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Abstract: Let p be an odd prime with p ≡ 7 (mod 12), p−1
2 be the least integer such that 2

p−1
2 ≡ 1

(mod p), and q = 2
p−1

2 . Let α be a primitive element of the finite field Fq and β = α
q−1

p . Suppose that
σ =

∑2
i=0 β

mζi
3 ∈ F∗q, where m ∈ F∗p and ζ3 is a 3rd root of unity in Fp. Let {ui} = (Trq/2(σβi))q−2

i=0 be a
binary sequence of period q − 1. In this paper, we obtained the cross correlation distribution between
two sequences {ui} and its q−1

p -decimation sequence, which is two-valued.
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1. Introduction

Let Fq be a finite field with q elements, where q is a power of prime 2. Let u = {ui}
N−1
i=0 and

v = {vi}
N−1
i=0 be two binary sequences of period N with elements from F2. The period cross correlation

function between these two sequences at shift τ is defined as

Cu,v(τ) =
N−1∑
i=0

(−1)ui+τ−vi , 0 ≤ τ ≤ N − 1.

The multiset {Cu,v(τ) : 0 ≤ τ ≤ N − 1} is called the cross correlation distribution of sequences u
and v. Assume that {vi} is shifted cyclically such that {vi} = {udi}. Taking 1 ≤ d ≤ N − 2, the
cross correlation function between u and its d-decimation is Cd(τ) =

∑N−1
i=0 (−1)ui+τ−udi . For the cross

correlation function between an m-sequence and its d-decimation, an overview of known results can
be found in [5, 10, 17, 18], etc.

The numerical results indicate that the cross correlation distributions are very complex and difficult.
Due to applications in cryptography, radar, and wireless communication systems [8], the sequences
with low cross correlation play an important role in deducing the interference of different users in
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communication systems. Therefore, sequences with cross correlations are desired and the reader is
referred to literatures [2, 3, 9, 11, 12, 14, 25] and the references therein. In the following, we list some
results about the cross correlation of sequences.

In [6], Dobbertin et al. gave ternary sequences of period 3n−1 with a three-valued cross correlation
function for d = 2 · 3r + 1, where 4r + 1 ≡ 0 (mod n).

In [4], let q = pm and m and k be two positive integers such that m
gcd(m,k) ≥ 3 is odd. Suppose that

p ≡ 3 (mod 4), d(pk + 1) ≡ 2 (mod pm − 1), and k|m. Choi et al. determined the cross correlation
distribution of Cd(τ), where d = pm+1

pk+1 +
pm−1

2 , which generalized the result of [22]. Furthermore, Xia et
al. [21] defined a class of sequence and investigated the cross correlation distribution of Cd(τ), where
the decimations have the form pl+1

2 , where p ≡ 3 (mod 4) and l is a positive integer.
In [24], let q = 33r, where r is a positive integer with gcd(r, 3) = 1. Zhang et al. determined the

cross correlation distribution for decimations d = 3r + 2 and d = 32r + 2, respectively.
In [20], let q = p

ϕ(rm)
3 and r ≡ 1 (mod 3). Suppose that {ui}

q−2
i=0 = (Trq/p(αi))q−2

i=0 , where α is a
primitive element of Fq. Wu et al. investigated the cross correlation distribution between {ui} and its
q−1
rm -decimation sequence for p = 2 and p = 3, respectively.

Let p be an odd prime and p ≡ 7 (mod 12). Suppose that p−1
2 is the multiplicative order of 2 modulo

p and let q = 2
p−1

2 , α be a primitive element of Fq, and β = α
q−1

p . Suppose that σ =
∑2

i=0 β
mζi

3 ∈ F∗q,
where m ∈ F∗p and ζ3 is a 3rd root of unity in Fp. In this paper, we shall investigate the cross correlation
distribution between two sequences {ui} and its q−1

p -decimation sequence, where {ui} = (Trq/2(σβi))q−2
i=0 .

This paper is organized as follows: In Section 2, we recall some concepts and several results about
Gaussian sums in the index two case. In Section 3, we construct a class of binary sequences and
investigate the cross correlation distribution {Cd(τ) : 0 ≤ τ ≤ q − 2}. Moreover, some examples are
given. In Section 4, we make a conclusion.

2. Preliminaries

In this section, we recall some definitions and results about characters and Gaussian sums, which
are useful in the sequel.

