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backstepping-sliding-mode (BSM) composite control structure is proposed: a dynamic time-varying
sliding-mode surface is integrated into the final step of the backstepping design, effectively
suppressing matched disturbances and simplifying the implementation complexity. Specifically
speaking, 1) for systems with known nonlinear terms, time-varying gains are directly embedded
within the backstepping virtual control laws to achieve PTS; 2) for the case of unknown nonlinear
terms, by combining adaptive laws with the BSM framework, the controlled system is guaranteed to
converge within the prescribed-time and maintain globally stability thereafter. Moreover, the
prescribed time T, is designer-prespecified and does not depend on initial conditions or controller
gains. Finally, two numerical simulation examples validate the convergence performance and
robustness of the proposed approaches.

Keywords: nonlinear strict-feedback systems; sliding-mode control; backstepping method; adaptive
control; prescribed-time control
Mathematics Subject Classification: 93C10, 93D05



https://doi.org/10.3934/math.2025983

22792

1. Introduction

Nonlinear dynamics are prevalently applied in various fields such as aerospace, electromechanics,
and chemical engineering, and the stability remains a core challenge [1]. Convergence speed and
steady-state accuracy are critical indexes for control performance evaluation [2]. Traditionally
asymptotic stability ensures systems gradually converge, but typically requires infinite time,
rendering them unsuitable for practical applications with rapid responses [3-5]. Subsequently, a
finite-time control strategy has been proposed to enable precise convergence within finite time,
whose convergence time depends on initial states and tunable parameters [6-8]. Further, fixed-time
control emerged to feature convergence time dependent solely on design parameters, independent of
initial conditions [9,10]. Yet, the above issues still restricted convergence time to parameter-defined
intervals [11,12].

To address the above limitations, prescribed-time stability (PTS) control drives the system state
to the equilibrium exactly at any designer-specified time, regardless of initial conditions and
controller parameters [13]. This approach of [13] garnered extensive attention, and was applied in
linear systems, strict-feedback systems, and temporal control of PDE systems [14-16]. Nevertheless,
many existing studies (e.g., [17,18]) focused on reaching PTS within the prescribed time and rarely
addressed how to maintain stability after the prescribed time, which demonstrated a drawback for
mission-critical scenarios such as missile interception or spacecraft docking with post-convergence
robustness [19].

Many recent studies on prescribed-time stability (PTS) have focused on uncertain nonlinear
systems [19,20], achieving exact convergence at a designer-specified time and remaining stable
thereafter, yet typically under disturbance-free assumptions. Given that robust sliding-mode
control (SMC) excels at rejecting external perturbations [21-23], SMC was embedded into the PTS
framework to secure prescribed-time convergence for disturbed nonlinear systems [24]; however, the
design in [24] presupposed accurately known dynamics and therefore handled parametric
uncertainties poorly. In addition, backstepping-sliding-mode (BSM) designs for systems were widely
reported [25,26], integral backstepping with integral/terminal (including fractional-order) sliding
surfaces further achieved fast or finite-time performance [27], and backstepping was also validated
on self-balancing two-wheeled EVs [28]. Furthermore, in the BSM literature, adaptive
backstepping was fused with second-order SMC to obtain asymptotic stability for uncertain
nonlinear systems [29-30]. Nonetheless, second-order sliding surfaces increase computational
burden and require higher-order derivatives, complicating real-time implementation. Moreover,
existing BSM schemes (e.g., [25-27,29-30]) remain confined to asymptotically or finite-time
guarantees rather than prescribed-time control, leaving the settling time dependent on initial
conditions and controller gains. However, PTS is known to enable the designer to preassign a desired
convergence time in advance. These observations motivate three open questions: 1) How can we
realize PTS for disturbed deterministic or uncertain nonlinear systems while safeguarding
post-convergence stability? 2) Can the BSM method be upgraded to meet the stricter PTS
requirement? 3) Can a computationally expensive two-order sliding surface be replaced by a cheap
method, such as a first-order sliding sufrace, to simultaneously reduce complexity and preserve PTS
in the presence of disturbances?

Motivated by these insights, this paper proposes a novel prescribed-time robust controller for
nonlinear strict-feedback systems, integrating the backstepping approach with sliding-mode control
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to ensure precise prescribed-time convergence and sustained stability thereafter. The key
contributions of this work are summarized as follows:

(1) Unlike existing BSM composite frameworks, which have not effectively addressed the PTS
problem and often fail to remain stable after the prescribed time under external disturbances, the
proposed method achieves precise convergence within the prescribed time and guarantees global
stability in the presence of bounded disturbances.

