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Abstract: In this paper, we study the following non-autonomous Schrodinger-Poisson equation with
a critical nonlocal term and a critical nonlinearity:

—Au+V(X)u+ Aglulu = fu) + w*)’, in RY,
—A¢ =uP, in R

First, we consider the case that the nonlinearity satisfies the Berestycki-Lions type condition with
critical growth. Second, we consider the case that intV~!(0) is contained in a spherical shell. By using
variational methods, we obtain the existence and asymptotic behavior of positive solutions.
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1. Introduction

The Schrodinger-Poisson equation

{—Au+ V(xX)u + Agu = f(x,u), in R’
(1.1)

- Ap =P, in R?,

arises in a physical context. It is introduced while describing the interaction of a charged particle
with an electrostatic field. More details can be found in [3]. Also, it appears in other fields like
semiconductor theory, nonlinear optics, and plasma physics. The readers may refer to [18] and the
references therein for further discussion. When V = 1, 1 = 1, and f(x, u) = |[u|’">u, problem (1.1) has
been studied sufficiently. We refer to [9] for p <2 and p > 6, [7,8,10] for4 < p < 6,[2]for3 < p <6,
and [22] for 2 < p < 6. In [31], the authors obtained an axially symmetric solution of the following


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2024545

11123

Schrédinger-Poisson equation in R%:

—Au+ V(x)u+ ¢u = K(x)f(u), in R?,
{A¢ =u’, in R?

where f € C(R,R), and V and K are both axially symmetric functions. In [4, 5], the almost necessary
and sufficient condition (Berestycki-Lions type condition) for the existence of ground state solutions
of the problem

—Au = g(u), u e H'(RM)

was given by [4] when N = 2 and [5] when N > 3. Precisely, they assumed g satisfies the following
conditions:

(g1) g(s) € C(R,R) is continuous and odd.

(g2) —oo < liminf_, @ < limsup,_,, @ =—a < 0for N > 3, and lim,_, @ =—-a<0forN =2.

(g3) When N > 3, limsup,_,, g& < 0; when N = 2, for any @ > O there exists C, > 0 such that

|s|N=2

g(s) < Cpexp(as?) for all s > 0.
(g4) There exists & > 0 such that G(&y) > 0, where G(&,) = ffo g(s)ds.

When g satisfies the above Berestycki-Lions type condition, the authors in [19] studied the problem

— Au+ gou = g(u), in R>,
~Ap =qu*, in R’
By using a truncation technique in [14], they proved that the problem admits a nontrivial positive radial

solution for ¢ > 0 small. For the critical case, the authors in [30] studied the existence of positive radial
solutions of the problem

—Au+u+¢u=pQ@ul*u+ K(x)u’, in R>,
-Ap=u’, in R,
where g € (2,4), u > 0, and Q and K are radial functions satisfying the following conditions:

(h) K € C(R3,R), limy00 K(x) = Ko € (0, 0) and K(x) > K, for x € R3.
(hy) Q € C(R3,R), limpy o O(x) = Qs € (0, 0) and Q(x) > Q. for x € R3.
(h3) |K(x) — K(xp)| = o(|Jx — xp|*), where 1 < @ < 3 and K(xp) = maxgs K(x).

In [25], we studied (1.1) with f satisfying the following Berestycki-Lions type condition with critical
growth:

(fi) f € CR,R) is odd, lim, 0. 22 = 0 and lim,,cc L& = K > 0.
(f») There exist D > 0 and 2 < g < 6 such that f(u) > Ku’ + Du?"" for u > 0.
(f3) There exists 6 > 2 such that %of(u)u — F(u) > 0 for all u € R*, where F(u) = fou f(s)ds.
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When A > 0 is small, we obtained positive radial solutions for g € (4,6), or g € (2,4] with D > 0 large.
In [29], the authors removed (f3) by using a local deformation argument in [6]. It should be pointed
out that, in [25,29], the problems were considered in a radial setting.

When the nonlocal term is of critical growth, that is, u? is replaced by u°, problem (1.1) is reduced
to

{—Au+V&M+A@u;ﬂ&m,m R3,
(1.2)

-Ap=1u’, in R
These kind of equations are closely related with the Choquard-Pekar equation, which was proposed
in [20] to study the quantum theory of a polaron at rest. Since the critical nonlocal term may cause the

loss of compactness, problem (1.2) is quite different from the standard Schrédinger-Poisson equation.
In [16], the authors considered the equation

{ — Au+bu+gdlufu = fw), in R,
(1.3)

—A¢ =uP, in R,
where b > 0, g € R, and the subcritical nonlinearity f satisfies the following conditions:

(H)) f € CR*,R")and lim, o, 2% = 0.

(H,) lim, ., L% = 0.

(H3) There is a function z € H!(R?) such that fR3 F(z)>b fR3 72, where F(z) = foz f(n)dr.
(H,) There exist r € (4,6), A > 0, B > 0 such that F(f) > At — B> for t > 0.