The trace function from Fq onto F2 is defined by Trq/2(x) = x + x2 + · · · + xq/2, x ∈ Fq. The
additive character of Fq is a nonzero function χb, b ∈ Fq, from Fq to the set of complex numbers:
χb(c) = (−1)Trq/2(bc). When b = 1, the character χ1 is called the canonical additive character of Fq. It is
well known that

∑
c∈Fq

χb(c) = 0 for b , 0.
Let L be a positive divisor of q−1, ω a primitive element of Fq, and C(L,q)

i = ωi⟨ωL⟩, i = 0, . . . , L−1,
cosets. Gaussian periods of order L are defined by

η
(L,q)
i =

∑
x∈C(L,q)

i

χ(x), i = 0, 1, . . . , L − 1.

Lemma 2.1. [16] If q = pw and L = 2, the Gaussian periods are given by the following:

η
(2,q)
0 =


−1+(−1)w−1q

1
2

2 , if p ≡ 1 (mod 4),
−1+(−1)w−1(

√
−1)wq

1
2

2 , if p ≡ 3 (mod 4),
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and η(2,q)
1 = −1 − η(2,q)

0 .
Let β be a fixed primitive element of Fq. For each j = 1, 2, . . . , q − 1, the function ψ j with

ψ j(βk) = ζ jk
q−1 for k = 0, 1, . . . , q − 2 (2.1)

defines a multiplicative character with order q−1
gcd(q−1, j) of Fq, where ζq−1 denotes the (q − 1)-th primitive

root of unity.
Let q be odd and j = q−1

2 in (2.1). We then get a multiplicative character denoted by η such that
η(c) = 1 if c is the square of an element, and η(c) = −1 otherwise. This η is called the quadratic
character of Fq.

Let ψ be a multiplicative character with order k with k|(q−1) and χ an additive character of Fq, then
the Gaussian sum G(ψ, χ) of order k is defined by

G(ψ, χ) =
∑
x∈F∗q

ψ(x)χ(x).

Since G(ψ, χb) = ψ̄(b)G(ψ, χ1), we just consider G(ψ, χ1), briefly denoted as G(ψ).
The Gaussian sum is an important tool in investigating the weights of cyclic codes, the cross

correlation of sequences, and the Walsh spectrum of functions. For example, Schmidt et al. [19] used
Fourier transforms and Gaussian sums and obtained necessary and sufficient numerical conditions for
an irreducible cyclic code to have at most two weight.

Lemma 2.2. [15] Let χ be a nontrivial additive character of Fq and let ψ be a multiplicative character
of Fq of order s = gcd(n, q − 1), then

∑
x∈Fq

χ(axn + b) = χ(b)
s−1∑
j=1

ψ̄ j(a)G(ψ j, χ)

for any a, b ∈ Fq with a , 0.
We use ZN to denote the ring ZN = {0, 1, . . . ,N−1} and use Z∗N to denote all the invertible elements of

ZN . Suppose that 2 generates a subgroup of the group Z∗N with index [Z∗N : ⟨2⟩] = 2. If −1 < ⟨2⟩ ⊂ Z∗N ,
then it is the so-called “index 2” case. The Gaussian sum of the “index 2” case is explicitly determined;
see [7, 23] and its references for details.

Lemma 2.3. ( [7, 23]) Let 3 , p ≡ 3 (mod 4) be a prime and let w = ordp(2) = p−1
2 , q = 2w, and χ be

a primitive multiplicative character of order p over F∗q, then for 1 ≤ i ≤ p − 1, we have that

G(χi) =

 2
w−h−2

2 (e + f
√
−p) if ( i

p ) = 1,
2

w−h−2
2 (e − f

√
−p) if ( i

p ) = −1,

where ( i
r ) denotes the Legendre symbol, h is the ideal class number of quadratic number field Q(

√
−p),

and e, f are given by {
e2 + p f 2 = 22+h,

e ≡ −2
p+3+2h

4 (mod p).
(2.2)
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3. The cross correlation distributions of a class of binary sequence

In this section, let p be an odd prime with p ≡ 7 (mod 12). Suppose that ordp(2) = p−1
2 , i.e., p−1

