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Abstract: This work aims to present a reliable algorithm that can effectively generate accurate
piecewise approximate analytical solutions for third- and fourth-order reaction-diffusion singular
perturbation problems. These problems involve a discontinuous source term and exhibit both interior
and boundary layers. The original problem was transformed into a system of coupled differential
equations that are weakly interconnected. A zero-order asymptotic approximate solution was then
provided, with known asymptotic analytical solutions for the boundary and interior layers, while the
outer region solution was obtained analytically using an enhanced residual power series approach. This
approach combined the standard residual power series method with the Padé approximation to yield a
piecewise approximate analytical solution. It satisfies the continuity and smoothness conditions and
offers higher accuracy than the standard residual power series method and other numerical methods
like finite difference, finite element, hybrid difference scheme, and Schwarz method. The algorithm
also provides error estimates, and numerical examples are included to demonstrate the high accuracy,
low computational cost, and effectiveness of the method within a new asymptotic semi-analytical
numerical framewor.
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Abbreviations

Abbreviations Name

SPPs Singular perturbation problems

SPBVPs Singular perturbation boundary value problems

IVPs Initial value problems

RPSM Residual power series method

RPSPM Residual power series method in conjunction with Pade approximants
£ Perturbation parameter

Vas Asymptotic expansion for the solution of the third-order SPBVP

u The reduced problem solution for third-order SPBVPs

¥y, Vg The left layer corrections of the third-order SPBVP

Wy, Wi The right layer corrections of the third-order SPBVP

f,as Asymptotic expansion for the solution of the fourth-order SPBVP

i The reduced problem solution for fourth-order SPBVPs

B, Br The left layer corrections of the fourth-order SPBVP

Wy, Wr The right layer corrections of the fourth-order SPBVP

Res®(x) The cot"-residual function

Res*(x) The k"-residual function

T Power series coefficient

pi(x) Polynomial of degree [

qn(x) Polynomial of degree n

gltnl Padé approximant of the truncated series solution u* (x)

alnl Padé approximant of the truncated series solution 7% (x)

Vap The piecewise approximate analytical solution of the third-order SPBVP
f,ap The piecewise approximate analytical solution of the fourth-order SPBVP

1. Introduction

Singular perturbation problems (SPPs) manifest in various domains of applied mathematics and
engineering, including control theory [1], fluid flow at high Reynolds or Hartmann numbers [2,3], heat
and mass transfer [4], chemical reaction in spark ignition turbocharger engine [5], wave dynamics in
coastal and ocean engineering [6], semiconductor devices, nuclear physics, etc. [7,8]. These problems
are distinguished by their solutions that display a multiscale behavior, featuring boundary/interior
layers where the solution experiences rapid fluctuations. In contrast, outside of these layers, the
solution transitions smoothly and gradually. In SPPs, the perturbation parameter represents a small
ratio of physical quantities that varies across applications. For instance, in fluid mechanics, it may
represent the ratio of suction/injection velocities to flow velocity, the inverse of a high Prandtl number,
or the ratio of the viscous forces to the inertial forces. In heat transfer, it represents the ratio of thermal
conductivity to heat capacity. In chemical reactions, it represents the ratio of diffusion to reaction. In
satellite orbits, it represents drag coefficients. In planetary rings, it represents the inverse of a large
azimuthal number. In reaction-diffusion problems, it represents the ratio of diffusion coefficient to
reaction rate [7,8]. To handle and solve SPPs, a range of numerical and analytical approaches have
been developed and investigated in studies conducted by O’Malley [7], Miller et al. [9], Liu et al. [10],
and other referenced works. Traditional numerical methods often provide accurate approximate
solutions for SPPs, particularly in the presence of very thin layer regions. This is due to the high
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stiffness and multiscale solution gradients that are characteristic of these regions [9,10]. To tackle this
obstacle, certain numerical techniques employ a strategy of converting second-order singular
perturbation boundary value problems (SPBVPs) into initial value problems (IVPs). This approach is
preferred because the numerical treatment of the corresponding IVPs is generally regarded as more
straightforward than that of BVPs. Various initial value techniques have been developed and discussed for
solving SBVPs. These techniques address second-order problems [2,11], higher-order problems [12,13],
and systems of equations [14,15]. While extensive research has been conducted on SPBVPs, most
computational studies have focused on second-order problems. Higher-order SPBVPs have received
less attention, with most works focusing on problems with smooth data. These studies have primarily
addressed third-order [16-18], fourth-order [12,19], and fifth-order problems [20].

However, some authors have specifically addressed problems with discontinuous data. Notably,
prominent approaches for tackling third- and fourth-order SPBVPs with a discontinuous source term
include the nonuniform mesh finite difference method [21,22], fitted mesh finite element method [23,24],
hybrid difference scheme [25], Schwarz method [26], and Haar wavelets [27]. However, most methods
developed for high-order SPBVPs are numerical in nature, highlighting the need for alternative
methods that can provide accurate approximate analytical solutions. Obtaining accurate analytical
solutions for these SPBVPs is crucial, as it enables researchers to meticulously examine how various
physical parameters influence the behavior of the solutions. Among different methods devised to
obtain analytical approximations for the solutions of differential equations, we can use the homotopy
perturbation method [28,29], differential transform method [30-32], and residual power series method
(RPSM) [33-35], among others. The RPSM is a robust technique for solving IVPs without requiring
linearization, perturbation, or discretization. It offers an alternative to computationally intensive
classical power series methods. However, the RPSM and other Taylor series approximation methods
have limitations, particularly when applied to problems with non-smooth solutions, large time spans,
singularities, or high solution gradients, such as those involving boundary layers [30,36,37]. To
overcome these challenges, an enhanced version of the RPSM is proposed, which incorporates Padé
approximants known for their superior convergence compared to series approximations [31,37].

This work presents a reliable algorithm for constructing piecewise approximate analytical
solutions for third- and fourth-order reaction-diffusion SPBVPs with a discontinuous source term. The
algorithm transforms the original problem into a set of weakly coupled differential equations and
provides a zero-order asymptotic approximate solution with known asymptotic analytical solutions for
the boundary and interior layers. The outer region solution is obtained analytically by solving the
reduced problem, which is independent of the perturbation parameter, using an enhanced residual
power series approach that combines the standard RPSM with the Padé approximation (RPSPM). This
approach results in a piecewise approximate analytical solution that satisfies continuity and
smoothness conditions. By combining the outer region solution with the known analytical solutions
for the boundary and interior layers, the piecewise approximate analytical solution for the original
SPBVP is obtained. The method's accuracy is assessed through error estimation. The present method
is more accurate than the standard RPSM and other numerical asymptotic methods like the finite
difference [22], the finite element [23], the hybrid difference scheme [25], and the Schwarz method [26].
The algorithm also provides error estimates, and numerical examples are included to demonstrate the
high accuracy, low computational cost, and effectiveness of the method within a new asymptotic semi-
analytical numerical framework.
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2. Description of the method

Consider the following two reaction-diffusion SPBVPs:
(@) Third-order SPBVP [22,23,25]

{—ey”’(x) + b(x)y' (x) + c(x)y(x) = f(x),x € (),
y(0)=p,y'(0) =q,y' (1) =T,
where y is a function that belongs to the set C1(Q) N C%(Q) n C3(Q)C, while b(x) and c(x) are
regarded as adequately smooth over Q and fulfill the following imposed conditions:
b(x)=p >0,
0= C(X) = =Y,V > 0'
B—06y=n>0,

(1)

for some 7, and arbitrarily value of 8 greater than and close to 2.
(b) Fourth-order SPBVP [21,26,27]

—eJ () + b()F" (x) — E()F(x) = —f(x), x € (Q),
y(0) =p,y(1) =q,7"(0) = —1,7"(1) = —s,
where 7 is a function that belongs to the set C2(Q) N C3(Q) N C*(Q), while b(x) and é(x) are
regarded as adequately smooth over Q and fulfill the following imposed conditions:
b(x)=p >0,

0=>¢(x)=y,y>0,

2)

for some 7, and arbitrarily value of 8 greater than and close to 2.

