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1. Introduction

This paper focuses on the three-dimensional compressible magneto-micropolar fluid system in
R3 [17,18,24]:

o; + div(pu) = 0,
(ou), + div(pu @ u) — (n + B)Au — (n + k — B)Vdivu + VP(p)
= 2frotw + (V x b) X b,

1.1
(ow); + div(ou @ w) — ’Aw — (7" + ¥')Vdivw + 48w = 2frotu, (.1)

b; + VX (aV xb)=Vx(uxb),
divb = 0.

Here, p > 0 is the density, u is the velocity, w is the micro-rotational velocity, b is the magnetic field
and P(p) = Ap” (A > 0, v > 1) is the pressure. The parameters n,«,5,7’, k" and @ are constants
satisfying

nB.n,a>0, 2n+3k—-48>0, 2 +3« >0.

For the completeness of equations (1.1), we supplement the conditions

(0, u, W, b)(x, )] _; = (0o, o, Wo, bo) (1.2)
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and
(o, u,w,b)(x, 0| = (1,0,0,0) ast>0. (1.3)

When we only consider the effects of the velocity field and the magnetic field in (1.1) (i.e., w =
0,8 = 0), the system (1.1) becomes the compressible magnetohydrodynamic (MHD) system, which
has been widely discussed; see [4,5,9,11,12,25,26] and references therein. When we lose sight of the
effects of magnetic fields, the system (1.1) becomes a micropolar model whose theory was introduced
by Eringen [10] and Lukaszewicz [16]. Chen-Xu-Zhang in [6] proved the existence of global weak
and smooth solutions in cases of small energy. In bounded or unbounded domain Q C R?, Chen [8]
also got the local existence of strong solutions in the context of large initial data.

For system (1.1), there are still many papers discussing this model [3,7,20]. Wei, Guo, and Li [18]
found the global existence and decay properties of smooth solutions with small initial
perturbation [23]. Later, Tong and Tan [17] improved the results of [18], and obtained the same decay
property between the linearized equations and nonlinear system. Later, Xu, Tan, and Wang in [21]
considered the system in a bounded region and derived the global well-posedness strong solutions.
Zhang-Cai in [24] considered the system (1.1) in a periodic region and derived the well-posedness of
solutions. Moreover, in the context of small conditions and symmetrical external forces, the periodic
solution was attained. Utilizing Hoff’s method [13], Xu, Tan, and Wang in [22] derived the global
weak solutions in context of discontinuous initial data. Very recently, Xu and Zhong in [20] proved
the local well-posedness of strong solutions to (1.1) with vacuum. Chen, Sun, and Zhong in [3]
deduced the well-posedness of global classical solutions in case of vacuum states. However, the
results obtained in [6-8] still require some compatibility conditions

—(1+ B)Auy — (1 + k — B)Vdivug + VP(po) — 2Brotwy = pyg1, (14
-n'Awy — (7" + «')Vdivw, + 48w, — 2Brotu, = p(l)/ 225, '
for some (g1, g2) € L*. In case of density including vacuum, it is known from (1.4) that
lim(p'?a)(x,¢) € L?, lim(p'*W)(x,1) € L?, (1.5)
t—0+ t—0+
where, g = g, + u - Vg stands for the material derivative. If py > 0, then (1.4) becomes
lim (w(x, 1), w(x, 7)) € L, (1.6)
t—0+

To make sure (1.4)/(1.5) or (1.6) are true, the initial velocity and micro-rotational velocity satisfy
(1o, Wo) € H”. (1.7)

Thus,

T
sup ||(d, W)l +f I(Va, VW)l[7.dt < C(T), ¥ T € (0,0), (1.8)
te[0,T] 0

where, ||(g, h)|[.» = ||gllz» + |/h||z». Higher-order estimates can be deduced from (1.8).
Similar to [13,15], we set

{ Fi 2 Qn+odiva— (P(p) - P(1)), Gy 2 rotu, (1.9)

Fy = (21" + «)divw, G, = rotw,
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where, the quantities F; and F, represent the “effective viscous flux”, and G; and G, stand for the
vorticity [6]. One can deduce from (1.9) that

AF, = div(pu) — divdiv(b ® b),

AF, = div(ow) — 4Bdivw,

(n+B)AG, =V x (pa) — 28V X G,,

1 AG, — 48G, = V X (pW) — 28V X G.

(1.10)

Our purpose in this article is to modify the method of [19] and set up the following theorem.

Theorem 1.1. For s € [9/2,6), assume that (pg, Wy, Wo, bo) satisfies
inf po(x) >0, po—1eH NW, (uy,wy)e HHNnW', byeH. (1.11)

There exists a constant € > 0, depending on n,«,5,1',k’,y, a, A,inf py, sup po, ||[Vagllz2, [[VWollz2, and
[IVbygl|;2, such that if

So 2 ll(po — 1, ug, wo, bo)ll7> < &, (1.12)

the systems (1.1)—(1.3) possess a global uniqueness solution (p,u, w,b) in R? x (0, c0) satisfying

p—1€C(0, T H' W), infp(x, 1) > 0,

(u, w,b) e C([0, T]; L>NLY 2<ac<6,

(u,w) € L2, T; H' n W) N L*0,T; H) N LY 0, T; W),

b e L=([0,T]: H')  L2(0, T H?),

(t'%0, 1'?w) € L0, T; L), (t'/*Va,t'/>’Vw) e L*(0,T; L?),

(t'?b,, t'/2V?b) € L=([0,T];L*), (t'?Vb,, t'2V?b) € L*([0, T]; L?),

(1.13)

withl < € < (45)/(5s — 6).
2. Preliminaries

In this section, we begin to hammer at the derivations to obtain the global a priori estimates. Let
(0, u, b, w) stand for a smooth solution of (1.1)—(1.4) on R? x [0, T] for some 0 < T < oo, then the
system (1.1) becomes

p; +div(pu) = 0,
p(u; +u-Vu)+ VP() — (n+ B)Au — (n + k — 5)Vdivu
= 2Brotw + b - Vb — 1V|bJ?, (2.1)
p(w, +u-Vw) — u'Aw — (7 + «)Vdivw = 48w + 28rotu,
b, +u-Vb—-b-Vu+bdivu —aAb =0, divb =0.