2

is the least integer such that 2
p−1

2 ≡ 1 (mod p), which is called 2 semi-primitive root modulo p. Let
q = 2

p−1
2 , α be a primitive element of Fq, and β = α

q−1
p . Let D1 and D0 be the sets consisting of all

non-square elements and square elements in F∗p, respectively, i.e., F∗p = D1 ∪ D0.
Define a binary sequence of period q − 1:

u = {u0, u1, . . . , uq−2}, ui = Trq/2(σαi), σ ∈ F∗q, i = 0, 1, . . . , q − 2. (3.1)

For 0 ≤ τ ≤ q − 2, the cross correlation function between u and its d = q−1
p -decimation is

Cd(τ) =
q−2∑
i=0

(−1)ui+τ+udi . (3.2)

In this section, we shall investigate the above cross correlation distribution defined as (3.2).
Fixed a σ ∈ F∗q, for 0 ≤ τ ≤ q − 2, we find that ρ = σατ runs over all elements of F∗q as ατ does.

Hence

Cd(τ) =
q−2∑
i=0

(−1)Trq/2(σατ+i+σαdi) =

q−2∑
i=0

(−1)Trq/2(ραi+σαdi)

=
∑
x∈F∗q

(−1)Trq/2(ρx+σxd) =
∑
x∈F∗q

(−1)Trq/2(x+σ(ρ−1 x)d)

=

q−2∑
i=0

(−1)Trq/2(αi+σρ−dβi), (3.3)

for 0 ≤ i ≤ q − 2, by division algorithm i = jp + r, 0 ≤ j ≤ d − 1, 0 ≤ r ≤ p − 1. By Lemma 2.2,

Cd(τ) =
p−1∑
r=0

(−1)Trq/2(σρ−dβr)
d−1∑
j=0

(−1)Trq/2(α jpαr)

=
1
p

p−1∑
r=0

(−1)Trq/2(σρ−dβr)
∑
x∈F∗q

(−1)Trq/2(αr xp)

=
1
p

p−1∑
r=0

(−1)Trq/2(σρ−dβr)(
p−1∑
s=1

ψ̄s(αr)G(ψs) − 1)

=
1
p

p−1∑
r=0

(−1)Trq/2(σρ−dβr)(
p−1∑
s=1

ζ−rs
p G(ψs) − 1), (3.4)

where ζp = e
2π
√
−1

p is the p-th primitive root of unity in the complex number field, ψ is a primitive
multiplicative character of order p over F∗q, and ψ(α) = ζp.
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Recall that p ≡ 7 (mod 12), which implies that p ≡ 3 (mod 4). By Lemma 2.3,

p−1∑
s=1

ζ−rs
p G(ψs) = 2

p−1−2h
4 (

e + f
√
−p

2

∑
s∈D0

ζ−rs
p +

e − f
√
−p

2

∑
s∈D1

ζ−rs
p )

= 2
p−5−2h

4 (e(
∑
s∈D0

ζ−rs
p +

∑
s∈D1

ζ−rs
p ) + f

√
−p(
∑
s∈D0

ζ−rs
p −

∑
s∈D1

ζ−rs
p )),

where h is the ideal class number of Q(
√
−p), and e, f are given by (2.2).

If r = 0, then
p−1∑
s=1

ζ−rs
p G(ψs) = 2

p−5−2h
4 e(p − 1).

If r , 0, then by Lemma 2.1,

p−1∑
s=1

ζ−rs
p G(ψs) = 2

p−5−2h
4 (−e + p fη(−r)) = −2

p−5−2h
4 (e + p fη(r)),

where η is the quadric character of Fp. Let c = p−5−2h
4 , then

Cd(τ) = −
1
p

(2ce + 1)Γ1(σ) − 2c fΓ2(σ) + 2ceΓ3(σ), (3.5)

where Γ1(σ) =
∑p−1

r=0 χ(σρ−dβr), Γ2(σ) =
∑

r∈D0
χ(σρ−dβr) −

∑
r∈D1

χ(σρ−dβr), and Γ3(σ) = χ(σρ−d).
In the following we calculate the values of Γ1(σ), Γ2(σ), and Γ3(σ). We need some lemmas.

Lemma 3.1. ( [13, Theorem 7]) Let p be a prime with p = A2 + 3B2. If 2 is a cubic non-residue of p
and if 4p = L2 + 27M2, A ≡ L ≡ 1 (mod 3), then the number N3(u) of solutions (x, y) of x3 + u ≡ y2

(mod p) is given by

N3(u) =


p − ( u

p )2A, if u ≡ w3 (mod p),
p + ( u

p )L, if u ≡ 2w3 (mod p),
p + ( u

p )(2A − L), if u ≡ 4w3 (mod p).