For both problems defined above, Q = (0,1),Q~ = (0,d),Q* = (d,1),Q =0 v Q* = Q\ {d}
and € is a small positive parameter, 0 < ¢ < 1. It is assumed that the function f(x) has a jump
discontinuity at the point d and sufficiently smooth in the rest of the domain Q\ {d}. This
discontinuity leads to the appearance of an interior layer in the first derivative y’(x) of the problem (1)
and in the second derivative "' (x) of the problem (2) [23,25]. These interior layers are a common
feature in many physical systems due to changes in the sources, including fluid mechanics, heat transfer,
and electromagnetics, and have important applications such as aircraft design, heat exchanger
optimization, and electromagnetic device development [38-40]. In fluid mechanics, shock waves arise
when a fluid undergoes a sudden change in velocity or pressure, such as in the case of a supersonic
aircraft [38]. In heat transfer, interior layers appear in Stefan problems, which involve phase changes
such as the melting of a solid or the boiling of a liquid [39]. In electromagnetics, interior layers can
form in fields with conductors or dielectrics due to changes in the material properties [40].

The third-order SPBVP (1) can be converted into an equivalent problem that takes the following
form [22,23]:

y1(x) —y,(x) = 0,x € (0,1], i
=&y, (x) + b(x)y,(x) + c(x)y,(x) = f(x),x € (Q), (3)
y1(0) =p,y,(0) = q,y,(1) =,

where

y1(x) = y(x),y(x) = y’(x),f/(x) = (3’1(95)'3’2(95))'
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y1(x) € C1(Q) N C?(Q) N C3(Q),y,(x) € CO°(Q) N CL(Q) n C%(Q).
Similarly, the fourth-order SPBVP (2) can be transformed into [21,23].

)+ 9.0 =0x€,
—£97 (x) + ()P, (x) + E)P1 (x) = f(x), x € (D),
91(0) =p, 31 (1) = q,5,(0) = 1, 9,(1) =5,

where
91(0) = 5(0).9,(6) = =5"D,5(x) = (9,(x), 9. (x)),
P,(x) € C?(Q) N C3(Q) N C*(Q),P,(x) € CO°(Q) N CH(Q) N C?(Q).

(4)

Using some standard perturbation methods [7,11], an asymptotic expansion for the solution of (3)

can be constructed as follows [22,23,25]:

v, +w, x€Q u{0,d},

Y =a+ - —
Yas {UR + Wg, x € QT U {1},

where

S T, T
Yas = (yl,as(x)ryz,as(x)) yu= (ul(x),uz(x)) Uy = (01, v2.)7,

Wy, = (Wi, Wor )T, = (V1g, V2r)", Wr = (Wig, Wor)".
The functions u, (x), u,(x) are continuous ones and satisfy the reduced problem of (3)

u (%) —ux(x) = 0,x € (0,1],
b()uz (x) + c(uy (x) = f(x), x €Q,
ul(O) =P

and
U = (011, 21)", Vg = (U1, V28)"
are the left layer corrections that defined by

_y |PO)
Vi = Vap, vy, = kqe €, x €{0}uQ7,

@
V{R = Ur» Vr = kze (x-a) € ) X € Q+ U {1},

while
WL = (W1L:W2L)T:WR = (W1R:W2R)T

are the right layer corrections and defined by

Wi = Wap, Wa = k3e_(d_x) e, xefojua,
_(1—x) [P
W{R = WZR; WZR = k4e (1-x) € ) X € Q+ U {1}

The constants k4, k,, k5 and k, are chosen such that y, ,c € C°(Q) N C*(Q), that is,

(5)

(6)
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V2,as(0) = ¥2(0), y5 45(1) = y,(1),
y2,as(d+) = YZ,as(d_): yIZ,as(d+) = ylz,as(d_)-

The constants are given by [22,23]

b(d)

ky = [72(0) — 1,(0)] — kpe Ve,

@+
k21<1/b(d)+ p(e TN € ) ~(1-a) | (b(d)+b(D)
koo+k 1-e £
ky = ( _I_( 22+K23)( )
k24+k25 k24+k25

b

b1 b(0)

-(1-a) 7= (y,(0) — uz(O))e_d e ]+ [uy(d¥) — uy(d)],

k1 = [(y2(1) —ux(1))e

b(0)

kzz = B (v, (1) — uz(l))e‘““”@ +B(0) (y(0) — uz(0))e N e,
kys = Ve[uy(d) — uy(d)],

1 b(1)+b(d) _ [b(0)+b(d)
kos = D@ +B(De TN e Ha—e e ),

_q [b(0)+b(d) _(a_ay [B(D+b(d)
kys = <\/b(d)+\/b(0)e W )(1—e A=) == )

_ k31tks;
k3 - K33 5
—d |P© _g [p@+b@
k31 = [y2(0) — uz(0)]e ‘/T +k,(1—e £ ),

b(1)
&

sz = [Ua(d") = ua(d)] = [y (1) — up(D]e ™

1 [p@rb@
k33=(1_6’(1 @ £ ),

ky = [y2(1) —up ()] —kze €.

Theorem 2.1. [22,23,25] The asymptotic expansion of zero-order, denoted as y,;(x) as defined
previously in (5) and (6) for the solution y(x) of the SBVP (3) satisfies the inequality

1 7(x) = Yas(x) llo < CVe,x € Q. (7)

Similarly, an asymptotic expansion for the solution of (4) can be constructed as follows [21,23,25]:

o)

(8)

’_\) —
y{lS -

N {5L +w, x €0 u{0,d}
Br + Wr, x € QYU {1},

where

2 " " LN - T 2 o AT
Yas = (yl,as(x)' YZ,as(x)) yu= (ul(x)'uz(x)) y VL = (UlLrUZL) ,
W,

= (WlL' WZL)T’ ﬁR = (91R’ ﬁZR)T’ WR = (WlR' VT’ZR)T-
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The functions i, (x), @i, (x) are continuous ones and satisfy the reduced problem of (4)

) (x) +1,(x) =0,x € Q,
b(x)hy(x) + €Ty (x) = f(x),x € Q, 9)
4,(0) =p, 4,(1) =g,

and
v, = (D1 ﬁZL)T: Up = (91R»92R)T
are the left layer corrections that defined as

b(0)
~ ~ ~ [ SN e —
v{IL = _UZLI UZL = kle € , X (S {O} uQ B

~  —(x-a) |29D
ﬁ{lR = _ﬁZR’ "’]\ZR = kze € , X € Q+ U {1},

while
N ~ T = _ [ —~ T
Wy = (W, Wop)", W = (Wyig, Wag)
are the right layer corrections that defined as

b(d)