Thus, we have the following lemma, which can be found in [6, 15].
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Lemma 2.1. Given positive numbers N (not necessarily small) and p > 2, assume that (pg, Wy, Wo, bg)
satisfies
0 <infpy < suppg < P, [[(Vag, Vwg, Vbo)ll;2 < N, 2.2)

then there exist constants L > 0 and € > 0, depending on n,k,B,1n7',k,y,N,a, A, and p, such that if

A 1 1 1
So = f(J(Po) + 5/00|W0|2 + 5/00|llo|2 + §|b0|2)dx <&, (2.3)

where J(-) stands for the potential energy density

» P(s) - P(1
s 2p [ FO s,

5.2
then
0<p(x,0)<2p, YxeR3 rel0,T), (2.4)
T
sup [bIl}, + f bl ,dx < Sy, (2.5)
t€[0,T] 0
T
sup [[(Vu, Vw, Vb)|2, + f (o' 20, p'*W, V2b, b)|I%.dt < L. (2.6)
te[0,T] 0
T
sup [lo — 1, b, p" 2w, o' *W)II3, + f |(Vu, Vw, rotu — 2w, Vb)||7, < CS,. 2.7)
t€[0,T] 0

Remark 2.1. The estimations given by (2.4)—(2.7) do not depend on T and inf py. In addition, if
inf pg > 0, then J(-) implies

Eo ~ [l(oo — Luo,bo,Wo)Hiz- (2.8)
Remark 2.2. We infer from (2.7) that
T T
f Iwli?.dr < C f (IVull?, + llrotu — 2wl[?, )dr < CSy. (2.9)
0 0
Lemma 2.2. Under the circumstance of (2.2) and (2.3), then there exists positive constant €y, such
that
T
sup [|e'2(p' 0, p' 2w, Vb, b)II7, + f (|[(Vi, VW, Vb))[[7, + [[VbI2. )dt < C(T), (2.10)
1€[0,T} 0

provided Sy < &.

Proof. First, operate tit/ [% +div(u-)] and t/ [d% +div(u-)] to (2.1)£ and (2.1)j , respectively. Integration
by parts gives

t . . 1 . .
3160 a0 W, | = S0 i W,
= +p) f tir' [Au! + div(Aw'u)ldx + 7’ f W [Aw! + div(Aw/u)]dx
(2.11)
+(k+n-p) f 1i/[0,0 (divu) + div(ud(divu))]dx

+ (k" +1) f tw/[div[ud (divw)] + 0,0 (divw)]dx
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- f [div(ud;P) + ;P ]ti'dx + 23 f [0;(u'rotw) + rotw,] - tadx

+2B f [8;(u'rotu) + rotu,] - twdx — 48 f [div(w/u) + w|twdx

. ] . 0
+ f |div(ub - V&%) + ,(b - Vb/) — 5 div(ud;(bf) - 8:0,(1bP) |rid'dx £ )" .
i=1
Based upon the integration by parts, one has

I = —(n + ) f t (0 Oy, — 0,0yt " Oy’ — 8, D" Oy’ ) dx

= - +p) f t(IVP = 0t/ B, Oy + 8yttt Byt” = 0, Si1t" Dyua”) dx (2.12)
3n+4p .
< == (fIVal) + CAivully,,
and
L=—1 f £ (OuI 0w, = 0i0 WU Dy — D0, u' D" ) dlx
=y f t(IVWI = 8,070, D’ = 0, O™ Dyw! + 8,70y 8, ) dx (2.13)
<3 (AIVWIZ, ) + CHIVullf, + CHIVwI;
= 4 L2 4 L4
Similarly
+A- ..
I < —“Tg (dldival?,) + Civulit, (2.14)
and "y
+ .
L<-E > (Aldivwi2,) + Cel(Va, VW), (2.15)
Taking notice of (1.1);
|P(o) - P(l)]t +u- V[P(p) - P(1)] = —ydivuP(p). (2.16)

The inequality (2.4), together with the integration by parts, yields
Is = f | = 0(@i“u)P - divaa [ydivuP + u - VP] |rdx
= f tP Oyt O’ — Byl Oy’ - y(divi)(divu) | dx (2.17)

n 12 2
<3 (AIval2,) + CAIVul..