Lemma 3.2. ( [13, Theorem 8]) Let p be a prime with p = A2 + 3B2. If 2 is a cubic non-residue of p
and if 4p = L2 + 27M2, A ≡ L ≡ 1 (mod 3), then the number N6(u) of solutions (x, y) of x6 + u ≡ y2

(mod p) is given by

N6(u) =


p − 1 − 2A(1 + ( u

p )), if u ≡ w3 (mod p),
p − 1 + 2A + L(( u

p ) − 1), if u ≡ 2w3 (mod p),
p − 1 + ( u

p )2A − L(( u
p ) − 1), if u ≡ 4w3 (mod p).

Lemma 3.3. Suppose that D1 is the set consisting of all non-square elements in F∗p, for 0 ≤ r ≤ p − 1,
if
√
−p ≡ 1 (mod P1), then
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Trq/2(βr) =
{

1, if r = 0 or r ∈ D1,
0, otherwise.

If
√
−p ≡ −1 (mod P1), then,

Trq/2(βr) =
{

1, if r = 0 or r ∈ D0,
0, otherwise.

Proof. It is well known that there is an irreducible factorization over F2:

xp − 1 = (x − 1)Φ(0)
p (x)Φ(1)

p (x),

where Φ(0)
p (x) =

∏
r∈D0

(x − βr),Φ(1)
p (x) =

∏
r∈D1

(x − βr). By Lemma 2.1,

∑
r∈D0

ζr
p =
−1 +

√
−p

2
,
∑
r∈D1

ζr
p =
−1 −

√
−p

2
,

where ζp is a primitive p-th root of unity in the complex number field.
Let O = Z[ζp] be the algebraic integer ring of Q(ζp), then there is a prime ideal factorization of the

prime 2 in the algebraic integer ring O:
2O = P1P2,

where P1 = ⟨
a+b
√
−p

2 , 2⟩ and P2 = ⟨
a−b
√
−p

2 , 2⟩ are prime ideals of Q(ζp) over 2.
Let

ζp ≡ β (mod P1) and O/P1 = F
2

p−1
2
= F2(β),

where p−1
2 is the order of 2 modulo p, then

∑
r∈D0

ζr
p ≡
∑
r∈D0

βr ≡
−1 +

√
−p

2
(mod P1),

∑
r∈D1

ζr
p ≡
∑
r∈D1

βr ≡
−1 −

√
−p

2
(mod P1),

where
√
−p is an element in F2 such that (

√
−p)2 ≡ −p (mod 2).

Suppose that
√
−p ≡ 1 (mod P1), then for 0 ≤ r ≤ p − 1,

Trq/2(βr) =
{

1, if r = 0 or r ∈ D1,
0, otherwise.

Suppose that
√
−p ≡ −1 (mod P1), then for 0 ≤ r ≤ p − 1,

Trq/2(βr) =
{

1, if r = 0 or r ∈ D0,
0, otherwise.
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Without loss of generality, in the following, we always assume that
√
−p ≡ 1 (mod P1), i.e., for

0 ≤ r ≤ p − 1,

Trq/2(βr) =
{

1, if r = 0 or r ∈ D1,
0, otherwise.

In the following, suppose that p ≡ 7 (mod 12) and σ =
∑2

i=0 β
mζi

3 ∈ F∗q, where ζ3 is a 3rd primitive
root of unity in Fp. We calculate the values of Γ1(σ), Γ2(σ), and Γ3(σ) in two cases: m ∈ D0 and
m ∈ D1.

3.1. m ∈ D0

In this subsection, we always assume that m ∈ D0. In the following, we investigate the values of
Γ1(σ), Γ2(σ), and Γ3(σ).

Theorem 3.4. Let p be a prime with p = A2 + 3B2, where A ≡ 1 (mod 3). Suppose that p ≡ 7
(mod 12) and σ =

∑2
i=0 β

mζi
3 ∈ F∗q, where m ∈ D0 and ζ3 is a 3rd primitive root of unity in Fp. If 2 is a

cubic nonresidue of p, then,

Γ1(σ) = −2A + 3.

