AIMS Mathematics, 10(10): 22869-22882.
DOI:10.3934/math.20251016

ATMS Mathematics Received: 09 August 2025

Revised: 12 September 2025

Accepted: 18 September 2025
https://www.aimspress.com/journal/Math Published: 09 October 2025

Research article

A new aftertreatment technique for the Mittag-Lefller function of a
fractional nonlinear SIR-epidemic model

Laila F. Seddek'”, Abdelhalim Ebaid?, Essam R. El-Zahar' and Mona D. Aljoufi’

! Department of Mathematics, College of Science and Humanities in Al-Kharj, Prince Sattam bin
Abdulaziz University, P.O. Box 83, Al-Kharj 11942, Saudi Arabia

2 Department of Mathematics, Faculty of Science, University of Tabuk, P.O. Box 741, Tabuk 71491,
Saudi Arabia

* Correspondence: Email: l.morad @psau.edu.sa.

Abstract: This paper introduced a new aftertreatment technique for solving a fractional nonlinear
Susceptible-Infectious-Recovered (SIR)-epidemic model. The proposed approach reformulated the
power series solution via incorporating the Laplace transform and its inverse. Basically, it applied the
Laplace transform to convert the series solution into different Padé-approximants involving Laplace’s
parameter with arbitrary order. This procedure facilitated the method of deriving the inverse Laplace
transform explicitly, as a final step, using basic special functions in fractional calculus. Our analysis
was capable of obtaining a sequence of closed-form approximations in terms of the Mittag-Lefller
functions. The current results may be provided for the first time regarding the Mittag-Leffler solution
of the fractional SIR-model. Additionally, the outcome of this analysis revealed that our approach was
not only effective but also applicable to a wide range of fractional differential equations and systems.
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1. Introduction

Fractional calculus (FC) is a generalization of classical calculus to non-integer order derivatives and
integrals [1,2]. It has gained prominence in modeling complex dynamical systems that exhibit memory
and hereditary properties [3—5]. One of the foundational functions in the FC is the Mittag-Leffler
function (MLF), which plays a critical role in the solutions of fractional differential equations (FDEs).
Its relevance has been increasingly highlighted in the modeling of epidemic dynamics [6], particularly
in infectious diseases [7-9], the SIR framework extended to fractional-order systems [10-12] and
the asymptomatic transmission [13] in addition to COVID-19 modeling in India [14, 15] using
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variable-order operators [16, 17] and fractal-fractional operators [18, 19]. Fractional SIR models
replace the integer-order time derivative with a fractional Caputo or Riemann-Liouville derivative,
allowing for more flexible and realistic descriptions. Although classical calculus is basically used
to model infectious diseases [20, 21] including COVID-19, Sars-Cov-2 in Europe [22] and other
countries [23-25], the fractional modeling is viewed as a generalization of such results. The present
fractional SIR-model generalizes the ordinary dimensionless model [26,27], and it takes the form:

§DIR(T) = I(7), (L.1)
OCD‘T’I(T) =0 [l =-R(t)-I(7)]I(T) - I(7), (1.2)

where 7 = ¢/T is the normalized time, ¢ is the time in days and 7 is the time of transmission of the virus.
I(7) and R(7) denote the infected and the recovered individuals, respectively, while S (1) represents the
susceptible individuals S (1) = 1 — R(7) — I(7) and o is the transmission rate (physical contact number
between susceptible and infected individuals). The present fractional model implements the Caputo
fractional definition. As @ — 1, the system (1.1)-(1.2) reduces to the classical form.
The initial conditions (ICs) are
RWO)=A4, I1(0) =B. (1.3)

