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1. Introduction

The Ostrowski inequality [1] is presented in 1938.

Theorem 1.1. Suppose that Ğ : [η1, η4] → R is a function which is continuous on [η1, η4] and
differentiable on (η1, η4); then, for all τ3 ∈ [η1, η4], we have∣∣∣∣∣Ğ(τ3) −

1
η4 − η1

∫ η4

η1

Ğ(τ2)dτ2

∣∣∣∣∣ ≤ sup
η1<τ2<η4

|Ğ′(τ2)|(η4 − η1)
[ (τ3 −

η1+η4
2 )2

(η4 − η1)2 +
1
4

]
. (1.1)
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Inequality (1.1) clearly indicates the absolute difference between the integral mean of Ğ over [η1, η4]
and its value at a certain point in [η1, η4]. Many applications of Ostrowski’s inequality have been
explored in statistics, optimization and probability theory, numerical integration, and theory of the
integral operators. Inequality (1.1) is also used to calculate error in the approximation of integrals. For
more details, we refer the readers to [2–9].

In 1991, the trapezoid inequality [10] is estimated as follows:

Theorem 1.2. Suppose that a function Ğ is two times differentiable on [η1, η4]; then, we have∣∣∣∣∣Ğ(η1) + Ğ(η4)
2

(η4 − η1) −
∫ η4

η1

Ğ(τ2)dτ2

∣∣∣∣∣ ≤ sup
η1<τ2<η4

|Ğ′′(τ2)|
(η4 − η1)3

12
.

In 1935, Grüss [11] obtained the following inequality.

Theorem 1.3. Suppose that Ğ and H̆ are continuous functions on [η1, η4] such that

ζ1 ≤ Ğ(τ2) ≤ ζ2 and ζ3 ≤ H̆(τ2) ≤ ζ4

for all τ2 ∈ [η1, η4] and ζi ∈ [η1, η4], where i = 1, 2, 3, 4. Then, we have∣∣∣∣∣ 1
η4 − η1

∫ η4

η1

Ğ(τ2)H̆(τ2)dτ2 −
1

(η4 − η1)2

∫ η4

η1

Ğ(τ2)dτ2

∫ η4

η1

H̆(τ2)dτ2

∣∣∣∣∣
≤

1
4

(ζ2 − ζ1)(ζ4 − ζ3).
(1.2)

Certainly, (1.2) computes the absolute divergence of the integral means of two functions from the
product of their integral means.

In 2003, Pachpatte [12] derived the Grüss- and trapezoid-type inequalities as follows:

Theorem 1.4. Suppose that Ğ, H̆ : [η1, η4] → R are differentiable functions on (η1, η4), whose first
derivatives Ğ′, H̆′ : (η1, η4)→ R are bounded on (η1, η4); then, we have∣∣∣∣∣ 1

η4 − η1

∫ η4

η1

Ğ(τ2)H̆(τ2)dτ2 −

( 1
η4 − η1

∫ η4

η1

Ğ(τ2)dτ2

)( 1
η4 − η1

∫ η4

η1

H̆(τ2)dτ2

)∣∣∣∣∣
≤

1
2(η4 − η1)2

∫ η4

η1

[M1|Ğ(τ2)| + N1|H̆(τ2)|]
[ (η4 − η1)2

4
+

(
τ2 −

η1 + η4

2

)2]
dτ2,

(1.3)

where M1 = sup
η1<τ2<η4

Ğ′(τ2) and N1 = sup
η1<τ2<η4

H̆′(τ2).

Theorem 1.5. Suppose that Ğ : [η1, η4] → R is a differentiable function on (η1, η4), whose first
derivative Ğ′ : (η1, η4)→ R is bounded on (η1, η4); then,∣∣∣∣∣Ğ2(η4) − Ğ2(η1)

2
−

Ğ(η4) − Ğ(η1)
η4 − η1

∫ η4

η1

Ğ(τ2)dτ2

∣∣∣∣∣ ≤ M2
1(η4 − η1)2

3
,

where M1 = sup
η1<τ2<η4

Ğ′(τ2).

AIMS Mathematics Volume 9, Issue 5, 12778–12799.



12780

The theory of time scales is a significant branch of mathematics because of its applications in a
variety of fields. In 1988, calculus on measure chains was introduced by Stefan Hilger [13]. The
valuable contributions of theory of unification, extension and discretization were identified by his
Ph.D supervisor, Bernd Aulbach. The theory of time scales for integral inequalities has been explored
by numerous researchers. When estimating the approximate error in integration, these inequalities
facilitate the analysis of the consistency and steadiness of statistical calculations [14]. Its applications
in engineering, optimization theory, functional spaces, mathematical biology and dynamic inequalities
have also contributed to the literature. Time scale calculus is illustrated through the use of continuous,
discrete, and quantum calculus. For convex functions, Ekinci [15] derived Ostrowski-type delta integral
inequalities. Hu and Wang [16] investigated time scales inequalities and their applications to the
persistence of a predator-prey system.

In 2006, Sheng et al. [17] developed a joint dynamic ♦α-derivative as a linear combination of delta
and nabla dynamic derivatives on time scales. For α = 1 and α = 0, the diamond-α derivative
becomes the conventional delta and nabla derivative, respectively. On any discrete time scale, it gives
a symmetric dynamic derivative for α = 1

2 . Ahmad et al. [18] obtained a bivariate Montgomery
identity by using α-diamond integrals. Liu and Tuna [19] established weighted Grüss-type and
Ostrowski-type inequalities for ♦α-integrals. Bohner et al. [20] derived diamond-alpha Grüss-type
inequalities. Liu et al. [21] also presented weighted Grüss-type, Ostrowski-type, Ostrowski-Grüss-
type and trapezoid-type inequalities. Du et al. [22] established the Y-function and L’Hospital-type
monotonicity rules with nabla and diamond-alpha derivatives on time scales. Bilal et al. [23] obtained
bounds of some divergence measures by applying Hermite polynomials in diamond integrals on time
scales. Truong et al. [24] investigated the diamond-alpha differentiability of interval-valued functions
and their applicability to interval differential equations on time scales.

Motivated by the work of Bohner and Mathews [25, 26] and El-Deeb [27], the objective of this
manuscript is to obtain some Ostrowski-type, Grüss-type, and trapezoid-type inequalities via the
Montgomery identity for diamond-alpha integrals on time scales. The proofs of these results rely
on employing the properties of differentiation and integration on time scales and they not only provide
the generalization of existing results, but also give some novel inequalities for diamond-alpha integrals
through the choice of some special time scales.

This paper is organized as follows. Section 2 presents some early results on time scales that will
be used later in this study. Section 3 proves the Montgomery identity and Ostrowski inequality for
diamond-alpha differentiable functions. In addition, we derive Ostrowski-type, trapezoid-type and
Grüss-type inequalities for twice diamond-alpha differentiable functions. Some classical and modern
inequalities are derived. Section 4 gives the summary of the findings.