(2) We are the first to realize a prescribed-time BSM scheme by embedding a
designer-parameterized, time-varying, first-order sliding surface at the terminal recursion. This
makes the prescribed time an explicit design knob and comes with well-posedness and
post-prescribed-time robustness guarantees.

(3) In contrast to most existing approaches that rely on second-order sliding-mode control, this
work only introduces a time-varying sliding-mode surface with a first-order sliding-mode framework
for strict-feedback systems, which simplifies the controller structure, reduces implementation
complexity, and preserves strong robustness against matched disturbances.

2. Preliminaries

Consider the following nonlinear strict-feedback system:

{;i(t) = (i1 (0) + fi_(Zi):i =12..,n-1, (1)
(n () = v(t) + fn($n) +d(2),

where {;(t) € R is the system state, {; = [{1,{o,...,¢]" € RY, ¢(t) = ,, v(t) is the control
input, £;(-):R* — R is locally Lipschitz with £;(0) =0, i = 1,...,n, and d(t) represents external
disturbances.

For system (1), we aim to propose a prescribed-time controller based on a BSM approach to
ensure that the system precisely converges to equilibrium within the prescribed-time T, and
maintains stability thereafter.

Remark 1. Prescribed-time (or predefined-time) stability builds directly on the framework of
fixed-time stability (FXTS). The first formal FxTS definition and constructive feedback designs with
a uniform settling-time bound independent of the initial conditions were given by Polyakov [9], and
later extended using bi-limit and homogeneous Lyapunov tools [31,32]. These results motivated
generalizations where the designer assigns an a priori upper bound T, for the settling time with
explicit constructions [33]. More recent work provides Lyapunov-like characterizations and
time-scaling methods that generate broad classes of FXT systems with a predefined (often least)
upper bound, unifying autonomous/non-autonomous cases [34-36]. Our analysis follows this lineage:
we adopt the prescribed-time notion (weak version, T(x,) < T,) and show how it can be realized
within a backstepping-sliding-mode framework under disturbances.

Remark 2. System (1) belongs to the classical block-controllable canonical (regular) form: the state
is partitioned into blocks and used sequentially as quasi-inputs so that the synthesis decomposes into
lower-dimensional “elementary” subproblems, where the single-input case reduces to the
well-known chain-of-integrators representation. As is known, this block principle, together with
motion-separation and hierarchical design, was systematically developed in the foundational
literature on block control and regular forms [37-39]. Therefore, the structural reformulation adopted
here is standard; our novelty does not lie in the form itself but in upgrading a simple BSM
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framework to achieve PTS.

Assumption 1. d(t) is measurable and essentially bounded, i.e., there exists a known A > 0 such
that |d(t)| < A4, vVt = 0.

Definition 1. [20] For given T, >0, if u(t) >0,vt €[0,T,), u(t) > +w as t—->T, , and

tiig_(Tp — t)u(t) = p, where p is a positive constant or approaches infinity, then u(t) is termed
as a prescribed-time adjustment (PTA) function.
Lemma 1. [40] Let T, > 0, u,(t) = ﬁ and V:[0,T,) = [0,+0o0) is C*. If there exist constant
k > 0 and a function d(t) such that

V() < -k (OV (D) + |d(0)|. t € [0,T;), (L-1)
then V(t) isboundedon t € [0,T,) and tl_i)rTr;V(t) = 0.

Remark 3. In proposition 11 of [40], it is required that

V() S —km@OVO) +dOLA® = 5 (L-2)
Hence, our Lemma 1 is another form of Proposition 11 of [40].
3. Main results (controller design)

This section mainly presents the BSM controller to achieve prescribed-time convergence for
system (1). The BSM controller is discussed separately for the cases of known f;(-) and unknown
fi().

Define new u(t) =1/T, —t. For simplicity, u(t) and f;(-) will be denoted as p and f;.
Additionally, we divide the time domain into two stages: t € [0,T,) and ¢t € [T, +).