The study of FDEs relies on both analytical and numerical approaches due to the challenges
associated with obtaining closed-form solutions. Analytical methods involve finding exact or
approximate closed-form solutions using special functions like the MLF [28, 29]. The Laplace
transform (LT) is commonly employed in conjunction with fractional derivatives, where the transform
of a Caputo derivative leads to algebraic equations in the Laplace domain. The inverse LT often
introduces the MLFs into the solution [30,31]. The objective of this paper is to introduce a new
aftertreatment technique to treat the fractional SIR-system (1.1)-(1.3). A first-step of this approach
is to obtain the standard series solution, then applying the LT to establish different diagonal Padé-
approximants in terms of Laplace’s parameter. By inverting such Padé-approximants one can finally
get different closed-form approximations in terms of the MLFs. The main advantage of the proposed
aftertreatment is that it gives better analytical approximations in closed forms in terms of the MLFs.
Also, it overcomes the slow convergence of the standard power series solution and consequently,
the aftertreatment is found applicable in a wider domain. To the author’s knowledge, the present
aftertreatment may be suggested for the first time for obtaining the MLFs of the fractional SIR-model.

2. Basic definitions and rules in FC

The Riemann-Liouville fractional integral (RLFI) of order « is defined by [31]:

1 Ty

@) Zapyen Z, a>0, 7v>0. 2.1
0 _

olf)’(T) =

Assume a # 0 denotes the order of the derivative such that n — 1 < @ < n. The Caputo fractional
derivative (CFD) of a function y(z) is defined by [31]

§D2y(1) = = (2.2)

(03
dr e

d'y(r) {ﬁ =2y (dz, if n-1<a<n,
if @ =n.
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Basic properties of the CFD and the RLFI are

§D?(constant) = 0,

Cpnarr — Lo+ r—a

o D7 = e (2.3)
v r — _Lr+l) r+a

i T = e

The MLFs of one parameter and two parameters are defined by

_ o Zm _ 0 Zm
Eo(z) = mZO Tam Ty Eee@ = mZO Tamss @ 08>0 (2.4)

For a straightforward analysis of the present aftertreatment technique, the following equality is
essential:

(s - « 1
£ l(sa +w2) = 7 Eqp(-w’1%), Re(s) > ||, (2.5)

for the inverse LT of some expressions in terms of the MLFs, given as

L(£5) = Eal=1),

s¥+1

L7(55) = 1 Eaa(-0?1"),  Re(s) > |o?)s, (2.6)
L7(555) = "Eaan (=07, Re(s) > |7

3. Power series solution (PSS)

This section derives the PSS of the governing system (1.1)-(1.3). Our approach is based on assuming
R(7) and I(7) in the forms:

o a, T N
R(7) = — I = L 3.1
® ZO Tan+y @ ZiT(an+ 1) G-D
Employing the properties (2.3) yields
CD"R(T) = N ﬂ CD“I(T) = N M (3.2)
0T LiT(an + 1)’ 0T LiT(an+ 1)’ ’
and
O N (ar + b)byy 7"
R I() I(7) = . 3.3
(R + ) 1) ;; T(ak + DM@ — k) + 1) (33)
Substituting Eqgs (3.1)—(3.3) into Eqs (1.1) and (1.2) and collecting like powers, then
i T(an+1)
N " C (ar + bi)b,
— | b1 — (00— )b, T 1 =0. 3.5
;F(an+1) = (0= Db +ollon + )kzz(;l"(ak+1)l“(a(n—k)+1) (35)
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Accordingly, we have the recurrence scheme:

apyl = bna

(ax + Di)bu—i (3.6)
, n>0.
+ DIl(a(n—k)+ 1)

b1 =(c-1Db,—ol(an+1)
kzz(; I'ak

Applying the ICs (1.3) on Eq (3.1) requires ay = A and by = B. From algorithm (3.6) at n = 1, we get

alzB, blzB,ul, ,ulza'(l—A—B)—l. (37)
At n = 1, we obtain
a, = Buy, by = Buo, (3.8)
where
p2 = 12— 0B + D). (3.9)
Similarly, one can obtain
az = Bu,, b3 = Bus, (3.10)
where Il + 2)
+ 2«
ﬂzzﬂlﬂz—O'Bﬂl(,Ul‘Fl)m—O'B(ﬂl+,Uz)- (3.11)

Following the same analysis, we obtain
a; =Bui_y, bi=Bu;, i>1. (3.12)
As a summary, the magnitudes y; fori = 1,2,3,..., 6, take the form:
p=o(l-A-B)-1,
po = 112 — By + 1)

H3 = pipy — o Bug(uy + 1)&%:35))2 - 0B + o),

ps = pupts = T Bl + 1) + G + )l ritas = 0B (2 + p13). (3.13)
1+4a 1+4a

Ms = ﬂl/l4—0'B/12(/J1+ﬂ2)ﬁ—O'B[,U3(M1+1)+/11(M2+ﬂ3)]%—0'3(/13+ﬂ4),

Sa
He = pipts — o Blus(un + p2) + po(u + /13)]%—

T Blpaur + 1) + (3 + 1) oo — 0B (s + pis).