2. Preliminaries

We now go over some fundamental concepts and notations in time scales calculus.
An arbitrary nonempty closed subset T of R is called a time scale. Consider the time scale T and

v1 ∈ T. The forward and backward jump operators σ, ρ : T → T are defined as follows: σ(v1) :=
in f {w1 ∈ T : w1 > v1} and ρ(v1) := sup{w1 ∈ T : w1 < v1}, respectively. The ∆-derivative and
∆-integral of a mapping Ğ are denoted by Ğ∆ and

∫
T

Ğ(η)∆η. Similarly, the ∇-derivative and ∇-integral
of a mapping Ğ are denoted respectively by Ğ∇ and

∫
T

Ğ(η)∇η.

AIMS Mathematics Volume 9, Issue 5, 12778–12799.
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Assume that a function W1 : T → R, τ2 ∈ T
κ
κ, α ∈ [0, 1], µτ2η1 = σ(τ2) − η1, and ντ2η1 = ρ(τ2) − η1.

Suppose that W♦α
1 (τ2) ∈ R is a ♦α-derivative of W1 at τ2 if for any ε > 0, there exists a neighborhood

W0 of τ2 such that, for all η1 ∈ W0, we have

|α[W1(σ(τ2)) −W1(η1)]ντ2η1 + (1 − α)[W1(ρ(τ2)) −W1(η1)]µτ2η1 −W♦α
1 (τ2)µτ2η1ντ2η1 |

≤ ε |µτ2η1ντ2η1 |.

Moreover, W1 is said to be ♦α-differentiable if and only if it is delta- and nabla differentiable. For α = 1
and α = 0, the ♦α-derivative reduces to the delta and nabla derivative, respectively [28].

In [29], the following results are given:
Assume that the functions W1,W2 : T→ R are diamond-alpha differentiable at τ2 ∈ T, and that c0 ∈ R.
Then, we have

(a) (W1 + W2)♦α(τ2) = W♦α
1 (τ2) + W♦α

2 (τ2);
(b) (c0W1)♦α(τ2) = c0W♦α

1 (τ2);
(c) (W1W2)♦α(τ2) = W♦α

1 (τ2)W2(τ2) + αWσ
1 (τ2)W∆

2 (τ2) + (1 − α)Wρ
1 (τ2)W∇

2 (τ2).
(2.1)

If we take the integral on both sides of (2.1), we get the following formula for integration by parts.
If η1, η4 ∈ T and W1,W2 are continuous functions, then∫ η4

η1

W♦α
1 (τ2)W2(τ2)♦ατ2 = (W1W2)(η4) − (W1W2)(η1)

− α

∫ η4

η1

Wσ
1 (τ2)W∆

2 (τ2)♦ατ2 − (1 − α)
∫ η4

η1

Wρ
1 (τ2)W∇

2 (τ2)♦ατ2.

(2.2)

Suppose that W1 : T → R is a continuous function and η1, η4 ∈ T. Then, the ♦α-integral of W1 over
[η1, η4] is described as follows:∫ η4

η1

W1(τ2)♦ατ2 = α

∫ η4

η1

W1(τ2)∆τ2 + (1 − α)
∫ η4

η1

W1(τ2)∇τ2, 0 ≤ α ≤ 1. (2.3)

Assume that η1, η4, τ2 ∈ T, c0 ∈ R and W1,W2 are continuous functions on [η1, η4]T. Then,
(i)

∫ η4

η1
[W1(τ2) + W2(τ2)]♦ατ2 =

∫ η4

η1
W1(τ2)♦ατ2 +

∫ η4

η1
W2(τ2)♦ατ2;

(ii)
∫ η4

η1
c0W1(τ2)♦ατ2 = c0

∫ η4

η1
W1(τ2)♦ατ2;

(iii)
∫ η4

η1
W1(τ2)♦ατ2 =

∫ η

η1
W1(τ2)♦ατ2 +

∫ η4

η
W1(τ2)♦ατ2;

(iv)
∫ η4

η1
W1(τ2)♦ατ2 = −

∫ η1

η4
W1(τ2)♦ατ2;

(v)
∣∣∣∣∣ ∫ η4

η1
W1(τ2)♦ατ2

∣∣∣∣∣ ≤ ∫ η4

η1
|W1(τ2)|♦ατ2.

Let T be an arbitrary time scale. Suppose that the functions hk, ĥk : T×T→ R, k ∈ N∪ {0}, are defined
recursively by

h0(τ2, η1) = 1, hk+1(τ2, η1) =

∫ τ2

η1

hk(τ3, η1)∆τ3,

and
ĥ0(τ2, η1) = 1, ĥk+1(τ2, η1) =

∫ τ2

η1

ĥk(τ3, η1)∇τ3.
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Similarly, we define a function h̃k : T × T→ R, k ∈ N ∪ {0}, as:

h̃1(τ2, η1) = 1, h̃k+1(τ2, η1) = αhk+1(τ2, η1) + (1 − α)ĥk+1(τ2, η1), α ∈ [0, 1],

where hk are right-dense continuous and ĥk are left-dense continuous functions.
For further details, the readers are referred to [30–34].

3. Main results

In this section, the Montgomery identity is proved by utilizing the formula for integration by
parts for diamond alpha integrals. Further, Ostrowski-, Grüss-, and trapezoid-type inequalities
are established by using the Montgomery identity for second-order diamond-alpha-differentiable
functions. Mathematical applications of this work are given in the form of examples and corollaries.

Theorem 3.1. Assume that η1, τ2, τ3, η4 ∈ T, with η1 < η4, α ∈ [0, 1] and Ğ : [η1, η4]T → R as a
diamond-alpha differentiable function. Then, for all τ3 ∈ [η1, η4]T

Ğ(τ2) =
α

η4 − η1

∫ η4

η1

Ğσ(τ3)♦ατ3 +
1 − α
η4 − η1

∫ η4

η1

Ğρ(τ3)♦ατ3

+
1

η4 − η1

∫ η4

η1

Γ̆(τ2, τ3)Ğ♦α(τ3)♦ατ3,

(3.1)

where

Γ̆(τ2, τ3) =

τ3 − η1, τ3 ∈ [η1, τ2]T,
τ3 − η4, τ3 ∈ (τ2, η4]T.

(3.2)

Proof. By using (2.2), we have∫ τ2

η1

(τ3 − η1)Ğ♦α(τ3)♦ατ3 = Ğ(τ2)(τ2 − η1)

− α

∫ τ2

η1

Ğσ(τ3)♦ατ3 − (1 − α)
∫ τ2

η1

Ğρ(τ3)♦ατ3,

(3.3)

and ∫ η4

τ2

(τ3 − η4)Ğ♦α(τ3)♦ατ3 = Ğ(τ2)(η4 − τ2)

− α

∫ η4

τ2

Ğσ(τ3)♦ατ3 − (1 − α)
∫ η4

τ2

Ğρ(τ3)♦ατ3.