Next, for I and I;, we see that
I +1; =48 frot(v'vl'l) tdx -2 f(u - tVw) - rota dx
- 28 f(u -tVu) - rotwdx — 28 fa,u -rotw t u'dx — 28 fa,w -rotu ¢ u'dx (2.18)

< BHVAIL, + LAVWIZ, + Cllowl, + C1tSHIVWIE, + CHIVulS, + CHl(Vu, VWL,
8
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Is = —4BlI"*WIZ, + 4B f [(- VW) - W+ (u - 1VW) - W]dx

= —4B)1' w2, - 48 f div(urw) - wdx (2.19)
< =28l Wi, + Cr(IIVWIIS, + [[Vul, ).
Next, for Iy, the integration by parts gives
Iy = f t(9,0b'D} + B u'b*0;b") dx
< CHl[Vallzz (lIby|slbllzs + [[allzs[[Vblzs|bll) (2.20)
< Z(HIVaR,) + CHBIZ IV, + CAIVBIE, (IVBI: +IVul).

where, we have used the Gagliardo-Nirenberg’s inequality:

op 3p-6
gl < Cligll, 7 IVgll, ¥ . ¥ geH andp € [2,6]. (2.21)

Integration by parts, together with (2.11), yields
Iio = f t (W 0bIb} + Wdb]b' - Oy u*b'd;b ) dx
< CHIVall 2Vl 21l + CHIVall 2 [Vall 2] bl [Vb]] (2.22)
< g (AIValZ.) + CVBLIBIE, + Ct(IIVully, + Vb ) Vb7,
Substituting (2.12)—(2.15), (2.17)—(2.20), and (2.22) into (2.11), we obtain
t . . . ' . .
| 316012, 0 W), | + 2V, + L AW, + 2B,
t
1 . .
<(z+c) f (Pl + plwi)dx + Crl[Vby|I2,|IbII2, (2.23)
+ Co([I(Vu, VWL, + [(Va, VWIE, + [[Vull, + [[(Va, VW)[ILIIV?b. ).

provided

’

SO < &g 2 (821 )3/2.

Taking note of ||Vb,||;2, then
btt - QAb, = (b * Vll —-u- Vb - blell)[.

Thanks tou, = u —u - Vu, we get

1d ) , 1 )
5 =5 (tlbdEE) + arl Vb, — b,

:ft(b,-Vu—u-Vbt—b,divu+b-Vl'1—l'l-Vb—bdiVl'l)-b,dx (2.24)

3
+ fz[(u-Vu) Vb -b-V(u-Vu) +bdiv(u-Vu)] -b, dx = ZJ,-.

i=1
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We utilize (2.21) to get that

Ji < Crib||s[1by [l s [Vall2 + Crifual 6| VDl 2[[by]] 5
301
< CHIVBIZ b1 Vall 2

@
< 3 (A19b,1) + Crlly vl

120

Jr = ftb,-(—u-Vb+b-V1‘1—b-diV1'1)dx
< CelIbl 194l 2 Vb2
a .
< 5 (AIVbI:) + CeAbIZ Val;

L2°

and

Js = f (LU0, Obf + Uk Dl O,b" B} = 8, b'u Dy} - bk O d,,b}) dx

< Vb2 Vbll 2 Va2Vl
(04
< < (AIVBI) + CAIVDIZIVuIZ I Vul,.

L

Putting (2.25)—(2.27) into (2.24), one has

d .
7 (tllbzlliz) +1lVb,I7, < CAbIIZ Va7, + ClibllZ, + Crlib.1IVull;,

+ CH[VbI[Vul[2, [ Vull.

The inequalities (2.23), (2.28), (2.5), and (2.6) yield

T
sup (tll(o"*w, p' 2w, b)) + f fl(Via, Vv, Vb,)|[7dt
te[0,T] 0

T
<CM)+ Cf t(II(Vu, YWl + 11(Va, VW2, + ”Vu”ie)dt-
0

We deduce from (1.9) and (1.10) that
l(Va, VW)llzs < Cll(ow, pW)l|z2 + ClIb - Vb2 + Cl|P(0) — P(Dlzs,

which can be found in [3]. The inequalities (2.4)—(2.8), (2.21), and (2.30) give
T
C f {I(Va, VW), + (Y, VW, + Va7, )dr
0
T
<C f (IVull 2Vl + I9WlTWIE, + [Vul2, )dr
0

T
+C f IVl IVl + (VWi V w2 de
0

L2 L L2 L

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

AIMS Mathematics Volume 9, Issue 6, 14658—14680.



14665

T
<C(T)+C f (IIVuls + IVWIE, )dt
0
T T
<C(T)+C f (Il + llo"2WiIE.) + f bl Vb .t
0 0

T
< C(T) + C sup 12 (l|p"ull,> + llp"*Wil;2) f 172 (10"l + llo" 2wl ) dr
0

0o<i<T

T
+ C sup t1/2||V2b||sz 1'2||Vb||7.dt
0

0<i<T

1
< C(T) +  sup ¢ (Ilo"al, + llo" Wi, + Vb3,
0<t<T

The inequality (2.1)4 gives
IV?bll2 < C(Ilbzlle + ”Vb”LZHVUHiz)’

thus

T
sup (IV?bI2,) < C sup ¢ (I, + IVBIE.[IVull},) < C+C f | Vullfdt.
0

o<I<T 0<t<T

Based upon (2.1),, it is easy to get that
IVbllz2 < € + C (IIVbillz2 + IV2ull2I92bI,5% + [IV?bll2 + [[V2ull,2)

thus

T T
f {IVb|[2.dt < C + C f HIVb|12.dt + C sup (4V>ul2,) f IV2bl|2dt
0 0 0<t<T

T
+C f t(||V2b||§2 + ||v2u||§2) < C(T).
0

Therefore, putting (2.31)—(2.33) into (2.29), we obtain (2.10).
Lemma 2.3. Under the circumstance of (2.2) and (2.3),

T
f (||(p1/2u, 2w, b - Vb)||3, + ||[(divu, divw, rotu, rotw)lliw)dt < C(T),
0

where (r, s) satisfies

4r 4
€ (3,6 d 1<s< < -
re(3,6) an s 5 -6 3
Proof. The inequality (2.4) together with (2.21) leads to
b - VbIlp, + llo"2ally, +llo" Wi,
3s s(2r 3) s(6—r) s(3r—6) s(6-r) s(3r—6)
<CIVBILIVDL, =+ Clio"all > [IVall,, 2+ Clip' w2 19w,

