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Abstract: In this research, we have proposed and investigated a time-delayed free boundary problem
concerning tumor growth in the presence of almost periodic nutrient supply with angiogenesis. This
study primarily focused on examining the impact of almost periodic nutrient supply, angiogenesis,
and time delay on tumor growth dynamics. We analyzed the existence, uniqueness, and exponential
stability of almost periodic solutions. Furthermore, we established conditions for the disappearance of
almost periodic oscillations in tumors. The existence and uniqueness of almost periodic solutions were
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Finally, computer simulations were employed to illustrate our results.
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1. Introduction

Delay differential equations (DDEs), or functional differential equations, arise in models
representing biological phenomena when considering the time-delays occurring in these phenomena.
Mathematical modeling using such DDEs is widely applied for analysis and predictions in various
areas of life sciences, including population dynamics, epidemiology, immunology, tumor growth,
physiology, and neural networks. The memory or time-delays in these models are associated with
the duration of hidden processes such as life cycle stages, the time between cell infection and new
virus production, the infection period, the time between cell division and new cell production, and the
immune period [3,6,10, 15,17,18,20,23-25]. Reference [17] covers important topics related to DDEs
including numerical methods, stability analysis, inverse problems, parameter estimation, sensitivity


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2024648

13292

analysis, optimal control, and time-delayed biological systems. In this paper, we investigate a free
boundary problem for vascularized tumor growth with time delays and almost periodic nutrient supply.
The mathematical model describing the tumor growth process considers cell division and death along
with external almost periodic nutrient supply. Compared to the apoptosis process of tumor cells, the
proliferation process exhibits a time delay. In the model, two unknown functions o(r,t) and R(f)
represent nutrient concentration and tumor radius, respectively. The mathematical model is given by:

do 10 (,00
Cﬁ‘ﬁa_r(" 5)_%-’ 0<r<R(®@), t>0, (L.1)
oo
a—+a(0'—lp(t))20, r=R(), t>0, (1.2)
r
d [4xR? R(t—7) R(t)
— ﬂ—(t) =4r f so'(r,t—‘r)rzdr—f soridr , >0, (1.3)
dt 3 0 0

where ['o represents the consumption rate of nutrients, and « is a constant denoting the density of blood
vessels. The external concentration of nutrients is denoted by /(¢), while 7 represents the time delay.
Equation (1.3) originates from the law of conservation of mass. The term 4x fOR(Z_T) so(r,t — T)r’dr
corresponds to the volume increase induced by cell proliferation, where so- denotes the proliferation
rate. On the other hand, 4r fOR(t) sér*dr accounts for the volume decrease caused by natural death,
assuming a natural death rate of s. Additionally, we consider that ¢ = T,;/T, ~ 1’;’;—’;’;” < 1, which
represents the ratio between the nutrient diffusion timescale and tumor growth timescale (see [10, 11]
for further details). In this study, we will discuss the aforementioned model with respect to its initial
condition given in Eq (1.4):

R(t) =¢(t), —1<t<0. (1.4)

The proposed model is based on the framework presented in [12] with two modifications. First, we
consider the provision of external nutrients as an almost periodic function, which is a more realistic
assumption compared to the constant nutrient supply assumed in [12]. Second, we incorporate the
impact of time delay in tumor cell proliferation, as observed in [3]. It is important to analyze the
stability of tumor growth models with time-delay terms, and several methods such as Lyapunov
exponents, the comparison principle, and stability theorems have been proposed by scholars (see
for instance [6, 10, 14, 18,22]). In particular, reference [6] investigates a special case where @ = oo
and ¢ is a positive constant using functional differential equations theory to establish existence,
uniqueness, and asymptotic stability of steady-state solutions. Furthermore, researchers have also
studied bifurcation phenomena in mathematical models for tumor growth with time-delay terms (e.g.,
[15, 16,24, 26]), which are crucial for understanding tumor development mechanisms and predicting
future trends. By considering almost periodic functions instead of exact periodicity due to their
robustness under perturbations, our model provides a more realistic representation of actual tumor
growth dynamics. This paper focuses on investigating the impact of almost periodic nutrient supply
along with angiogenesis and time delay.

Several studies have investigated mathematical models for tumor growth in angiogenesis, including
those by Friedman and Lam [12], Ye et al. [25], and Zhou et al. [26]. However, these studies assumed
a constant provision of external nutrients. In this paper, we consider the external concentration of
nutrients as a bounded almost periodic function and also incorporate time delays in tumor cell division.
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While our previous work [25] also considered angiogenesis and time delays, it assumed a constant
concentration of external nutrients. While we have previously proven the asymptotic stability of
constant steady-state solutions [25], this paper investigates the case where the provision of external
nutrients is almost periodic and establishes the existence, uniqueness, and stability of almost periodic
solutions using a different methodology.