(3.4)

Add (3.3) and (3.4) to obtain∫ η4

η1

Γ̆(τ2, τ3)Ğ♦α(τ3)♦ατ3 = Ğ(τ2)(η4 − η1)

− α

∫ η4

η1

Ğσ(τ3)♦ατ3 − (1 − α)
∫ η4

η1

Ğρ(τ3)♦ατ3.

(3.5)

AIMS Mathematics Volume 9, Issue 5, 12778–12799.
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Therefore,

Ğ(τ2) =
α

η4 − η1

∫ η4

η1

Ğσ(τ3)♦ατ3 +
1 − α
η4 − η1

∫ η4

η1

Ğρ(τ3)♦ατ3

+
1

η4 − η1

∫ η4

η1

Γ̆(τ2, τ3)Ğ♦α(τ3)♦ατ3

=
α

η4 − η1

∫ η4

η1

Ğσ(τ3)♦ατ3 +
1 − α
η4 − η1

∫ η4

η1

Ğρ(τ3)♦ατ3

+
1

η4 − η1

[
− α

∫ η4

η1

Ğσ(τ3)♦ατ3 − (1 − α)
∫ η4

η1

Ğρ(τ3)♦ατ3

+ Ğ(τ2)(η4 − η1)
]
.

�

Remark 3.2. (i) Put α = 1 in Theorem 3.1 to get [26, Lemma 3.1];
(ii) put α = 0 in Theorem 3.1 to get [18, Remark 1.1];
(iii) put α = 1

2 in Theorem 3.1 to get the symmetric combination of the inequalities established in [26,
Lemma 3.1] and [18, Remark 1.1].

Example 3.3. Substitute T = Z in Theorem 3.1 to get

Ğ(τ2) =
α

η4 − η1

[ η4−1∑
τ3=η1+1

Ğ(τ3 + 1) + αĞ(η1 + 1) + (1 − α)Ğ(η4 + 1)
]

+
1 − α
η4 − η1

[ η4−1∑
τ3=η1+1

Ğ(τ3 − 1) + αĞ(η1 − 1) + (1 − α)Ğ(η4 − 1)
]

+
1

η4 − η1

[ η4−1∑
τ3=η1+1

Γ̆(τ2, τ3)Ğ[α∆ + (1 − α)∇](τ3)

+ αΓ̆(τ2, τ3)Ğ[α∆ + (1 − α)∇](η1) + (1 − α)Γ̆(τ2, τ3)Ğ[α∆ + (1 − α)∇](η4)
]
.

Theorem 3.4. Let η1, τ2, τ3, η4 ∈ T, with η1 < η4, α ∈ [0, 1] and Ğ : [η1, η4]T be diamond-alpha-
differentiable. Then, ∣∣∣∣∣Ğ(τ2) −

α

η4 − η1

∫ η4

η1

Ğσ(τ3)♦ατ3 −
1 − α
η4 − η1

∫ η4

η1

Ğρ(τ3)♦ατ3

∣∣∣∣∣
≤

Y0

η4 − η1
(h̃2(τ2, η1) + h̃2(τ2, η4)),

(3.6)

where

Y0 = sup
η1<τ2<η4

|Ğ♦α(τ3)|, h̃2(τ2, η1) =

∫ τ2

η1

(τ3 − η1)♦ατ3,

and

h̃2(τ2, η4) =

∫ τ2

η4

(τ3 − η4)♦ατ3.

AIMS Mathematics Volume 9, Issue 5, 12778–12799.
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Proof. Using Theorem 3.1, we obtain∣∣∣∣∣Ğ(τ2) −
α

η4 − η1

∫ η4

η1

Ğσ(τ3)♦ατ3 −
1 − α
η4 − η1

∫ η4

η1

Ğρ(τ3)♦ατ3

∣∣∣∣∣
=

∣∣∣∣∣ 1
η4 − η1

∫ η4

η1

Γ̆(τ2, τ3)Ğ♦α(τ3)♦ατ3

∣∣∣∣∣
≤

Y0

η4 − η1

[ ∫ τ2

η1

(τ3 − η1)♦ατ3 +

∫ η4

τ2

(τ3 − η4)♦ατ3

]
=

Y0

η4 − η1
(h̃2(τ2, η1) + h̃2(τ2, η4)).

�

Remark 3.5. (i) Put α = 1 in Theorem 3.4 to obtain [26, Theorem 3.5];
(ii) set α = 1 and T = R to obtain [26, Corollary 3.7].

Example 3.6. Substitute T = Z in Theorem 3.4 to obtain∣∣∣∣∣Ğ(τ2) −
α

η4 − η1

[ η4−1∑
τ3=η1+1

Ğ(τ3 + 1) + αĞ(η1 + 1) + (1 − α)Ğ(η4 + 1)
]

−
1 − α
η4 − η1

[ η4−1∑
τ3=η1+1

Ğ(τ3 − 1) + αĞ(η1 − 1) + (1 − α)Ğ(η4 − 1)
]∣∣∣∣∣

≤
Y0

η4 − η1
[(αh2(τ2, η1) + (1 − α)ĥ2(τ2, η1)) + (αh2(τ2, η4) + (1 − α)ĥ2(τ2, η4))].

Theorem 3.7. Consider T to be a time scale with η1, τ2, τ3, η4 ∈ T and η1 < η4. Additionally, assume
that a function Ğ : [η1, η4]T → T is two times diamond-α-differentiable. Then, for all τ3 ∈ [η1, η4]T,
τ, ν ∈ R and α ∈ [0, 1], we have∣∣∣∣∣Ğ(τ3) −

1
τ + ν

[
τ

τ3 − η1

∫ τ3

η1

Ğρ(τ2)♦ατ2 +
ν

η4 − τ3

∫ η4

τ3

Ğρ(τ2)♦ατ2

+

∫ η4

η1

∫ τ2

η1

τ

τ2 − η1
Γ̆(τ3, τ2)Ğ♦α(ρ(w∗1))♦αw∗1♦ατ2

+

∫ η4

η1

∫ η4

τ2

ν

η4 − τ2
Γ̆(τ3, τ2)Ğ♦α(ρ(w∗1))♦αw∗1♦ατ2

]
−

α

τ + ν

[
τ

τ3 − η1

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+

∫ η4

η1

∫ τ2

η1

τ

τ2 − η1
Γ̆(τ3, τ2)[Ğ♦α(σ(w∗1)) − Ğ♦α(ρ(w∗1))]♦αw∗1♦ατ2

+

∫ η4

η1

∫ η4

τ2

ν

η4 − τ2
Γ̆(τ3, τ2)[Ğ♦α(σ(w∗1)) − Ğ♦α(ρ(w∗1))]♦αw∗1♦ατ2

]∣∣∣∣∣
≤

Y1

(τ + ν)2

(
τ

τ3 − η1
h̃2(τ3, η1) +

ν

η4 − τ3
h̃2(τ3, η4)

)2

,

(3.7)
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where

Γ̆(τ3, τ2) =

 τ
τ+ν

( τ2−η1
τ3−η1

), η1 ≤ τ2 < τ3,
−ν
τ+ν

( η4−τ2
η4−τ3

), τ3 ≤ τ2 ≤ η4,

and
Y1 = sup

η1<τ2<η4

|Ğ♦α♦α(τ2)| < ∞.