—~ —~ ~ ~ —(d- b(a) _
Wiy = =Wy, Wy = kse @ ¢, xe{0}uQ,
b(1)
~ ~ ~ ~ —(1—- O\l
W1”R = —Wsyp, Wop = k4e (1=2) €, X € Q+ U {1}

The constants k,, k,, k5 and k, are chosen such that Va.as € CO(Q) N C1(Q), that is,
Y2,a5(0) = 92(0), F2,45(1) = 7,(1),
P2,as(d7) = P45(d7), V' 2as(d7) = 9'3,45(d7).
The constants are given by [21,25]

b(d)

ky = [9,(0) — 2,(0)] — kpe N7,

o [b@+b()

I}21<1/b(d)+ p(e TNT E > i) ~(1-a) [(b(@)+b(0))
~ Roa+kosz)(1—e € )
k — _ _ 22 23 _ _

2 ( koatkss + Ko4tk3s

3

ez = [(372(1)—ﬁ2(1))e a-o %2 — (9,(0) — 1,(0))e %P ]+[az(d +) = ,(d -],

~ —(1—d) 12D _gq |b(®)
fpy = B (§,(1) — 1,(1))e” "N e + /b(0)(9,(0) — 1,(0))e 0|2 1.
ks = Vel@'5(d +) —',(d -],

=N (1 b(1)+b(d) _ b(0)+b(d)
ky, = <\/b(d)+\/b(1)e R )(1—e W= )
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2

~ _, |b(0)+b(d) 1 b(1)+b(d)
s = <Jb(d)+Jb(0)e a [P ><1—e (1-a) [P0 )

~ ks +k
k3 — 3]’.\ 32

k33
£ “ ~ —a [P _g [p@+p@
ksy = [92(0) — @1,(0)]e \/T +k,(1—e e |

b()
&

Rz = [(d*) = %)) + [o(D) — D]

. (1 ’b(d)+b(1)
k33=<1—€ (1 d) € >,

—(1-d) b(d)

ié4 = [§,(1) — @,(D] - Ese e
Theorem 2.2. [21,23,25] The asymptotic expansion of zero-order, denoted as j/ils (x) as defined
previously in (8) and (9) for the solution 32/(x) of the SBVP (4) satisfies the inequality

| 9(0) = Fas ) || < CVe, x € Q. (10)
3. Piecewise analytical solution for the reduced problems (6) and (9)

To obtain approximate analytical solutions for SPBVPs (3) and (4) in a piecewise manner, we
need only piecewise analytical solutions for the reduced problems (6) and (9). Substituting u,(x) =
uy (x) from the first equation in (6) into the second one and defining the result equation on the left and
right problem’s domains, 2~ and 27, respectively, with initial and continuity conditions results in the
following system of first-order IVPs:

{ b(x)uj(x) + c()u,(x) = f(x),x €27, u,(0) =p,

bW, () + c(us (x) = (), x € 0%, uy (d%) = uy (d°). (b

Finding the solution of the reduced problem (6) is equivalent to solving [IVPs (11) and then getting
U, (x) from the following equation:

_ f)—c(x)uq(x) S
u,(x) = B € Q. (12)
Also, substituting i, (x) = —3' (x) from the first equation in (9) into the second one and defining

the result equation on the left and right problem’s domains, 2~ and 2%, respectively, with terminal
initial conditions results in the following system of second-order IVPs:

{—b(X)ﬁi’(X) + ()t (x) = f(x),x € 27, 71;,(0) =p,1'1(0) = ay,
—b(x)h (x) + ) (x) = f(x),x € NF,0,(1) = q,0',(1) = B4,

where oy and f5; are unknown constants that can be determined from the continuity and smoothness
conditions

(13)

{ﬁl(d+) =1,(d"),

1) = 2’5 (d). (19
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Finding the solution of the reduced problem (9) is equivalent to solving the second-order IVPs (13)
and then getting i, (x) from the following equation:

_ f)-c(x)uq (%) A
e X € (. (15)

i,(x) =
3.1. RPSM for the reduced problems (11) and (13)

The RPSM consists of expressing the IVP solution as a power series expansion about the terminal
point x = x, [33-35]. For solving the first-order IVPs (11), consider the following IVP:

b)u'(x) + c()ulx) — f(x) = 0,ulxy) =, (16)
and suppose that its solution takes the following form:
u(x) = Y=o Cm(x — x9)™, with ¢y =y, (17)
and can be approximated by the following k™ truncated series:
uk(x) = Lo tm(x — x0)™. (18)

Regarding applying the RPSM to IVP (16), the co*-residual and k™-residual functions are given,
respectively, by

Res®(x) = b(x) Xm=1 Mcm(x = x0)™ 1 + c(x) Lz cm(x — %)™ — f(x) =0, (19)
Res*(x) = b(x) L=y mem(x —x0)™ " + c(x) Tzo cm(x — %)™ — f(x) = 0. (20)
It is evident that the function Res® (x) is infinitely differentiable at x = x,. Moreover,
dﬁ

Res®(xy) = —Res*(xy), n=1.2,...,k, (21)

dx™

dn

dx™

which is a fundamental rule in the RPSM. Using (21), we can determine the unknowns c¢,,,, m = 1.. k
and the approximate residual power series solution u*(x) is obtained. For solving the second-order
IVPs (13), consider the following second-order IVP:

—b()0" (x) + ¢()U(x) — f(x) = 0,(x0) = y1, W (xo) = b4, (22)
and suppose that its k- truncated series solution takes the following form:
4 (x) = Lo cm(x — x0)™, with ¢y =y, ¢, = 6;. (23)
The k™-residual function is given by
Res*(x) = —=b(x) L=z m(m — 1)cm(x — %0)™ % + (%) Tmo cm(x —2)™ = f(x). (24)
Using the same procedure by applying the basic rule in the RPSM on (24), the approximate
residual power series solution 1% (x) is obtained.

3.2. Padé approximant [ﬂ atx = x,

To enhance the accuracy of the series solution obtained from the RPSM, we recommend
employing the Padé approximation for the truncated series solution (23). We assume that the solution
of the reduced problems (11), (13) and its corresponding series expansion (23) satisfy the conditions
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of Pad¢é approximant [37,41].

Let the rational approximation of the truncated series solution u*(x) or ¥ (x) defined by (18)
and (23), respectively, is the quotient of two polynomials P;(x) and Q,,(x) of degree [ and n
respectively and defined by

ey = 21
ulnl(x) 2.0 l+n<k, (25)
where
P(x) = erzo pr(x —x0)7, Qn(x) = Z?:o qr(x —x9)",q0 = 1. (26)

l
The polynomials in (26) are constructed to ensure that u(x) and u[ﬁ] (x) agree at x = x, and their
derivatives up to the order [ + n < k. Then the formal power series

ux) = 285 = 0((x = x0)™*) @7)

determines the coefficients of P;(x) and Q,,(x). Multiplying (27) by Q,,(x) results in
Cm=0Cm(x = x0)™)XF=0 qr(x — x0)7) — (Zi:o pr(x — xo)r) = Y litn+1 Cr(Xx — x0)". (28)

Expanding the left side of Eq (28) and equating the coefficients of the powers of (x — x,)" to zero for
r=20,1,...,l +n yields a system of 2(l + n + 1) linear equations in the 2(l + n + 1) unknown
coefficients of P;(x) and Q,,(x). By solving this linear system, we obtain the rational approximation
l
i[n]
order O(l +m), Padé approximation can outperform truncated Taylor expansion because it can
accurately represent functions with poles or singularities outside the region of convergence of a Taylor
expansion, resulting in more accurate and stable approximation [37,41].