Proof. Since ord(ρ−d) = p,

Γ1(σ) =
p−1∑
r=0

χ(σρ−dβr) =
p−1∑
r=0

χ(σβr) =
∑
x∈Fp

(−1)Trq/2(
∑2

i=0 β
x+mζi

3 )

=
∑

x∈Fp\M

(−1)Trq/2(
∑2

i=0 β
x+mζi

3 ) +
∑
x∈M

(−1)Trq/2(
∑2

i=0 β
x+mζi

3 ),

where M = {−m,−mζ3,−mζ2
3 }. Note that −1 ∈ D1, −m ∈ D1, and p ≡ 7 (mod 12), then it is easy to

check that for x ∈ M,
(−1)Trq/2(

∑2
i=0 β

x+mζi
3 ) = −(−1)Trq/2(

∑2
i=1 β

−m+mζi
3 ) = 1.

By the fact that the product of any two square elements or any two non-square elements is a square
element and the product of a square element with a non-square element is a non-square element, a
simple conclusion is that for x ∈ Fp \ M,

(−1)Trq/2(
∑2

i=0(βx+mζi
3 ) = (−1)Trq/2(βΠ

2
i=0(x+mζi

3)) = η(Π2
i=0(x + mζ i

3)).

Consider the equation: For x ∈ Fp \ M,

y2 = Π2
i=0(x + mζ i

3) = x3 + m3.

By Lemma 3.1, the number N3(m3) of solutions (x, y) of x3 + m3 = y2 over Fp is p − (m
p )2A = p − 2A,

where p = A2 + 3B2 and A ≡ 1 (mod 3).
With the solutions (y, x) and (−y, x) with respect to the y-axis, except three rational points

(−m, 0), (−mζ3, 0), (−mζ2
3 , 0), then for x ∈ Fp \ M,

∆ = |{x ∈ Fp \ M, x3 + m3 = y2, y ∈ Fp}|

AIMS Mathematics Volume 9, Issue 4, 9091–9106.
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=
1
2

(N3(m3) − 3) =
p − 3 − 2A

2
.

Hence,

Γ1(σ) =
∑

x∈Fp\M

(−1)Trq/2(
∑2

i=0 β
x+mζi

3 ) +
∑
x∈M

(−1)Trq/2(
∑2

i=0 β
x+mζi

3 )

= ∆ − (p − 3 − ∆) + 3 = −2A + 3.

Theorem 3.5. Let p be a prime with p = A2+3B2, where A ≡ 1 (mod 3). Suppose that σ =
∑2

i=0 β
mζi

3 ∈

F∗q, where m ∈ D0 and ζ3 is a 3rd primitive root of unity in Fp. If 2 is a cubic non-residue of p, then,

Γ2(σ) = −5 − 4A.

Proof. Since 2 is a semi-primitive root modulo p, let D0 = ⟨2⟩ and D1 = βD0, F∗p = ⟨β⟩ = D0 ∪ D1. It
is obvious that ord(ρ−d) = 1 or ord(ρ−d) = p. Let ρ−d = βy, 0 ≤ y ≤ p − 1, then

Γ2(σ) =
∑
r∈D0

χ(σρ−dβr) −
∑
r∈D1

χ(σρ−dβr)

=
∑
r∈D0

(χ(σρ−dβr) − χ(σρ−dβ−r))

=
1
2

(
∑
x∈F∗p

χ(σρ−dβx2
) −
∑
x∈F∗p

χ(σρ−dβ−x2
)).

For 0 ≤ y ≤ p − 1, either y = 0, y ∈ D0, or y ∈ D1(−y ∈ D0), then

Γ2(σ) =
1
2

(
∑
x∈F∗p

(χ(σβx2
) −
∑
x∈F∗p

χ(σβ−x2
))

=
1
2

(
∑
x∈F∗p

(−1)
∑2

i=0 Trq/2(βx2+mζi
3 ) −
∑
x∈F∗p

(−1)
∑2

i=0 Trq/2(β−x2+mζi
3 ))

=
1
2

(
∑
x∈Fp

(−1)
∑2

i=0 Trq/2(βx2+mζi
3 ) −
∑
x∈Fp

(−1)
∑2

i=0 Trq/2(β−x2+mζi
3 ) − 2). (3.6)

From the above discussion,

(−1)Trq/2(
∑2

i=0 β
x2+mζi

3 ) = (−1)Trq/2(Π2
i=0β

x2+mζi
3 ) = η(Π2

i=0(x2 + mζ i
3)).