Proof. By using (2.2), we obtain∫ τ3

η1

τ

τ + ν

(
τ2 − η1

τ3 − η1

)
Ğ♦α(τ2)♦ατ2

=
τ

τ + ν
Ğ(τ3) −

τ

(τ + ν)(τ3 − η1)

∫ τ3

η1

Ğρ(τ2)♦ατ2

−
τα

(τ + ν)(τ3 − η1)

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2,

(3.8)

and ∫ η4

τ3

−
ν

τ + ν

(
η4 − τ2

η4 − τ3

)
Ğ♦α(τ2)♦ατ2

=
ν

τ + ν
Ğ(τ3) −

ν

(τ + ν)(η4 − τ3)

∫ η4

τ3

Ğρ(τ2)♦ατ2

−
αν

(τ + ν)(η4 − τ3)

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2.

(3.9)

By adding (3.8) and (3.9), we get∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(τ2)♦ατ2 = Ğ(τ3)

−
1

τ + ν

[
τ

τ3 − η1

∫ τ3

η1

Ğρ(τ2)♦ατ2 +
ν

η4 − τ3

∫ η4

τ3

Ğρ(τ2)♦ατ2

]
−

α

τ + ν

[
τ

τ3 − η1

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2 +
ν

η4 − τ3

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

]
.

(3.10)

Likewise, we have∫ η4

η1

Γ̆(τ2,w∗1)Ğ♦α♦α(w∗1)♦αw∗1 = Ğ♦α(τ2)

−
1

τ + ν

[
τ

τ2 − η1

∫ τ2

η1

Ğ♦α(ρ(w∗1))♦αw∗1 +
ν

η4 − τ2

∫ η4

τ2

Ğ♦α(ρ(w∗1))♦αw∗1
]

−
α

τ + ν

[
τ

τ2 − η1

∫ τ2

η1

[Ğ♦α(σ(w∗1)) − Ğ♦α(ρ(w∗1))]♦αw∗1

+
ν

η4 − τ2

∫ η4

τ2

[Ğ♦α(σ(w∗1)) − Ğ♦α(ρ(w∗1))]♦αw∗1
]
.

(3.11)
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By substituting (3.11) into (3.10), we obtain∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)Γ̆(τ2,w∗1)Ğ♦α♦α(w∗1)♦αw∗1♦ατ2

+
1

τ + ν

[ ∫ η4

η1

∫ τ2

η1

τ

τ2 − η1
Γ̆(τ3, τ2)Ğ♦α(ρ(w∗1))♦αw∗1♦ατ2

+

∫ η4

η1

∫ η4

τ2

ν

η4 − τ2
Γ̆(τ3, τ2)Ğ♦α(ρ(w∗1))♦αw∗1♦ατ2

]
+

α

τ + ν

[ ∫ η4

η1

∫ τ2

η1

τ

τ2 − η1
Γ̆(τ3, τ2)[Ğ♦α(σ(w∗1)) − Ğ♦α(ρ(w∗1))]♦αw∗1♦ατ2

+

∫ η4

η1

∫ η4

τ2

ν

η4 − τ2
Γ̆(τ3, τ2)[Ğ♦α(σ(w∗1)) − Ğ♦α(ρ(w∗1))]♦αw∗1♦ατ2

]
= Ğ(τ3) −

1
τ + ν

[
τ

τ3 − η1

∫ τ3

η1

Ğρ(τ2)♦ατ2 +
ν

η4 − τ3

∫ η4

τ3

Ğρ(τ2)♦ατ2

]
−

α

τ + ν

[
τ

τ3 − η1

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

]
.

(3.12)

Using the properties of the modulus and the definition of h̃2(., .), inequality (3.7) follows directly
from (3.12). This concludes the theorem. �

Remark 3.8. (i) Put α = 1 in Theorem 3.7 to obtain [27, Theorem 3.1];
(ii) set α = 1 and T = R to obtain [27, Corollary 3.2].

Corollary 3.9. Substitute τ = ν = 1 in (3.7) to get∣∣∣∣∣Ğ(τ3) −
1
2

[ 1
τ3 − η1

∫ τ3

η1

Ğρ(τ2)♦ατ2 +
1

η4 − τ3

∫ η4

τ3

Ğρ(τ2)♦ατ2

+

∫ η4

η1

∫ τ2

η1

1
τ2 − η1

Γ̆(τ3, τ2)Ğ♦α(ρ(w∗1))♦αw∗1♦ατ2

+

∫ η4

η1

∫ η4

τ2

1
η4 − τ2

Γ̆(τ3, τ2)Ğ♦α(ρ(w∗1))♦αw∗1♦ατ2

]
−
α

2

[ 1
τ3 − η1

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+
1

η4 − τ3

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+

∫ η4

η1

∫ τ2

η1

1
τ2 − η1

Γ̆(τ3, τ2)[Ğ♦α(σ(w∗1)) − Ğ♦α(ρ(w∗1))]♦αw∗1♦ατ2

+

∫ η4

η1

∫ η4

τ2

1
η4 − τ2

Γ̆(τ3, τ2)[Ğ♦α(σ(w∗1)) − Ğ♦α(ρ(w∗1))]♦αw∗1♦ατ2

]∣∣∣∣∣
≤

Y1

4

( 1
τ3 − η1

h̃2(τ3, η1) +
1

η4 − τ3
h̃2(τ3, η4)

)2

.

(3.13)
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Example 3.10. If we substitute T = Z in (3.7), then we obtain∣∣∣∣∣Ğ(τ3) −
1

τ + ν

[
τ

τ3 − η1

[ τ3−1∑
τ2=η1+1

Ğ(τ2 − 1) + αĞ(η1 − 1) + (1 − α)Ğ(τ3 − 1)
]

+
ν

η4 − τ3

[ η4−1∑
τ2=τ3+1

Ğ(τ2 − 1) + αĞ(τ3 − 1) + (1 − α)Ğ(η4 − 1)
]

+

η4−1∑
τ2=η1+1

τ2−1∑
w∗1=η1+1

τ

τ2 − η1
Γ̆(τ3, τ2)Ğ(α∆ + (1 − α)∇)(w∗1 − 1)

+
τ

τ2 − η1
Γ̆(τ3, τ2)[αĞ(α∆ + (1 − α)∇)(η1 − 1)

+ (1 − α)Ğ(α∆ + (1 − α)∇)(τ2 − 1)]