Noticing that ¢ < 1, this paper focuses on the limiting case where ¢ = 0. By employing spatial
scale transformation, we can assume I' = 1. Consequently, Eq (1.1) simplifies to the following form:

19

r2 or

(rzaa—o-) =0, 0<r<R@®), t>0. (1.5)
r

Using the solution of (1.5), (1.2) is given by

a I(r)
, 1) = ——————Y(1), 1.6
o Y1140 (1.6)
where
xcothx —1 sinh x
p(xX) = ————, l(x) = .
X X
Substituting (1.6) into (1.3), we obtian
: ay(t— 1) Rt -1pR(t-1) &
R'(t) = sR(t -=1, 1.7
0= SR R = pRG =) R(1) 3 (1.7
xcothx —1 ) 3 . . ~
where p(x) = —————. Denoting x = R, after rescaling coefficients of y/(7), & as follows
X
1} =8y, o= SO,
and dropping the hat notation, Eq (1.7) takes the form
X () =3ay(t — T)F(x(t — 1)) — dx(1), (1.8)
where
3
Fooy = PO
a + Vxp(3/x)
Accordingly,
xo(H) = (1), —17<t<0. (1.9)

The remaining part of the paper is arranged as follows. In Section 2, some preliminaries are given.
In Section 3, we prove the existence and uniqueness of the almost periodic solution to Eq (1.8).
Section 4 is devoted to the stability of the unique positive almost periodic solution. In the last section,
computer simulations and conclusions are given.
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2. Preliminaries

Let
g(x) = xp() = 2L ) = 2o, g = LY G = Pen)
X a+q(x)
and @) Bp(@x)(@ + xp(x)) + g(x)
_ plx _ Op(Ox)(a + xp(x)) a+q(x
PO =0 = @ + 0p@x) ~ aD®/0+ g’

where @ and 6 are positive constants.
Lemma 2.1. (/) p’(x) < 0 for x > 0, lim,_,o, p(x) = 1/3, lim,_ p(x) =0.
(2) q'(x) > 0 for x > 0. lim,,gqg(x) =0, lim, ., q(x) =1, and q'(0) =1/3.
(3) k'(x) > 0and k"’ (x) > 0 for x > 0.
(4) (x3g(x)), > 0 and (x3g(x))” > 0 for x > 0.
(5) For any 6 € (0,1), D’(x) < 0 for x > 0 and lim,_,o, D(x) = 1,1lim,_,., D(x) = 6.
(6) S’(x) > 0 for x > 0. Moreover, for any 8 € (0, 1), lim,_o, S(x) = 6,lim,,, S(x) = 1.
(7) F"(x) < 0 for x > 0.
Proof. For the proof of (1) and (2), please see Lemmas 2.1 and 2.2 in [12]. For the proof of (3), please
see [6]. Now, we prove (4)—(7).
(3) The fact that k’(x) = (x*p(x))’ > 0 for x > 0 can be found in [6]. Next, we aim to prove that

k" (x) > 0 for x > 0. Since
2

(x*p(x))’ = 2xcothx — 1,

sinh? x

it follows that, by noticing cosh? x — sinh? x = 1,

2 cosh x sinh? x + 2x2 cosh x — 4x sinh x

Cpx)’ =
(') sinh® x
2 sinh x(cosh x sinh x — x) + 2x(x cosh x — sinh x) -0

sinh® x

This result is derived from the facts:

cosh xsinhx — x > 0, xcoshx—sinhx > 0,

for x > 0.
(4) From [23], noticing k’(x) > 0, it is known that:
3 ;o k(x) '
(x"g(x)) _(a+ﬂm)
_ Ka + K (x0)g(x) — ¢’ (0k(x)
(@ +q(x)?
ok (x) *UQU( 4 f
(@+q)? \gx)] \a+qx)
ok (x) g(x) Y
<a+¢mﬁ+2%a+am)>o
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Then,

k(X) )N
a + q(x)
ak'(x) P00\
((a n q<x>>2) i (2x<a n q(x))Z)
K@@+ g(0) = 24/ K () | 290(q(0) + 25’ (1)
(@ + q(0)° (@ + q(0)°

(Fg(x)" = (

By utilizing equation
q(x) + 2xq'(x) = xp(x) + 2x(p(x) + xp’(x)) = xp(x) + 2xq'(x) > 0, 2.1

for x > 0, we can deduce that (x*g(x))” > 0 for x > 0.