For g > 0, they proved that there exists gy > 0 such that for g € [0, g), and problem (1.3) has at least
one positive radially symmetric solution if (H;)—-(H3) hold. For ¢ = —1, they proved that problem (1.3)
has at least one positive radially symmetric solution if (H;)—-(H,) and (H,) hold. In [17], the authors
studied the existence, nonexistence, and multiplicity of positive radially symmetric solutions of the
equation

—Au+u+ AgluPu = pluf’ ', in R,
(1.4)

—A¢=uf, in R’

where 4 € R, u > 0, and p € [1,5]. In [15], the author obtained positive solutions of the following
equation with subcritical growth:

—Au+ V(x)u - K@)oluPu = f(x,u), in R,
(1.5)
{—A¢:Kumf,m R’

where V, K, and f are asymptotically periodic functions of x. If the nonlinearity is of critical growth,
the author in [12] studied ground state solutions of the equation

—Au+V(x)u— ¢|u|3u = f(u) + W, in R?,

(1.6)

—A¢ =uf, in R,
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where V(x) = 1 + x7 + x3 with x = (x1, X2, x3) € R? and f is an appropriate nonlinear function.
In this paper, we study the following Schrodinger-Poisson equation with a critical nonlocal term:

{ — Au+ V(@)u + Aplulu = f(u) + w*)’, in R?,
(1.7)

—Ap =P, in R,

where (1)’ is a critical term with u* := max{u, 0} and A > 0 is a parameter. When we study (1.7) for
the case 4 < 0, the boundedness of the Palais-Smale sequence can be derived directly. However, for
the case 4 > 0, the problem is quite different. Since the term fR3 ¢,|ul’dx is homogeneous of degree 10,
the corresponding Ambrosetti-Rabinowitz condition on f is the following:

(f”) There exists 8 > 10 such that ¢ f(¢) — 8F(¢) > 0 for any 7 € R.

Obviously, this condition is not suitable for the problem in dimension three. To solve the problem, the
authors in [16] used a truncation technique in [14]. However, the argument is invalid when we study
non-autonomous problems in a non-radial setting. Motivated by the above considerations, we first
study the non-autonomous problem (1.7) in a non-radial setting, where the nonlinearity satisfies the
Berestycki-Lions type condition with critical growth. We assume V satisfies the following conditions:

(V) VeC'(R*R)and infps V := V> 0.
(V) V(x) < limpy_. V(x) := V,, for all x € R? and the inequality is strict in a set of positive Lebesgue

measure.
(V3) There exists 6 € (0, 1) such that £V(rx) = £V(x) - L4 (VV(x), x) < L2002 for x € R* \ {0} and
teR".

The result is as follows.
Theorem 1.1. Assume that (V;)—(V3) and (f;)—(f2) hold. Then there exists 4y > 0 such that for
A € (0, Ap), problem (1.7) has a positive solution (u,, ¢,). Moreover, as 4 — 0, (uy,¢,) — (u,0) in
H'(R?) x D"*(R?), where u is a ground state solution of the following limiting equation:

—Au+V(@u = fu)+ ")’ in R>. (1.8)
When V = 1, problem (1.7) is reduced to the following equation:
—Au+u+ApuPu = fw)+ @), in R,
(1.9)
~A¢p =uf, in R

Then we have the following result.

Corollary 1.1. Assume that (f;)—(f>) hold. Then there exists 4y > 0 such that for 1 € (0, Ay),
problem (1.9) has a positive solution (u,, ;). Moreover, as 4 — 0, (uy,¢,) — (4,0) in H'(R?) x
D'"2(R?), where u is a ground state solution of the following limiting equation:

—Au+u=fQu)+w)’ in R>. (1.10)

Remark 1.1. Corollary 1.1 is still valid if we replace (f>) by (H3). So, we generalize the result in [16]
to the critical case.

In the next, we consider the case that intV~!(0) is contained in a spherical shell. We assume the
following conditions.
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(V)) Ve C(R*,R) and V(x) = V(Jx|) for all x € R?.

(V3) V(x) = 0 for x € Ay and there exists Vj > 0 such that V(x) > V,, for x ¢ A,, where Ay ;= {x € R3:
r<lxl<mland Ay i={xeR}: R, < |x| <R} withO< R, <r; <r; <R,.

(f3) There exists 6 > 2 such that i{% is increasing for all u > 0.

To the best of our knowledge, there are no related results even for the case 4 = 0. We must face several

difficulties. A main difficulty is how to get the compactness. In [11], del Pino and Felmer developed

a penalization approach to deal with singularly perturbed problems. Motivated by [11], instead of

studying (1.7) directly, we turn to consider a modified problem. By studying the influence of the

potential on the compactness and the behavior of positive solutions at infinity, we solve the problem.

When A4 > 0, we have to prove the boundedness of the Palais-Smale sequence for the modified problem.

This is another difficulty. Now we state the result.