+

η4−1∑
τ2=η1+1

η4−1∑
w∗1=τ2+1

ν

η4 − τ2
Γ̆(τ3, τ2)Ğ(α∆ + (1 − α)∇)(w∗1 − 1)

+
ν

η4 − τ2
Γ̆(τ3, τ2)[αĞ(α∆ + (1 − α)∇)(τ2 − 1) + (1 − α)Ğ(α∆ + (1 − α)∇)(η4 − 1)]

]
−

α

τ + ν

[
τ

τ3 − η1

[ τ3−1∑
τ2=η1+1

[Ğ(τ2 + 1) − Ğ(τ2 − 1)] + α[Ğ(η1 + 1)

− Ğ(η1 − 1)] + (1 − α)[Ğ(τ3 + 1) − Ğ(τ3 − 1)]
]

+
ν

η4 − τ3

[ η4−1∑
τ2=τ3+1

[Ğ(τ2 + 1)

− Ğ(τ2 − 1)] + α[Ğ(τ3 + 1) − Ğ(τ3 − 1)] + (1 − α)[Ğ(η4 + 1) − Ğ(η4 − 1)]
]

+

η4−1∑
τ2=η1+1

τ2−1∑
w∗1=η1+1

τ

τ2 − η1
Γ̆(τ3, τ2)[Ğ(α∆ + (1 − α)∇)(w∗1 + 1)

− Ğ(α∆ + (1 − α)∇)(w∗1 − 1) +
τ

τ2 − η1
Γ̆(τ3, τ2)[α(Ğ(α∆

+ (1 − α)∇)(η1 + 1) − Ğ(α∆ + (1 − α)∇)(η1 − 1))
+ (1 − α)(Ğ(α∆ + (1 − α)∇)(τ2 + 1) − Ğ(α∆ + (1 − α)∇)(τ2 − 1))]

+

η4−1∑
τ2=η1+1

η4−1∑
w∗1=τ2+1

ν

η4 − τ2
Γ̆(τ3, τ2)[Ğ(α∆ + (1 − α)∇)(w∗1 + 1)

− Ğ(α∆ + (1 − α)∇)(w∗1 − 1)] +
ν

η4 − τ2
Γ̆(τ3, τ2)[α[Ğ(α∆

+ (1 − α)∇)(τ2 + 1) − Ğ(α∆ + (1 − α)∇)(τ2 − 1)]

+ (1 − α)[Ğ(α∆ + (1 − α)∇)(η4 + 1) − Ğ(α∆ + (1 − α)∇)(η4 − 1)]]
∣∣∣∣∣

≤
Y1

(τ + ν)2

(
τ

τ3 − η1
[αh2(τ3, η1) + (1 − α)ĥ2(τ3, η1)]

+
ν

η4 − τ3
[αh2(τ3, η4) + (1 − α)ĥ2(τ3, η4)]

)2

,
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where
Y1 = sup

η1<τ2<η4

|Ğ(α∆2 + (1 − α)∇2)(τ2)| < ∞.

Theorem 3.11. Using the assumptions given in Theorem 3.7, we have∣∣∣∣∣Ğ2(η4) − Ğ2(η1) −
1

τ + ν

∫ η4

η1

Ğ♦α(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ(τ2)♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğρ(τ2)♦ατ2

]
♦ατ3

−
α

τ + ν

∫ η4

η1

Ğ♦α(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

]
♦ατ3

−
α

τ + ν

∫ η4

η1

Ğ∆(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ(σ(τ2))♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğρ(σ(τ2))♦ατ2

]
♦ατ3

−
α2

τ + ν

∫ η4

η1

Ğ∆(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

]
♦ατ3

−
1 − α
τ + ν

∫ η4

η1

Ğ∇(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ2
(τ2)♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğρ2
(τ2)♦ατ2

]
♦ατ3

−
α(1 − α)
τ + ν

∫ η4

η1

Ğ∇(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2

]
♦ατ3

∣∣∣∣∣
≤ [Y2

0 + αY2Z0 + (1 − α)Y3X1]
∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)|♦ατ2♦ατ3,

(3.14)

where

Y0 = sup
η1<τ2<η4

|Ğ♦α(τ2)|, Y2 = sup
η1<τ2<η4

|Ğ♦α(σ(τ2))|, Y3 = sup
η1<τ2<η4

|Ğ♦α(ρ(τ2))|,

Z0 = sup
η1<τ2<η4

|Ğ∆(τ2)| and X1 = sup
η1<τ2<η4

|Ğ∇(τ2)|.
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Proof. Rewrite (3.10) for Ğσ(τ3) and Ğρ(τ3) as follows:

Ğσ(τ3) =

∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(σ(τ2))♦ατ2

+
1

τ + ν

[
τ

τ3 − η1

∫ τ3

η1

Ğρ(σ(τ2))♦ατ2 +
ν

η4 − τ3

∫ η4

τ3

Ğρ(σ(τ2))♦ατ2

]
+

α

τ + ν

[
τ

τ3 − η1

∫ τ3

η1

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

]
,

(3.15)

Ğρ(τ3) =

∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(ρ(τ2))♦ατ2 +
1

τ + ν

[
τ

τ3 − η1∫ τ3

η1

Ğρ2
(τ2)♦ατ2 +

ν

η4 − τ3

∫ η4

τ3

Ğρ2
(τ2)♦ατ2

]
+

α

τ + ν

[
τ

τ3 − η1∫ τ3

η1

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2 +

ν

η4 − τ3

∫ η4

τ3

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2

]
.

(3.16)

Multiply (3.10) by Ğ♦α(τ3), (3.15) by αĞ∆(τ3), and (3.16) by (1 − α)Ğ∇(τ3), add them, use the product
formula and integrate the obtained identity with respect to τ3 over [η1, η4] to obtain

Ğ2(η4) − Ğ2(η1) =

∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(τ3)Ğ♦α(τ2)♦ατ2♦ατ3

+ α

∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(σ(τ2))Ğ∆(τ3)♦ατ2♦ατ3

+ (1 − α)
∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(ρ(τ2))Ğ∇(τ3)♦ατ2♦ατ3

+
1

τ + ν

∫ η4

η1

Ğ♦α(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ(τ2)♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğρ(τ2)♦ατ2

]
♦ατ3

+
α

τ + ν

∫ η4

η1

Ğ♦α(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

]
♦ατ3

+
α

τ + ν

∫ η4

η1

Ğ∆(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ(σ(τ2))♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğρ(σ(τ2))♦ατ2

]
♦ατ3
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+
α2

τ + ν

∫ η4

η1

Ğ∆(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

]
♦ατ3

+
1 − α
τ + ν

∫ η4

η1

Ğ∇(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ2
(τ2)♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğη4
2
(τ2)♦ατ2

]
♦ατ3

+
α(1 − α)
τ + ν

∫ η4

η1

Ğ∇(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2

]
♦ατ3.