3.1. Prescribed-time control for known f;

Phase 1 (0 < t < T,). In order to simplify the analysis, the following state transitions are performed

for system (1):
{Zl = {11 (2)

Zi = {i - ai—l'i = 2,...,n,
where a;_, is the virtual controller and will be designed later. Take

1 -
Qn-1 = By ;lzl1 z}. 3)

In the following, a backstepping approach will be used to construct the prescribed-time controller for
Phase 1. It contains n steps as below.
Step 1. According to (1) and (2),

Z1=0+th =2+, + fi. 4)
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Design
ay = —C14z1 — f, )
where ¢, is a design parameter with ¢; > n. Choose Q, = ézf, and from (4) and (5),
Q1 = —Clizi + 212,. (6)
Step i (2 <i<mn-1).According (1) and (2),
L= =4 =4t fi-d 1=z v+ fi—dig (7)
Design

a; = —Cipzi — fi + @iq — 24, )

where c; is a design parameter with ¢; >n —i + 1. Choose Q; = Q;_; + %ziz, and from (7) and (8),

Qi = Qo1 + 2% = Quuq + 2i(Zig1 + ; + f; — Gi_1) = = Yoy Guz} + 2244, ©)

Step n. Similarly,
Zy = 611 —Upg =V + fr +d(t) — dp_1. (10)

A new dynamic sliding variable is designed as

s=zp+ Ty —t)z2p_q =2 + %zn_l, (12)
and thus
S=v+f+d(t) =ty —Znq + %z'n_l. (12)
Define
Qn = Qu-1 +552, (13)
and then
Qn=0Qn-1+s$ ==X quz? + 2,4 (s - izn_l)
+ 5+ fo + d(t) — Gy — Znq + iz'n_l). (14)
Next, v is designed as
V=—CplUS — fn+an_q — %Z.n—l — Asign(s), (15)

where c,, is a design parameter with c,, > 1. Then, from sd(t) < sAsign(s),
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: - 1
Qn =— ;l=12 CJ’“ZJ'Z —(cp—q + ;)/’Lzrzl—l — cps® < —cpQp, (16)

. 1
where ¢ = 2min{c;,...,cp_q1 + ;,cn}.

Remark 4. The sliding variable design (11) here is motivated by the fact that the unknown
disturbance directly affects the n-th subsystem. Accordingly, the time-varying sliding-mode
surface (11) involves only the n-th-order and (n — 1)-th-order error terms. This design effectively
suppresses high-order disturbances and accelerates the convergence of preceding error dynamics.
Additionally it simultaneously avoids the structural complexity and computational burden compared
with a conventionally global sliding-mode surface.

Phase 2 (t > Tp). Select the sliding variable s = z, + z,_,, and set up the virtual controller and the

controller:
a, = —¢121 — f1, a7
a; = —Cizi = fi + @i—q — Z_q, (18)
V=—CpS— fn+ Qn_1— Zn_q1 — Zn_1 — Asign(s). (29)
Similarly to (15), obtain
Q. <0. (20)

Remark 5. After the prescribed time is reached, the PTA gain u (see Definition 1) is fixed at u = 1.
Simply substituting this constant for the time-varying u of Phase 1 virtual and actual controllers
directly yields the Phase 2 controllers.

Theorem 1. For T,, > 0, one can design time-varying prescribed-time controllers (15) on [0, T,)
and (19) on [T,, +) such that system (1) with known f;(-) can converge to the equilibrium point
at T,, and remain stable thereafter.

Proof. Based on (16), due to Lemma 1, it is easy to obtain tli;n_Qn = 0, which implies tlip”L_Zi =
-Tp -Tp

tli;n_s =0, i =1,2,...,n. Further, for (4) and (5), we have
—Ip

5= 2O -2 + (7, - 0% [ 2 do @)

0 (Tp—o')cl

Then dividing it by (T, — t)* with k < ¢, one is able to get

- (22)

z
lim — = lim —2——.
t->Tp (Tp—t)k t->Tp~ (c1—k)(Tp—t)k-1

Then, when k =1,

Z1

tl_f;;‘l_ s =0= tl_}g}_zl =0= tl_}g)l_al =0= tl_%lr)l_zz =0= tl—fg,l‘fz = 0. (23)
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Similarly, we can easily get

Zi Zi+1—Zi-1 (24)

lim = lim
t5Ty~ (Tp=DFL (5T, (c—ky) (Ty—t)k1~V

where k; is adesign parameter with k; <c¢;, i = 2,...,n— 1. Thus,

Z3 Zy Z1

=0, lim

lim =0, lim =0= lima; =0
t-Tp

t=T Tp—t =T, (Tp—t)? "o, Tp—t
> lima,=0=> Ilimé&G=0=...2 lim{, =0, limf, =0. 25
t—»Tp_ 2 t_)Tp_(S t_)Tp_cn ) t—>Tp_fn ( )

S

= 0, and therefore lim_
(Tp_t) t-Tp (Tp_t)

Similarly to (24), we have tliTm_ = 0. Then due to (25), it is
~Ip

easy to confirm tli;n_v is bounded. Due to (20), we obtain Q,(t) =0,t = T,, and then {;(t) =0,
~Ip

t = T,. So it can be seen that the system remains stable even after T,,.

