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1. Introduction

The Ostrowski inequality [1] is presented in 1938.

Theorem 1.1. Suppose that G : [71,m74] — R is a function which is continuous on [n,,n4] and
differentiable on (11,n4); then, for all T3 € [ny,n4], we have

< (r; = 152 1
< sup |G'(m)|(ms —m1) —22 Tl
1 <T2<14 (ns —m) 4

. 1 LY
G(13) - f G(1))dT, (1.1)
N4 — M Iy,
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Inequality (1.1) clearly indicates the absolute difference between the integral mean of G over [17;, 74]
and its value at a certain point in [77;,74]. Many applications of Ostrowski’s inequality have been
explored in statistics, optimization and probability theory, numerical integration, and theory of the
integral operators. Inequality (1.1) is also used to calculate error in the approximation of integrals. For
more details, we refer the readers to [2-9].

In 1991, the trapezoid inequality [10] is estimated as follows:

Theorem 1.2. Suppose that a function G is two times differentiable on [17,,14]; then, we have

G(n) + G(14)

_ 3
> < sup |G"//(T2)|(r]4 771) )

N <t2<n4 12

714
(N4 —m1) — f G(12)dt,

m
In 1935, Griiss [11] obtained the following inequality.

Theorem 1.3. Suppose that G and H are continuous functions on [ny,14) such that
LH <G <L and {5 < H(t) <

forall T, € [n1,n4] and {; € [n1,n4], where i = 1,2,3,4. Then, we have

1 114 . . 1 714 o 714 5
f G(r)H(t)dT - — f G(12)dTy f H(ty)dt,
n4a —m m (774 - 771) m m

1
< 4_1@2 — L) — &3).

(1.2)

Certainly, (1.2) computes the absolute divergence of the integral means of two functions from the
product of their integral means.
In 2003, Pachpatte [12] derived the Griiss- and trapezoid-type inequalities as follows:

Theorem 1.4. Suppose that G,H : [n1,1s] — R are differentiable functions on (11,ns), whose first
derivatives G', H' : (11,14) — R are bounded on (n,,1n4); then, we have

1 14 o . 1 T4 o 1 714 .
f G H(ry)drs - ( f G(Tz)de)( f H(Tz)de)
Na—1 Jy, Na =M Iy, Na—m Jpy

1 174 y y (14 — m1)? 71+ a2
= mfm [Mi|G(72)] + N1|H(T2)|][% + (Tz _ ¥)

(1.3)

de,

where M; = sup G'(t) and Ny = sup H'(1»).

Ni<t2<n4 nNi<t2<n4

Theorem 1.5. Suppose that G : [1,n14] — R is a differentiable function on (n1,1), whose first
derivative G’ - (11,n4) = R is bounded on (n1,n4); then,

G () = G*(n) ~ G(na) = Glp) (™
2 Na— M m

My —m)?

G(ry)dr, 3 ,

<

where M| = sup G'(12).

m<t2<n4
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The theory of time scales is a significant branch of mathematics because of its applications in a
variety of fields. In 1988, calculus on measure chains was introduced by Stefan Hilger [13]. The
valuable contributions of theory of unification, extension and discretization were identified by his
Ph.D supervisor, Bernd Aulbach. The theory of time scales for integral inequalities has been explored
by numerous researchers. When estimating the approximate error in integration, these inequalities
facilitate the analysis of the consistency and steadiness of statistical calculations [14]. Its applications
in engineering, optimization theory, functional spaces, mathematical biology and dynamic inequalities
have also contributed to the literature. Time scale calculus is illustrated through the use of continuous,
discrete, and quantum calculus. For convex functions, Ekinci [15] derived Ostrowski-type delta integral
inequalities. Hu and Wang [16] investigated time scales inequalities and their applications to the
persistence of a predator-prey system.

In 2006, Sheng et al. [17] developed a joint dynamic ¢,-derivative as a linear combination of delta
and nabla dynamic derivatives on time scales. For « = 1 and @ = 0, the diamond-a derivative
becomes the conventional delta and nabla derivative, respectively. On any discrete time scale, it gives
a symmetric dynamic derivative for @ = % Ahmad et al. [18] obtained a bivariate Montgomery
identity by using a-diamond integrals. Liu and Tuna [19] established weighted Griiss-type and
Ostrowski-type inequalities for ¢,-integrals. Bohner et al. [20] derived diamond-alpha Griiss-type
inequalities. Liu et al. [21] also presented weighted Griiss-type, Ostrowski-type, Ostrowski-Griiss-
type and trapezoid-type inequalities. Du et al. [22] established the Y-function and L’Hospital-type
monotonicity rules with nabla and diamond-alpha derivatives on time scales. Bilal et al. [23] obtained
bounds of some divergence measures by applying Hermite polynomials in diamond integrals on time
scales. Truong et al. [24] investigated the diamond-alpha differentiability of interval-valued functions
and their applicability to interval differential equations on time scales.