(2.32)

(2.33)

(2.34)

(2.35)
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thus, by using Holder’s inequality and the inequalities (2.6) and (2.10) gives

s(2r-3)

T 5(2r=3) T
f (Ilb - VbI[;, + llo" Ly, + [lo"/*wll;, ) dt < C sup (dIV?bII7,) > f o dt
0 0

0<t<T

s(6—r) T s(3r—6)
+C sup [tllo"all3, + dlp"wiR,| f 2 (AIVally, + AVwIE,) o dr
0<i<T 0
4r—3rs+6s s(3r-6) (236)
T 2rs 4r T 4r
< c( f z‘—4r—3sr+6sdt) ( f (tIVall2, +z||Vv'v||§2)dt)
0 0
T s2r-3)
+ Cf t 2 dt<C).
0
Thankstor € (3,6)and 1 < s < Sff() < 2, one can deduce
sQ2r — 3) 2rs s(3r —6)
0< — <1, 0<——m <1, 0<—< 1.
ST < 4 —3rs+ 65 D
With the help of (1.9) and (1.10), we get
I(F1,G1, Fa, Go)llz2 < ClI(Va, Vw, P(p) = P(D)ll 12, (2.37)
and for any m € [2, 6],
I(VF1, VG, VF2, VG|l + VG| < Cll(o1, pW, b - Vb, Vu, VW, w)|| 1, (2.38)

thus, we have from (2.4)—(2.7), (2.37), (2.30), (2.38) that
||(rotu, divu, rotw, divw)||ze
< C(IIF il + Gl + I1P() = P(D)lls + 2= + 1 Fallz + 1Gallz)
< C+ C(IF il + IGillz + IFall2 + IGall2 + [IVbl|2[I Vb )
+ C(IVFillr + IVGillr + IVFallz + VGallir)
< C+C(IVullp2 + 1P(p) = P(D)ll2 + VWll2 + [IV7bll2)
+ C (llpwllz + lloWllzr + IIb - Vbl + [[Vullr + VWl + [Iwilz)
< C+C(lIp"all + lIp"*Wlir) + C (IVull2 + YWz + [[Wl]z2)
+ C(IVullzs + 19Wllz6 + [IV*bz2) + Clib - Vbl

(2.39)

< C+C ("l +lIp"*Wlir) + € (Il ull2 + o'Wl )
+C (b - Vbl2 + [[P(p) = P(D)l|zs) + Clib - Vbl + C|[V>b]|,-
< C+C(lIp"all + llp"?wllir) + C (Il il + 0" >wlly2)
+ C|[b - Vb|l;- + C||[V?b]|,2.
Due to s € (1,4/3), one has

T S T
f IIV2bI[3.dt < (dIV>bI2.)? f t2dt < C(T),
0 0

which, together with (2.36) and (2.39), gives (2.34). O
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In the next step, we mainly focus on estimating that ||Vu||;» holds for p € (1,00) and p = oo,
respectively. Due to —Au = Vdivu — V X rotu, for 0 < p < oo, ||[Vu|l» < C(|[divul|z» + |[rotu]|z»).
However, for p = oo, we have the following lemma.

Lemma 2.4. (Beale-Kato-Majda type inequality (cf. [1,14])) For k € Z* and s € (1,+00), let D** 2
{g € L, |0°g € L*} and D' = D'? be the homogeneous Sobolev spaces. For g € D' N D** with
s € (3, +00), there exists a positive constant C(s) > 0, such that for all Vg € L*> N D',

IVgllzs < C (1 +IVgll2) + C(lldivgll + lrotgll=) In (e + Vgl (2.40)
Lemma 2.5. Let (1.11) and (1.12) be in force, then
T
sup (llodlz2 + IVpll2nr) + f (IVully + IV2ull;, ) dt < C(T), (2.41)
te[0,T] 0

where r € (3,6) and s € (1, o) are the same ones as in (2.35).

Proof. We operate V to both sides of (2.1); and multiply the result equation by [Vp|~2Vp for r € [2, 6].
One can deduce from (2.4) and integration by parts that

d
— Vol < C(IVullsVpll + V2ull ). (2.42)

Recalling that G = —(n+B)A—(n+«—B)Vdiv is a strong elliptic operator ( [2]), the inequalities (2.1),
and (2.4) give
IV2ull < Cll(Vp, p'/?0,b - Vb, rotw)||- YV r € (3,6), (2.43)

which, combined with (2.42), gives
d .
— Vol < C (IVullz + 1) IVpll + C (llp"tllr + lrotwll: +1ib - Vbllz). (2.44)

The combination of (2.40) and (2.43) gives

IVull= < C + Cl|(rotu, divw)||~ In ([[Vpll.- + €)

) " (2.45)
+ C(||(rotu, divu)||z~ In (Il(p u, rotw,b - Vb)||,- + e),
for any 3 < r < 6. Taking (2.45) into (2.44), one gets
d
97 (IVollr + &) < CI@) In([[VpllL- +e), (2.46)

where
I £ c(1 + ||(divu, rotu)||;~ + [|(0"/*u, rotw, b - Vb)llU)
+ C||(divu, rotw)|| ;= In (||(p‘/2u, rotw, b - Vb)||- + e) .