(5) For0 <6 < 1, from [21], we know that D’(x) = ( p((gx))) < 0 for any x > 0. From [5], we know
p(Ox
that 2 ) is strictly monotone increasing if 0 < 6 < 1, and
p'(6x)

px)y 1 . px 2.

S0 px) T 8 o p(6x)

Noting (1), it follows that

p(x) .opx) . p)
m =1, lim = lim =0.
=0r pOx) e p(Ox) | xeo Bp/(6)

Thus, lim,_,¢, D(x) = 1 and lim,_,., D(x) = 0 follows.

(6) For 0 < 6 < 1, from [21], we know that D'(x) = (p(x)

p(6x)

) > 0 for any x > 0. By direct

computation, one can get

§'(x) ( @+ q(x) )

aD(x)/0 + q(x)
aq' (X)(D(x)/0 — 1) — aD'(x)(a + q(x))/6
(@D(x)/60 + q(x))>

> 0,

where the facts D(x) > 6, ¢'(x) > 0, and D’(x) < 0 have been used. For 6 € (0, 1), the facts that
lim,_0, S (x) = 0,lim,_, S (x) = 1 follow from (5).
(7) Direct computation yields

1
F’(x) = o2 [48' () + yg" D], 3

and
J(y)

4¢'(y) +yg" (y) = m,
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where
J() = &[4p' ) + yp" W] + a[-4p*») + ¥’ p" Mp) — 20 (P’ )] + V(y),
and
V(y) = —4p*q = 2yp0a)p’ ) + 2yp°q ).

From [20], we know that 4p’(y) + yp”'(y) < 0. Since

—4p* () + ' " PG — 29°(P' )’ = yp(yp” +2p") = 2p(yp’ + p) = 2(p° + y*(p')*) < 0

and

V() = —4p’q+2yp(d'p-p'q)
= —4p’q+2yp’
= p’(=4q +2yp)
= 2yp’ <0,

it follows that J(y) < O for y > 0. Thus 4g’(y) + yg”(y) < 0, then F”(x) < O follows. This completes
the proof.

To discuss the existence and uniqueness of almost periodic solutions, let’s recall some basic
introductions about the symbols and results of almost periodic functions (see [2, 4,9, 13, 19] for
more details).

Definition 2.2. (see [4,9]) A function g € C(R) is called almost periodic if for all € > 0, there exists
l(€) > 0 such that any interval I of length l(€) contains a number A with the property that

sup |g(t+A) — g(1)| < e.

teR

The space of all the almost periodic functions is denoted by C,p(R).
Recall that AP(X) is a Banach space with the sup norm.
Definition 2.3. (see [9]) Let M(-) be an n X n continuous matrix defined on R. The linear system

Y' (1) = M(DY (@), (2.2)

is said to admit an exponential dichotomy on R if there exists positive constants k, w and a projection
P such that
IY(PY ™ (=s)l| < ke ™™, 125,
1Y) = P)Y ' (=s)l| < ke, 1<,
for a fundamental solution matrix Y (t) of (2.2).
Lemma 2.4. (see [9]) If the linear system (2.2) admits an exponential dichotomy with a projection P,

then the almost periodic system
Y'(t) = M()Y (1) + g(1),

has a unique almost periodic solution Y(t) given by

Y(r) = f Y(©)PY ' (s)g(s)ds — f OOY(t)(I—P)Y‘l(s)g(s)ds.

(%)
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Theorem 2.5. (see [7-9]) Suppose that P is a normal and solid cone of a real Banach space X. Let P°
be the interior of P. Suppose further that the operator A from P° to P° is a nondecreasing operator.
Assume that there exists a function ¢ : (0,1) x P* — (0, +00) such that for any ¥ € (0,1) and x € P°,
then the following holds

(1) (1, x) > .

(2) ¢(13, ) is nondecreasing in P°.

(3) A(9x) > ¢(, x)A(x).

Assume further that there exists 7 € P° such that A(z) > z. Then A has a unique fixed point x* in P°.
Moreover, for any initial x, € P°, the iterative sequence defined by

Xy = A(X-1), nE€N, (2.3)

satisfies
[|x, = x*|l = 0 (n > o0). 2.4)

3. The existence and uniqueness of the almost periodic solution

Rewrite the problems (1.8) and (1.9) in the following form:

x(t) = x0(0)e™" + 3a'f Y(s — 1)e 7TV F(x(s — 7))ds.
0

Then, by the method of steps, the problems (1.8) and (1.9) have a unique solution x(#) which exists for
all # > 0. From Lemma 2.1, it follows that F(x) > O for all x > 0. Then, by Theorem 1.1 in [1], it is
easy to get get that the solution to problems (1.8) and (1.9) is nonnegative.