The piecewise approximate analytical solutions for Eqs (3) and (4) are obtained and given by,
respectively,

l
u[ﬁ] (x). Although Padé approximation u.™ (x) agrees with truncated Taylor expansions @'*"(x) up to

l
yfap = ugn] + v, +w, x € Q" U{0,d},

g %)
yé‘,ap =u;" + Vg + Wy, x €QYU{1},
where
l INT
- T — n by
Yap = Viap VEap) U™ = <u£”],u£”]>
and
L] - —
yfap = ﬁln + ﬁL + WLJ x€eEN U {O,d},
H.os .= 0
Pyap =" + D + W, x €QT U1},
where

T

2 sk ok \T Zln A[%] A[%]
Yap = (yl,ap'yz,ap) YU = U U,
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4, Error estimate of the method

The numerical error in the current method arises from two sources: one originating from the
asymptotic approximation and the other from the analytical approximation using the RPSPM.

Theorem 4.1. The solution

F) = (3100, 5,(0)"

of (3) and the approximate analytical solution

R T
Yap (x) = (y{{,ap (x), yéc,ap (x))

in (29) satisfy the inequality

S > 1
” Y(x) = Yap(x) ”oo sC (‘S + (l+n+1)!>’
Proof. We have
|| }_;(X) - yap(x) ”Oo < ” )7(36) - ?as(x) “oo + ” ?as(x) - yap(x) ”Oo

and
150560 = T, < || G0 T )| .

And since Padé approximant %[5 (x) has a bounded error given by [37,41]

T
(I+n+1)

T < || ut™ D), 0<my < 1.

l
| 2o -l <
Therefore, utilizing Theorem 2.1 and the aforementioned bounded errors, we can conclude that

| 56 = Fap@ I, < € (Ve + g

(1+n+1)!

Remark 4.1. A similar statement is true for the SPBVS (4) and (30).
5. Numerical results and discussion

This section presents numerical examples to demonstrate the method's accuracy and efficiency.
These examples have been carefully selected from the literature, where they have been solved using
other numerical methods in literature and have known exact solutions. This allows for a comprehensive
comparison of the results. All Symbolic calculations were performed using Maple 14, while numerical
simulations and figures were generated using MATLAB 2017b. The computations were performed on
a laptop with an Intel Core i7G processor and 8 GB of RAM. Algorithms 1 and 2 present the
pseudocode for the proposed method applied to SPBVPs (3) and (4), respectively, demonstrating its
use in obtaining numerical results.
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Algorithm 1. For third-order SPBVP (1).

Input:
Define

Steps
1)
2)
3)
4)
5)

Output

Coefficients of the differential equation: b(x), c(x), f (x).
Boundary conditions: p, d.
Order of series expansion: N.

Solve the IVP (11) for the left interval using RPSM.

Evaluate the solution at the boundary condition d.

Solve the IVP (11) for the right interval with the boundary condition from step 2.

Apply the Padé approximation to the left and right obtained solutions from steps 1 and 3.
Construct the approximate solutions y,,, as given in (29).

Approximate solution: y,,,

and

Algorithm 2. For fourth-order SPBVP (2).

Input:
Define

Steps
1)
2)
3)

4)
5)
6)

Output

Coefficients of the differential equation: b(x), ¢(x), f (x).
Boundary conditions: p, q, d.
Order of series expansion: N.

Solve the IVP (13) for the left interval using RPSM.

Solve the IVP (13) for the right interval using RPSM.

Construct two equations as given in (14) using series approximations from steps 1 and 2 and their derivative
atx =d.

Solve the equations in step 3 for a;and f;.

Apply the Padé approximation to the left and right obtained solutions from steps 1 and 2.

Construct the approximate solutions }:}ap as given in (30).

Approximate solution: j;;ap

Example 1. Consider the following third-order SPBVP with constant coefficients [22,23,25]:

where

and

—ey"(x) +4y'(x) —y () = f(x), x € (27 U0Y), (1)

(07, 0<x<05,
fx) = {—0.6, 05<x<1,

y(©)=1,y'(0) =0, y'(1) = 0. (32)

By employing the 8"-order RPSPM, the piecewise approximate analytical solution is given by:
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1.00 + 6.70 X 10~3x2 + 300.00 X 10~3x + 446.00 X 1075x3 + 2.33 x 10~Sx* & . = . 2
1.00 + 6.70 x 10~3x? — 125.00 X 10~3x — 186.00 x 106x3 + 2.33 x 10-6x* 7( A )
8 _ 0<x<0.5,
YLer =) 135 3603 x 10~3x + 8.31 x 10-3(x — 1) — 290.00 X 10-6(x — 1) + 2.81 X 106(x = 1)* & L 22
116 — 162.99 X 10~3x + 11.49 x 10-3(x — 1)? — 429.09 X 10~6(x — 1)3 + 7.51 x 10~6(x — 1)* 7<kze  Fhae Ve >
05<x<1,
425.00 X 1073 +53.12 X 1073x 4+ 2.85 X 1073x2 4+ 79.05 x 107 °x3 +988.19 x 10 °x* 1 —2x X1
— — — — — = —2k;eVe +kzeVe |,
1.0000 — 125.00 x 10-3x + 6.70 X 10-3x2 — 186.01 x 10-6x? + 2.32 x 10-5x* z( )
s 0<x<05,
Y2ap = 162,00 x 102 + 15.44 x 10~3x + 353.64 X 1075(x — 1)2 — 8.14 x 10~6(x — 1) — 424.93 x 10~°(x — 1)* 1-2x 2x-2
11630 — 162.99 x 10%x + 11.49 x 103(x — 1)? — 429.09 x 106(x — 1)° + 751 x 106(x = 1)* | (kze Ve ke )
05<x<1,
where

—4
m = e‘/E_ 1,

-3 -1 -2
ky = (—0.16249 + 0.020313+/¢)eve + (—0.16249 — 0.020313+/c)eve + 0.42500 — 0.17744ez,
-2 -1 -3
k, = (—0.16249 — 0.020313v¢)eVE — 0.16249 + 0.42500eVE — 0.17744eve + 0.020313Ve,

-2 -1 -3
ks = (0.16249 — 0.020313¢)eve + 0.16249 + 0.17744eVE — 0.42499¢E + 0.020313e,

-2

-3 -1
ks = (0.16249 + 0.020313v)eve + (0.16249 — 0.020313ve)eVE + 0.17744 — 0.42499¢7=.

Figure 1 illustrates the profile of the approximate first derivative solution of Example 1 at k = 8,
considering various values of . In Figure 2, the distribution of the pointwise residual error is shown

over the entire problem’s domain, and a specific interior region that includes the internal layer. The
pointwise residual error, denoted as Er, is defined as

n n-2

d
Er = Eresé‘(xl-) = gﬁ)’fap(xi) + b(xi)Wyfap(xi) + C(xi)y{c,ap(xi) - f(xi) X € [Ovl];

where 7 = 3,4 for the third and fourth-order SPBVP, respectively.

—o-g =102
............. e =103
———m—g = 1074
o
\
:.\
*
)
AN
Li, @
; K S e ey
0.15 i, e B
: NI
0.1 |4 a7
i i
Lh
0.05 H E
o .
0 0.2 0.4 06 08 !