Motivated by the work of Bohner and Mathews [25,26] and El-Deeb [27], the objective of this
manuscript is to obtain some Ostrowski-type, Griiss-type, and trapezoid-type inequalities via the
Montgomery identity for diamond-alpha integrals on time scales. The proofs of these results rely
on employing the properties of differentiation and integration on time scales and they not only provide
the generalization of existing results, but also give some novel inequalities for diamond-alpha integrals
through the choice of some special time scales.

This paper is organized as follows. Section 2 presents some early results on time scales that will
be used later in this study. Section 3 proves the Montgomery identity and Ostrowski inequality for
diamond-alpha differentiable functions. In addition, we derive Ostrowski-type, trapezoid-type and
Griiss-type inequalities for twice diamond-alpha differentiable functions. Some classical and modern
inequalities are derived. Section 4 gives the summary of the findings.

2. Preliminaries

We now go over some fundamental concepts and notations in time scales calculus.

An arbitrary nonempty closed subset T of R is called a time scale. Consider the time scale T and
vi € T. The forward and backward jump operators o,p : T — T are defined as follows: o(v;) :=
infiw; € T : w; > vy} and p(vy) := sup{w; € T : w; < vy}, respectively. The A-derivative and
A-integral of a mapping G are denoted by G* and fﬂ, G(17)Ay. Similarly, the V-derivative and V-integral
of a mapping G are denoted respectively by GV and fﬂ, G(n)Vn.
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Assume that a function W, : T — R, 7, € T}, @ € [0, 1], tr,,;, = 0(12) — 11, and vo,,,, = p(12) — 11
Suppose that Wf“(rz) € R is a ¢,-derivative of W, at 7, if for any € > 0, there exists a neighborhood
W, of 1, such that, for all ; € W, we have

|a[W1 (O-(TZ)) - Wl (nl)]VTgf]l + (1 - a/)[Wl (p(TZ)) - Wl (nl)]ﬂsz - W;}H(T2)/J7-2771V72n1|
< €lpten Verl-
Moreover, W is said to be ¢,-differentiable if and only if it is delta- and nabla differentiable. For @ = 1
and a = 0, the ¢,-derivative reduces to the delta and nabla derivative, respectively [28].
In [29], the following results are given:

Assume that the functions Wy, W, : T — R are diamond-alpha differentiable at 7, € T, and that ¢y € R.
Then, we have

@) (Wi + Wa)*"(12) = W"(12) + W, (12);
(b) (coW1)**(12) = coW,*(12); (2.1)
(€) (W1 W2)°*(12) = W (1) Wa(12) + aW{ (1) W3'(12) + (1 — )W/ (1) W5 (12).

If we take the integral on both sides of (2.1), we get the following formula for integration by parts.
If n,,n4 € T and W;, W, are continuous functions, then

114
W (1) Wa(12)00 T2 = (Wi Wa)(174) — (W Wa) (1)
" ns (22)
- WY (1) W (12)0,T2 — (1 — @) W (T2) WS (12)0,4 T2

m m

Suppose that W, : T — R is a continuous function and 7n;,n4 € T. Then, the ¢,-integral of W, over
[71, 4] is described as follows:

714 174 14
W] (Tz)Q(ITZ = W1 (Tz)ATz + (1 — a/) W1 (TZ)VTQ, 0 <a< 1. (23)

m m m

Assume that 7y, 14,72 € T, ¢y € R and Wy, W, are continuous functions on [7;, 74]t. Then,
(1) f,:;[Wl (t2) + Wz(Tz)]%T?M: f,;lm Wi(12)0aT2 + fn’lM Wa(12)0472;
(i1) fm coWi(12)0,T2 = ¢ fm Wi(12)0472;
(iii) f,;lm Wi(12)0,T2 = fn? Wi(12)0aT2 + fnm Wi(12)0472;
(V) [* Wir2)0,12 = = [ Wi(12)0072;
m 14

0 | [ Wieonn| < [ Wl

Let T be an arbitrary time scale. Suppose that the functions 4, flk :TXT — R,k € NU{0}, are defined
recursively by

T
ho(ta,m1) =1, hk+1(T2»771):f hi (3, m)AT3,

m
and

T2
ho(ta,m1) = 1, hk+1(T2,771):f (73, 1m1) V3.

m
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Similarly, we define a function By : TXT - R,k e NU{0}, as:

h(t,m) =1, T (tam) = @l (ta,m) + (1= Oy (12,m1), @ € [0, 1],

where Ay, are right-dense continuous and flk are left-dense continuous functions.
For further details, the readers are referred to [30-34].

3. Main results

In this section, the Montgomery identity is proved by utilizing the formula for integration by
parts for diamond alpha integrals. Further, Ostrowski-, Griiss-, and trapezoid-type inequalities
are established by using the Montgomery identity for second-order diamond-alpha-differentiable
functions. Mathematical applications of this work are given in the form of examples and corollaries.