For the remainder of the paper, we always assume that (¢) is a positive almost periodic function
and denote

W' =supy(t), ¢. = inf (7).

teR

By Definition 2.3 and Lemma 2.4, it is not hard to get:
Lemma 3.1. There exists a nonnegative almost periodic solution to Eq (1.8) given by

x(t) = 3a f Y(s — T)F(x(s — 7))e 7" 9ds, teR. (3.1)

Actually, Eq (1.8) is equivalent to (3.1) in the sense of nonnegative almost periodic solutions, i.e.,
every nonnegative almost periodic solution of Eq (1.8) is also a nonnegative almost periodic solution
of (3.1), and vice versa.

Theorem 3.2. (1) If Y. > &, there exists one unique positive almost periodic solution x* to Eq (1.8).
Moreover, for any initial value function xy € Cap(R) with positive infimum, the iterative sequence

x(t) = 3a f (s — ) f(xeei(s = 7)e 7 ds, k=1,2,3... (3.2)

AIMS Mathematics Volume 9, Issue 5, 13291-13312.
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satisfies

llxe = x*|l = 0, k— oo. (3.3)

(2) If y* < &, then Eq (1.8) has exactly one unique almost periodic solution which equals zero.
Moreover, for any nonnegative initial value function xy € C4p(R), the iterative sequence

x(t) = 3 f (s — TF (o1 (s = 1)e 7 ds, k=1,2,3... (3.4)

satisfies

llxill = 0, k — co. (3.5)

Proof. (1). Let
P= {X S CAP(R) . .X(t) >0,r€ R}

Then, P is a normal and solid cone in C4p(R) and its interior
P’ = {x € C4p(R) : A& > 0, such that x(t) > &,t € R}.

Define an operator A on P° in the following way:

A(x)() = 3a f Y(s — T)F(x(s — 7))e 7 9ds. (3.6)
The fact |
F'(x) = ;G’(y)lyze/; >0, (3.7)

implies that F' is monotone increasing for x > 0. It follows that A is a nondecreasing operator.
Next, let us prove that A is from P° to P°. Since

., . p(\x) 1
lim = lim ———— = —,
x—0 g( \/}) -0 o + q( {/}) 3a

and ¥, > &, noticing g is decreasing (see Lemma 2.1), there exists € > 0 such that

3y p(\e) o
g(\Ve) = s * Jau.

b

which implies
Sag(V0)2 > 1
loa

If xy € PY, there exists € > 0 such that xy(¢) > ¢ for all ¢ € R. It follows that
t ~
A(xo)(t) > 3a f W, F(e)e 7 ds
= 30&6&%(60)
loa

AIMS Mathematics Volume 9, Issue 5, 13291-13312.
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> 3a%60g(\3/6_0)

> €,

for all # € R, which means that A(xy) € P°. And for e, € (0, €), we obtain

A(e)(®) > 3a f Y. F(e)e 7" ds
=32 0538
o
> 3&628(\3/6_1)
(o3

> 6.

It is easy to get that
F(ix) = {(9, 0)F (%),

forall 0 < < 1 and x € (0, +00), where (i}, x) = VIS Ol No Let
o3, x) = (9, inlg x(1)), xe P’
te

By Lemma 2.1 (6), one can get that {(¢},.) is strictly monotone increasing in (0,+o0) and
lim,_,o £(, x) = ¢, which implies (%, x) > ¢ for 9 € (0, 1) and x € (0, +c0). Therefore,

p(3,x) >0, 9e(0,1), xe P’

Also, by the fact that (¢, -) is strictly monotone increasing in (0, +c0), one can get that ¢(,-) is
nondecreasing in P°. It follows that

AWV = 30 f (s — DFOx(s — )¢ ds
=3a f (s — T)x(s — DG(Vx(s — T, x(r = 7)™ Vds
2 3a f Y(s = Da(s = (s = D)p(d, x)e™ 7 ds

2 3a¢(d, x) f W(s = Dx(s = Dg(Vx(s = 1)e Vs
= G5, DA@).

By Theorem 2.5 (see (2.3) and (2.4)), Eq (3.1) has exactly one positive almost periodic solution
x* € P°. Then, by Lemma 2.4, x* is just the unique almost periodic solution with a positive infimum to
Eq (1.8). Moreover, (3.2) and (3.3) follow from (2.3) and (2.4).