Thus, R(7), I(T) can be approximated as

B¢ B T2(z B T3a B T4(l B TS(t B T6a
i + H2 + H3 + H4 + Hs

k(= A+ I'(l+a) ’ I(1+2¢) T(+3e) I(l+4a) T(+52) TI(1+6a) T

(3.14)

and

B a B 2a B 3a B da B Sa B 6
I=B+ it St | Gt | Bt | BT BT (35
M+a) T'U+2a) TAd+3a) I'l+4a) TI'(d+5a) I(1+6a)
where y;, i = 1,2,3,...,6, are already defined. Other higher terms can be derived as desired through
the algorithm (3.6). However, the first few terms of the series (3.14) and (3.15) are sufficient to
construct three different approximations in terms of the MLFs through the developed aftertreatment

technique (Section 4), given later by Eqgs (4.15) and (4.30).
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3.1. Exact solution via MLF: special case

This section shows that the PSS (3.14), and (3.15) can be converted to exact forms under the
condition A + B = 1 (the number of susceptibles is zero at initial time). Although this condition
seems rare (or invalid), it can be occurred under specific rare occasions such as the lockdowns imposed
by some countries during the spread of COVID-19. Under such extreme conditions, the number of
susceptible individuals may sharply decrease, perhaps even reaching zero. Even if this condition is
not met, this section introduces the exact solution from a pure mathematical perspective. The above
condition implies y; = pu3 = uy = —1 while u, = uy = ug = 1. Therefore, the series (3.14) can be
expressed as

[ee)

(—)"
R(t)=A-B ———— —1|({=1-BE, (-7%). 3.16
(7) 24 T + 1) (=7%) (3.16)
Also, the series (3.15) becomes
o ()"
I(t) =B ———— = BE,(-1%). 17
(7) ,,,Zzoﬂmmh o (=7 (3.17)

One can directly see from (3.16) and (3.17) that I(7) is the CFD of R(t) which satisfies the first equation
of the system (1.1)-(1.3). The second equation can also be verified via direct substitution under the
constrain A+ B = 1, while the ICs (1.3) are automatically valid. Additionally, as @ — 1, the expressions
(3.16) and (3.17) reduce to R(t) = 1 — B e ™ and I(t) = B e™", respectively. This agrees with the
corresponding solutions in [32] for the ordinary SIR-model.

4. A new aftertreatment technique

This section proposes a new aftertreatment technique to treat the series solutions (3.14) and (3.15).
The idea is based on applying the LT on the series, then establishing the Padé approximants of the
transformed series, and finally applying the inverse LT to express the approximate solution in terms of
the MLFs in different forms.

4.1. Diagonal Laplace-Padé approximants for R(t)
Assume that R(s) = L{R(7)}, then the LT for the series solutions (3.14) is

= A B  Bu  Buy Bus  Bus  Bys
R(s) = n + gat] + 2atl + Batl + Ghatl + gSarl + a1 T (4.1
or equivalently
— 1
R(s) = §¢(S), 4.2)
where B Bu, Bu» Bus Bus B
o(s)=A+—+ ”1+'u2+ “3+ ’u4+ ’u5+ 4.3)
5 SZa s3a S4a SSa S6a
If s = 1/s%, then
#(s1) =A+ Bs; + B,uls% + B,uzs? + B/J3s? + B,u4s? + B/,tss? +.... “4.4)
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The [L/L]-diagonal Padé approximants for ¢(s;) are denoted by ¢;,1,(s;) and defined by