By using the properties of the modulus, we get∣∣∣∣∣Ğ2(η4) − Ğ2(η1) −
1

τ + ν

∫ η4

η1

Ğ♦α(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ(τ2)♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğρ(τ2)♦ατ2

]
♦ατ3

−
α

τ + ν

∫ η4

η1

Ğ♦α(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

]
♦ατ3

−
α

τ + ν

∫ η4

η1

Ğ∆(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ(σ(τ2))♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğρ(σ(τ2))♦ατ2

]
♦ατ3

−
α2

τ + ν

∫ η4

η1

Ğ∆(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

]
♦ατ3

−
1 − α
τ + ν

∫ η4

η1

Ğ∇(τ3)
[

τ

τ3 − η1

∫ τ3

η1

Ğρ2
(τ2)♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

Ğρ2
(τ2)♦ατ2

]
♦ατ3

−
α(1 − α)
τ + ν

∫ η4

η1

Ğ∇(τ3)
[

τ

τ3 − η1

∫ τ3

η1

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2

]
♦ατ3

∣∣∣∣∣
=

∣∣∣∣∣ ∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(τ2)Ğ♦α(τ3)♦ατ2♦ατ3
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+ α

∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(σ(τ2))Ğ∆(τ3)♦ατ2♦ατ3

+ (1 − α)
∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)Ğ♦α(ρ(τ2))Ğ∇(τ3)♦ατ2♦ατ3

∣∣∣∣∣
≤

∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)||Ğ♦α(τ2)||Ğ♦α(τ3)|♦ατ2♦ατ3

+ α

∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)||Ğ♦α(σ(τ2))||Ğ∆(τ3)|♦ατ2♦ατ3

+ (1 − α)
∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)||Ğ♦α(ρ(τ2))||Ğ∇(τ3)|♦ατ2♦ατ3

≤ [Y2
0 + αY2Z0 + (1 − α)Y3X1]

∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)|♦ατ2♦ατ3.

�

Remark 3.12. (i) Put α = 1 in Theorem 3.11 to obtain [27, Theorem 3.4];
(ii) apply α = 1 and T = R to obtain [27, Corollary 3.5].

Corollary 3.13. Put τ = ν = 1 in (3.14) to obtain∣∣∣∣∣Ğ2(η4) − Ğ2(η1) −
1
2

∫ η4

η1

Ğ♦α(τ3)
[ 1
τ3 − η1

∫ τ3

η1

Ğρ(τ2)♦ατ2

+
1

η4 − τ3

∫ η4

τ3

Ğρ(τ2)♦ατ2

]
♦ατ3

−
α

2

∫ η4

η1

Ğ♦α(τ3)
[ 1
τ3 − η1

∫ τ3

η1

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

+
1

η4 − τ3

∫ η4

τ3

[Ğσ(τ2) − Ğρ(τ2)]♦ατ2

]
♦ατ3

−
α

2

∫ η4

η1

Ğ∆(τ3)
[ 1
τ3 − η1

∫ τ3

η1

Ğρ(σ(τ2))♦ατ2

+
1

η4 − τ3

∫ η4

τ3

Ğρ(σ(τ2))♦ατ2

]
♦ατ3

−
α2

2

∫ η4

η1

Ğ∆(τ3)
[ 1
τ3 − η1

∫ τ3

η1

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

+
1

η4 − τ3

∫ η4

τ3

[Ğσ2
(τ2) − Ğρ(σ(τ2))]♦ατ2

]
♦ατ3

−
1 − α

2

∫ η4

η1

Ğ∇(τ3)
[ 1
τ3 − η1

∫ τ3

η1

Ğρ2
(τ2)♦ατ2

+
1

η4 − τ3

∫ η4

τ3

Ğρ2
(τ2)♦ατ2

]
♦ατ3

−
α(1 − α)

2

∫ η4

η1

Ğ∇(τ3)
[ 1
τ3 − η1

∫ τ3

η1

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2
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+
1

η4 − τ3

∫ η4

τ3

[Ğσ(ρ(τ2)) − Ğρ2
(τ2)]♦ατ2

]
♦ατ3

∣∣∣∣∣
≤ [Y2

0 + αY2Z0 + (1 − α)Y3X1]
∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)|♦ατ2♦ατ3.

Example 3.14. If we put T = Z in (3.14), then we get∣∣∣∣∣Ğ2(η4) − Ğ2(η1) −
1

τ + ν

[ η4−1∑
τ3=η1+1

Ğ(α∆ + (1 − α)∇)(τ3) + αĞ(α∆

+ (1 − α)∇)(η1) + (1 − α)Ğ(α∆ + (1 − α)∇)(η4)
[

τ

τ3 − η1

[ τ3−1∑
τ2=η1+1

Ğ(τ2 − 1)

+ αĞ(η1 − 1) + (1 − α)Ğ(τ3 − 1)
]

+
ν

η4 − τ3

[ η4−1∑
τ2=τ3+1

Ğ(τ2 − 1) + αĞ(τ3 − 1)

+ (1 − α)Ğ(η4 − 1)
]]]
−

α

τ + ν

[ η4−1∑
τ3=η1+1

Ğ(α∆ + (1 − α)∇)(τ3) + αĞ(α∆

+ (1 − α)∇)(η1) + (1 − α)Ğ(α∆ + (1 − α)∇)(η4)
[

τ

τ3 − η1

[ τ3−1∑
τ2=η1+1

[Ğ(τ2 + 1)

− Ğ(τ2 − 1)] + α[Ğ(η1 + 1) − Ğ(η1 − 1)] + (1 − α)[Ğ(τ3 + 1) − Ğ(τ3 − 1)]
]

+
ν

η4 − τ3

[ η4−1∑
τ2=τ3+1

[Ğ(τ2 + 1) − Ğ(τ2 − 1)] + α[Ğ(τ3 + 1) − Ğ(τ3 − 1)]

+ (1 − α)[Ğ(η4 + 1) − Ğ(η4 − 1)]
]]]
−

α

τ + ν

[ η4−1∑
τ3=η1+1

∆Ğ(τ3)

+ α∆Ğ(η1) + (1 − α)∆Ğ(η4)
[

τ

τ3 − η1

[ τ3−1∑
τ2=η1+1

Ğ(τ2)

+ αĞ(η1) + (1 − α)Ğ(τ3)
]

+
ν

η4 − τ3

[ η4−1∑
τ2=τ3+1

Ğ(τ2) + αĞ(τ3) + (1 − α)Ğ(η4)
]]]

−
α2

τ + ν

[ η4−1∑
τ3=η1+1

∆Ğ(τ3) + α∆Ğ(η1) + (1 − α)∆Ğ(η4)
[

τ

τ3 − η1

[ τ3−1∑
τ2=η1+1

[Ğ(τ2 + 2)

− Ğ(τ2)] + α[Ğ(η1 + 2) − Ğ(η1)] + (1 − α)[Ğ(τ3 + 2) − Ğ(τ3)]
]