Remark 6. To cope with the discontinuity and the PTA gain that may blow up as t — T,,, trajectories
are interpreted as generalized Filippov solutions. On any compact interval not containing T,,, when
the closed-loop vector field is single-valued and locally Lipschitz, the classical Carathédory
solution and Filippov solution coincide. At ¢ = T,, we impose a continuous transition: there is no
state reset, and the trajectory for ¢ > T,, is initialized at the left limit, i.e., x(T,) = x(T, ). Under
standard Filippov regularity, such generalized solutions are continuable across T,, (see [41]). This
solution framework is adopted by this paper.

Remark 7. Reference [20] elegantly addressed adaptive prescribed-time stabilization for uncertain
strict-feedback systems in the disturbance-free case. The stability on [T,, +o0) is ensured by setting
v = 0. However, if the strategy of [20] is designed for system (1) here, the PTS on [T, +o0) will
not be achieved for the term d(t). Compared with that, our approach here well-ensures the stability
under external perturbations on [T, +o).

Remark 8. Compared with fixed-time controllers [9-11,31-32,42], whose settling-time bound is
independent of initial conditions but affected by controller gains, the proposed PTS scheme allows
the designer to preassign the convergence time T,, a priori. In contrast to the BSM scheme in [29],
which guarantees asymptotic stabilization and mitigates matched disturbances via the sliding layer,
the present method achieves prescribed-time regulation. For a continuous implementation by
replacing sign(-) by tanh(-/e) to avoid discontinuity, the post-T,, state becomes uniformly
ultimately bounded with the neighborhood radius being proportional to the boundary-layer width «,
which yields practical prescribed-time stability in the presence of implementation constraints.

3.2. Prescribed-time control for unknown f;

For the case where function f(-) is unknown, the adaptive control approach is adopted.
Assume each f; has the following linearly parameterized form,

fi6) =60"9i(8),i=12,....n, (26)

where ¢@;(-):R* - R” is known with ¢;(0) =0, 6 € R" represents an unknown constant
parameter vector, and we set ¢(-) = (¢4,...,9,). Based on this, system (1) is converted into a
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parametric-dependent model, and an adaptive law is designed to estimate 6 online.
To simplify the analysis, the following state transformation is introduced for uncertain system (1):

Wy =G
] 27
R e
where f;_; isthe virtual controller. In subsequent steps, we select
Q:W1+W29 W1 2 1W + S ’ W2:%§TI"—15’ (28)

where s is defined in (40) below, 8 = 0 — 8, 0 is the estimate of 8, and I' € R™" is positive
definite. The subsequent prescribed-time controller construction is based on the BSM method.

Phase 1 (0 <t <T)).
Step 1. According to (1), (26), and (27),

Wi =w, +f;+6070;. (29)
We design

B1 = —g1uwy — 67 1, (30)

where g, isa design parameter with g; > n. We choose Q; = %wlz + W,, and then

Q1 = _.91.UW12 +wiw, + gT(H - F_lg): (31)

Where 1 = W1§01-
Step 2. According to (1), (26), and (27),

_ ) 9B ~ 0 a
Wy =w3z+B,+0T9p,— B =ws+p,+607¢, — %9 Bl ((2 +67¢p;) — Btl- (32)
We design

By = —Ggotiw, —wy — 0T, + 6B1 FTZ +3z aﬁl ((2 +0Tpy) + 22 6'81 (33)

where g, is a design parameter with g, >n—1, 7, = 71 + wy (@, — %(pl). We choose Q, =

Q, + %wzz, and then

Q= —uXYi gwf +6"(t,— T~ 16?)+ WZ(FTZ—9)+W2W3. (34)

Step i (3 <i<n-—1).Accordingto (1), (26), and (27),

Wi =W + B+ 070 — iy =wiq + B+ 079,
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651 0PB;i— B
10 - XS G + 070 — 5 (35)

We esign

) 9Bi- 9Bi-
Bi=—giw; —wi_y — 87 + =T + NiT == o7, (G +070))

i—1 0Bi— B 9B
+ (o0 — Xj2h a(jlq)j) YW+ (36)

where g; is a design parameter with g; >n—i+1, 7; = 7,1 + w;(p; — Zj'-;ll agéfl ®;), and we
J

choose Q; = Q;_; + %le Then

: aﬁ X
Qi=—uXi gw?+07(t;— I~ 19) + X ﬁlW,(FTl 0) + wiwiy . @37)

Step n. Similarly,
W, =v+0T@, +d(t) — B,_1 =v+0T@, +d(t)