(2). By Lemma 3.1, Eq (1.8) has a nonnegative almost periodic solution

x(t) = 3a f (s — T)F(x(s — 7))e 7" 9ds, teR. (3.8)

AIMS Mathematics Volume 9, Issue 5, 13291-13312.
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Define operator A : Cyp(R) — Csp(R) as follows:
A(x)(t) = 3a f t Y(s — T)F(x(s — 1))e 7 9ds. (3.9)
Next, we show that A is a contraction operator. For any x,y € C4p(R),
lA()(@) — Al = 3al| I ; (s — DIF (x(s = 1)) = F(y(s = 1)]e 7|

< 3a I; W IF E@)le ™ ds||x = yll,

where &(1) lies between x(¢) and y(¢). For any x > 0, since
F'(x) = 3iy26'(y>|y:% >0,

and g’'(+/x) < 0, it follows that |F’(x)| < g(+/x) < 1/3. Then,

|A(x)(7) = A)(0)] < %IIX =i,

which implies that A is a contraction operator since ¥* < ¢&. Therefore, Eq (1.8) has exactly
one nonnegative almost periodic solution x(#). If we define p(0) = 1/3, then p is continuous on
R. Therefore, zero is also an almost periodic solution of Eq (1.8). By the uniqueness, we have
x(r) = 0. Since

Il = 3a

f W(s = 1) f ua(s = 1))e” 7 ds

*

< Il

F

)\ 2
< (‘”—) s
g

w\ K
< (w_) ol
(o8

and — < 1, we can get ||x;]| = 0, k& — oo. This completes the proof of Theorem 3.2.
o
Remark. Theorem 3.2 (2) implies that if " < &, Eq (1.8) has no positive almost periodic solution.

4. Exponential stability of the unique positive almost periodic solution

Lemma 4.1. Assume that the function F(x,y) is defined on R, X R, and continuously differentiable.
oF )
Suppose ™ > 0 for (x,y) € R, xR,. Forany T > 0, if 1,20 € C[-7,T) N C'(0, T) satisfy the
y

following inequalities:
z2'(t) 2 F(z1(#), z1(t — 7)) for 1> 0, 4.1)

AIMS Mathematics Volume 9, Issue 5, 13291-13312.
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2/ (1) £ F(z2(1), 22(t = 7)) for t >0, 4.2)
z1(t) 2 22(2) for —7<1<0, (4.3)

then, z,() > z,(¢) for t > —7.
Proof. Please see Lemma 3.1 in [6].
Lemma 4.2. Consider the following problem

xX'(t) = F(x(t), x(t — 7)) for t >0, 4.4)
x(t) = xo(t) for —7<t<0. 4.5

oF
Assume that the function F is defined on R, X R, and continuously differentiable. Suppose ™ > 0 for
y

(x,y) € Ry X R,. Let x, be a positive solution of equation F(x, x) = 0 such that
(x—x)F(x,x) <0 for x # x,.
If x(t) is the solution of the problem of (4.4), (4.5), and xy(t) € C[-7,0] for —t <t < 0, then,

lim x(?) = x,.

—00

Proof. Please see Lemma 3.4 in [6].
By Eq (1.7), we can get

3a F(x(t — 1)) — ax(t) < X'(t) < 3ay" F(x(t — 1)) — x(1).

Consider the following two initial value problems

7 () =3ay. F(z(t — 1)) — 7z(1), 4.6)

20(t) =p(t), —T<t<0, 4.7
and

V() =3ay" F(y(t — 7)) — oy(2), (4.8)

yo(®) =¢(f), —7<t<0. 4.9)
Define

Fi(x,y) =3ay.F(y) - 0x, Fa(x,y) =3ay F(y) - ox.