PLO+PL1S1+PL2S%+"'+PLLSf

1+ Quisi+ Qs+ + Qrrst

Prryni(s1) =

For L = 1,2, 3, we have

— PotPiisi
dums)) = Fo5
P20+P21S1+P225%

s1) =

¢[2/2]( 1) 1+02151+00s3

¢ (S ) _ P30+P3151+P325%+P33S?
[3/318°1 1+03151+03n 57 +033s]

4.5)

(4.6)

The quantities Prg, Pr1, Pro, Qr1, and Qy,, (L = 1,2, 3) can be determined through concepts of Padé-

approximants. In terms of s, we can write

_ Pios™+Pu
¢yn(s) = 105
¢ (S) _ P20S20+P21S‘Y+P22
[2/2] - 52n+Q2] Sa+Q22 s
¢ (S) _ P3OS3(Y+P3]S2(Y+P325(Y+P33
[3/3] - 53(Y+Q3152"+Q32SU+Q33 b}

or, equivalently,

on/m(s) = P + PuPuoon

s*+011
_ (P21=P20021)s* +(P22—P20022) _ g15%+0)
Pr2/21(s) = Pao + 400 =P+ Goneme 2
_ (P31=P30031)s° +(P32—P30032)s" +(P33—P30033) __ AT+ A%+ A3
P13/31(8) = Pso + 50+ 03) 527+ 0375+ 033 =P + (s7=p1)(s¥=p2)(s¥=p3)’

where

o1 = Py — PyQ1, 02 =Py —Py0n,
A1 = P31 — P30Q31, Ay = Py — P30Q3, A3 = P33z — P30033,

and r; and r, are two distinct roots of the quadratics equation:
r*+ Qur+ 0xn =0,
while p;, p», and p; are three distinct roots of the cubic equation:
P>+ 031p” + Qnp + 033 = 0.
In view of (4.8), we have

_ Py —P1o0On
bum(s) = Pro+ =75

A h
br2(8) = Py + o= + o=

s¥—rq s¥=rp’

— kl kz k3
Gi3/31(8) = Pao + 5 + oy + 5
where
o1r; + 0 o1+ 0>
= = 2
ry—n r—r
2
¢ p3 + opr + A3 ' 1p% + opr + A3 L A1p5 + p3 + A3
1= 2 = 3=

- (o1 — p2) (o1 —103), - (o2 — p1) (P2 —P3)’ - (o3 — p1) (o3 —Pz).

4.7)

(4.8)

4.9)

(4.10)

4.11)

(4.12)

(4.13)
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Inserting (4.12) into (4.2) yields

i) _ P (P11=P10Q11)s”"

Rum(s) = F++ =55,

D _ Py h1S71 hz.fl

Rpp(s) = 2+ 5 + 5 (4.14)
R _ P kys~! kps~! ks~

Riapi(s) = 52+ G + 5oy + sy

Applying the inverse LT on Eq (4.14) gives
Ri(m) = Pio+ (P11 = P1oQi) 1"Eq 041 (=01117),
Rp22)(T) = Poo + it Eq i1 (r11%) + hot"Eg o41 (121%) , (4.15)
Ri3/3)(7) = P3g + kit Eq q41 (011%) + kot Eg o1 (0217) + k3t E o011 (0317) .

Equations (4.15) can be viewed as analytic approximations for the recovered individuals R(7) using the
diagonal Padé approximants [L/L], L = 1,2,3. Such approximations are explicitly obtained in terms
of the MLFs for the first time.

4.2. Diagonal Laplace-Padé approximants for I(T)

Assume that I(s) = L{I(t)}, then the LT for the series solutions (3.15) is

= A Buy  Bup  Bus  Bus  Bus | Bus
+ + +
s Sa+1 S2<x+ 1 S3a+1 S4(l+1 sSa+1 S6a+ 1

+..., (4.16)

or equivalently

- 1
I(s) = ;l//(s), (4.17)
where B B B B B B
wis)=A+2H 4 ’52+ g3+ f4+ ’?5+ ’56+.... (4.18)
s 57 §2¢ s $2 s
Employing s; = 1/s leads to
U(sy) =A+ Buys; + B,uzs% + B,u3sf + B,u4s‘f + B,u55? + Bu6si’ +.... (4.19)

