeps the dark soliton almost unchanged.

Figure 4 represents the bifurcation scenario derived from the dynamical system. The diagram
illustrates the transition of equilibrium states, demonstrating a loss of stability and a qualitative
structural change in response to parameter variations. Higher dispersion d; or large nonlinear
coeflicients displaced the bifurcation threshold. wy does not affect the bifurcation threshold. At small
values, noise intensity € stabilizes the system and delays bifurcation, whereas large € speeds up the loss
of stability.

Figures 5-7 illustrate the chaotic dynamics of the coupled system. The time series, phase portraits,
and chaotic attractors reveal irregular oscillations and sensitivity to initial conditions. These plots
emphasize the parametric dependence of the chaotic waveform under changes in dispersion, soliton
velocity, and nonlinearity. Variations in soliton velocity w, modulate the oscillation frequency,
dispersion d; enlarges the chaotic envelope, and nonlinear coefficients (k;, m,) determine the intensity
of fluctuation strength. The stochastic parameter € modulates dynamics: moderate levels (e.g., € = 0.5)
yield partial stabilization with smoother attractors, while larger levels (e > 1) amplify the fluctuations,
expand attractor basins, and intensify chaotic divergences. Overall, these figures demonstrate the
coexistence of deterministic chaos and stochastic effects within the nonlinear wave system.

Figures 9 and 10 depict the Lyapunov exponents of the coupled nonlinear system, offering a
quantitative measure of stability and chaotic behavior. Negative values of the Lyapunov exponents
denote stable soliton propagation, whereas positive values signify chaotic behavior with sensitivity to
initial conditions. The parameter dependence of the maximal Lyapunov exponent clearly indicates
a transition between stability and chaos. An increase in the dispersion coeflicients d; broadens the
domain of stability, whereas stronger nonlinear effects diminish it. The soliton velocity w, changes the
positions of the transition points without modifying the intrinsic qualitative nature of the dynamics. The
stochastic parameter € exerts a strong influence on the Lyapunov spectrum: intermediate noise (€ = 0.5)
lowers the maximum Lyapunov spectrum, indicating noise-induced stabilization, while higher levels
(e > 1) amplify the exponent, reinforcing instability and accelerating the onset of chaotic dynamics.

Figures 11 and 12 analyze the system’s susceptibility to variation in initial states and perturbations
of control parameters. The results highlight that even small changes in initial states or system
parameters yield significantly different solution trajectories, evidencing the inherent chaotic and
stochastic dynamics of the nonlinear model. Figure 11 demonstrates trajectory divergence under
small perturbations in the initial amplitude, representing a canonical signature of deterministic chaos.
Figure 12 depicts the pronounced sensitivity of solution profiles to soliton velocity wy, wherein
even minimal variations generate substantial deviations. Figure 13 examines the stochastic effects,
demonstrating that under moderate noise (¢ = 0.5), the divergence between initially close solutions
slows down (indicating noise-induced stabilization), whereas at higher noise levels (e > 1), divergence
accelerates, increasing instability.

5.1. Implications of chaotic dynamics in magneto-optic waveguides

Chaotic behavior in magneto-optic waveguides, evidenced by positive Lyapunov exponents,
indicates that infinitesimal variations in initial conditions amplify exponentially over time. Such
sensitivity suggests that minor perturbations in light amplitude, phase, or polarization may cause
unpredictable alterations in the output, including amplitude fluctuations, waveform distortion, or timing
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jitter.

e Signal integrity: The exponential divergence in chaotic trajectories may reduce signal fidelity,
presenting significant challenges in high-speed or long-distance communications.

e System design: Active feedback or adaptive stabilization may be necessary to suppress chaos
and ensure a stable signal propagation, potentially through real-time modulation of the applied
magnetic field or waveguide refractive index.

o Exploitation potential: Conversely, the controlled utilization of chaos may enable applications
such as optical communication or random number generation, leveraging sensitivity to initial
conditions for unpredictability and encryption strength.

6. Conclusions

In this study, we systematically analyzed dynamics in coupled magneto-optic waveguides via the
generalized Arnous method for stochastic Schrodinger—Hirota equation. NLPDE was converted into
PDE through traveling wave transformation. After that, the construction and implementation of the
generalized Arnous method applied to the proposed Eq (1.1) demonstrated the applicability of our
model. We successfully constructed a wide range of solitary wave solutions, including dark, bright,
and kink structures. The obtained solutions, including logarithmic, exponential, trigonometric, and
multi-wave structures, show rich nonlinear behavior and reveal that the system can exhibit chaotic
dynamics, as confirmed by positive Lyapunov exponents. This reflects a strong sensitivity to initial
conditions, showing that even small perturbations in input amplitude, phase, or polarization may
lead to significant signal distortion. The exact solutions obtained in this study exhibit distinct
physical characteristics. The bright and dark soliton solutions represent stable localized pulses in
optical fibers, where dispersion and nonlinearity counterbalance each other. Through stability and
phase-space analysis, we showed that small perturbations preserve the soliton structure, while larger
parameter variations may trigger quasi-periodic or chaotic responses. These properties demonstrate
that the derived solutions are not only mathematically valid but also physically relevant for modeling
nonlinear wave propagation in realistic optical systems. Despite these findings, the present study
has certain limitations. Only the nonlinear term with n=1 has been considered, and higher-order
nonlinearities, multi-dimensional interactions, and parameter variability effects have not been explored.
Consequently, the current analysis is restricted to a specific parameter regime, and the effect of multiple
interactions among multiple solitons or higher-order effects remains to be investigated. Future work
should extend the analysis to higher-order nonlinear terms and multi-dimensional soliton interactions,
such as lump soliton collisions and fusion. Such studies would provide deeper insight into the practical
capabilities and limitations of magneto-optic waveguides in real-world optical systems.
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