+
ν

η4 − τ3

[ η4−1∑
τ2=τ3+1

[Ğ(τ2 + 2) − Ğ(τ2)]

+ α[Ğ(τ3 + 2) − Ğ(τ3)] + (1 − α)[Ğ(η4 + 2) − Ğ(η4)]
]]]
−

1 − α
τ + ν

[ η4−1∑
τ3=η1+1

∇Ğ(τ3)
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+ α∇Ğ(η1) + (1 − α)∇Ğ(η4)
[

τ

τ3 − η1

[ τ3−1∑
τ2=η1+1

Ğ(τ2 − 2)

+ αĞ(η1 − 2) + (1 − α)Ğ(τ3 − 2)
]

+
ν

η4 − τ3

[ η4−1∑
τ2=τ3+1

Ğ(τ2 − 2) + αĞ(τ3 − 2) + (1 − α)Ğ(η4 − 2)
]]]

−
α(1 − α)
τ + ν

[ η4−1∑
τ3=η1+1

∇Ğ(τ3) + α∇Ğ(η1)

+ (1 − α)Ğ(η4)
[

τ

τ3 − η1

[ τ3−1∑
τ2=η1+1

[Ğ(τ2) − Ğ(τ2 − 2)] + α[Ğ(η1) − Ğ(η1 − 2)]

+ (1 − α)[Ğ(τ3) − Ğ(τ3 − 2)]
]

+
ν

η4 − τ3

[ η4−1∑
τ2=τ3+1

[Ğ(τ2) − Ğ(τ2 − 2)] + α[Ğ(τ3) − Ğ(τ3 − 2)]

+ (1 − α)[Ğ(η4) − Ğ(η4 − 2)]
]]]∣∣∣∣∣

≤ [Y2
0 + αY2Z0 + (1 − α)Y3X1]

η4−1∑
τ3=η1+1

η4−1∑
τ2=η1+1

|Γ̆(τ3, τ2)|,

where

Y0 = sup
η1<τ2<η4

|Ğ(α∆ + (1 − α)∇)(τ2)|,

Y2 = sup
η1<τ2<η4

|Ğ(α∆ + (1 − α)∇)(τ2 + 1)|,

Y3 = sup
η1<τ2<η4

|Ğ(α∆ + (1 − α)∇)(τ2 − 1)|,

Z0 = sup
η1<τ2<η4

|∆Ğ(τ2)| and X1 = sup
η1<τ2<η4

|∇Ğ(τ2)|.

Theorem 3.15. Consider T to be a time scale with η1, τ2, τ3, η4 ∈ T and η1 < η4. Further, suppose
that the functions Ğ, H̆ : [η1, η4]T → R are diamond-alpha differentiable. Then, for all τ3 ∈ [η1, η4]T,
α ∈ [0, 1], and τ, ν ∈ R, we have∣∣∣∣∣2 ∫ η4

η1

Ğ(τ3)H̆(τ3)♦ατ3

−
1

τ + ν

[
τ

τ3 − η1

∫ η4

η1

∫ τ3

η1

[Ğρ(τ2)H̆(τ3) + H̆ρ(τ2)Ğ(τ3)]♦ατ2♦ατ3

+
ν

η4 − τ3

∫ η4

η1

∫ η4

τ3

[Ğρ(τ2)H̆(τ3) + H̆ρ(τ2)Ğ(τ3)]♦ατ2♦ατ3

]
−

α

τ + ν

[
τ

τ3 − η1

∫ η4

η1

∫ τ3

η1

[(Ğσ(τ2) − Ğρ(τ2))H̆(τ3)
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+ (H̆σ(τ2) − H̆ρ(τ2))Ğ(τ3)]♦ατ2♦ατ3

+
ν

η4 − τ3

∫ η4

η1

∫ η4

τ3

[(Ğσ(τ2) − Ğρ(τ2))H̆(τ3)

+ (H̆σ(τ2) − H̆ρ(τ2))Ğ(τ3)]♦ατ2♦ατ3

]∣∣∣∣∣
≤

∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)|[Y0|H̆(τ3)| + S 0|Ğ(τ3)|]♦ατ2♦ατ3, (3.17)

where
Y0 = sup

η1<τ2<η4

|Ğ♦α(τ2)| < ∞ and S 0 = sup
η1<τ2<η4

|H̆♦α(τ2)| < ∞.

Proof. Replace H̆ with Ğ in (3.10) to get

H̆(τ3) =

∫ η4

η1

Γ̆(τ3, τ2)H̆♦α(τ2)♦ατ2

+
1

τ + ν

[
τ

τ3 − η1

∫ τ3

η1

H̆ρ(τ2)♦ατ2 +
ν

η4 − τ3

∫ η4

τ3

H̆ρ(τ2)♦ατ2

]
+

α

τ + ν

[
τ

τ3 − η1

∫ τ3

η1

[H̆σ(τ2) − H̆ρ(τ2)]♦ατ2

+
ν

η4 − τ3

∫ η4

τ3

[H̆σ(τ2) − H̆ρ(τ2)]♦ατ2

]
.

(3.18)

Multiply (3.10) by H̆(τ3) and (3.18) by Ğ(τ3), add them and integrate the obtained identity with respect
to τ3 over [η1, η4] to obtain

2
∫ η4

η1

Ğ(τ3)H̆(τ3)♦ατ3

=

∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)[Ğ♦α(τ2)H̆(τ3) + H̆♦α(τ2)Ğ(τ3)]♦ατ2♦ατ3

+
1

τ + ν

[
τ

τ3 − η1

∫ η4

η1

∫ τ3

η1

[Ğρ(τ2)H̆(τ3) + H̆ρ(τ2)Ğ(τ3)]♦ατ2♦ατ3

+
ν

η4 − τ3

∫ η4

η1

∫ η4

τ3

[Ğρ(τ2)H̆(τ3) + H̆ρ(τ2)Ğ(τ3)]♦ατ2♦ατ3

]
+

α

τ + ν

[
τ

τ3 − η1

∫ η4

η1

∫ τ3

η1

[(Ğσ(τ2) − Ğρ(τ2))H̆(τ3)

+ (H̆σ(τ2) − H̆ρ(τ2))Ğ(τ3)]♦ατ2♦ατ3 +
ν

η4 − τ3

∫ η4

η1

∫ η4

τ3

[(Ğσ(τ2)

− Ğρ(τ2))H̆(τ3) + (H̆σ(τ2) − H̆ρ(τ2))Ğ(τ3)]♦ατ2♦ατ3

]
.

By using the modulus properties, we get∣∣∣∣∣2 ∫ η4

η1

Ğ(τ3)H̆(τ3)♦ατ3

AIMS Mathematics Volume 9, Issue 5, 12778–12799.