Similar to the previous section, the [L/L]-diagonal Padé approximants for y(s;) are defined by
Y (s1) as follows:
Upp+ Ups) + ULzs% + -+ ULLSIL

Y (si) = (4.20)

1+ Vs + VL2S% R VLLSIf
For L = 1,2,3, we have
— UiotUiisi
Yum(s) = e

U20+U2151+U225%

Yro(s1) = Vo Vms 4.21)
Yi3(s1) =

U30+U31S1+U32S%+U33S?
1+V3|S1+V32S%+V33S? :

The quantities Uy, Uy, U, Vi1, and Vi, L = 1,2, 3, are well-defined from Padé-approximants. In

terms of s, we can write

_ Ujps®+U
Yum(s) = =G

Wioyy(s) = L UnssUn (4.22)

S2E4 Vo s +V
w (S) _ U30S3“+U31_S‘20’+U32S"+U33
[3/3] - 304 V315204 Var 50+ Va3  °
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or equivalently

_ Ui-UyoV
Yum(s) = Ui + =mi ™

_ (Uz1=Up0V21)s¥+(Uap—UsV22) _ Y15 +y2
w[Z/Z](S) - U20 + 32"+V221(§”+V22 : (1]20 + (s"—z))(s7—22)° ” .

_ (U31=U30V31)s7" +(U3p—U30 V32)s" +(P33—U30V33) _ 18~ 428" +13
Yam(s) = Uso + Ve s Vigst Vs = Uso + gymare 2

where

vi = Us = UxpVai, y2 = Up — UyVa,
m =Usz —UsV31, 1m=Usp—UsV3, n3="Usz—UsVss,

and z; and z; are two distinct roots of the quadratics equation:
2+ Vayz+ Vyp =0,
while &}, &, and &; are three distinct roots of the cubic equation:
E + Vg + Viné + Va3 = 0.
In view of (4.23), we have

Ui1y(s) = Uy + LoV

sY+V11
_ ! /
Yo(s) = U + 7 + 75
—_ nm my m3
Yps(s) = Uso+ o + g + g
where
Yiz1 + Y2 Y122 + V2
Ly =————, Lh=————,
71 — 22 22—
2 2 2
méy +mér + 13 mé&s + mér + 13 més +mé +n3
my my = ms =

B & -&)E-&) (&G -E)(E-&) (&G -E)(E-&)

Substituting (4.27) into (4.17), it then follows:

7 _ U (U11=UioVi1)s~!
I[]/l](S) ) + SY+Vi s

T _ Uy 113‘71 leil

Iio(s) = = teg T e

7 _ Us mys” mys! mzs”!
Ip($) = T+ G + o + gy

Taking the inverse LT on Eq (4.29) we obtain

In@) = U+ Uy = UpVi) t"Eg g1 (=V111%),
Lipo)(1) = Upg + Lt Ef 41 (2i1") + Lt E g 441 (2217)

Ii331(7) = Usg + mit" Eq g1 (6117) + M2t E gy gi1 (E217) + M3t Ey 011 (E317) .

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

Equations (4.30) represent the analytic approximations of the infected individuals I(7) using the

diagonal Padé approximants [L/L], L = 1, 2, 3, in terms of the MLFs.
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5. Numerical example

In order to demonstrate the effectiveness and practicality of the current method, a concrete
numerical example is examined in this section. Also, this example demonstrates the efficiency of
the aftertreatment technique over the standard PSS. For numerical purposes, the N-term approximate
solutions for R(7) and /(7) are defined as

N-1 N-1
(@ =Y Ri(@),  Qu(@) = )" 1), (5.1)
n=0 n=0

respectively. To examine the convergence of the approximate solutions (5.1), the approximations y,(7),
X3(7), and y4(7) are displayed in Figure 1 while y5(7), y6(7), and y7(7) are represented in Figure 2 at
certain selections of the physical parameter A, B, o, and «. In view of these figures, it can be noticed
that the domain of convergence is enlarged as the number of terms increases as usual. Additionally,
Figures 3 and 4 confirm this point for the approximations Q,(7), Q3(7), Q4(7) (Figure 3) and Qs(7),
Q(7), Q7(7) (Figure 4). Consequently, the number of terms N of the PSS can be increased to achieve
the desired domain of convergence.
R(m)