Theorem 3.1. Assume that n,,7,,73,n4 € T, with n; < n4, @ € [0,1] and G : [m,m4]r = Rasa
diamond-alpha differentiable function. Then, for all T3 € 11,41

" e l—a (™
G(ry) = < f G (13)0,73 + a f G”(13)0,T3

Na—M Jp s —m Jy,

s v 3.1)
+ f I'(12,73)G°(13)0, T3,
nNa—m m
where
9] - ) S D) B
Pty 73) = T3—1n1, T3 €[, T2lr (3.2)
T3 =14, T3 € (T2, M4,
Proof. By using (2.2), we have
T2
f (13 = NG (13)0073 = G(12) (T2 — 1)
"o o (3.3)
- le G7(13)0,13 — (1 = a)f G (13)04T3,
m m
and
714 5 .
(13 = 11)G°(13)0,T3 = G(12)(Ng — T2)
o . G4
—a/f G7(13)0,13 — (1 — ) G’ (13)0,73.
™ T

Add (3.3) and (3.4) to obtain

714 . 9 5
f ['(12, 73)G% (13)04T3 = G(12)(Ny — 71)
R - (3.5)
- f G7(13)0,73 — (1 — @) f G’ (13)0,73.
m

m
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Therefore,

. a 714 . 1 —a 14 5
G(1y) = f G (13)0,T3 + G (13)04T3
Na =M Iy, Na =M Iy,

1 o .
+ f ['(12,73)G°(13)0,T3
Na — M Jp,
O 14 o 1 - 14 o
= f G7(13)0,T3 + f G’ (13)0,T3
Na — M Jp Na — M Iy,
1 14 . 14 .
+ [ - af G7(13)0,13 — (1 — a)f G (13)0,73
Ma— m m

+ G - m)].

Remark 3.2. (i) Put @ = 1 in Theorem 3.1 to get [26, Lemma 3.1];
(ii) put @ = 0 in Theorem 3.1 to get [18, Remark 1.1];

(iii) put @ = % in Theorem 3.1 to get the symmetric combination of the inequalities established in [26,
Lemma 3.1] and [18, Remark 1.1].

Example 3.3. Substitute T = Z in Theorem 3.1 to get

n4—1

Glry) = — [ Z Grs+ D+ aG + D+ (1 — )G + 1)]
Na—ml_ =,
3=+
l-a| & y <
| > G-+ aGan -1+ (- G- 1)
774 - rl] T3:7]1+1
N S }
+ [ > T, m)GleA + (1 - a)Vi(Ts)
T’4 N rl] T3=n1+1

+ al' (15, 73)GlaA + (1 — @)VI(p) + (1 — @) (12, T3)GlaA + (1 — a)V](m)].

Theorem 3.4. Let 11,72, 73,14 € T, with y < n4, @ € [0,1] and G : (171, n4]T be diamond-alpha-
differentiable. Then,

o 14 o 1 - 114 o
G(1y) — f G (13)0aT3 — f G’ (13)0,T3
y Na—1m Jy Na—Mm Jp (3.6)
< ———(ho(t2,m1) + ho(2, 1)),
N4 — 1M
where .
Yo= sup |G*(r3)l, ha(ra,m) = f (T3 = 11)04T3,
N1<T2<n4 1
and

T2
hy(72,1m4) = f (T3 — N4)0aTs.
4
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Proof. Using Theorem 3.1, we obtain

o 14 o 1 - 114 o
G - f G (230073 - f P (13)0u7;
Na—Mm Jy nNa—M Jp,
1 o o
= f ['(12, 73)G* (13)00T3
s —Mm n
YO T2 14
< [ (T3 = 11)0eT3 + (13 — 774)%7'3]
N4 —T ™
Yo - i
= (ho(T2, M) + ha(T2,14)).
Na— M

Remark 3.5. (i) Put @ = 1 in Theorem 3.4 to obtain [26, Theorem 3.5];
(ii) set « = 1 and T = R to obtain [26, Corollary 3.7].

Example 3.6. Substitute T = Z in Theorem 3.4 to obtain

=1

|G(72) - >, G+ D+ aGn+ D+ (1= 0G0+ )|
= T3=n1+1
1= na—1 . y 5
_ > G- +aG - D+ - )G - 1)”
4= T3=n1+1

Y, ~ o
< 7 _Om [(aha(T2,m1) + (1 = @ha(T2,m1)) + (@ha(T2,14) + (1 — @)y (T2, 14))].

Theorem 3.7. Consider T to be a time scale with ny, 1,,73,n4 € T and n, < n4. Additionally, assume
that a function G : (71,14l — T is two times diamond-a-differentiable. Then, for all T3 € [11,n4]1,
7,v € Rand a € [0, 1], we have

1 f GP(r2)00Ts +

T+V T3 =M Jiy N4 — T3

U
GP(TZ)O(ITZ

G -

f’”f 1ﬂ(T3,T2)GO“(/0(W NOaW0aT2
m T2

+ f f r(7'3, 72)G* (P(WT))%WT%Tz]
i n M4~ T2

| f [67(02) = G (1)]o0T
37 (3.7)

114
f [G7(12) — G*(12)]0aT2

T+V

—+

N4y — T3

14
f f — F(Tz,Tz)[G°"(a(w1)) G (p(W})]0W} 0T
m

114 714 . o .
+ f f F(T3,Tz)[G°“(<f(wT))—G°“(p(w’{))]<>aw’i‘<>m]
n M4 —T2

Y
<
(t+v)?