From (3.7), we know that F'| and F, are monotone increasing in y. Since ¢, > ¢, by Lemma 2.1, one

can get
ap(x)  aG(x)

= = 1/3
@+ (o) & - a8 <1/3,
1
for all x > 0. Then, when ¢, > & (i.e., 0 < 30 < 30 < 3 ), it follows that the equations

o

Fi(x, x) = 3axy.[g( Vx) — 30

I1=0

AIMS Mathematics Volume 9, Issue 5, 13291-13312.
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and _
loa
3y
have a unique positive constant solution x; and x,, respectively, and x; < x,, where the fact that
g'(x) < 0for x > 0 is used.
Lemma 4.3. If . > &, then the following assertion holds:

Fa(x, x) = 3axy [g(Vx) —

1=0,

x; = limz(¢) < x = liminf x(r) < limsup x(¢) = X < lim y(¢) = x,.
t—oo t—oo t—00

t—00

Moreover, there exists T > 0 such that
x(t) > x1/2 >0, (4.10)

fort>T.
Proof. Since g’'(x) < 0, we have (x — x;)F(x,x) < 0 for x # x;. By Lemma 4.2, for any nonnegative

initial value function x(#), one can get
lim z(?) = xq, 4.11)
—00

where x(¢) is the solution of (4.6) and (4.7). Similarly, it is easy to get that for any nonnegative initial
value function xy(¢), one can get
lim y(¢) = x5, (4.12)
t—00

where y(?) is the solution of (4.8) and (4.9). Using Lemmas 4.1 and 4.2, one can get

x; = lim z(f) < x = liminf x(¢) < limsup x(¢) = X < lim y(¢) = x,.
[—o0 —o0 f—00 —o0
Thus, (4.10) follows. This completes the proof.
The solution to Eq (1.8) is related to @. Denote x(f) = x(z,@). Assume a; < a,. Consider the
following two problems

Vi) =B (OF (31 (t — 1)) = yi(0), (4.13)

i) =¢(1), —7<1<0 (4.14)
and

Yo(t) =3ap(F (ya(t — 1)) — Fy2(2), (4.15)

ya(t) =p(t), —7<t<0. (4.16)

By Lemma 4.1, it is easy to get that x(f, ;) < x(, ;). Then,

Lemma 4.4. The solution to Eq (1.8) is monotone increasing in a.

Theorem 4.5. (I) If . > 6 and & — tﬁ*(l/i: +3Ay) > 0 hold, where Ay = 1/3~/x,18'(~/x1), then there
exists g > 0 such that for all T € (0, 1)), *the unique almost periodic positive solution to Eq (1.8) is
exponentially stable.

(Il) If Y* < &, then there exists T > 0 such that for all T € (0,7;), every solution to Eq (1.8)
exponentially asymptotically tends to 0.
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Remark. By selecting appropriate parameters, the condition & — w*(l% +3Ap) > 0 in Theorem 4.5 (I)

(1 1\ 34
Iy)=6|--— .
) U(y t//*)+ /8

Then, I'(y) < 0 and lim,_,o, I(y) = +oc0. By Lemmas 2.1 (1) and (3), g is decreasing, thus Ay < 0. Then

can be satisfied. Actually, let

3A
") = W_*O < 0. Thus, there exists a positive constant [, such that /(y) < 0 for [, < y < ¢*. Since

- o (1 1 3A¢
-y (— +3A 0 — - — 0,
loa w(dl + 3Ap) > (:}a-(w* W*)+ e <

the conditions in Theorem 4.5 (I) will be satisfied if we choose the almost function (¢) satisfying
Y. € (lo,y") and & satisfying & < ¢..

*

Proof. (I) Since ¢ — ;0*(E + 3Ap) > 0, due to the sign preserving property of continuous functions,

there exists 7 > 0 which is small enough such that
~ Ny
O'—l//(w—+3(A0+7]))>o

Let ~
9r) =G -y (l% +3(Ag + n)) &,

*

1
where Ag = g%/x_lg’({/x_l) < 0. Then

HO0) =6 —-y" (g + 3(Ap + 17)) > 0, 4.17)

which implies that there exists a constant 7y > 0 such that

() > @ > 0,

for all T € (0, 7).
Let x(r) be an arbitrary solution of (1.8) and x"(#) is the unique almost periodic solution
of (1.8). Then,

x(t) = xpe 7" + 3af e Ty (s — T)F (x(s — 7))ds,
0

and .
x(t) = xpe 7" + 3a/f e Ty (s — T)F(x*(s — 1))ds,

0
for all # > 0. Then we can get

x(t) = x*(t) = (x0(0) — x;(0)e™"" + 3 f e T y(s — 1) (F(x(s — 7)) — F(x*(s — 7)) ds.
0
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It follows that

|x(1) — x*(1)] < (x0(0) — xS(O))e_&’ + 3a/f e_&(’_s)w(s —DIF(x(s — 1)) — F(x*(s — 7))|ds.
0

Because of the continuity of F’, for any n > 0, there exists 6 > 0 such that when |z(f) — x;| < 9,
there holds
|F'(z() — F'(x)l < n. (4.18)