Theorem 1.2. Assume that (V))—(V7), (fi)—=(f2), and (f;) hold. Then there exists R’ > 0 such that for

Ry > R’, there exists A" > 0 such that problem (1.7) has a positive solution (u,, ¢,) for 4 € (0, ").

Moreover, as A — 0, (uy, ¢;) — (u,0) in H'(R*) x D'*(R?), where u is a positive solution of (1.8).

Notations.

e Denote H' := H'(R) the Hilbert space with the norm ||ull7, := fR_g(IVbd2 + |[u>)dx.
e Denote D' := D'2(R3) = {u e LO(R3) : |Vu| € LZ(R3)} the Sobolev space with the norm [ul[?,, :=
fs IVuPdx.

1
e Denote the norm ||u||, := (fR3 lul*dx)*, where 2 < s < 0.
e Denote C a universal positive constant (possibly different).

2. Proof of Theorem 1.1

Without loss of generality, we assume that f(u#) = O for u < 0. Define the best Sobolev constant

|Vul>dx
S := inf ‘E@—l.
ueD2\(0} (fR3 |u/0dx)®
By the Lax-Milgram theorem, for any u € D'? there exists a unique ¢, € D' such that —A¢, = |ul>.
The function ¢, has the following properties.
Lemma 2.1. ([16])
(@) ¢u 2 0, ¢y = |t¢, and @) = £2¢,(2) for all t > 0.

(i) llpullpre < S 72 lulf}.

(iii) If u, — u weakly in L°(R®) and u, — u a.e. in R’, then ¢, — ¢, weakly in D' up to a
subsequence.

(iv) Let J(u) = fR3 ¢.ul’dx, where u € D', If u,, — u weakly in L°(R?) and u,, — u a.e. in R?, then

J(u,) = J(u) — J(u, — u) = 0,(1).

2.1

Define X := {ueHI: fR3 V(x)|u|2dx<oo} as the Hilbert space with the norm |lu|| =
1
( fR3 [Vul> + V(x)lulzdx)z. Define the functional on X by

1 A 1
Li(u) = Ellull2 *10 .. Gululdx — fw Fldx - 2 fRS |u*|®dx,
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where F(u) := fou f(s)ds. Obviously, the functional I is of class C' and critical points of I, are weak
solutions of (1.7). Let

my = inf{ly(u) : u € X \ {0}, [;(u) = 0}. 2.2)

If I))(u) = 0, by the arguments in [16,21,24] we can derive the Pohozéev type identity Jo(u) = 0, where

Jo(u) :%HVMII% + 1 f3 [3V(x) + (VV(x), x)]|ul*dx — 3 f3 F(u)dx

2 R R

1
- f lu*|Pdux.
2 R3

When V = V,, problem (1.8) is reduced to the following equation:
—Au+ Vou = f(u) + ()’ in R, (2.3)

The functional associated with (2.3) is

1 1 1
I2) = =|IVulk + = f ViolufPdx — f Fudx - — f ut®dx, ue H',
2 2 R3 R3 6 R3

Define
my = inf{I7(u) 1 u € H' \ {0}, (I7) (u) = 0. (2.4)

Define
cy = lyrg max Iy (y(9), (2.5)

where T := {y € C([0, 11, H') : (0) = 0, I (¥(1)) < O}.
Lemma 2.2. Assume that (V;)—(V3) hold. Then, for all x € R \ {0},

0 0
3V —3V(x) — W < (VV(x),x) < W (2.6)
Proof. Let
_r £ -1 0t — 1)*(t + 2)
8(1) = EV(UC) - EV(X) e (VV(x),x) - T anr

By (V3), we get g(0) < 0. Then (VV(x), x) < 5% forall x € R3\{0}. By (V,)—(V3), we get lim,_, . % <

= 2hP

0. Then (VV(x), x) > 3V, — 3V(x) — & for all x € R?\ {0}. O

4x2
Theorem 2.1. ( [13]) Let X be a Banach space equipped with a norm ||.||x and let / € R* be an interval.
We consider a family (/,),e; of C ! _functionals on X of the form

1,(w) = A(u) = puB(w), Ve,
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where B(u) > 0 for all u € X, and either A(#) — +oo or B(u) — +o0 as ||u|ly — oco. We assume there
are two points vy, v, in X such that

Cu = lyrg max L,(y(1)) > max{l,(v1), [,(»)}, Yuel,
where I' := {y € C([0, 1], X); v(0) = vy,¥(1) = v,}. Then, for almost every u € J, there is a sequence
{va} C X such that {v,} is bounded, 1,(v,) — c,, and I/’l(vn) — 0in X~!. Moreover, the map u — Cyu 18
continuous from the left-hand side.
Lemma 2.3. Assume that (V;)—(V3) and (f))—(f) hold. Then m, € (0,my) is attained by a positive
function.
Proof. Let uy € (0, 1). Define the functionals on X by

1
Lo () = §||u||2—uf F(u)dx—%f lu*|°dx,
R3 R3

where u € [y, 1]. Similar to the argument in [27], we can use Theorem 2.1 to derive that for almost
every 41 € [uo, 1] there exists a positive function u, € X such that ¢, = I, (u,) and [ (1) = 0.