Noting that the relationship In(e + z) < (e + z)" holds for any z > 0 and 7 > 0, the inequality (2.34)
gives

T
f J()dr < C(T),
0
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which, combined with (2.46), leads to

sup |[Vo®ll.- < C(T), VY re(3,6). (2.47)
1€[0,T]

The inequalities (2.7) and (2.34) give

T T
f (lqulliw+||V2u||2,)dt<Cf (IVully, + 1)t
0 0

T (2.48)
<C f (||(p1/2u, VP,b - Vb, rotw)|[$, + 1)dt < C(T),
0
for any r, s being as the ones in (2.31). Next, taking » = 2 in (2.42), one has
L 9ol < C (IVuli- VPl +192ul2)
d[ L L L L
< C(IVullz= + DI9pllz + C (1 + (00, Yw)ll.2).
thus
sup ||[Voll2 < C(T). (2.49)
t€[0,T]
Note that the Eq (2.1); gives
llodlz2 < C ([[Vullz2 + [Vpllzs) < C(IVplls + 1)
< C(IVpllr + 1+ 1IVpllz2) < C(T),  Vre(3,6),
which, combined with (2.47)—(2.49), gives (2.41). O

Lemma 2.6. Assume that p, satisfies inf g3 po(x) = p > 0, then there exists a constant ¢ > 0,
depending on p and T, such that

px,f)>c, YxeR} r1el0,T], (2.50)

and

T
sup (fl(V2u, u)I2) + f V2w, V2w, w,, 12V |2.di < C(T). (2.51)
t€[0,T] 0

Proof. The inequality (2.34) gives

— J5 Iidivaay| oo ds}

5. > inf pu(rel > c(p. T).
xeR

which yields (2.50).
Next, the inequalities (2.1);, (2.4), and (2.5) give

IV2ull,2 < C(Il(pl'l, VP, rotw)l|.> + IIbIIleleblle) < Cliw, Vo, Vw, V*b)l2,
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thus, using (2.4), (2.5), (2.10), (2.41), and (2.50), one has

sup t||V2u|| f IV2ull?,dt

el . (2.52)
<€ sup [1@. Tp, Tw B+ C [ Tp. Vv, Pt < (7).
t€[0,T] 0
Taking note of u,
7, < (I, + flu - Val2, < C (Il + [IVall?. [ Vull3, ).
and the inequalities (2.4), (2.6), (2.10), (2.50), and (2.52) give
T
sup (rlhuI2,) + f o |2.dr < C(T), (2.53)
te[0,T] 0
and
T T
f IV, |7.dr < f l(Va, V(u - Vw)|[7,d
0 0
T T
<C+C f fIV2ull},dt + C f tull7|IV2ull7,dt (2.54)
0 0
T
<C+C f fIV2ull},dt < C.
0
On the other hand, due to (2.1);, (2.4)—(2.6), and (2.9), one has
f V2wl dr < f (o'W + Wl + IVul )dr < C. (2.55)
Utilizing (2.52)—(2.55), we can obtain the estimate (2.51). O
Based upon the foregoing, the following estimation of ||Vul|;3 is very crucial for this article.
Lemma 2.7. Under the circumstance of Theorem 1.1, we have
T
sup |[Vulf’, + f l|(Idivu|'*Vdivu, [rotu|'*Vrotw)||7,dr < C(T). (2.56)
te[0,T] 0

Proof. Utilizing the inequality ||Vul||;» < C||(divu, rotu)||;» for 1 < m < oo, thus, we just have to
estimate ||divu||;» and |[rotu||;». Operating div and rot to (2.1),, one gets

p(divu), + pu - V(divu) — (21 + k)A(divua)

. . 1 (2.57)
= —(Vp) - u, — di(pu' ) — AP + 0,b'0;b" — zA|b|2,

and

p(rotu), + pu - V(rotu) — (n + B)A(rotu)

= —(Vp) x u; — V(pu*) x (8,u) + 2prot(rotw) + (V) x (9;b) + b - V(rotb). (2.58)
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We first to estimate ||divu]|;3. Multiplying (2.57) by |divu|diva, one can deduce from integration by

parts that

1
(gllpl/Sdivulli3)t + (217 + ©)ll(|dival/*Vdiva, [dival > V|dival)]?,
= - f [ut -Vp + ak(puf)a,-uk] (|divuldiva) dx

+fV(ldivuldivu)-Vde+fﬁjbiﬁibj (|divualdiva) dx

5
+ fV (|divuldivu) - V|b[*dx £ Z Ji.

i=1
With the help of (2.1), and the integration by parts, we get
Ji=- f o' (@ + BAu + (7 + k - B)Vdivu — VP - pu - Vu| - Vp (|divuldivu) dx

1
- f o (2,3r0tw +b-Vb- EVIbIZ) - Vp (ldivuldiva) dx

= (+p) f [ (Bt 310 p)) 8y, (idivuldiva) — (3,,divu) (3,,(In p)) (divuldiva) |dx

—+p) f (0146,,(1n p)) 9y (|divuldivu) dx
-(n+k—-p) f (|divuldiva) Vdivua - V(In p)dx

+ f (|divu|divu)p_1VP~Vpdx+ f (|divaldiva) (u - Vu) - Vpdx

5
- f (Idivuldiva) | (2Brotw + b - Vb - %V|b|2) - V(Inp)|dx 2 Z Jii.

i=1

The inequality (2.6), together with (2.41) gives

Ji1 < ClIVpl IV W3 Idivall,

1/2 2 1/2y1 12 1/20 1 3/2
< CIIVwl| V2wl 2 idivall, |l dival [,

< C[[V?wl|, 22 (Idivall, ?|l|dival /> Vdivul| 2
2u+ A

<6 lIldival'*Vdivul[7, + C|IV>WI[7, [Idivul:,

where, we used the following facts:

L3 19’

Idivylls = IdivvP75 < Cllidivv] /2 Vdivyl[;’.