T - v oo 2
( hy(T3,m1) + hz(T3,774)) ,
T3 =1 N4 — 73
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where
v ﬁv(z_z: m =T <73,
I(r3,72) =17 —T2 <<
HV(,,4 ﬁ) T3 =Ty =14,
and

Y= sup |G (1) < 0.

N <t2<n4

Proof. By using (2.2), we obtain

T3
T (T)— .
f (Z=2 )6 r)0am
m TTV\T3—1
.

y T e
- THG@- e f & ()00 (38)

f [G7(r2) = GP(r2)]0uT2,

(T + V)(T3 —m)

and

" Vo (N4 — T2\ x
f - (—)G (12)0aT2
T3 T+V\Ny— T3

vV 4

= G(13) -

T+vV (T+v)(ns —13)

f [G7(12) — G*(12)]0aT2.

714

Gp(rz)oarz (3.9)

(T + V)(U4 —713)

By adding (3.8) and (3.9), we get

14
f [(13, 72)G*(12)0,72 = G(13)

m
1 (LN L
- [ . G (12)04T2 + Y f Gp(Tz)%Tz] (3.10)
T+vlTty—m — o
a T - o o
- [ f [G7(12) — GP(12)]04T + f [G7(12) = GP(12)]0aT2 .
T+VvIT3 — 11 N4 — T3 Jpy

Likewise, we have

714
f L(12, WG (W)0uw) = G*(12)

m

1 o
- [ T f GO (p(W))oaw' +

v " <0, * *
el I R

T;V oy m=12Js, (3.11)
_ [ f (G (W) = G (p(w)]ogw]

T+VvLiTy —m
+ 7 f [Go*(o(W))) — GO"(p(Wl))]%%]

Ny — 172
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By substituting (3.11) into (3.10), we obtain
114 n . o
f f F(T3» TZ)F(TZa WT)G%OQ (WT)O(YWT Qa2
m m

1 714 T2 T . .
+ [ f f ['(13, 72)G (o(W}))0 W) ©aT2
m m

T+V Ty — 1M

e TR .
+ f I'(13, 72)G 7 (W))W 00 T2
m

n NM4a—T2

714 T2 . o o .
= [ f f . [(73, )G (W) = G* (p(W}))]0e W} 00 Ta
m m

T+V Ty — 1 (3 12)

114 714 o o o
+ f f L (a3, t)IC% (0 (W) — G (p(wi )]oawi %Tz]
m T2

Ny — T2

. 1 T L v e
=G(13) — [ G (12)04T2 + f G’ (12)0,T2
T+HVvIiT3 —m Jyp N4y — T3 Jry
a T e v

- [G7(12) = G*(12)]0,T2

t+vlts—m J,

14 o o

¥ [G7(e2) = G (m)loua |

Na — 73 Jry

Using the properties of the modulus and the definition of h(.,.), inequality (3.7) follows directly
from (3.12). This concludes the theorem. |

Remark 3.8. (i) Put @« = 1 in Theorem 3.7 to obtain [27, Theorem 3.1];
(ii) set « = 1 and T = R to obtain [27, Corollary 3.2].

Corollary 3.9. Substitute t = v =1in (3.7) to get

. 1 1 (LN e
|G(T3) - —[ f G (12)0,T2 + G (12)0aT2
n

2Ly =m Jy, M — 713 Jo

714 T2 1 . . .
+ f ['(13, T2)G* (0(W})) 0o W] 00 T2
m

m 12— M

14 14 1 o o .
+ f f ['(13, 12)G* (P(WT))%WT%Tz]
m n NM4a—T2

1 (LN .
—%[ f [G7(12) — G (2)]00T2

T3 =11 Jy,
Do ] (3.13)
+ f [G7(12) = G*(12)]0aT2
N4 =73 Jry
14 T2 1 o o o
+ f L'(t3, )G (0 (W))) — G (p(W))]0aW] 00 T2
ull m 27—
" " 1 - =0 * =0 * *
+ f f [(3, )G (W) = G "(P(Wl))]%wlom]
m n M4~ T2
Y 1 - ~ 2
< Zl( hy(t3,m1) + hz(T3,774)) .
T3 =1 N4 — T3

AIMS Mathematics Volume 9, Issue 5, 12778-12799.
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Example 3.10. If we substitute T = Z in (3.7), then we obtain
73—1

| > G- +aGmn -+ -6 - )

T2=7]1+l

T

T3 — 1

“ 1
G(rs) - T+ v[

ny—1

>, Gr= D+ aGm = 1+ (1= )G - )|

T2=T3+1

vV

N4 — 73

+

m-1 -1
+

=i+l wi=m+

['(13, )G(@A + (1 — a)V)(W} — 1)
1 T2— M

Tz m [(r3, 12)[@G(aA + (1 — @)V)(p1 — 1)