Choose p,, T 1 such that Iy, (u,,) = ¢y, and I, (u,,) = 0. Then u,, satisfies the following Pohozaev
type identity:

1 1
EIIVM#JI% t3 fRSBV(X) + (VV(x), 0)]luy, [*dx

= 3, f F(u, )dx + £ f lu, °dLx. 2.7)
R3 2 R3

By (2.7), Lemma 2.2, and the Hardy inequality,

1 1 1-6
Cun = IVt I3 = = f (VV(), )l Pdx > —— Va3, (2:8)
3 6 Jps 3
and

1 1
ilquu,,lli +3 f [BV(x) + (VV(x), 0)]lu, |*dx
R3

> ﬂ||vuﬂn||§ ‘2 f Veolut,, I*dx. (2.9)

2 2 Jrs

By (2.7)-(2.9) and (f;), we get that ||u,,|| is bounded. Then Iy(u,,) — c; and I/(u,,) — 0. Similar

to the argument in [27], we get that there exists a positive function uy € X such that u,, — up in X,

Io(ug) = c1, and Ij(up) = 0. Moreover, 0 < my < c; is attained. By [28], we get that m§’ = ¢j 1is

attained by a positive function u’. Then by (V/)-(V,) and a standard argument, we have ¢; < c¢g. O
Let S be the set of ground states of (1.8). By Lemma 2.3, we have Sy # 0.

Lemma 2.4. Assume that (V;)—(V3) and (f;)—(f>) hold. Then S is compact in X.

Proof. By Lemma 2.3, for any {u,} C S we have Io(u,) = mo, Ij(u,) = 0, and Jo(u,) = 0. Moreover,

|lue,|| is bounded. Assume that u, — uy weakly in X. Then [j(ug) = 0. Let v, = u, — uo. By (V1), (f1),

and the Brezis-Lieb lemma in [24], we have

mo = Io(uo) + 0,(1) = I (v),  (I5") (V) = 0u(1). (2.10)

AIMS Mathematics Volume 9, Issue 5, 11122—-11138.



11129

Since v, — 0 weakly in X, by the Lions Lemma in [24], v, — 0 in L'(R?) for any 7 € (2, 6), or there
exists {y!} ¢ R? with |y!| — oo such that v! := v,(. + y}) = v! # 0 weakly in X. If v, — 0 in L'(R?) for
any 1 € (2,6), by (f1) we get [, F(v,)dx = 0,(1) and [, f(v,)vudx = 0,(1). Then

1 1
mo + 0,(1) = Io(uo) + Ellvnll2 - gllvnllg, [Vall® = [1vall§ + 0x(1). (2.11)

By I{(uo) = 0, we have Jo(up) = 0. By Lemma 2.2 and the Hardy inequality, we get Ip(up) > 0. Assume
that lim,,_, ||v,,||g = [ If Il > 0, by (2.11) and the definition of S, we get [ > S2. Then my > lS%, a
contradiction. So, / = 0, from which we get v, — 0 in X. If there exists {y,ll} c R? with |yrll| — oo such
that v! := v,(. + y!) = v! # 0 weakly in X, similar to the argument of Lemma 2.6 in [27] there exist
ke NU{O0}, {y'} c R® and v/ € X for 1 <i < k such that

lyyl = 0 and |y, = y)| = oo, if i # j, 1 <i,j<k,
V(. + ) = V' # 0 weakly in X and (I7)Y (V) =0, ¥V 1 <i <k,
k

Vy — Z V(. —y;)
=1

=

— 0,

k
mo = Ioug) + ) 1P (). (2.12)

i=1

Since (Ig“)'(vi) = 0, we have I(‘;"(vi) > my. If k > 1, by Ip(up) > 0 and (2.12) we get my > my, a
contradiction. So, k = 0, from which we get u,, — uy in X. O
Lemma 2.5. Assume that (V{)—~(V3) and (f;) hold. If u € Sy, then my = Io(u) > Io(u(:)) for all
t€[0,1)U (1, +00). Also, there exists #, > 1 independent of u € S such that Io(u(g)) < -2.

Proof. By u € S, we have Jy(u) = 0. Then

3 3 3.1
Io(u(f))—lo(u)z fR 3 [%V(tx)—%V(x)—t — (VV(0, 0|l dx

(t— 1> +2)
- lIVulf. (2.13)
By (V3) and the Hardy inequality, we get Io(u) > Io(u(:)) for all # # 1. By Lemma 2.2 and the Hardy

inequality,

l||Vu||§+l f [3V(x) + (VV(x), x)]|ul*dx
2 2 R3

1-6 3
> ——||Vull; + = f Veolul*dx. (2.14)
2 2 R3

Since Jy(u) = 0, by (f;) and (2.14) there exists o > 0 independent of u € S such that |[Vul|> > o. So,
by (V3), the Hardy inequality, and (2.13) we get there exists #, > 1 independent of u € S such that
Io(u(g)) < -2 O
Lemma 2.6. Assume that (V;)—(V3) and (f;) hold. Then there exist A;, M, > 0 independent of u € S
such that Iﬂ(u(g)) < —1, maxeo.11 lu()|l £ My and |ju|| < M, forall 4 € [0,4;] and u € S

o
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Proof. It u € Sy, then my = Iy(u) and Jy(u) = 0. By the Hardy inequality and Lemma 2.2, we
have my > %IIVuII%. Together with (2.14), Jo(u) = 0, and (f;), we derive that there exists oy > 0
independent of u € S such that ||u||;1 < o1. We note that