12795

−
1

τ + ν

[
τ

τ3 − η1

∫ η4

η1

∫ τ3

η1

[Ğρ(τ2)H̆(τ3) + H̆ρ(τ2)Ğ(τ3)]♦ατ2♦ατ3

+
ν

η4 − τ3

∫ η4

η1

∫ η4

τ3

[Ğρ(τ2)H̆(τ3) + H̆ρ(τ2)Ğ(τ3)]♦ατ2♦ατ3

]
−

α

τ + ν

[
τ

τ3 − η1

∫ η4

η1

∫ τ3

η1

[(Ğσ(τ2) − Ğρ(τ2))H̆(τ3)

+ (H̆σ(τ2) − H̆ρ(τ2))Ğ(τ3)]♦ατ2♦ατ3

+
ν

η4 − τ3

∫ η4

η1

∫ η4

τ3

[(Ğσ(τ2) − Ğρ(τ2))H̆(τ3)

+ (H̆σ(τ2) − H̆ρ(τ2))Ğ(τ3)]♦ατ2♦ατ3

]∣∣∣∣∣
=

∣∣∣∣∣ ∫ η4

η1

∫ η4

η1

Γ̆(τ3, τ2)[Ğ♦α(τ2)H̆(τ3) + H̆♦α(τ2)Ğ(τ3)]♦ατ2♦ατ3

∣∣∣∣∣
≤

∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)|[|Ğ♦α(τ2)||H̆(τ3)| + |H̆♦α(τ2)||Ğ(τ3)|]♦ατ2♦ατ3

≤

∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)|[Y0|H̆(τ3)| + S 0|Ğ(τ3)|]♦ατ2♦ατ3.

�

Remark 3.16. (i) Put α = 1 in Theorem 3.15 to obtain [27, Theorem 3.7];
(ii) apply α = 1 and T = R to obtain [27, Corollary 3.8].

Corollary 3.17. Substitute τ = ν = 1 in (3.17) to get∣∣∣∣∣2 ∫ η4

η1

Ğ(τ3)H̆(τ3)♦ατ3

−
1
2

[ 1
τ3 − η1

∫ η4

η1

∫ τ3

η1

[Ğρ(τ2)H̆(τ3) + H̆ρ(τ2)Ğ(τ3)]♦ατ2♦ατ3

+
1

η4 − τ3

∫ η4

η1

∫ η4

τ3

[Ğρ(τ2)H̆(τ3) + H̆ρ(τ2)Ğ(τ3)]♦ατ2♦ατ3

]
−
α

2

[ 1
τ3 − η1

∫ η4

η1

∫ τ3

η1

[(Ğσ(τ2) − Ğρ(τ2))H̆(τ3)

+ (H̆σ(τ2) − H̆ρ(τ2))Ğ(τ3)]♦ατ2♦ατ3

+
1

η4 − τ3

∫ η4

η1

∫ η4

τ3

[(Ğσ(τ2) − Ğρ(τ2))H̆(τ3)

+ (H̆σ(τ2) − H̆ρ(τ2))Ğ(τ3)]♦ατ2♦ατ3

]∣∣∣∣∣
≤

∫ η4

η1

∫ η4

η1

|Γ̆(τ3, τ2)|[Y0|H̆(τ3)| + S 0|Ğ(τ3)|]♦ατ2♦ατ3.

(3.19)
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Example 3.18. If we substitute T = Z in (3.17), then we obtain∣∣∣∣∣2[ η4−1∑
τ3=η1+1

Ğ(τ3)H̆(τ3) + αĞ(η1)H̆(η1) + (1 − α)Ğ(η4)H̆(η4)
]

−
1

τ + ν

[
τ

τ3 − η1

[ η4−1∑
τ3=η1+1

τ3−1∑
τ2=η1+1

[Ğ(τ2 − 1)H̆(τ3) + H̆(τ2 − 1)Ğ(τ3)]

+ α[Ğ(η1 − 1)H̆(η1) + H̆(η1 − 1)Ğ(η1)] + (1 − α)[Ğ(τ3 − 1)H̆(η4) + H̆(τ3 − 1)Ğ(η4)]
]]

+
ν

η4 − τ3

[ η4−1∑
τ3=η1+1

η4−1∑
τ2=τ3+1

[Ğ(τ2 − 1)H̆(τ3) + H̆(τ2 − 1)Ğ(τ3)]

+ α[Ğ(τ3 − 1)H̆(η1) + H̆(η1 − 1)Ğ(τ3)] + (1 − α)[Ğ(η4 − 1)H̆(η4) + H̆(η4 − 1)Ğ(η4)]
]]

−
α

τ + ν

[
τ

τ3 − η1

[ η4−1∑
τ3=η1+1

τ3−1∑
τ2=η1+1

[[Ğ(τ2 + 1) − Ğ(τ2 − 1)]H̆(τ3)

+ [H̆(τ2 + 1) − H̆(τ2 − 1)]Ğ(τ3)] + α[[Ğ(η1 + 1) − Ğ(η1 − 1)]H̆(η1)
+ [H̆(η1 + 1) − H̆(η1 − 1)]Ğ(η1)] + (1 − α)[[Ğ(τ3 + 1) − Ğ(τ3 − 1)]H̆(η4)

+ [H̆(η3 + 1) − H̆(τ3 − 1)]Ğ(η4)]
]

+
ν

η4 − τ3

[ η4−1∑
τ3=η1+1

η4−1∑
τ2=τ3+1

[[Ğ(τ2 + 1) − Ğ(τ2 − 1)]H̆(τ3)

+ [H̆(τ2 + 1) − H̆(τ2 − 1)]Ğ(τ3)] + α[[Ğ(τ3 + 1) − Ğ(τ3 − 1)]H̆(η1)
+ [H̆(τ3 + 1) − H̆(τ3 − 1)]Ğ(η1)] + (1 − α)[[Ğ(η4 + 1) − Ğ(η4 − 1)]H̆(η4)

+ [H̆(η4 + 1) − H̆(η4 − 1)]Ğ(η4)]
]]∣∣∣∣∣

≤

η4−1∑
τ3=η1+1

η4−1∑
τ2=η1+1

|Γ̆(τ3, τ2)|[Y0|H̆(τ3)| + S 0|Ğ(τ3)|],

where

Y0 = sup
η1<τ2<η4

|Ğ♦α(τ2)| < ∞,

and

S 0 = sup
η1<τ2<η4

|H̆♦α(τ2)| < ∞.

4. Conclusions

In the present manuscript, the Ostrowski-type integral inequality has been established through
the use of the Montgomery identity for diamond-alpha integrals. Moreover, some extensions of
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dynamic Grüss- and trapezoid-type inequalities have been investigated for bivariate functions which
are two times diamond-α-differentiable. Special cases of our results not only produce the results
of [18, 26, 27], they also give a symmetric combination of the results established in [18, 26, 27].
Truong et al. [24] presented the diamond-alpha differentiability of interval-valued functions and their
applicability to interval differential equations on time scales which can help to extend the results of the
present manuscript.
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