+(1 - )G(aA + (1 - a)V)(r2 = )]

* nnll Wln:l - F(T3 1)G(aA + (1 — a)V)(W! — 1)

Ml I3, )[aGleA + (1 - a)V)(12 — 1) + (1 — )G(eA + (1 — a)V)(ns — 1)]
T i v[‘r3 “m [T:Zlﬂ[G(ﬁ +1) = G(ry = D] + Gy + 1)

na—1

—| Y 6@+

= T3+1

—dm—m+a—mwm+n—an—m]

T3

—Gwr4n+man+n—an—nhwkwmam+n—am—nﬂ

=1 -1

DI

= T]1+1Wl 77]+1 2_

~ Gl + (1 - V)W) — 1) + —
T2— M

+(1 =)V + 1) = G(aA + (1 = )V)(m1 — 1))

+(1 - )(G@h + (1 - V)@ + 1) = Gl@h + (1 - V)@ = D)]

n4—1 na—1

DI

T=ni+1 wi=ta+1

—~GaA + (1 = a)V)(w} = )] +
T4

r(r3, )[G(@A + (1 — a)V)(W} + 1)

I'(13, 1) [e(G(aA

- F(T3 )[GlaA + (1 - a)V)(w) + 1)

Y f(T3, ) [e[G(aA
-7,
+(1=-a)V)(1+ 1D =GlA+ 1 —a)V)(1, - 1)]

+ (1 = @)G@A + (1 = )V)(s + 1) = GlaA + (1 = )V)(1s = D]

Y
- (T+v)2

2
MMana—mwnmm

(T [ahy(r3,m) + (1 — @)ha(ts, )]
3=

+
Ny — T3

AIMS Mathematics Volume 9, Issue 5, 12778-12799.
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where
Y= sup |G(aA® + (1 — a)V?) (1) < co.

Ni<t2<n4

Theorem 3.11. Using the assumptions given in Theorem 3.7, we have

T3
Gp(TZ)OCYTZ

<2 <2 1 M o
G () -G () — —— G (13)
T+v

n T3 =M Jy,
v e
+ Gp(Tz)%Tz]%ﬁ
N4y — 73
10 " T o .
- f G* (7'3)[ f [G7(12) = G*(12)]0aT2
T+v =1 Iy,
v LY o
+ f (G (1) — Gp(Tz)]%Tz]%Ts
Ny — T3 T3
a 114 " T3 .
5 el [ e,
f GP(a(m)oarz] o3
774 - T3
a,2 714 “A 3., o
- f G™(13) f [G7 (12) = G*(0(12)) [0 T2 (3.14)
T+vJ, -1 Jy

4

74 )
f (G (12) = G (0(12))]0aTs
N4 — T3

_loe f G%) f G* (12)04T
T+V T3—1

f Gp (72)0072
774 k!

+ aTB

CaT3

1 - >
_alza) (T )[ f (67 (p(r2)) = G (72)100T>
T+V m 7]
y o
+ f [GU-(P(TZ)) - Gp (7-2)]0(17-2]0(173
Na — 73 Jgy

714 714
< [Yy +aYsZy+ (1 - 0/)Y3X1]f f (13, T2)|0aT204 T3,

where

Yo= sup |G*(ra)l, Ya= sup |G*(c(r2))l, Y= sup |G*(o(r2)),

N <12<n4 N1<T2<74 N <12<n4
<A <V
Zo= sup |G°(1y)| and X, = sup |G (1)l
N1 <12<n4 1 <12<n4
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Proof. Rewrite (3.10) for G7(t3) and G(t3) as follows:

114 . .
G (ry) = f F(r3, 72)G (1)) 00 T2

m
1 T3 o 14 o
— [T f oo+ —— [ Pe@ne.m
. 3—Mm m yr 3 J1ns (3 15)
+ f [G” (12) — GP((12))]00T2
T+ V T3 — 1
A f [G7 (02) - G (e)ouTs |
N4 — T3 Jry
o 14 . . T
G (13) = f I'(13, 12)G* (p(12))00 T2 + [
n T+VLT3 — 1)
T3 2 4 v 2
G” (12)072 + G? (Tz)%ﬂ'z] + ! (3.16)
m Ny — T3 T+vLlTs — 1
3 2 4 9] v 2
f [G7(p(12)) = G* (12)]0aT2 + Sy [G7(p(12)) = G* (12)]0aT2 .
ull 47 13 Jns

Multiply (3.10) by G®(13), (3.15) by G (13), and (3.16) by (1 — @)G" (13), add them, use the product
formula and integrate the obtained identity with respect to 73 over [, 4] to obtain

114 114
G*(ny) — G* (1) = f f I'(13, 72)G° (13)G % (12) 04 T20a T3

m m

114 714
+a f f [(73, 12)G(0(12))G* (13) 00 T204 T3
m m

114 714
+(-a) f [(13, 12)G* (p(12))G " (13)04T204 T3
m

1 114 . T T3 o
+— f GO”(TS;)[ f G (12)0,T2
T+V m T3— M Jy

v

N4 — 73

a Tl4k o T T3 o o
f G ﬂ(m[ f [G7(12) — GP(12)]0uT2
T+vVv m T3 — 1M m

114
+ Gp (72)0072

0073

+

714

+ [G7(12) — GP(12)]¢ aTZ] T3

N4 — 73 Jr,

a e T (Y

+ f G(13) f G (0(12))0aT2

T+vJ, -m Jy,

y "