Figure 1. Approximate solution profile for the first derivative in Example 1 at k = 8 for
various values of «.
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Figure 2. The pointwise residual error for the first derivative of Example 1 at k = 8 over
(left) problem’s domain and (right) the interior region, for various values of ¢.

Figure 3 depicts the distribution of the error over the left and right boundary regions using a
logarithmic scale. Figures 1-3 show that decreasing € improves the solution accuracy. Moreover, the

numerical results validate that the method yields accurate solutions not only over the outer regions but
also within the interior and boundary layer regions.
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Figure 3. The pointwise residual error for the first derivative of Example 1 at k = 8 over
(left) the left region and (right) the right region, for various values of .

Table 1 summarizes the maximum residual error

Er., . = max Eresk(x;
max OSXisl E( L),

and the CPU computational time required for solving Example 1 using the RPSM and RPSPM methods.
It presents the results obtained for varying values of € and k. In Tables 2—4, a comparison of the
maximum pointwise error in the first derivative solution is presented. This comparison includes the
results obtained using the present method and three other asymptotic numerical methods: the finite
difference method [22], the finite element method [23], and the hybrid difference scheme [25]. Since
the double mesh principle is not applicable here, the maximum pointwise error is computed as
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max |y21,(c)1%(xi) - yéc,ap(xi)|~

Efax =
Max — p<x;<1

Results in [23,25] are specifically presented for ¢ = 10716 and ¢ = 2712731, respectively, using
different numbers of grid points. Notably, both studies achieved the highest accuracy when
employing 1024 grid points. As a result, Tables 3 and 4 exclusively present these specific results to
enable a meaningful comparison between the methods. The numerical results clearly demonstrate that
the proposed method achieves higher accuracy compared to other numerical methods available in the
literature, even when utilizing a smaller number of RPSPM terms.

Table 1. Maximum residual error ERY for Example 1 using RPSM and RPSPM at different

values of .
£ RPSM RPSPM

k=4 k=6 k=8 k=4 k=6 k=8
107! 6.748971E-02  6.748964E-02 6.748964E-02 6.748965E-02 6.748964E-02 6.748964E-02
1073 6.746403E-03  6.746403E-03  6.746403E-03  6.746403E-03  6.746403E-03  6.746403E-03
107 6.722496E-04  6.722496E-04 6.722496E-04 6.722496E-04 6.722496E-04 6.722496E-04
107 6.720106E-04  6.720106E-05 6.720106E-05 6.720106E-05 6.720106E-05 6.720106E-05
107 1.472400E-04 6.719867E-06 6.719867E-06 6.719867E-06 6.719867E-06 6.719867E-06
101! 1.703636E-04 6.719843E-07 6.719843E-07 3.013296E-06 6.719843E-07 6.719843E-07
1013 1.726760E-04  6.719840E-08 6.719840E-08 3.244537E-06 6.719840E-08 6.719840E-08
1013 1.729072E-04  6.719840E-08 6.719840E-09 3.267661E-06 6.719840E-09 6.719840E-09
107 1.729304E-04  8.749989E-08 6.719840E-10 3.269974E-06 7.676429E-10 6.719840E-10
10" 1.729327E-04 8.981231E-08 6.719840E-11 3.270205E-06 5.364014E-10 6.719840E-11
102 1.729329E-04  9.004355E-08 6.719840E-11  3.270228E-06 5.132772E-10 6.719840E-12
103 1.729329E-04 9.006667E-08 2.256158E-11 3.270230E-06 5.109648E-10 6.719840E-13
105 1.729329E-04  9.006898E-08 2.487399E-11 3.270231E-06 5.107336E-10 6.978750E-14
103! 1.729329E-04  9.006924E-08 2.513067E-11 3.270231E-06 5.107079E-10 4.259023E-14

CPU time (sec) 0.093 0.094 0.102 0.096 0.101 0.103

Table 2. Maximum pointwise error for Example 1 at different values of ¢.
£ Finite difference method Present method EX,,,
[22] (1024 points) k=4 k=6 k=8

24 4.64790E-05 2.681968E-08 1.185786E-10 7.039917E-15

26 1.57036E-05 6.797518E-08 6.475628E-11 7.555520E-16

2-8 1.47904E-05 1.010479E-07 1.638425E-10 4.425946E-15

2-10 2.38508E-05 1.173066E-07 2.135268E-10 7.056056E-15

220 6.94328E-05 1.330571E-07 2.616585E-10 9.604001E-15

2730 6.94319E-05 1.335493E-07 2.631626E-10 9.683625E-15

240 6.94320E-05 1.335647E-07 2.632096E-10 9.686113E-15

Table 3. Maximum pointwise error for Example 1 at ¢ = 10716,

Present method EX .,
k=6
2.632111E-10

Finite element method [23] (1024 points)
Shishkin mesh Bakhavlov-Shishkin mesh
2.9542E-04 9.4492E-07

k=4
1.335300E-07

k=8
9.686192E-15
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Table 4. Maximum pointwise error for Example 1 at ¢ = 271—-2731,

Hybrid difference scheme [25] (1024 points) Present method EX .,
k=4 k=6 k=8
3.9850E-4 5.735978E-07 5.422338E-10 1.073623E-14

Example 2. Consider the following third-order SPBVP with variable coefficients [22]:

—ey" () + (1 +2)y'(x) —y(x) = f(x), x €™ UNT), (33)
where
x 0<x<0.5,
f(x) = {(1 +x)% 05<x<1,
and

y(©0)=1,y'(0)=1, y'(1) = 0. (34)

By employing the 8t"-order RPSPM, the piecewise approximate analytical solution is given by:

1+ 1.8667x + 1.5571x2 + 7.7143 x 10~ 1x3 + 1.5540 x 10~ 1x* x [y 2
—myVe| kieve — §k3e4 e6 ], 0<x<05

14 1.8667x + 1.0571x2 + 1.7143 x 10~1x3 — 9.5240 X 10~*x*

Yiap =
Lap 2 2x—1 1 x—1
0.4695 + x + 0.5x2 — m,Ve §k2e4J€/_6 - ﬁk,,,e e/2 | 05<x<1,

2x-1
—X
X =
——+m, | kjeve + kzetVe/6 |, 0 <x <05,
1+x
8 _
Y2,ap =

2x—-1 x—1

ll +x+m, (—k2e4¢8/6 + k4ev£/2>, 05<x<1,

where

2.4319 —1.3195 —-1.1124 -1
T, = (48284. ¢ e —3789.¢ v +4495.¢ ¢ - 48990) :

_ 19319 _ 13195 _0.61238
ky = (—1.1111Ve + 3.2998)e” v¢ —10.935¢” V& —4.89 + (1.1111Ve +2.8578.)e” ¢ ,
1.1124 0.70710 1.8195 0.50000

ky, = (2.3334 + 1.1111\/E)e_ Ve +0.75767¢ Ve —9.6567¢ Ve + 2.857 —4.4495¢ V= — 1.1111+/e,

_1.3195 _1.8195 _0.50000 _0.70710
ks = (5.5555vVe — 16.499)e” & +24.142¢ V¢ +2.2475¢ Ve — 14.289 — 5.5555v€ + 52.78¢~ V¢ ,
1.7248 1.1124 0.61238

ky = (—2.3334 — 1.1111Ve)e” Ve +3.5505¢ Ve +9.7979 + (—2.8578 + 1.1111Ve)e V& .