Since p ≡ 1 (mod 6), and m ∈ D0, we have for 0 ≤ i ≤ 2, −mζ i
3 ∈ D1, then for x ∈ Fp, x2 + mζ i

3 ,

0, i = 0, 1, 2.
Consider the equation: For x ∈ Fp,

y2 = Π2
i=0(x2 + mζ i

3) = x6 + m3.

By Lemma 3.2, the number N6(m3) of solutions (x, y) of x6+m3 = y2 over Fp is p−1−2A((m
p )+1) =

p − 1 − 4A, where p = A2 + 3B2 and A ≡ 1 (mod 3).
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With the solutions (y, x) and (−y, x) with respect to the y-axis, then for x ∈ Fp,

∆1 = |{x ∈ Fp, x6 + m3 = y2, y ∈ Fp}|

=
1
2

N6(m3) =
p − 1 − 4A

2
.

Hence, ∑
x∈Fp

(−1)
∑2

i=0 Trq/2(βx2+mζi
3 ) = ∆1 − (p − ∆1) = −1 − 4A.

Moreover, let M = {±
√

m,±
√

mζ3,±
√

mζ2
3 }. It is easy to check that for x ∈ M,

(−1)Trq/2(
∑2

i=0 β
−x2+mζi

3 ) = −(−1)Trq/2(
∑2

i=1 β
−m+mζi

3 ) = 1.

For x ∈ Fp \ M, we consider the equation:

y2 = Π2
i=0(−x2 + mζ i

3) = −x6 + m3 = −(x6 − m3).

Note that −m3 ≡ (−m)3 (mod p), then the number N6(−m3) of solutions (x, y) of x6 − m3 = y2 over Fp

is the number N6(m3) of solutions (x, y) of x6 + m3 = y2. For x ∈ Fp,

∆2 = |{x ∈ Fp,−x6 + m3 = y2, y ∈ Fp}|

= p −
1
2

(N6(m3) − 6) =
p + 7 + 4A

2
.

Hence, ∑
x∈Fp

(−1)
∑2

i=0 Trq/2(β−x2+mζi
3 ) = ∆2 − (p − ∆2) = 7 + 4A.

Therefore,

Γ2(σ) =
∑
r∈D0

χ(σρ−dβr) −
∑
r∈D1

χ(σρ−dβr) = −5 − 4A.

Theorem 3.6. Let p be a prime with p = A2+3B2, where A ≡ 1 (mod 3). Suppose that σ =
∑2

i=0 β
mζi

3 ∈

F∗q, where m ∈ D0 and ζ3 is a 3rd primitive root of unity in Fp. If 2 is a cubic non-residue of p, then for
ρ ∈ F∗q,

Γ3(σ) =

 1, occurs (q−1)(p+3+2A)
2p times,

−1, occurs (q−1)(p−3−2A)
2p times.

Proof. For ∀ρ ∈ F∗q = ⟨α⟩, ρ = α
u, 0 ≤ u ≤ q − 2. It is obvious that ord(ρ−d) = 1 or ord(ρ−d) = p. Let

ρ−d = βx, 0 ≤ x ≤ p − 1.
Suppose that x = 0, i.e., ord(ρ−d) = 1, then ρ = αpv, 0 ≤ v ≤ q−1

p − 1, so there are q−1
p elements

ρ ∈ F∗q such that ord(ρ−d) = 1.
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Suppose that 1 ≤ x ≤ p − 1, i.e., ord(ρ−d) = p, then ρ = αv, 0 ≤ v ≤ q − 2 and gcd(v, p) = 1, so
there are q − 1 − q−1

p elements ρ ∈ F∗q such that ord(ρ−d) = p.
Thus

Γ3(σ) = (−1)Trq/2(σρ−d) = (−1)
∑2

i=0 Trq/2(βx+mζi
3 ).

Suppose that x ∈ M = {−m,−mζ3,−mζ2
3 }. Note that −1 ∈ D1, −m,−mζ3,−mζ2

3 ∈ D1, then it is easy
to check that

Γ3(σ) = (−1)
∑2

i=0 Trq/2(β−m+mζi
3 ) = −(−1)Trq/2(βΠ

2
i=1(−m+mζi

3)) = 1.