" G ()02 o0

N4 — 713 Jry
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Cl’2 4 UA T 3 UO_Z )
+ f G (13) f [G7 (12) = G*(0(12)]0aT2
T+V m T3 — 1 m
v 114 . 5 o
+ f [G7 (12) = G*(0(12)]0aT2|0aT3
Ny — T3 T3

1 —a 174 . T T3 o
+ f GV(T3)[ f G~ (T2)0qT2
T+vV m T3— M Jy

1

4 " 2
+ f G774 (TZ)OQTZ:IOQT3
Na =713 Jry

a(l —a) (™

+ 6o [ 167t - & @le,
T+vVv m T3— 1N m
104 )
+ f [G7(p(12)) — G* (Tz)]%?'z]%ﬁ-
Na — 73 Jpy

By using the properties of the modulus, we get

AIMS Mathematics

< y 1 ARV
G2(774)—G2(771)—T—+v f G (13)

m

. f GP(T2)<>QT2
n

T3 =1 Jy
v

Ny — 73

+

74
f Gp(TZ)OaTZ]OaTS
3

T

774 73
S f Go”(ﬁ)[ f [G7(12) = G*(12)]04T2
T+v J, -mJ,

1

714
f (G (1) — ép(Tz)]QaTz]oaﬁ

N4 — T3 Jry

a A T (EN
— f G (T3)[ f G (0(12))0aT2
T+V m T3—mM

m

v
+

v

114
GP(o(n))oarz]oan
Na — 73 Jgy

_l_

QZ 4 T 73 5 .
- f G%)[ f [G7 (1) — G (o (T2)) 00T
T+V m T3 — M Jy

<>aT3

v 114 . 2 o
+ f [G7 (12) = G*(0(12)) [0 T2

N4 — T3 Jry

l—a (™
e f GVm)[
T+V m T

4

T3
T )
G* (12)0,T2

3_771 m

_l_

114
v 2
G’ (Tz)%Tz]%‘@
N4 — T3 Jry

_ a(ll —a) (™

T+V

T

GV(T3)[ f . [G(p(12)) — G” (12)]04T
m

714 )
P f (G (o)) - & (rznoarz]oarg
Ny — T3 T3

TN
f f [(73, 12)G* (11)G* (13)04T200T3
m m
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114 114
+a f f [(13, 72)G(0(12)) G (13) 00 T204 T3

m m e " ] )
+(1-a) f [(73, 12)G(0(12))G " (13)04T204 T3

0 m’llv m ] ]
< f f IC(75, TG T DIG (13)00T200T3

m m
714 o 5 3

+ le f U (13, )G (T (T))IGA(T3)[00T200 T3

" ! 714 114 5 5 v
+(1 - a/)f f IC(73, TOIG (PG (T3)|00T200T3

m m

N4 4
<[V +aYyZy + (1 - a)YsX] f f IE(13,72)[00T200T5.
m m

Remark 3.12. (i) Put & = 1 in Theorem 3.11 to obtain [27, Theorem 3.4];
(ii) apply @« = 1 and T = R to obtain [27, Corollary 3.5].

Corollary 3.13. Put v =v = 1in (3.14) to obtain

AIMS Mathematics

. 9 1 M, 1 £
G*(ny) — G* (1) — 3 f GO”(T3)[ f G (12)0aT2
n

m 3= 1
1 e
Gp(Tz)%Tz]%ﬁ
N4 — T3 Jry

+

T

a 114 o 1 3. o
-2 f G%(n)[ (G (1) — GP(12)]00T2
n T3 - 771 n

_l_

114
f [G(12) — Gp(Tz)]%Tz]%ﬁ

Na — 73 Jgy

a (™ “A 1 (£
¢ f G (n)[ G (0 (1))0uT2
2 m 3= Jy

1 L
GP(O'(TZ))%Tz]%T3
N4 — T3 Jry

a,2 4
-2 ra)|
2 m

+

f (G (12) = GP(a(1))]00T,

73_771 m

_l_

114 ) 5
f [G7 (1) - Gf’(a(rz))]oafz]oan

N4 — T3 Jry
1l—a ™ . [

73
v 2
Gp (TZ)OQTZ
T3 =1 Jp

1 A
+ G’ (T2)0072]0a73

Ny — T3 T3

1 - 74 9 1 3 9 v 2
_ o - ) f va)[ f [G7(0(12)) — G (12)]0aT2
m =M Jy
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+