0.0006
0.0005 |

0.0004 |-

0.0003 |- Ya®
[ = Xx3(7)
0.0002
[ - Xa(1)

0.0001 -

2 4 6 8 10

T

Figure 1. Plots of the approximations yn(7) (N = 2,3,4) for R(7) at @ = 0.75, o = 0.95,
A =0, and B = 0.0001.

R(®)
00014
00012

0.0010 -

0.0008

Xs(7)

0.0006 -
r - xe(7)

0.0004 [- - x@

0.0002

I L L L I L L L I L L L I T

Figure 2. Plots of the approximations yy(7) (N = 5,6,7) for R(t) at @« = 0.75, o = 0.95,
A =0, and B = 0.0001.
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I(7)
0.0001
Qommg""..‘.".-------____——-—-——-—-—-—-—-—-—-—-—

0.00006 -

(1)
L - Q30
0.00004 - - o

0.00002 -

I L L L I L L L I L L L I L L L I T

2 4 6 8 10

Figure 3. Plots of the approximations Qy(7) (N = 2,3,4) for I(1) at @« = 0.75, o = 0.95,
A =0, and B = 0.0001.

I(1)
0.0001

0.00008

0.00006

0.00004

0.00002 -

| . . . | . . . | . . . [
20 40 60 80

Figure 4. Plots of the approximations Qy(7) (N = 5,6,7) for I(t) at @« = 0.75, o = 0.95,
A =0, and B = 0.0001.

On the other hand, Figure 5 shows the behavior of the Mittag-Lefller approximate solutions Ryz,.;(7)
(L = 1,2,3), Eq (4.15), at the same set of the parameters values. Comparing Figure 5 with the PSS
in Figures 1 and 2, one can detect that the domain of convergence is enhanced through the developed
aftertreatment technique. This conclusion can also be confirmed when comparing Figure 6 for I;;,1,(7)
(L =1,2,3),Eq(4.30), with the PSS in Figures 3 and 4. This numerical example would provide a direct
evidence of the method’s capability to handle complex models in physical or engineering contexts.
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R(™)
0.0020 -

0.0015 -

L Ry1(1)
0.0010 r — Ry

- Rz

0.0005 -

S S S
50 100 150

Figure 5. Plots of the Mittag-Leffler approximate solutions (4.15) for R(7) at @ = 0.75,
o=095,A=0,and B = 0.0001.

I(7)
0.0001

0.00008

[ l/m(@
0.00006 r — |[2/2] (1)

- gz

0.00004

0.00002 -

50 100 150

T

Figure 6. Plots of the Mittag-Lefller approximate solutions (4.30) for /(1) at « = 0.75,
0 =095 A=0,and B =0.0001.

6. Conclusions

A new aftertreatment technique was developed to solving a fractional nonlinear SIR-epidemic
model. The suggested approach converted the standard series form into different equivalent
approximations by means of the Laplace transform and its properties via different Padé-approximants.
The obtained approximations were given as closed-forms in terms of the MLFs. The proposed analysis
can be viewed as a new approach for solving the fractional SIR-model. Moreover, the present analysis
can be effectively extended to include a wide range of other fractional differential equations/systems.
The main advantage of the developed approach is its capability of obtaining different approximations in
terms of the MLFs in a straightforward manner. Once the standard power series solution is established,
the new approximations via MLFs are easy to construct by the help of the series coefficients. This may
deserve further extension to include other complex models with vaccinations such as [33].

Moreover, the aftertreatment technique transforms a possibly slowly convergent or structurally
complex power series into a compact closed-form expression composed of a few MLFs. Conceptually,
this is analogous to a filtering process in signal processing as potential applications, where Padé
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approximation effectively smooths the series. For instance, this method may be applied to process
noisy experimental data and fit it to fractional-order models.
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