Since lim,_,., z(t) = x,, for the above 8, there exists T > 7 > 0 such that when ¢ > T — 7, there holds
|z() — x1| < 0.
Thus, there exists 7 > 0 such that when ¢t > T —, (4.18) holds. It follows that for ¢t > T — 7, there holds
F'(z(t)) < F'(x1) + 1. (4.19)

Let u(r) = |x(r) — x*(¢)|e”’. We can get for t > T,

u(t) < M + 3af T Y(s — TF (é)|Ix(s = 7) = x*(s — T)|ds,

T

where & = 9x(t — 1) + (1 —d)x*(t — 1), 9 € (0, 1), and

T
M = |xy(0) — x5(0)] + 3&]0‘ eTY(s — T)F (&)].)x(s — 7) = x*(s — 7)|ds.

By the fact that
IF'()] = g(€) + 1/3+/Eg (&) < g(Jf€) < 1/3,

we have
T
M = |x(0) — x5(0)] + 3cyf e Y(s — |F (&)|Jx(s = 7) = x*(s — T)lds
0

T
< 1x0(0) = x5(0)] + af e Y(s — 1)Jx(s = 1) = X*(s = T)lds =: M.
0

It follows that .
u(t) <M+ 3af ef”tp(s —DIF (E)].|x(s — 1) — x"(s — 7)|ds,
T

for ¢t > T. Notice that z(¢) is a solution of (4.6) and (4.7), then by Lemma 4.1, one can get
E=x(t-1)+ (1 —DxX(t—71) >zt — 7).
Since F"”(x) < 0 for all x > 0, then there exists 7 > O such that for¢t > T,

ut) <M+ 3a/f e Y(s — TF (é)|x(s = 1) = x*(s = D)ds
T

<M+ 3a/f e‘}sw(s —DF (z(s = 17)Jx(s — 1) — x"(s — 7)|lds
T
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<M+3a f 7Y (s — TY(F (1) + PIa(s — 1) — x°(s — Dlds
T

r ~
SM+3af e‘hw*( c +A0+77)u(s—r)ds
T 3ay.

!
<M+ 3cyf e(”w*( g + Ao + 77) u(s)ds
0 3@(//*

t—T ~
<M+ 301f ey ( g + Ao + 77) u(s)ds
. 3ay,

0 t—T
=M+ 3a/f eyt g + Ao + n|u(s)ds + 3ozf eyt g + Ao + n|u(s)ds
. 3ap, 0 3ay.

<M+ a/f e[”w*( 7 +3(Ap + n)) u(s)ds
0

ay,

=M, + f T (wg;_& + 3y (Ag + 17)) u(s)ds,
0

£

where

T
M = |x0(0) — x5(0)| + af ™ Y(s — T)x(s — ) — x*(s — 7)|ds,
0

and M, = M + 3a f_ OT e&ﬁp*(ﬁ + Ay + nu(s)ds and Lemma 2.1 has been used. By the Gronwall
inequality, one can get
u(t) < M,e",

where k = ¢ Tgb*(% +3(Ao + 1)). It follows that
|x(f) — x* ()] < M1 e“ " = Mie "™ < Me™,

where 5
v = 6’—1//*({% + 3(A +n))e‘~” > 0,

*

for 7 € (0,79) and 7 is sufficiently small, which means x*(¢) is exponentially stable. The proof of
Theorem 4.5 (1) is complete.
D) Let
L(t) =6 —yre’™.

Then L(0) = & — ¢* > 0, thus there exists 7; > 0 such that L(r) > O for any 7 € (0,7;). Let
v(f) = |x(2)le”". We can get

v(i)<C+3 f ™ Y(s — 1)|x(s — 1)|g( Nx(s — 7)lds
0
<C+ f e Yt |x(s — T)lds
0
<C+ f_T " v(s)ds
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0 t—T
=C+ f Y v(s)ds + f T Y V(s)ds
- 0

T

!
<C +f e Y v(s)ds,
0

where C = x(0),C; = C + ﬁ e""Yy*v(s)ds. By the Gronwall inequality, one can get
I/t(t) < Cle’“.
It follows that |
Ix(1)] < C1e* " = Ce T < Crem TV

for T € (0, 1), which means x*(7) is exponentially stable since 6 —y*e’" > 0. This completes the proof.
5. Computer simulations

In this section, the results of computer simulations are presented. By using MATLAB R2016a, we
present some examples of solutions of Eq (1.8) for different parameter values (see Figures 1-6). The
model parameter values used in the simulations are given with the figures’ captions.