Figure 4 depicts the profile of the approximate first derivative solution of Example 2 at k = 8 for
different values of €. In Figure 5, the distribution of the pointwise residual error, Er, is shown over the
entire problem’s domain and the interior layer region. Furthermore, Figure 6 presents this error
distribution over the left and right boundary regions. The results from Figures 5 and 6 validate that the
method yields accurate solutions not only in the outer regions but also within the interior and boundary
layer regions.

AIMS Mathematics Volume 9, Issue 6, 15671-15698.



15687

.......v.-;-:-_'_________ﬂ,_ﬂ
lr

Figure 4. Approximate solution profile for the first derivative solution of Example 2 at

k = 8, for various values of ¢.
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Table 5 summarizes the maximum residual error, E7;,,,, and the CPU computational time
required for solving Example 2 using the RPSM and RPSPM methods. It presents the results obtained
for varying values of € and k. Table 6 compares the maximum pointwise error in the first derivative
solution between the present method and the asymptotic finite difference method in [22]. The
numerical results clearly demonstrate that the proposed method achieves higher accuracy compared to
the results obtained in [22].

Table 5. Maximum residual error ERY for Example 2 using RPSM and RPSPM at different

values of .
£ RPSM RPSPM
k=4 k=6 k=8 k=4 k=6 k=8
107! 1.745691E-01  1.716983E-01 1.706936E-01 1.703964E-01 1.702331E-01 1.702312E-01
102 5.586477E-02 1.934999E-02 1.934222E-02 1.934045E-02 1.933902E-02 1.933901E-02
1073 6.150007E-02  1.512507E-02 3.968818E-03  3.152192E-03  1.999999E-03  1.999999E-03
104 6.240000E-02  1.557500E-02 3.912500E-03  2.658703E-03 2.000000E-04 2.000000E-04
107 6.249000E-02  1.562000E-02 3.906875E-03  2.609361E-03 2.975291E-05 2.000000E-05
106 6.249900E-02  1.562450E-02 3.906313E-03 2.604426E-03  2.442899E-05 2.000000E-06
107 6.249990E-02  1.562495E-02 3.906256E-03 2.603933E-03 2.389660E-05 3.179415E-07
108 6.249999E-02  1.562499E-02 3.906251E-03 2.603884E-03 2.384336E-05 2.646102E-07
10 6.250000E-02  1.562500E-02 3.906250E-03 2.603879E-03 2.383804E-05 2.592771E-07
1010 6.250000E-02  1.562500E-02 3.906250E-03 2.603878E-03 2.383750E-05 2.587437E-07
1020 6.250000E-02  1.562500E-02 3.906250E-03 2.603878E-03 2.383745E-05 2.586845E-07
10730 6.250000E-02  1.562500E-02 3.906250E-03 2.603878E-03 2.383745E-05 2.586845E-07
CPU time (sec) 0.101 0.101 0.105 0.102 0.103 0.110
Table 6. Maximum pointwise error for Example 2 at different values of ¢.
€ Finite difference method [22] Present method EX
(1024 points) k= 4 k=6 k=8 k= 10
24 3.49375E-06 2.371451E-04 7.016900E-06 1.307000E-07 1.900000E-09
2° 1.21228E-04 3.043280E-04 3.246000E-07 2.460000E-08 1.541000E-09
2-8 1.31797E-04 5.860590E-04 4.133800E-06 3.150000E-08 1.468670E-09
2-10 1.35090E-04 7.270097E-04 6.040300E-06 5.980000E-08 1.977100E-09
220 6.50928E-04 8.635546E-04 7.886500E-06 8.630000E-08 1.800000E-09
2-30 6.50655E-04 8.678218E-04 7.944000E-06 8.720000E-08 1.800000E-09
23 6.50647E-04 8.679251e-04 7.945600e-06 8.740000e-08 1.800000E-09

Example 3. Consider the following fourth-order SPBVP [21,23,25,27]:

—ey™ () +4y"(x) +y(x) = f(x), x € (@7 U0Y), (35)
where
ro={s 05iEY
and
y(0)=y1) =1, y"(0) =y"(1) =0. (36)
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By employing the 8t"-order RPSPM, the piecewise approximate analytical solution is given by

8 —
yLap -

8 _
Y2,ap =

where

2x-1

1.00 — 160.09 x 1073x + 200.20 X 1073x% — 3.41 x 1073x3 + 2.14 x 107 3x* =

1.00 +8.91 x 1073x — 10.79 X 1073x2 — 87.71 X 10°x3 + 52.06 X 10~6x*
933.89 x 1073 + 66.11 X 1073x + 37.79 x 103(x — 1)2 + 1.88 X 1073(x — 1)3 + 511.08 x 1076 (x — 1)* ¢
1.02 — 22.06 X 103x — 10.26 X 10-3(x — 1)2 + 216.75 X 10~5(x — 1)3 + 4457 x 10-6(x — 1)* 4
05<x<1,
1.00 +8.91 x 1073x — 10.79 X 1073x2 — 87.71 X 1076x3 + 52.06 x 10~6x* B (
0<x<05,
80.16 X 1073 + 19.84 x 10~3x + 10.99 X 1073 (x — 1) + 438.09 x 10~6(x — 1) + 121.08 x 1075(x — 1)*

1.02 — 22.06 X 10 3x — 10.26 X 103(x — 1)2 + 216.75 x 10-6(x — 1)® + 44.57 x 10-6(x — 1)*
05<x<1,

42
4

-2
(kle\/E — ke ), 0<x<0.5,

-2 2x-1

kieVe — ke Ve

d

1-2x 2x-2

kye Ve + ke Ve

)
1-2x 2x-2

ke VE 4 k4eﬁ),

)

425.00 X 1073 — 38.46 x 1073x + 48.16 X 1073x2 — 868.25 X 107 °x3 + 543.44 x 10~ 6x*

-3 -1
ky = (0.16317 — 1.87 x 1072y )ev® + (0.16317 + 1.87 x 10712\/e)eve — 0.42630 + 0.10025,

ko = (
ks = (

ke = (

= » .
0.16317 + 1.87 X 10712y/g)e'E + 0.16317 — 0.4263e7 + 0.100254e% — 1.87 x 107121/,

-2 -1 -3
—0.16317 + 1.8669 X 10712/g)eVe — 0.16317 — 0.100254¢7% + 0.4263¢e — 1.8669 X 10712/,

-3 -1 -2
—0.16317 — 1.8669 x 10712\/g)ev® + (—0.16317 + 1.8669 X 10721/e)eve — 0.100254 + 0.4263¢"z.

Figure 7 illustrates the profile of the approximate second derivative solution for Example 3 at A/=8,
considering various values of €. The distribution of the pointwise residual error over the entire problem
domain and interior layer region is shown in Figure 8. Additionally, Figure 9 presents this error
distribution over the left and right boundary regions. The results from Figures 7-9 show that decreasing
€ improves solution accuracy. Moreover, the method produces accurate solutions not only over the
outer regions but also within the boundary and interior layer regions.
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Figure 9. The pointwise residual error for the second derivative of Example 3 at k = 8
over (left) the left region and (right) the right region, for various values of .