1 L < 2
f (67 (p(r2)) — G (m]oarz]oarg

Na — 73 Jpy

74 14
< [Yg + aYrZy + (1 - a)Y3X1] f f |F(T3, T2)|<>QT2<>QT3.
m m

Example 3.14. If we put T = Z in (3.14), then we get

. . = 3
G- G - ——| Y G+ (1 -a)V)(w) + aGlan
vl 44

73—1

+(1 =@V + (1= @A + (1 - V| ——| Y} -1

T3 — 1

To=n1+1
na—1
+aG — 1)+ (1 - )G(rs - 1)] + [ > Gm-D+abm -1
M =73 To=73+1
o na—1
+ (1= )G - 1)”] _ m[ﬁ;ﬂ Glah + (1 — )V)(13) + al(ah
73-1

+(1 =)V + (1 - @GA + (1= V| ——| Y 16+ 1D

= = +1

- G(ry = DI+ alGOp + 1) = Gy = D] + (1 = )[G(13 + 1) = G(73 - 1)]]

na—1

- — D G+ 1) = G(ry = D +alG(rs + 1) - Glrs - 1)
4= 13 T2=73+1
o n4—1
+ (1 =G+ 1= G- 1| - ==| Y a6
T3=11+1

T3—1

+aAé(m)+(1—a)AG(n4)[ ‘ [ Z G(12)

T3 — 1

Ty=n1+1
v 774171
+aGi) + (1~ @)Giry)| + - [Zl G(r2) + aG(ry) + (1 - )G
P = < < T e
2l 2 AGE) +anben + (1 -@abmo| L] )] 16 +2)

T3=n1+1 o=+

- G(t)] + alGm +2) = Gl + (1 = D)[G(r3 +2) = G(13)]

ma=1
v o o
i [T2;+1[G(Tz +2) - G(r)]
3 3 3 3 l—af &
+alG(rs +2) = Gl + (1 - G +2) - Gal||| - | Y, V6t
T3=1+1

AIMS Mathematics Volume 9, Issue 5, 12778-12799.



12793

T3—1
+aVeo) + (1 - Ve ——| Y Gm-2)
3= T2=n1+1
+aGp —2) + (1 — a)C(rs - 2)]
v ma=1
i TZ;H Gty = 2) + aC(rs = 2) + (1 = )G 2)]”

a(l—a)) "5

[ > VG(r3) + a6

T+V o]
3—1
# (1= a)Cn)| ——| ] 16 = C(ra = 2)] + alGlm) ~ Gy ~2)
- T2=7]1+1

+(1 - )[G(rs) - G(rs - 2)]]

ng—1
D [6() - G = 2)] + alG(13) - G(13 - 2)]

To=73+1

+(1 - G - G- 2|

+
N4 — 73

m-1  m-1
< +ahZo+(1-a¥sXi] ). > [l
3=n1+1 T2=m1+1

where
Yo= sup |G(aA+ (1 -a)V)(1),

m<t2<n4
Y= sup |G(aA + (1 —a)V)(12 + 1),
m<t2<n4
Y3= sup |G(aA+ (1 —a)V)(1, - 1),
N1 <12<n4
Zy = sup IAG(1y)| and X, = sup IVG(1)|.
m<t2<n4 m<t2<n4

Theorem 3.15. Consider T to be a time scale with ny,7,,73,n4 € T and n; < n4. Further, suppose
that the functions G, H : [71, 14l — R are diamond-alpha differentiable. Then, for all T35 € [0y, N4,
a €10,1], and 7,v € R, we have

714
2 f G H(r3)007s
m

T+vlTts —m

1 714 (EI . . 5
- [ . f f [GP(12)H(T3) + HP(12)G(73)]00T20aT3
m m

+ 7 f " f m[é”(Tg)FI(ﬁ) + H(12)G(13)]04T20,T3
TI4 - T3 m T3
14 T3
_ @ [ T f f (G (r2) — GP(12))H(r3)
T+V T3 — 7]1 m m
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+ (H(12) = H*(12))G(13)]04T20073

% 114 14 5 5 5
+ f f [(G7(12) — G*(12))H(T3)
Ny =713y Jny

+ (H(12) — Hp(Tz))G(ﬁ)]%Tz%Tz]

74 714
< f f IT(73, T)IYolH(T3)] + SolG(T3)|]06T200 T3, (3.17)
m m

where
Yo= sup |G*(t))l <o and So= sup |H(1)| < co.

M <t2<n4 N1<T2<n4

Proof. Replace H with G in (3.10) to get

114
H(t3) = f I'(13, T2)H " (12) 00 T2

m

1 3,
+ [ ‘ f Hp(Tg)OaTz +
m n

T+ VLT3 — 1)
04 [ T

14

4 qu(TZ)OaTZ]
4 = T3 Jry
(3.18)

f [H (12) — H(12)]%072

3= Jy

+

T+v

+

114
(7 (1) — Hp(Tz)]%Tz]-
N4 — T3

Multiply (3.10) by H(r3) and (3.18) by G(73), add them and integrate the obtained identity with respect
to 73 over [, n4] to obtain

14
2 f G(T3)I:I (13)04 T3

m
114 114 5 5 . . o
= f f ['(13, )G (1) H(13) + H** (12)G(73)]04T20aT3
m
1

T+V T3 — 11

v 714 114
+ f [G*(12)H (13) + Hp(Tz)G(Ts)]%Tz%ﬁ]