{IldivvllLe < C|\divv]| A |Idivv [

(2.59)

(2.60)

(2.61)

(2.62)

AIMS Mathematics Volume 9, Issue 6, 14658—14680.



14671

In terms of J;, and the inequality (2.41), together with (2.62), gives

Ji2 < ClIVpll [ Vul| o Iidivully*lidivalVdival],

L4r 9
2u+ A 2
< KT 5 lldivul*Vdivull, +CHVu” o [divall
2
< ) dival 2V divul, +CHVu' o
16 L3—=9

Jis + J14 < ClIVplIlIdivallZs + ClIVpll 1V ull 2] Vull2lIdivall7
< ClIVull7, + ClIV?ul|2lldivul
< ClIV2ull7, +Clldlvull1/2||V2u||Lz|||divu|1/2Vdivu||Lz

2n

T |||dlvu|1/2Vd1vu|| + Clldivu|][V?ull?, + C|[V?ull?

N

L27
and

ClIVpllzIIblls Vbl slldivall7,

Clldivul| *(IV*bl|2[|divul >}’

< Cldivul| *[[V?b]l 2 [l[diva] /> Vdival|-

2
< 771—6|||divu|1/2VdiVU||iz + C||V2b||i2||divu||L3.

Jis <
<

Putting (2.61), (2.63)—(2.65) into (2.60), one has

2
Ji < "T|||dwu|”2Vdivu||iz + c(||V2u|| HVu}

9r_ )
4r9

+ C(I(V>w, V2, V2w)ll7, + 1) (1 + |divull},), 3 <r<6.
Next, by virtue of (2.4), (2.6), (2.41), and (2.62),
J> < ClIVull2(IVpll s IVPull 2 lldival 7 + ClIVull7, lldivall7,

2n+ k. . . .
< '78 |||d1vu|1/2deu||§2+C||V2u||§2(||d1vu||§3+1),

and

||dwu||”2||Vp||Ls|||divu|”2Vdivu||Lz
< 27]

X

2vdivulf?, + C (1 + |divull},).
Noticing that divb = 0, the inequality of (2.6) gives
Ji+Js=C f [0;b'b' — b'3;b'10; (|divuldiva) dx
< IIbllslidivall, Vbl s ll[dival /> Vdival|»

2n+« .
< '78 lldival'2Vdivul?, + CIIV?bI[2, (1 + [Idivul?, ).

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)
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Substituting (2.66)—(2.69) into (2.59), one has
(Il divully;) + llidivul'>Vdivall,

< € (I(v2u, V2w, V2b)[2, + 1) (IidivulZ, + 1) + C”VuH

Lar— 9.

(2.70)

Next, we estimate [[rotul|;3. We first multiply (2.58) by [rotu|rotu and then deduce from integration

by parts that
1
(3lle" rotull}s) + Gp + B)(lirotul*Vrotul;, + [lrotul'/*Virotul ;)

= f [Z,Brot(rotw) - Vpxu, - V(puk) X (Oku)] - (jrotujrotu)dx
5
+ f[(ka) X (Oyb) +b - V(rotb)] - ([rotujrotu)dx = Z 1.
i=1
The Holder’s inequality gives
C f |V2w||Vul[rotuldx < C||V*ul|,2||V>W|| 2| [rotu]| 3
< Vw2 lIrotull?; + ClIVull7,

Noting that
(n+ pB)Au + (n + « — B)Vdivu = (25 + x)Vdivu — (7 + B)V X (rotu),

thus

- f ([rotulrotu) - (VInp) X (2Brotw) dx

+ f (frotujrotu) - (VInp) X [(n + B) (V X rotu) — 2u + A) (Vdiva)]dx

+ f(lrotulrotu) -(VInp) X (VP + pu - Vu)dx

1 6
- f (Irotulrotu) - (V In p) X (b Vb - 5V|b|2) dx Y I
i=1

By virtue of (2.6), (2.23), (2.41), (2.62), we get

b, < ClIVW3[IVplls | Vrotull7,

s B

g llirotul'*Vrotul + C(IV?wl, + 1) (lirotull?, + 1),
and

L < C||rotu||”2

7 +p
16

| o llrotul"*Vrotul 2/l
L4r 9

9r .

|||r0tu|1/2Vrotu|| +CHVu‘
L4r-9

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)
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For 1,3, we utilize the fact

f(qu X V) -vdx = — ftp(VQS) - (V xv)dx,
and take ¢ = Inp, ¥ = divu, and v = [rotu|rotu, then

by < CIVpllu|[Vu|| _av_[irotull}llirotul'*Vrotull

L4r=9
]7 ﬁ 9r .

22 rotul>Vrotull, +C”Vu‘
L4r 9

The inequality (2.41), together with (2.4), leads to

12°

by < f Irotul?|Vpl?dx < CIIVull2,[IVell7s < CIIV?ulf;

s < f IVul|Vplirotul*|olluldx < CI[Vul| z|Irotul 7.d

nt+k 12 2 2,112 2
< lirotul' > Vrotul?Z, + IV2ull?, (|irotul, + 1),

32
and
hLe<C f [Vbllcurlu|Vplibldx < ClIbllslIVolls Vbl sllcurlull7,

< ollcurtul 2 Veurlu?, + Vb (jlcurtul, + 1).