L)

Together with (V) and ||u||;n < o, we get

= ttol|Vull5 + (tto)° f V(ttox)|ul*dx. (2.15)

R3
(i
tty
. _ . /l(ll‘o)S 5
Sl 52 e

<I — Vul,". 2.17
_o(u(ﬁo))+ oo vl 2.17)

2

lull <(1+maxv)a%, max s(z0+r3r%§xv)gﬁ. 2.16)

t€[0,1]

By Lemma 2.1, we have

By Lemma 2.5 and (2.17), we derive that there exists 4; > 0 independent of u € S such that / A(u(g)) <
—1forde0,4)andu € S,. O
Choose Uy € S . Define

by:= inf max [((1), (2.18)

where Gy := {g € C([0, 11, X) : g(0) = 0,g(1) = Uy ()} and A € (0, 1,). Define

B/l = maXI,l(Uo( )) (219)
1€[0,1] tty

Lemma 2.7. lirn,l_>0 b/l = lirn,l_>0 B/1 = my.
Proof. By (2.17) and Lemmas 2.5-2.6, we get

Atg)’ M°
10S°¢

Then limsup,_,, b, < limsup,_,, By < mp. On the other hand, for any g € G,

b,lSBﬂSm()'F

max (g(?) = max Io(g(t)) > by,

where by := infeg, max,epo,17 Io(g(2)). Then by > by. By Lemma 2.6, there exists yo € (0, 1) such that
Iy, (g(1)) < —3 for p € (uo, 1). Define

:= inf max Iy ,(g(?)).

Cu ¢€Go 1€[0,1]

By repeating the proof of Lemma 2.3, we get that ¢, is a critical value. Moreover, we can prove that b
is a critical value. Then by > mq. So, liminf ;o b; > my. O
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For n, d > 0, define IZ ={ueX: )(u) <n}and Sg ={u e X :inf g, |lu— V|| < d}.
Lemma 2.8. Let {u,.} ¢ S g with lim;_,, 4; = 0 be such that lim;_,, ;.(#,,) < mg and lim,_,c Ijli(u 1) =0.
Then for d > 0 small, there exists uy € S such that u;, — u in X up to a subsequence.
Proof. By the proof of Lemma 2.5, there exists 0 > 0 independent of u € S such that ||u||*> > o for
u € Sy. Since {uy} € S, by choosing d > 0 small we get [lu, ||* > %. By Lemma 2.4, we have that [|u,||
is bounded. Then lim;_ Io(u,,) < mg and lim;_,o, Ij(uy,) = 0. By the argument of Lemma 2.4, there
exists uy € X such that u,, — ug in X up to a subsequence. So, ||ug||* > %, Io(ug) < mg and Ij(uo) = 0,
which implies that uy € S . i
Lemma 2.9. Let d > 0. Then there exists 7 > 0 such that for small A > 0, I,(y(¢)) > b, — np implies that
v(t)eS %, where y(0) = 0 and y(r) = UO(%) fort e (0, 1].

d

Proof. By Lemma 2.5, if y(¢) ¢ S g, then there exists 6 > 0 such that |tfy — 1| > 6. Moreover, there
exists ” > 0 such that Iy(y(¢)) < my — n’. By Lemmas 2.1 and 2.6-2.7, there exists > 0 such that for
small A > 0, it holds that 1,(y(¢)) < by, — n. O
Proof of Theorem 1.1. Recall that if u € S, then there exists o > 0 independent of u € S such that
IVull? > 0. So, we can choose d > 0 small such that ||u|*> > % for any u € Sg. We use the idea in [6,29]
to claim that for small A > O, there exists {u,} C Sg N If‘ such that /I (u,) — 0. Otherwise, there exists
a(A) > 0 such that || (w)|| > a(A) foru € Sg ﬂlf”. By Lemmas 2.7-2.8, there exists py > 0 independent

of 4 > 0 small such that ||, (w)|| > po foru € I f NS g \S § ). We note that there exists a pseudo-gradient
vector field Q, on a neighborhood Z, of § g N If" for I1,. Let i, be a Lipschitz continuous function on X
such that; = 1on S¢ N 1%, 1, =00nR*\ Z;,and 0 < 7, < 1 on R®. Let &, be a Lipschitz continuous
function such that &,(r) = 1 for |t — b,| < g, E@) =0for|t—by =n,and 0 < & < 1 forr e R*.
Consider the initial value problem

d )
WAl _ e D)E W, ) 0aWa(as, 1),
T (2.20)

Ya(u,0) = u.