Table 7 summarizes the maximum residual error, E7;,,,, and the CPU computational time
required for solving Example 3 using the RPSM and RPSPM methods. It presents the results obtained
for varying values of € and k.In Tables 8-10, a comparison of the maximum pointwise error in the
second derivative solution is presented. This comparison includes the results obtained using the present
method and three other asymptotic numerical methods: the finite difference method [21], the finite
element method [23], and the hybrid difference scheme [25]. Results in [23,25] are specifically
presented for ¢ = 10716 and £ = 271—2731, respectively, using different numbers of grid points.
Notably, both studies achieved the highest accuracy when employing 1024 grid points. As a result,
Tables 9 and 10 exclusively present these specific results to enable a meaningful comparison between
the methods. The numerical results clearly demonstrate that the proposed method achieves higher
accuracy compared to other numerical methods available in the literature, even when utilizing a smaller
number of RPSPM terms.
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Table 7. Maximum residual error ERY for Example 3 using RPSM and RPSPM at different

values of €.
£ RPSM RPSPM
k=4 k=6 k=8 k=4 k=6 k=8

107! 5.613741E-03 5.809664E-03 5.808063E-03 5.796096E-03 5.807787E-03 5.808052E-03
102 2.620087E-04 6.351511E-04 6.362022E-04 8.773234E-04 6.366041E-04 6.362037E-04
103 5.379639E-04 6.235163E-05 6.362440E-05 3.342862E-04 6.418149E-05 6.362690E-05
104 5.970264E-04 5.065715E-06 6.360654E-06 2.799766E-04 6.933264E-06 6.363266E-06
103 6.029327E-04 1.537519E-06 6.342798E-07 2.745456E-04 1.208441E-06 6.369024E-07
10 6.035233E-04 2.110496E-06 6.164231E-08 2.740025E-04 6.359591E-07 6.426606E-08
107 6.035824E-04 2.167794E-06 4.378570E-09 2.739482E-04 5.787109E-07 7.002425E-09
108 6.035883E-04 2.173523E-06 2.813543E-09 2.739428E-04 5.729861E-07 1.276061E-09
107 6.035889E-04 2.174096E-06 3.386180E-09 2.739422E-04 5.724136E-07 7.034249E-10
10710 6.035889E-04 2.174154E-06 3.443444E-09 2.739422E-04 5.723563E-07 6.461613E-10
1020 6.035889E-04 2.174160E-06 3.449807E-09 2.739422E-04 5.723500E-07 6.397986E-10
1030 6.035889E-04 2.174160E-06 3.449807E-09 2.739422E-04 5.723500E-07 6.397986E-10

CPU time (sec) 0.086

0.091

0.092

0.099

0.100

0.102

Table 8. Maximum pointwise error for Example 3 at different values of €.

Finite difference method [21]

Present method EX .

(1024 points) k=4 k=6 k=8 k=10

2 4.64790E-05 1.399335E-06  1.777524E-08  4.934911E-12  9.135589E-14
2°6 1.57036E-05 2.033085E-06  1.056671E-09  4.702997B-12  9.135589E-14
2 1.47904E-05 2.350385E-06  7.313836E-09  4.586885E-12  9.135591E-14
210 2.38508E-05 2.509035E-06  1.149909E-08  4.528828E-12  9.135591E-14
220 6.94328E-05 2.662728E-06  1.555356E-08  4.472586B-12  9.135589E-14
221 6.94319E-05 2.664180E-06  1.559186E-08  4.472055E-12  9.135589E-14

Table 9. Maximum pointwise error for Example 3 at ¢ = 10716,

Finite element method [23] (1024 points)

Shishkin mesh ~ Bakhavlov-Shishkin mesh

k=4

Present method EX

k=6

k=8

k=10

2.9542E-04

9.2591E-07

2.667686E-06

1.568435E-08

4.470772E-12

9.135590E-14

Table 10. Maximum pointwise error for Example 3 at ¢ = 271—-2731,

Hybrid difference scheme [25] (1024 points)

k=4

Present method EX,

k=6

k=8

k=10

9.1442E-3

5.214806E-07

6.844712E-08

5.637811E-12

9.135590E-14

Example 4. Consider the following fourth-order SPBVP with non-smooth variable coefficients

(see [26,27]):
—ey™(x) + b(x)y" (x) —y(x) = f(x), x € (27 V0", (37)

where
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0<x<0.5,

2x+1 ,
05<x<1,

b(x) ={2(1—x)+1,
(05, 0<x<05
fe) = {—0.5 ,  05<x<1,

(38)

and
y(0) =y(1) =1, y"(0) =y"(1) = —0.5.

By employing the 8t"-order RPSPM, the piecewise approximate analytical solution is given by
< -1 2x-1
<2kle‘/§ + kge V2e ),

1+ 2.4474x + 1.7264x% 4+ 9.0743 x 10~ 1x3 + 4.6349 x 10~ 1x*
1+ 2.8736x + 2.2009x2 + 2.6116 x 10~ 1x3 — 6.8567 x 1072x* 2
0<x<05,
3.7197 — 2.7197x + 1.9313%(x — 1) — 3.0061 x 10~ (x — 1)3 + 5.0840 x 1072 (x — 1)* ¢ 12x x-1
o) ¢ CENNTHE 200 )

Yiap =
3.9553 — 2.9553x + 2.3775(x — 1)2 — 3.2788 X 10-1(x — 1)3 — 8.4472 x 10~2(x — 1)*
05<x<1,

1.5+ 2.7117x + 1.2812x2 + 5.7681 x 10~ x> + 1.4919 x 10~ x* -1 2x-1
— | kyeve + ke v2e |,

1+ 4.0919x + 5.1322x2 + 1.8855x° — 2.6573 x 10~-2x*
8 — 0<x< 05,
Y2av = 113357 — 83572 x 10" 1x + 2.6924 x 101 (x — 1)2 — 9.8149 x 10~2(x — 1)? + 3.8413 x 10~2(x — 1)* . Lo +k 5
p— £ &
51426 x 100 — 4.1426 x 100 + 5.3334(x — 1)2 — 2.1269(x — 1)° + 5.7625 x 10-2(x — 1)* 2¢ s )
05<x<1,
where
191421 _1.20711
Ve +162.132¢ V& —282.843,

0.707107
ky = (35.3553 — 46.3922Ve)e” Ve +(24.9999 + 46.3922Ve)e”
1.70711 _0;5
—35.3553 + 220.711e %,

1.20711

k, = (—24.9999 + 46.3922Ve)e” Ve —46.3922Ve — 100e Ve
_ 120711 170711 _05
ks = (24.9999 + 46.3922Ve)e” Ve —46.3922Ve —200e” Ve + 35.3553 + 79.2893¢ 1%,
191421 1.20711

0.707107
ky = (—35.3553 — 46.3922Ve)e Ve +(—24.9999 + 46.3922Ve)e” Ve +262.132¢ VE — 141.421.

Figure 10 depicts the profile of the approximate second derivative solution of Example 4 at k = 8

for different values of «.
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Figure 10. Approximate solution profile for the second derivative solution of Example 4

at k = 8, for various values of .
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In Figure 11, the distribution of the pointwise residual error is shown over the entire problem’s
domain and the interior layer region. Furthermore, Figure 12 presents this error distribution over the
left and right boundary regions. The results from Figures 11 and 12 validate that the method yields
accurate solutions not only in the outer regions but also within the interior and boundary layer regions.

102 1073 !
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e N Lo, o<
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Figure 11. The pointwise residual error for the second derivative of Example 4 at k = 8
over (left) problem’s domain and (right) the interior region, for various values of ¢.
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Figure 12. The pointwise residual error for the second derivative of Example 4 at k = 8
over (left) the left region and (right) the right region, for various values of «.