Taking (2.74)—(2.79) into (2.73), one has
1 < 758 ot VrotulP, + CHVu”
4 L4r—9 9
+C (1 + ||(V2u, Viw, VzB)||L2) (||r0tu||L3 + 1).

Similarly,

c f rotul® (jullVollVul + [VuPlol) dx < ClIV2ulllrotulfodx

< ﬁ = llirotu|' *Vrotul?, + [IV?ull2, (jirotul2, + 1),
and

<C f lrotul*|Vb[*dx < C|[V>bl[2,|[rotul|7..
We notice that divb = 0, thus
Is < CflrotullbllVrotullVbldx

< CIbl|2[IV?bll 2| Irotul], }?|l[rotu]' /> Vrotul| -

1/2 2112 2
< g|||rotu| PVrotull?, + IV*b|[3, ([Irotull?, + 1).

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)
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Putting (2.72), (2.73) and (2.80)—(2.83) into (2.71), we obtain

(o' rotull};) +llirotul'*Vrotul,
3 (2.84)

9r_.

< C(I(V?u, V2w, Vb2, + 1) (lrotul2, + 1) + CHVu) s

We close the estimations. The inequality (2.70), together with (2.84), gives

1/3 35 1/3 3 : 1/2 : 1/2 2
(I diva, o' rotw)l3,) + [[(dival'*Vdivu, [rotul /> Vrotw),

(2.85)
< (1411w, V2u, VB, ) (1 + (dive, rotw) 2, ) + CHVuHi;_fg.
Due to
1< 18;2r<2, and 1<5r;18 <2, for §<r<6,
thus 3 5r—18 18-2r
[vu]| e < clvul " [vull < e (1 +uvui) (1 + 1vui,). (2.86)

Thanks to ||Vull;r < C (||divu||z- + ||rotu]|z-) (¥ r > 1), we obtain from (2.6), (2.51), (2.85), and (2.86)
that

3 : 3 3
sup [[Vull3, < € sup (JidivalZ, + [irotul}, )

0<i<T 0<i<T

T
<C(T)+C f V2w, V2u, V2b)I2, (1 + [[Vul, ) dr
0

T
e fo (1 +1vul, ) (1 + Va2, ) dr
T
<C(T)+C f V2w, V2u, V2b)| 1%, [Vl dr,
0

which, allied with (2.51), gives (2.56). O

Lemma 2.8. Under the circumstance of Theorem 1.1, then

T
sup [[Vwl; + f I(Idivw|"/>Vdivw, [rotw|'/*Vrotw)|[>.dt < C(T). (2.87)
te[0,T] 0

Proof. Operating div and rot to (2.1)3, one has
p(divw), + pu - V(divw) — (21 + K)A(divw) + (Vp) - W, + i (pu™)d,,w* + 4B8divw = 0, (2.88)

and

p(rotw), + pu - V(rotw) — ' A(rotw) + (Vp) X w; + V(pu™) X (9,,W) + 4Brotw — 2Brot(rotu) = 0.
(2.89)
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We multiply (2.88) by |divw|divw and integrate by parts over R3, and one has

(§||p1/3dlvwlli3)t +4BIIdivwl, + 27’ + «)|(divw]'*Vdivw, [divw]' > V[divw))|[2,

=— f(ldivwldivw) (w,-Vp)dx — f(ldivwldivw) Ox(pu™)0,wrdx = Ny + N,.

The inequalitis (2.1), and (2.60) give

321+« 3
Ny < 2B g Y divw, + Cl[vw]| 2
8 L4r=9

+ CI(VPw, V2w)ll7, (Ildivall}, + 1), 3 <r<6.
Similar to the estimation of (2.67), we get

2+ , ,
Ny < o lidivw]" 2V divwi[7, + ClI(V2u, VW)l (Idivwl?, + 1).

Substituting (2.91) and (2.92) into (2.90), we have
(||p1/3divw||*z3)t + Idivw] >V divwl, + [ldivwiS,

< C(IvPWIE, + 119wl ) (1 + idivwli2,) + CHVWHiﬁ—’_’g'

Multiplying (2.89) by [rotw|rotw and integrating by parts over R?, we deduce
(%||p1/3r0twllz3)t + 17 l|(Irotw|' > Vrotw, [rotw] >V |rotw])|2, + 4B|irotwl[,
= f |2Brot(rotu) — Vo x W, = V(pu") x (8 w)] - (Irotwirotw)dx.
Hence
(o' rotwlf},) + lirotw|>Vrotwli, + lIrotwl(,
< C(IV2ulR, + IV2wiR.) (1 + lirotwl2,) + CHVWH3 o .

L4r-9

Similar to the estimation of (2.85), we can get (2.87) from (2.93) and (2.94).

3. Proof of Theorem 1.1

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

In this section, we mainly focus on proving in Theorem 1.1 holds, based on the global a priori
estimates that have been obtained in Section 2. Actually, the global existence can be established by
modifying the method in [6]. In the next step, by modifying the ideas of [19], we will prove the

uniqueness of solutions holds.

Proof of uniqueness. Let (p1,uy, Wy, by) and (05, Uy, wa, b,) be two solutions to the system (2.1), (1.2)

and (1.3) on R? x [0, T'] that satisfy (1.13) and have the same initial data. Define

PEPI—P2, VEU —W, T=W —W,, ¢=b;—b,,
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then it follows from (2.1); that
¢+ - Vo + ediva, + prdivy + v - Vp; = 0.

Multiplying (3.1) by ¢, one can deduce from integration by parts that

d .
EII(PIIZ < Clldivuy||=llgll7, + C (VL2 + IVl Vs l2) lipll 2
< Clldivuy||=ligl7, + CIVVII2ligll 2.