0Bn-1 4 —10Bn- 0Bn—
——50— )y a(jl (Gjr1 +070)) — == (38)

Similarly to (11), we design the dynamic sliding variable

s=wp+ (T, — t)wy_yq, (39)
and thus
$= V4070 +d(6) = Brot — Wa1 + 2 Wpor. (40)
We define
Q= Qn=Qn1+35% (41)

Next, we design the adaptive law 8 and controller v for system (1),

é =TI'ts — gmlflé' (42)

= —gnts — 0T @, — Asign(s) + aﬁ” 19 + aﬁ” .

an 0Bv_> A
anﬂ 1(€]+1+9(p1)__(wn+ﬂn 1+9(pn1 [;'9\29

0PBn- 0Pn = 9p,,_
- gtz—Z B€2(6,+1+9T<p,))+(<pn gzjl%-

j=1 j=2
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1 —2 B 0B 1 ~ a1 98-

where 7, = 7,1 + s(@n, —Z’};} ag’gl ®j +i(<pn 1~ 2= Zaﬁ” 2<pj)) Jgn 1S a design parameter

with g, > 1, and g,, isadesign parameter with g,, > 0. Then, from sd(t) < sAsign(s),

6/3’] 1

. . _ 1
Q=0n=— ;'l=1zgjl'le2 —(gn-1 + ;).HW% 1 gn.us + GT(TS -re- 19) + Zn W](r )

n—2
1 o
- Z Giw} = (Gn-1 + Duwi_y — gnits® + gmud 116
j=1 #
n—2
_ w? — Lowz 2 6'r-1 -0
gjpwj — (gn-1 + ‘u)l'lwn—l InHS” + gt ( )
j=1
n—2 1
- z giuwf = (gn-1 + ﬁ)uwri_l — gntts® = gmub =10 + gub™r-10
j=1
= 1 1 1
- z gjuwf = (gn-1 + ﬁ)uwri_l = gntts? = gm0 T 710 + 5 grpuf I 710 + 5 gud 710
j=1
= 1 1 1
- z gjtwf = (gn-1 + ﬁ)uwri_l = gntts? =5 gm0 T 710 + 5 grpud 710
j=1

= _g.uQn +D, (44)
where g =2min{gy,...,gn_1 + i,gn,%gm} and D = %gmuHTF‘le.

Phase 2 (t = T}). As in Section 3.1, we choose the sliding variable s = w, + w,_4, and set up the

virtual controller, controller, and adaptive update law,

B =—g1w1 — 9T§01, (45)
A F) 2
Bz =—gow, —w; — 07, + Bl 55 [ T2+ 5 Bl ((2 +67¢y), (46)
A 0B i1 0B ~
Bi=—giwi —wi—1 — 0" ; + ggl It + X2 aﬁzjl Gj+1+070)
i—1 9Bi- i—1 9Bj-
+ (o= Zisi e T =5 Wy (47)
= —g,5s — 0T, — Asign(s) + === ﬁ" 19
n-1 op
1
+ az (€j+1 + 9 q’]) Wp-1 — (Wn + .Bn—l
=1
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n-—
- aﬁ
+ HT(pn— - 2 z (<]+1 + 9 (pj)

1B 2 3P _1 0B
+ (o — Xt §<j1<p,-+<pn_1—27=f S I B W, (48)
=T, (49)

0Bn- 0Bn-
where Ts1 = Tpn-1 + S(@n _27 11 aq; 1([)] + Pn-1 27 12 a¢; 1('0])'

Similarly to (44), we obtain
Qn < —gW, <0. (50)

Theorem 2. For T,, > 0, one can design time-varying prescribed-time controllers (42), (43) on [0, T,)
and (48), (49) on [T,,+o) such that system (1) with unknown f;(-) can converge to the
equilibrium pointat T,, and remain stable thereafter.

Proof. Similarly to Theorem 1 and by Lemma 1, we obtain

lim Q = llm , Q, =0, (51)

—>Tp

so it |seasytoget llm w; = lims= lim@=0,i=1,2,.
—>Tp t—)Tp

Similarly to Theorem 1, it is easy to obtain that tli{ﬂ_ﬁi =0,i=1,....,.n—1, tli;’l_(i =0,i=
~p —ip

1,...,n and lim
t-Tp (T p— t)

t > T,, and then {;(t) =0,t = T,. So it can be seen that the system remains stable after T,.
Remark 9. We adopt the sliding-mode surface in the n-th-order subsystem to deal with f,_,, and
adopts the parametric hysteresis design method to deal with the uncertain paramater in ,_;. Finally,
only one parameter estimation is needed to solve the control system under the non-matching
condition, thus avoiding the over-parameterization problem.