774—73 5
a

+

f f [G*(12)H(73) + H (12)G(13)]04T200T3

+

f f [(G7(12) = G(2))H (13)

174
f f [(G7(12)
4T3 Jy I

— G*(12))H(13) + (H (12) - ﬁp(Tz))G(T3)]0aTzoaT3]-

T+V T3 — M

+ (H(12) — H*(12))G(13)]04T200T3 +

By using the modulus properties, we get
114 o .
2 [ Gratie
m
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1
T+V

114 T3
‘ f f [G*(12)H(73) + H (12)G(13)]04T200 73

=M Jny In

114 114
Y f f [GP(12)H(T3) + H(13)G(13)]00T200T3
Ne =73 Iy Jrs
T . .
- | f [(C7(r2) — G (e H(ry)
T+VvLlTs — 1 m m
+ (H7(15) = B (12))G(13)]00 720473
714 714
+— f f [(G(15) — GP(1,))H(13)
m T3

N4 — 73

+

+(H (1) - I‘le(Tz))é(Ta)]%Tz%ﬁ]

714 714
= ‘ f f L'(13, )G (1) H(13) + H** (12)G(13)]04T200T3
i ) ) ) ]
< f f IT(73, T)ING () H (T3)| + [H* (1)IG(13)]106T200 T3
e o _ ] )
< f f [I'(73, I Yol H(T3)| + S 0lG(T3)|]04T204T3.
n m

Remark 3.16. (i) Put « = 1 in Theorem 3.15 to obtain [27, Theorem 3.7];
(ii) apply @ = 1 and T = R to obtain [27, Corollary 3.8].

Corollary 3.17. Substitute t = v = 1in (3.17) to get

114
‘2 f G(13)H(13)0,73
m

1 1 14 T3 o . . o
- 5[ f (G (02)H(t3) + B (02)G(13) 00 T200Ts
T3—1m Jy n

1 714 714 5 . 3 5
+ f [G*(12)H(13) + H (12)G(13)]00T204T3

s =713 Jy I
a[ 1

T3 — 1

14 T3
f f (7 () - GP(ra)H(r)
2 m m
+ (H7(13) = H(12))G(13)]04T204 T3
1 174 114 9 o .
f f (G (x2) — CP(ra)) H(rs)
m T3

N4 — 73

+ (B () - ﬁ*’(n))é(m]oarzoan]

+

114 114
< f f (3, TN Yl H(T3)] + SolG(T3)[100T200T5.
m m

(3.19)
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Example 3.18. If we substitute T = Z in (3.17), then we obtain

ng—1
2| ) Gty + aGutn + (1 - @G
T3=11+1
1 T L y y y
- > D (G = DH(T3) + Hry = 1G(x3)]
T+viTs —m

3=n1+1 To=n1+1

+alGp - DA + Han - DEG] + (1 — )[Grs — DH) + H(rs - 1)G<n4)]]]

m-1  mg—1

[ Z Z [G(2 — DH(13) + H(t; — DG(13)]

m3=n1+1 Tp=13+1

+alGrs - DH) + Han - DG@)] + (1 - )G — DE ) + Hps - 1>é(n4>]]]

na—1 73—1

| > Y Ga+ -G - D)

T3=T]1+] T2=77]+1

v

N4y — 73

+

04 [ T
T+vlTs —1m
+[H(ry + 1) = H(ty — DIG(73)] + a[[G(py + 1) = GGy — DIHGp)

+[HG + 1) = Hapy — DIG@)] + (1 - )[[G(r3 + 1) — G(r3 — 1)]H(n4)

LA + 1) - H(rs - 1>]G<n4>]]

m=1 -l
D G2 + 1) = G(rs = DIH(3)

T3=n1+1 T2=13+1
+[H(ty + 1) = H(ta = DIG(13)] + al[G(15 + 1) = G(r3 — DIH(p)
+[H(ts + 1) = H(rs = DIGo)] + (1 = a)[[G(ps + 1) — G(pa — 1)1H(174)

+ [H O + 1) — H g - 1>]é(n4)]]]'

m=1 m-1

< D ), FasnmYlHE) + SolG)ll,

T3:T]1+l 7'22771+l

v

N4 — 73

+

where

Yo= sup [G*(1y)| < oo,

M <12<n4

and

So= sup |H*(1))| < co.

m<t2<n4

4. Conclusions

In the present manuscript, the Ostrowski-type integral inequality has been established through
the use of the Montgomery identity for diamond-alpha integrals. Moreover, some extensions of
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dynamic Griiss- and trapezoid-type inequalities have been investigated for bivariate functions which
are two times diamond-a-differentiable. Special cases of our results not only produce the results
of [18,26,27], they also give a symmetric combination of the results established in [18, 26, 27].
Truong et al. [24] presented the diamond-alpha differentiability of interval-valued functions and their
applicability to interval differential equations on time scales which can help to extend the results of the
present manuscript.
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