Then (2.20) has a unique global solution ,(u, t). Recall that lim,_,o b, = lim,_,o B, = my. Also, we
have Lemma 2.9. By a standard argument, for any ¢ € [0, 1] there exists s(z) > 0 such that ¢, (y(¢), s(t))
is continuous in 7 € [0, 1] and

n

trer%gg(] I/l({p/l(’y(t), S(t))) < b/l - 4

where v is given in Lemma 2.9. Let yo(.) = ¥,(y(.), s(.)). Then vy € Gy, from which we get

max LW a(y(®), s(1))) = by,

a contradiction. Since for A > 0 small there exists {u,} C I f NS 6’ such that I’ (u,) — 0, by Lemma 2.4
we get that ||u,|| is bounded. Assume that u, — u, weakly in X. By Lemma 2.1, we have I’ (u,;) = 0.
Let u, = v, + w,, where v, € Sy and ||w,|| < d. By Lemma 2.4, there exists v, € S such that v, — v,
in X. Assume that w, — w, in X. Then ||w,|| < d. So, u, € Sg. Moreover, u, is positive. Together with
Lemma 2.8, we get the result. O
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3. Proof of Theorem 1.2

Define X, := {u € H'(R?): fR3 V(x)|u)?dx < oo} as the Hilbert space with the norm |jul| =
1
(s IVl + V(®luPdx)®. By (V3), we derive that for all u € X,

14
llull7, < f (IVul® + 1?) dx + f (|vu|2+ﬁu2)dx
. R3\A; Vo
1
3
< f |Vu|2dx+( f |u|6dx) ISk
N2 A2

1
+max{1,—} f (|Vu|2 + V(x)uz)dx
Vo R3\A»

2

M1

< max 1+@,— lul. (3.1)
S 'V,

Then the imbedding X, < H!R?) is continuous. Define g(u) = 0 for u < 0 and g(u) =

min { fu) + (u*), %} for u > 0, where x > 2. Let y be the characteristic function such that y(x) = 1
for x € A, and y(x) = O for x € R® \ A,. Consider the truncated problem of (1.8) as

—Au+ V(x)u = h(x,u) in R?, (3.2)
where h(x, u) = y(x) [ f(u) + (u+)5] + (1 — xy(x))g(u). The functional associated with (3.2) is
o L
L) = Z|lull” = | H(x,wdx, u€X,,
2 R3
where H(x,u) = fou h(x, s)ds = y(x) [F(u) + %(u+)6] + (1 — y(x))G(u) with G(u) = fou g(s)ds. In what
follows, we look for critical points of fo. Define

5= it g o0 -

where Ty := {y € C([0, 11, X,) : (0) = 0, Ip(y(1)) < 0}.

Lemma 3.1. There exists a bounded sequence {u,} C X, such that lo(u,) — & € (O, %S%) and
Ij(u,) — 0.
Proof. By (f1), for any € > 0 there exists C, > 0 such that

max{|a(x, wyul, |H(x, u)|} < elul* + Cslul®, VY u €R. (3.4)

Then there exist p, 0 > 0 such that Io(u) > o for ||u|| = p, in view of the definition of S. Also, I)(0) =0
and lim,_, fo(tgo) = —oo for any ¢ € C7(A2) \ {0}. By the mountain pass theorem in [1], there exists a
sequence {u,} C X, such that Io(u,) — & > o and fé(un) — 0. By (f3), we get %f(u)u — F(u) > 0 for
all u € R. Then

- 1/,
2o+ 04(1) + 0u(Dllugll =o(aty) = = (Iy(at). )
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I 1 1
2[5 =)= [, [je -]

1 1 1 )
> (5 - 5)(1 - I_() 129 (3.5)

So, ||u,|| 1s bounded. By [24], the function U(x) := ( 31 ) + 1s a minimizer for §. Define U.(x) :=
1+x2)?

8_%U(§). Let xo € Ay. Choose r > 0 such that B,,(xy) C A;. Define u.(x) := ¥(x)U.(x), where
Y € C§(By(x0)) such that y(x) = 1 for x € B.(xp), ¥(x) = 0 for x € R3\ By(x0), 0 < ¢(x) < 1, and
[Vy(x)] < C. By the definition of ¢y, we get &y < sup,. fo(tug). Moreover, by Lemma 2.1 in [28], we
get &y < 18 3 o
Lemma 3.2. /, admits a positive critical point uy with /y(up) = Co.