Due to (1.13), we know that ||divu,||;~ € L'(0, T). Thus, the inequality (3.2) yields

t t 1/2
le@)ll> < € f ||Vv||des<Cr”2( f ||Vv||§zds) . Ve[0Tl
0 0

Since it holds that u, = u,, + u, - Vu,, we get
o1V, +piay - Vv — (7 + BAV — (n + « — B)Vdivv

1
= =iy — p1V - Vup = V(P(p1) = P(p2)) + 2Brotw + by - Vo — EV(|b1|2 — by).
Multiplying (3.4) by v and integrating by parts, we get

1d )
mnp}”vniz + @ +BIVVIE + (7 + k — Alidivvll,

< Cllgll Il [1vlize + ClIVIz IVl s [[vllze
+ Cllell2lIVVll2 + Cllal| [V V.

+ C (bl + ball) Il 2 1V Vil
n+p
2
+ C(1+ b1 + Iballfe + IVl (IVI2 + ol + g7 ) -

<

IVVIE, + C (1 + lhal2.) llell?,

Thus, the inequality (1.13), together with (2.50) and (2.56), leads to

d 1/2_112 2 <112 2 1/2_112 1/2 2 2
o1V, + 19V, < C (1 + 11l )ligls + € (1 + 110} *VIE, + o} + 1)

On the other hand, the inequality (2.1); gives

1@, +p1uy - Vo —n'Aw — (' + K)Vdive = —pw, — p1w@ - VW, — 48w + 2Brotv.

Multiply (3.6) by @ and integrate by parts, and we get

e
2dt !
< Cllell2lwallll@lls + ClVI2IVWallsll@lls + Clivl:l V|2

2 2 P
@l + 7 IIVall, + (7 + )lidiva]ly,

/i :
< ZIV@IG + Clwalaligz: + C (1 +19wallz: ) IVIE..

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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thus
12

d .
d_t”p‘ @, + Vw7, < Clwalinllell7, + C(l + IIVW2IIig) VI,
Note that
¢, —aAp =—-u,-Vp—v-Vby, +¢-Vu; + b, - Vv — ¢diva; — bydivv.

Multiply (3.8) by ¢, and one can get form integration by parts that
1d 5 )
§E||¢||Lz +[Voll, = [ (-1 - Vo —v-Vby +¢-Vu; + by - Vv

6
— gdivuy — bydivy) - ¢ dx £ " J;

i=1

We deduce from (2.56) that

1 1 . a
Ji=— f w, - V9P = 5 f divm 6Pdx < SIVOIE: + I,

a
Jo < CIMINBallisliglls < SIVAIE: +C (14 IVBall,) VAV,

and
a
Ty T+ Js < 29I + C (14 19°ballfa) I VorvIlE: + I

We have from (1.13) that

Js < ClIboll= V¥l gl < CullVVIE, + Cliblloll Vbl oligll
< CHIVYIE, + C (1 +IV°ball2, ) 1l

Taking (3.10)—(3.13) into (3.9), one has

d

ZNBI5: + 9615 < LIV + € (1+19°ballz:) (IR, + 11915,
which, combined with (3.3), (3.5), and (3.7), gives

1/2_ 112 1/2 2 2 2 2 2
(101215 + lloy @iy, +1g17.) + IV VI + IV, + VeI,

!
< C(lloy VI + lloy* @Il + l1g122) + Cr (1 + a2, + 1wl ( fo ||Vv||izds).

Let

!
(1)  (lloy VIl + lloy* @i, + gl ) + f (IVVIZ, + IVall?. + V7. ) ds,
0

then, the inequality (3.14) gives

() <yl with €(0) =0,

(3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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where
Y() 2 Ct (1 + I, W)l ) + C.

We know from (1.13) that y(¢) € L'(0,T); thus, the inequality (3.15), combined with Gronwall’s
inequality, gives

T
(V1. + Nl + g2 ) + f (IVVIE, + IV, + IVgI2.)dt =0, Ve[0T,
0

SO
v(x,f) =0, w@(x,)=0, ¢x1)=0, ae onR’®x][0,T],

which, combined with (3.3), gives

e(x,t) =0, a.e.on R? % [0, T].
Thus, Theorem 1.1 is proved. O
4. Conclusions

From the discussion in the previous sections, we have concluded that the three-dimensional
compressible magneto-micropolar fluid system (1.1) possesses a global and unique solution in R?, as
follows:

For s € [9/2, 6), assume that (g, uy, Wo, bg) satisfies

inf po(x) >0, po—1e H' NW", (uy,wy)e HNnW', by,eH".

There exists a constant € > 0, depending on n,«,8,7", k", y, @, A, inf py, sup po, |[Vugl|z2, [[VWol|;2, and
[IVbol|;2, such that if
SO = ||(p0 - 1’“09 Wo, bO)“iZ < &,

the systems (1.1)—(1.3) possess a global uniqueness solution (p, u, w, b) in R? x (0, co) satisfying

o—1€eC(0,T]; H' n W), infp(x,7) > 0,

(u, w,b) € C([0, T]; I>°NL%) 2<a<6,

(u,w) € L=(0, T; H' A W'3) N LX(0, T; H?) N LY0, T; W),

b e L°([0,T]; H) N L%(0, T; H?),

(1120, 112W) € L°(0, T; L?), (¢'°Vi, t'2Vw) € L2(0,T; L?),

(t'2h,, 112V2b) € L=([0, T1; L), (£'/2Vh,, 1'/2V3b) € L3([0, T]; L?),

with 1 < € < (4s5)/(5s — 6).
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