1
Lety(t) =5+ E[cos(t) + sin( \/it)]. Then ¢* = 6,¥, = 4. Assume @ = 1,7 =0.1,and 6 = 1. The

solution to .
oz

1
. 6

g(Vx) =

is x ~ 10.16. It follows that {
A = gffy_cg'(f/)_c) ~ —0.339.

o

y=6-y( +340)¢"" ~ 0.166 > 0.

ay,
The conditions of Theorem 4.5 (I) are satisfied.
Let Y(t) = 5 + cos(t) + sin( \/Qt). Then ¢ =7,¢. = 3. Assume @ = 1,7 =1, and 6 = 20. Then

G-y’ =20-Txe>0.

The conditions of Theorem 4.5 (II) are satisfied.

Let y(t) = 5 + cos(t) + sin( V2t). Then v =T, = 3. Assume @ = 1,7 = 2, and & = 1. The
solution to _
o

) = _1
g(\/E)—w*a—g,

is x =~ 56.0247. It follows that |
Ag = ge/}g’(e/}) ~ —0.0297.
o
ay,

The conditions of Theorem 4.5 (I) are not satisfied. Assume @ = 1,7 = 2, and 6 = 10. Then

vy=0—-y( +3A0)e’" ~ —11.6326 < 0.

F—ye” =10-Txe* <0.
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So these parameter values do not meet the conditions of Theorem 4.5 (II).

400 T T T T T

N L

340 -

=

N—

<
320 m .
300 f u u u u U i
280 f .
260 1 1 1 1 1

0 10 20 30 40 50 60

t

Figure 1. The corresponding curves of the solutions to Eq (1.8) for /() = 5 + 1/2 cos(?) +
1/2 sin( \/Et), a=1,6=1,7=0.1, and xo = 260, 360, respectively.

Figure 2. The corresponding curves of the solutions to Eq (1.8) for ¥(#) = 5 + cos(t) +
sin( \/Et), a=1,0=20,7 =1, and xo = 3, 1, respectively.
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Figure 3. The corresponding curves of the solutions to Eq (1.8) for ¥(#) = 5 + %[cos(t) +

800

600

400

200
0

sin( \/Et)], 0=1,7r=0.1, xo = 260, and a = 1, 3, 5, respectively.

x(t)

Figure 4. The corresponding curves of the solutions to Eq (1.8) for ¥(f) = 5 + cos(?) +
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Figure 5. The corresponding curves of the solutions to Eq (1.8) for ¥(f) = 5 + cos(?) +
sin( \/Et), =1,1t=2,x =260,and @ = 1, 3,5, respectively.
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Figure 6. The corresponding curves of the solutions to Eq (1.8) for ¥(#) = 5 + cos(t) +
sin( \/it), 0 =10,7=2,xy =60, and @ = 1, 3, 5, respectively.

In Figure 1, the behavior of the solutions covered by Theorem 4.5 (I) is presented. Numerical

AIMS Mathematics Volume 9, Issue 5, 13291-13312.
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simulation results indicate that, for certain parameter values satisfying Theorem 4.5 (I) and different
constant initial values, the tumor will asymptotically tend towards an almost periodic solution. Figure 2
illustrates the behavior of the solutions covered by Theorem 4.5 (II). It is observed that, for specific
parameter values and different constant initial values satisfying Theorem 4.5 (II), the tumor will
disappear. In Figures 3 and 4, the behavior of the solutions is presented for varying « representing
blood vessel density. Numerical simulation results demonstrate that when other parameters remain
unchanged, the solution increases with increasing « without affecting its final trend of the solution.

Figures 5 and 6 indicate that even if the conditions of Theorem 4.5 are not met, the solution of the
problem may exponentially asymptotically tend to the unique almost periodic solution or exponentially
asymptotically tend to 0. This indicates that the conditions for exponential asymptotic stability in
Theorem 4.5 are only sufficient conditions.

6. Conclusions

The focus of this study lied in investigating the impact of almost periodic nutrient supply,
angiogenesis, and time delay on tumor growth. Our results demonstrated that an almost periodic
nutrient supply led to a unique almost periodic solution for this problem (refer to Theorem 3.2).
Furthermore, we established that this unique solution was exponentially asymptotically stable under
certain parameter conditions, while the presence of time delay did not affect the final growth trend of the
tumor (see Theorem 4.5). Additionally, when keeping other parameters constant, our findings indicated
that the solution increased with an increase in @, which represents the intensity of angiogenesis;
however, it should be noted that the magnitude of « did not affect the final trend of the solution (refer
to Lemma 4.4 and Theorem 4.5).
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