Remark 10. In [28], only backstepping is used to achieve convergence before a prescribed-time with
errors accuracy on [T,,+o0), but our BSM approach is able to solve this problem on [T, +o0).
Moreover, we further extend the uncertainty range of the nonlinear terms in [24,43] so that the
proposed method can be adapted to more general and complex nonlinear systems.

Remark 11. Compared with the BSM method in [29,30], which guarantees asymptotic stabilization
and finite-time convergence, the proposed method can ensure prescribed-time convergence of the
closed-loop states in the ideal case.

Remark 12. This paper enforces prescribed-time regulation using a time-varying gain that grows as
the deadline is approached, and our analysis centers on convergence. We do not yet quantify internal
signals nor treat sensor noise and actuator limits. Recent studies provided finite-gain redesigns that
keep internal signals bounded while preserving a prescribed-time bound, offering uniform Lyapunov
stability and noise-accuracy characterizations; see [44,45]. In parallel, fundamental limitations
for “hard-deadline” prescribed-time algorithms were established, explaining potential sensitivity to

= 0. Due to (44), tli7m_v is bounded. Due to (50), we obtain Q,(t) =0,
—ip
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small noise near the deadline [46]. In future work, we will 1) adopt finite-gain and early-switch PTA
profiles inspired by [44,45]; 2) derive uniform bounds on the sliding variable and control effort under
measurement noise and actuator saturation; and 3) compare our design with soft-deadline and
least-UBST(Upper Bound of the Settling Time) variants in light of [46]. These steps convert the
current convergence guarantees into quantified robustness results.

Remark 13. Classical time-varying sliding (time-base generator, TBG) designs shape a moving
sliding manifold so that the convergence time is designer-specified; the tracking error enters a small
neighborhood by the deadline and typically decays exponentially thereafter [47-49]. In contrast, we
use a single first-order, time-varying sliding surface only in the terminal backstepping step to enforce
a designer-chosen prescribed time under matched disturbances, without second-order sliding or
bounds on the sliding-surface derivative. The TBG/second-order literature is instructive, and we will
report a systematic quantitative comparison and explore integration in future work.

4. Simulation results
Example 1. Consider a one-link robot manipulator [50] with the following dynamics:
Méj+%mglsinq+q =u + d(t), (52)

where g € R and g € R are the angle and velocity, respectively; M = 1 denotes the moment of
inertia; g =9.8N/kg; m=1kg and [ =1m denote the mass and the length of the link,
respectively; and d(t) denotes the external disturbance. Then the dynamics in (52) can be expressed
as

¢ = f($) +v(®) +d(0D),

where { =q,0, = 4,f(§) = —3mglsind; —{, , which becomes &,(t) = £(§) + g({v(t) +
M~td(t) in[50] for M =1 and g({) = 1. Assume d(t) = 0.2 cos(0.5t).Then ]0.2 cos(0.5t)| <
A =0.2. Take T,, = 1.5 (chosen by task requirements) and two initial conditions (¢;(0),{>(0)) =
(2,-1),(—-1,2).

Under the strategy of [20], from Figure 1, system (53) cannot be stabilized on [T, +o0). Hence,
it is necessary to employ a new strategy, such as our strategy here.
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—Cl(t) (41(0) ¢2(0)
— (), (€1(0), ¢2(0)
- = G(), (€(0), ¢(0)
= = G(t), (61(0), ¢=(0)

AAA/‘\

o —

vv\_/\_/
I L

2 3 4 5 6
Time (s)

Figure 1. Responses of system (53) under the strategy of [20] with different initial conditions.

According to the above proposed control algorithm, the controller is designed as

1
—c,u(t)s —49sinl; — ¢, —0.2sgn(s) +a, ——2z,,t € [0,T,),
v(t) = 2u(t) (1— 4, gn(s) 174 [ ) (54)
—C38 —4.9sin{; — { — 0.2sgn(s) + &y — z; — 3, t € [Ty, +0),

—,t€(0,Ty),
ut) = mt€0n) (55)
1,t € [T, +x),
where a; = —c,uzy , @ = —Cizy — CLlZ1 , Z1 =( , S =2, +%Zl,t €[04), s=z,+2z,t€

[4, +0). Let ¢; = ¢, = 4, and the simulation results are shown in Figures 2 to 4.