Proof. By Lemma 3.1, there exists a bounded sequence {u,} C X, such that fo(un) -y € (O, %S %) and
fé(un) — 0. Assume that u, — uy weakly in X,. Then fé(uo) = 0. For R > R,, define Y € C8°(R3)
such that Yr(x) = 0 for |x| < R, yr(x) = 1 for [x| > 2R, and 0 < ¢ < 1 and |Vyg| < £&. By

(B ), W) = 04(1),

f (IVeta e + Vuppr) dx + 0,(1)

R

1 C
< f 8t red + f Vi, Vlluesldix < = f VOu2yedx + —.
R3 R3 2 R3 R
Then, for any ¢ > 0, there exists R; > 0 such that for R > Ry,

lim (Ve + V(xu2) dx < 6. (3.6)

n—o+oo s op

Since h(x, u)u < %uz for x € R¥\ A,, by the Lebesgue dominated convergence theorem

lim h(x, u,)u,dx = f h(x, up)updx. 3.7
n=%0 IBor\As Bor\ A2
By the argument of Lemma 2.1 in [26], we obtain that
lim h(x, u)u,dx = f h(x, ug)uydx. (3.8)
n—+eo J A

Combining (3.6)—(3.8), we have

lim f h(x, u)u,dx = f h(x, ug)uydx. 3.9
n—+oo R3 R3
Letv, = u, — ug. Then
0u(1) = (Iy(tn). ) = (Ty(tto), up) = lIvall® + 04(1),

from which we derive that u,, — uyin X, fo(uo) = Cp and f{)(uo) =0. By (f{)(uo), “6) =0, we getuy > 0.
The maximum principle implies that u, is positive. O
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Let iy := inf{ly(u) : u € X,, [j(u) = 0}
Lemma 3.3. /iy € (0, 45 %) is attained.
Proof. By Lemmas 3.1-3.2, we get /i1y < fo(uo) =y < %S 3 By the definition of 77, there exists
{un} C X, such that fo(u,) — iio and Fy(u,) = 0. By (I (u,). u,) = 0, (3.4), and the definition of S, there
exists C; > 0 such that ||u,|*> > CIS%. Similar to (3.5), we get iy > 0. Also, there exists C, > 0 such
that [|u,|]> < C»S 2. Assume that u, — uy weakly in X,. Then fé(uo) = (. Similar to the argument of
Lemma 3.2, we get u,, — up in X,. So /iy = Io(up) and fé(uo) = 0, that is, 1, is attained. O
Define by § the set of ground states of (3.2). By Lemma 3.3, we get S # 0.
Lemma 3.4. S is compact and there exist C;, C, > 0 such that CIS% < |lull* < CZS% forallu € S,.
Proof. Similar to the argument of Lemma 3.3, we get ClS% < lul? < C2S% for all u € S,. For
any {u,} C S0, since |ju|? < CQS%, we assume that u, — u weakly in X,. By Lemma 3.3, we get
fo(un) =y € (0, %S %). Similar to the argument of Lemma 3.2, we obtain that u, — u in X,. So, Sois
compact. |
Lemma 3.5. ( [23]) There exists a constant Cy > 0 such that for all u € H!(R?), there holds |u(x)| <
%IlullHl for any x # 0.

x|
By (f1), there exists C’ > 0 such that
Vi
|f(u) + w*)’| < 2—0|u| +C'luP, YueR. (3.10)
K
Choose R’ > 0 such that for R; > R/,

2C,C2S? MBI
it il max 1+—| 2|3,— < Yo .
Ry S 'V 2«C’

(3.11)

Lemma 3.6. If u € S, then /iy = Iy(u) > Io(tu) for all t # 1. Also, there exists #, > 1 independent of
u € S such that Jy(rou) < 2.
Proof. We claim that

|suppu N {x € R* : y(x) > 0} > 0, Y ueS,. (3.12)

Otherwise, there exists u € S such that |suppu N{xeR>: y(x) > 0}| = 0. By (fé(u), u) =0,

V. 1
llull* = f gwudx < -2 uldx < —f V(x)u*dx,
{x€R3:x(x)=0} K J{xeR3:y(x)=0} 2 Jrs

a contradiction. Let I(f) = Iy(tu), where t > 0 and u € . Then I'(f) = ty(t), where

R3 R3

Since I'(1) = 0, we have y(1) = 0. By (f;), we get that y(7) is strictly decreasing on ¢ > 0. Then
I'(ty > 0fort € (0,1) and I'(t) < O for ¢ > 1, from which we get Io(u) > Iy(tu) for all t # 1. By
(fé(u), u) = 0, (3.4), and the definition of S, there exists é, > 0 independent of u € So such that
fR3 x(X)|ul®dx > ;. Together with Lemma 3.4, we derive that there exists #, > 1 independent of u € So
such that Iy(tou) < -2. O
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We consider the following truncated problem of (1.7):

— Au+ V(x)u + Aplul’u = h(x,u), in R?,
(3.13)
—Ap = uf, in R
The functional associated with (3.13) is as follows:
N I, 4 5
L) = Sfull”+ — | @uuldx— | H(x,u)dx, u€X,.
2 10 R3 R3
Lemma 3.7. There exists A} > 0 independent of u € S such that ,(fou) < —1 for A € (0, ).
Proof. By Lemma 2.1, we have
L LIPSO !
Ly (tou) = Iy (tou) + 10 L} Gululdx < Iy (tou) + 1OS6||Vu||2 . (3.14)