Table 11 summarizes the maximum residual error, E7;,,,, and the CPU computational time
required for solving Example 4 using the RPSM and RPSPM methods. It presents the results obtained
for varying values of € and k. Table 12 compares the maximum pointwise error in the second
derivative solution between the present method and the asymptotic Schwarz method in [26]. The

numerical results clearly demonstrate that the proposed method achieves higher accuracy compared to
the results obtained in [26].
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Table 11. Maximum residual error ERY for Example 4 using RPSM and RPSPM at
different values of €.

£ RPSM RPSPM
k=4 k=6 k=8 k=4 k=6 k=8
102 1.385858E+00 5.718286E-01 5.980411E-01 1.318721E-01 1.318584E-01 1.318579E-01
103 1.987772E+00 1.931463E+00 1.827591E+00 1.320589E-02 1.320451E-02 1.320446E-02
104 2.046621E+00 2.066084E+00 2.068812E+00 9.340421E-03 1.320451E-03 1.320446E-03
10 2.052505E+00 2.079546E+00 2.092934E+00 9.494831E-03 4.732560E-04 1.320446E-04
107 2.053093E+00 2.080892E+00 2.095346E+00 9.510261E-03 4.876588E-04 2.398532E-05
107 2.053152E+00 2.081027E+00 2.095587E+00 9.511803E-03 4.890987E-04 2.541258E-05
108 2.053158E+00 2.081040E+00 2.095611E+00 9.511958E-03 4.892427E-04 2.555529E-05
107 2.053159E+00 2.081042E+00 2.095614E+00 9.511973E-03 4.892571E-04 2.556956E-05
1010 2.053159E+00 2.081042E+00 2.095614E+00 9.511975E-03 4.892586E-04 2.557099E-05
1020 2.053159E+00 2.081042E+00 2.095614E+00 9.511975E-03 4.892587E-04 2.557115E-05
1030 2.053159E+00 2.081042E+00 2.095614E+00 9.511975E-03 4.892587E-04 2.557115E-05
CPU time (sec)  0.110 0.119 0.121 0.118 0.123 0.127
Table 12. Maximum pointwise error E¥ for Example 4 at different values of €.
£ Asymptotic Schwarz method [26] Present method
(512 points) k=6 k=8 k=10 k=12
24 4.2220E-04 5.453675E-05 1.961521E-06  1.005865E-07  3.787474E-09
2-8 1.2985E-05 8.979786E-05 3.200372E-06 1.291883E-07 4.373252E-09
212 2.2938E-04 9.877568E-05 3.515795E-06 1.384381E-07 4.522396E-09
2-16 5.5619E-04 1.010201E-04 3.594651E-06 1.407506E-07 4.559683E-09
220 5.6036E-04 1.015813E-04 3.614365E-06 1.413287E-07 4.569004E-09
224 5.6142E-04 1.017215E-04 3.619293E-06 1.414732E-07 4.571335E-09
250 5.6142E-04 1.017215E-04 3.619293E-06 1.414732E-07 4.572111E-09

Results in Tables 1,5,7 and 11 show that, for RPSM/ RPSPM and for fixed k values, decreasing
the perturbation parameter € improves the solution accuracy. This improvement in accuracy can be
attributed to the reduction of the asymptotic error until the RPSM/ RPSPM error becomes more
prominent. Moreover, as the RPSM/ RPSPM error dominates, increasing the order k further enhances
the accuracy. It is worth noting that RPSPM demonstrates a significantly greater enhancement in
accuracy compared to RPSM, particularly for SPBVPs with variable coefficients as shown in
Examples 2 and 4. Furthermore, RPSPM overcomes the challenge of approximating the solution of
SPBVPs with discontinuous coefficients, unlike RPSM which fails in this regard as shown in the
Example 4. These results suggest that decreasing the perturbation parameter and increasing the order
of the RPSPM method improve the accuracy of the solution, aligning with the theoretical results
obtained in this study.

Results in Tables 1,5,7 and 11 show that the method’s efficiency and the low computational cost
are evident from the CPU time values. Furthermore, varying the perturbation parameter, &, does not
affect the computational time due to the independence of the reduced problems' solutions. Additionally,
increasing the method’s order, k, slightly increases the computational time because only two new terms
are required to be added to the RPSM and Padé approximations, which are readily obtained using built-
in Maple functions, making the computational overhead minimal.

Although the suggested method is primarily designed for third- and fourth-order reaction-

AIMS Mathematics Volume 9, Issue 6, 15671-15698.



15695

diffusion SPBVPs with a discontinuous source term, it can be extended to a wider range of problems.
Specifically, the method has been shown to be applicable to problems with non-smooth variable
coefficients (as demonstrated in Example 4). Furthermore, the method can be extended to convection-
diffusion SPBVPs using appropriate asymptotic approximations [12,13,24]. Similarly, it can be
extended to nonlinear problems using the linearization techniques [41] for reaction-diffusion problems
and an appropriate asymptotic approximation for quasilinear convection-diffusion problems.

6. Conclusions

This paper introduces a reliable algorithm for developing piecewise approximate analytical
solutions to high-order reaction-diffusion SPBVPs with a discontinuous source term. These problems
have practical applications, and an approximate analytical solution is needed to gain insights into their
behavior and analyze practical scenarios considering different physical parameters. The algorithm
transforms the problem into a weakly coupled system of ordinary differential equations. A zero-order
asymptotic approximate solution is then provided, resulting in known solutions for the boundary and
interior layers. The outer region solution is obtained analytically using the RPSPM, which incorporates
Padé approximant, renowned for their higher accuracy and fast convergence compared to RPSM series
approximation. By applying the RPSPM, a piecewise smooth solution for the reduced problem is
obtained, satisfying continuity and smoothness conditions. Consequently, a piecewise approximate
analytical solution for the original SPBVP is obtained. Thus, the method provides approximate
analytical solutions while most other methods in the literature are numerical in nature. The algorithm
is successfully validated on various third and fourth-order SPBVPs with constant and variable
coefficients. The numerical results highlight the advantages of reducing the perturbation parameter, &,
and increasing the order, k, for enhancing the solution accuracy, which is consistent with theoretical
results. Results in figures confirm that the present method can yield accurate solutions in all regions,
including interior and boundary layers. Moreover, the present numerical comparisons confirm that the
present RPSPM is more accurate than the standard RPSM and other numerical asymptotic methods
like finite difference [22], finite element [23], hybrid difference scheme [25], and Schwarz method [26]
in solving the considered problems. The computational efficiency of the method is evidenced by the
low CPU time values. Furthermore, the CPU time is insensitive to variations in the perturbation
parameter, €, due to the independence of the reduced problems’ solutions. Minimal computational
overhead occurs when increasing the method’s order, k, as only a few new series terms need to be
added to the RPSM and Padé¢é approximations. The method can be extended to a wider range of
problems, including those with non-smooth variable coefficients, as demonstrated in Example 4.
Overall, the proposed algorithm offers a convenient and reliable approach for effectively addressing
high-order reaction-diffusion SPBVPs with a discontinuous source term in a new asymptotic semi-
analytical numerical framework. Our future research will focus on extending the method’s capabilities
to encompass nonlinear problems, a wider variety of higher-order SPBVPs with non-smooth variable
coefficients and discontinuous source terms, and more applications with physical interpretation of the
parameters and solution behavior.
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