3
—Cl(i) (CI(O) 42(0))=(2, —1)
—(t), (61(0), ¢(0) = (2, -1)| |
== G, (€(0), &(0)=(-1,2)
= = (), €1(0), &(9) = (=1, 2)] |
2 3 s 5 6

Time (s)

Figure 2. Responses of system (53) under controller (56) with different initial
conditions (T, = 1.5).
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—(61(0), (2(0)) = (2) _1)
5t —(61(0), &(0)) = (-1, 2)| |

=
-10
-15
-20
25 ; L > s ;
0 1 2 3 4 5 6
Time (s)
Figure 3. Responses of v (T, = 1.5).
10? T - ‘1*
SNSRI | RTSE, | ————"
S == (<g]
- t27
] et | el
"IN | S—
———aed S __‘ e s
([ e o ‘
0 1 2 3 4 5 6

Time (s)

Figure 4. Responses of u(t) (T, = 1.5).
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Figure 5. Responses of system (53) (T, = 3).
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Figure 6. Responses of system (53) (tanh(s/0.1), T, = 1.5).
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Figure 7. Responses of v (tanh(s/0.1),T, = 1.5).

From Figure 2, it can be seen that system (53) under controller (54) converges to 0 within T, = 1.5
for different initial conditions and remains stable thereafter. Then it can be seen from Figure 3 that
discontinuities arise from the introduction of the sign function in controller (56). From Figure 4, we

can see the time profile of u(t) (log scale) with T, = 1.5: u(t) =ﬁ for 0<t<T,, and
o

u(t) =1 for ¢t = T, (for practical implementation, T,, was advanced by 0.01 s).

To verify effectiveness, we further set T,, = 3. For the same initial conditions and controller
parameters mentioned above, it can be seen from Figure 5 that system (53) converge to 0 within
T, = 3 and remains there thereafter, demonstrating prescribed-time performance.

To avoid discontinuity, the discontinuous sign(s) can be replaced by tanh(s/0.1) at T, = 1.5.
From Figures 6 and 7, under this case, system (53) exhibits satisfactory convergence performance
under different initial conditions (practical prescribed-time stability), while the control input v(t)
remains continuous with significantly reduced chattering.

In summary, the feasibility of the control algorithm in Section 3.1 is demonstrated.

Example 2. Consider the system in [20] subject to external disturbances:

5:1(7:) = () +04,(t),
2(t) = G3(0), (56)
{3(t) = v(t) + 032(t) + 2sin(t),

where {;(t) € R,i = 1,2,3,and 6 is an uncertain parameter. Then |2sin(t)| <A =2.Take T, = 4
(chosen by task requirements) and two initial conditions  ({;(0),¢,(0),{3(0)) =
(1,-1,-1),(-1,1,-1).

Under the strategy of [20], then from Figure 8, system (56) cannot be stabilized on [T, +o).
Hence, it is necessary to employ a new strategy, such as our strategy here.
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—Gi(), (G1(0), ¢(0), G:(0)) = (1, -1, —1)
4f i —G(t), (G1(0), €2(0), €3(0)) = (L, -1, ~1)| |
= = =G(t), (Gi(0), &:(0), G3(0)) = (1, -1, ~1)
3 - = =G(9), (G(0), G(0), G(0) = (-1, 1, =1)| ]
........... (8, (Gi(0), ¢(0), G2(0)) = (-1, 1, =1)] |
2 K N G(t) 5 (Gi(0), €(0), G:(0)) = (=1, 1, -1)

Time (s)
Figure 8. Responses of system (56) under the strategy of [20] with different initial conditions.

According to the control algorithm proposed above, the relevant controller and adaptive law are
designed as

2 T,te O,T ,
9={S [0.7,) (57)
- gm:uart € [Tpr+oo)r
— t)s — 0% — 2sgn(s) + @, t € [0,T,),
v(t):{ gsu()s 2 {3 gn(s) [0, T) (58)
—9g3s — 005 —2sgn(s) + @y, t € [Ty, +),
—,t€1|0,T,),
‘L[(t)_ Tp—t [ p) (59)
1,t € [Ty, +0),

Where @ = "’52 g + 2 ‘”‘2 ""*2 2 (G + 05 + 52 ""*2 —%(w3 + B, — aﬁl 6— 632 — a”’l PG+ 00) +

198 6B aﬁ ap A
(532 - ;a—zlﬁ 2w, — —gmMB( 2w 3+ 691 wy) , P1=—g1uw; — 08, B = —cpuw, —wy —

a8 ap 9B ! 20
o (GFO)+T s=wit wy t€[04), s=witwyt €[4 +0), @ =70+

X X 2 B, 5 0 9 )