By Lemma 3.4, Lemma 3.6, and (3.14), we derive that there exists 4] > 0 independent of u € S such
that i,l(l()l/t) <-1. O
Choose V; € S. Define

d, := inf max [,(y(1)), (3.15)

yeT 1€[0,1]

where I' := {y € C([0, 1], X,) : ¥(0) = 0,¥(1) = oV} and 4 € (0, A}). Define

D, := max I, (ttoVy) . (3.16)
te[0,1]

Lemma 3.8. lim/l_>o d/l = lim/l_>o D,1 = ﬁ’lo.
Proof. By (3.14), Lemma 3.4, and 3.6, we get

R /ltéo 3\9
dy <D, <imy+ 1056(C252) .

Then lim sup,_,,d; < limsup,_,, D, < 7ig. By Lemma 3.6, for any y € T,

L (v() > Io(y(2)) > &,
fre%{?] 2(y(0) =2 tfef%&ﬁ o(y(1)) = Co

from which we get d; > ¢o. By Lemma 3.2, we have ¢, > 71, which implies that liminf, o d, >

ﬁ’l(). O
For n, d > 0, define IAZ ={u € X, : [,(u < n} and S‘g = {u € X, : infie5, llu — V|| < d}. By

Lemma 3.4, we can choose d > 0 small such that %S% < |lull* < 2CzS% forall u € Sg.

Lemma 3.9. Let {uy} C $¢ with lim,_., 4; = 0 be such that lim;_., [, (u,,) < ity and lim;_e, 1 (u,,) = 0.

Then, for d > 0 small, there exists uo € S such that u 2 — Up In X, up to a subsequence.

Proof. Since {u,,} C §6’, we have %S% < ||u/1,.||2 < 2CZS%. Moreover, lim;_,q fo(u,li) < Mgy and

lim;_,, 1y(uy,) = 0. Similar to the argument of Lemma 3.2, we derive that there exists uy € X, such that

. 3 4 n A . A
u), — up in X,. So, l|utol]> > %S 2, Io(uo) < g, and [(ug) = 0, from which we get ug € Sy. O
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Lemma 3.10. Let d > 0. Then there exists > 0 such that for small 4 > 0, i 1(y(8)) > dy — n implies
N
that y(7) € S ;, where y(t) = tt,V, for t € [0, 1].

Proof. By Lemma 3.6, if y(t) ¢ S g, then there exists 6 > 0 such that |ffy — 1] > 6. Moreover, there
exists 77 > 0 such that Iy(y(t)) < mo — 1. By Lemma 2.1, Lemma 3.4, and Lemma 3.8, there exists
n > 0 such that for small A > 0, it holds that I 2y(@) <dy—n. O
Proof of Theorem 1.2. Similar to the proof of Theorem 1.1, we can use Lemmas 3.8-3.10 to derive
that, for small A > 0, there exists {u,} ¢ §¢ N [ such that /(u,) — 0. Then %S% < luall* < 2C5S 2.
Assume that u,, — u, weakly in X,.. Then /I'(v,) = 0. Let u,, = v, +w,, where v, € §¢ and |lw,|| < d. By
Lemma 3.4, there exists v, € S, such that v, — v, in X,. Assume that w, — w, in X,. Then |jw,|| < d.
So, u, € S’g. Moreover, %S% < lual? < 2C2S%. Together with (3.1) and Lemma 3.5, we have

2
3 N3 1T 1
lu () < 2C2C3S5 max{ 1 + A2 [ ,— ¢ —, Yx#0. (3.17)
S Vol I
By (3.11), we get max ; ua(x) < N % Let ¢ = (u; — 0)*, where o = % By (fjl(u,l),go) =0,
f Vi dx + f V(xX)u(uy — o)t dx
(R3\A)N{xeR3 1, (x)>0} R3\A,
1
< f gu)(uy —o)'dx < = f V(x)u(uy — o) dx. (3.18)
R3\A2 2 Jrovn,

Since V(x) > V, for x € R\ Ay, by (3.18), we get uy(x) < o for x € R*\ A,. Then h(x, uy) = f(uy) +u,
from which we get I’ (u;) = 0. Together with Lemma 3.9, we get the result. O

4. Conclusions

In this paper, we study the existence and asymptotic behavior of positive solutions of a non-
autonomous Schrodinger-Poisson equation with critical growth. First, we consider the case that the
nonlinearity satisfies the Berestycki-Lions type condition with critical growth. To the best of our
knowledge, existing results on Schrodinger-Poisson equations are about radial solutions. However, the
problem is quite different when we consider the problem in a non-radial setting. Second, we consider
the case that the zero set of the potential is contained in a spherical shell. To the best of our knowledge,
there are no results on this question. By developing some techniques in variational methods, we solve
the problem successfully.
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