Pt (G +08)) + 520y — (wa+ B, — R0 — S (G, +80) + (G5~ 5L ) G wa L T =il -
ap 108 ap ap _ 0B

w, 28 a( ((3 2{1 ua(izl)’ t€[0,4),Ts1 = wi(y — Wy 651(1 +5(3 __2 1(1) t €

[4, +0). Let g; = g, = g3 = 4, gm = 0.4, and the uncertain parameter be 6 = 0.5. The simulation
results are shown in Figures 9 to 12.
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Figure 9. Responses of system (56) under controllers (57) and (58) with different initial

conditions (T, = 4).
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Figure 10. Responses of v (T, = 4).
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Figure 11. Responses of system (56) (3D, T, = 4).
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Figure 12. Responses of 8 (T, = 4).

AIMS Mathematics Volume 10, Issue 10, 22791-22816.



22810

Figure 13. Responses of u(t) (T, = 4).

—Cl(t)u (Cl(o)) (2(0): C:’(O)) = (ll =5 _1)
_CQ(t) ) (C‘ (0)1 C?-(O)) (3(0)) = (11 -1, "'1) 4
= = G(t), (G(0), &(0), ¢3(0)) = (1, -1, —1)
= = G(), (G(0), ¢2(0), ¢3(0)) = (-1, 1, 1)
""""" C2(t) 3 (Cl(o)v C2(0), C3(0)) - (-1) 1, "'1) 1
L e &), (G(0), 6(0), G(0)

(-1,1, -1)

L

2 3 4 5 6
Time (s)

Figure 14. Responses of system (56) under controllers (57) and (58) with different initial
conditions (T, = 1.3).
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_Cl(l) ) (Cl(o)7 C?(O): CS(O)) = (11 -1, _1)

afi —— &), (6(0), G(0), G(0) = (1, -1, -1)|
: S ‘<3(t)1 (Cl (0)’ 42(0)) (3(0)) = (11 -1, _l)

3t i - = G, (@(0), &), 6(0) = (-1, 1, -1) T
: G(t), (G0), G(0), G(0) = (-1, 1, ~1)|
(3(0 3 (CI(O)) <2(O)a Cﬂ(o)) — (_11 11 “l)

.....
.....
nay

0 1 2 3 4 5 6
Time (s)

Figure 15. Responses of system (56) (tanh(s/0.1),T, = 4).
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Figure 16. Responses of system (56) (tani(s/0.1), T, = 4).

From Figure 9, it can be seen that system (56) under controllers (57) and (58) converges to 0
within T,, = 4 for different initial conditions and also remain stable thereafter. Due to the
introduction of the sign function, the controller reveals discontinuities as shown in Figure 10.
Figure 11 shows the 3D trajectories of system (56). Figure 12 shows the trajectories of 8, which
are bounded. From Figure 13, it can be seen that Time profile of u(t)(log scale) with T, = 4:
u(t) =ﬁ for 0<t<T,, and u(t) =1 for t =T, (for practical implementation, T, was

advanced by 0.01 s).

To verify effectiveness, we further set T,, = 1.3. For the same initial conditions and controller
parameters mentioned above, it can be seen from Figure 14 that {(t) converges to 0 within T, = 3
and remains there thereafter, demonstrating prescribed-time performance.

To avoid discontinuity, the discontinuous sign(s) is replaced with tanh(s/0.1) at T, = 4;
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Figures 15 and 16 show that {(t) exhibits satisfactory convergence performance under different
initial conditions (practical prescribed-time stability), while the control input v(t) remains
continuous with significantly reduced chattering.

In summary, the feasibility of the control algorithm in Section 3.2 is demonstrated.

5. Conclusions

This paper addressed prescribed-time control for nonlinear strict-feedback systems under
external disturbances. For known nonlinearities, a backstepping controller with a first-order sliding
layer at the last recursion achieved prescribed-time regulation while rejecting bounded disturbances;
for unknown nonlinearities, an adaptive update embedded in the same structure let adaptation and
robustness act together to drive the state to zero at a designer-chosen time under bounded
disturbances. The settling time equaled the prescribed time, was independent of initial conditions and
controller parameters, and could be fixed a priori by the task. From an engineering standpoint, the
practical background covered here was limited and hardware validation was not yet included. As a
concrete next step, we will extend the framework to stochastic nonlinear systems with process and
measurement noise, use stochastic-stability reasoning with conservative regularization in the
adaptive law to keep estimates bounded, incorporate implementation constraints (sampling, sensor
noise, actuator limits), and evaluate the method on a lab platform to strengthen engineering
applicability.
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