By Lemma 4.1, there are such 3(q−1)
p elements ρ ∈ F∗q such that ρ−d = βx.

Suppose that x ∈ Fp \ M, then

Γ3(σ) = (−1)Trq/2(βΠ
k
i=1(x+mζi

3))=η(Πk
i=1(x+mζi

3)).

Consider the equation: For x ∈ Fp \ M,

y2 = Π2
i=0(x + mζ i

3) = x3 + m3.

By Theorem 3.3, there are ∆ = p−3+2A
2 elements x ∈ Fp \ M such that Γ3(σ) = 1, and there are

p − 3 − ∆ = p−3−2A
2 elements x ∈ Fp \ M such that Γ3(σ) = −1, where p = A2 + 3B2, A ≡ 1 (mod 3).

Therefore, there are p+3+2A
2 ·

q−1
p elements ρ ∈ F∗q such that Γ3(σ) = 1, and there are p−3−2A

2 ·
q−1

p
elements ρ ∈ F∗q such that Γ3(σ) = −1.

The last thing is to give the correlation distribution of Cd(τ), 0 ≤ τ ≤ q− 2, defined as (3.2). Putting
Theorems 3.4–3.6 together, from (3.5), we obtain the following theorem.

Theorem 3.7. The notation is as above. Suppose that p ≡ 3 (mod 4) and p ≡ 7 (mod 12) with
p = A2 + 3B2, A ≡ 1 (mod 3). Let 2 be a semi-primitive root modulo p. Suppose that there exist
integers e and f such that

{
e2 + p f 2 = 22+h

e ≡ −2
p+3+2h

4 (mod p), f > 0, 2 ∤ f ,

where h is the ideal class number of Q(
√
−p). Let u be a binary m-sequence defined as (3.1) and

σ =
∑2

i=0 β
mζi

3 ∈ F∗q. If m ∈ D0, then the cross correlation distribution of Cd(τ), 0 ≤ τ ≤ q − 2, is as
follows:

values frquencies

1
p (2A − 3)(2ce + 1) + 2c(5 f + 4A f + e) occurs (q−1)(p+3+2A)

2p times,

1
p (2A − 3)(2ce + 1) + 2c(5 f + 4A f − e) occurs (q−1)(p−3−2A)

2p times,

where c = p−5−2h
4 .
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3.2. m ∈ D1

In this subsection, we suppose that m ∈ D1. Note that −1 ∈ D1, −m ∈ D0 and for x ∈ M =

{−m,−mζ3,−mζ2
3 },

(−1)Trq/2(
∑2

i=0 β
x+mζi

3 ) = −(−1)Trq/2(
∑2

i=1 β
−m+mζi

3 ) = 1.

Similar argument to Theorems 3.4 and 3.6, we obtain Theorems 3.8 and 3.10 immediately.

Theorem 3.8. Let p be a prime with p = A2 + 3B2, where A ≡ 1 (mod 3). Suppose that p ≡ 7
(mod 12) and σ =

∑2
i=0 β

mζi
3 ∈ F∗q, where m ∈ D1 and ζ3 is a 3rd primitive root of unity in Fp. If 2 is a

cubic non-residue of p, then

Γ1(σ) = −2A + 3.

Theorem 3.9. Let p be a prime with p = A2+3B2, where A ≡ 1 (mod 3). Suppose that σ =
∑2

i=0 β
mζi

3 ∈

F∗q, where m ∈ D1 and ζ3 is a 3rd primitive root of unity in Fp. If 2 is a cubic non-residue of p, then

Γ2(σ) = −1.

Proof. Let ρ−d = βy, 0 ≤ y ≤ p − 1, then by (3.6),

Γ2(σ) =
1
2

(
∑
x∈Fp

(−1)
∑2

i=0 Trq/2(βx2+mζi
3 ) −
∑
x∈Fp

(−1)
∑2

i=0 Trq/2(β−x2+mζi
3 ) − 2)

=
1
2

(
∑

x∈Fp\M

(−1)Trq/2(
∑2

i=0 β
x2+mζi

3 ) +
∑
x∈M

(−1)Trq/2(
∑2

i=0 β
x2+mζi

3 )

−
∑
x∈Fp

(−1)
∑2

i=0 Trq/2(β−x2+mζi
3 ) − 2),

where M = {±
√
−m,±

√
−mζ3,±

√
−mζ2

3 }. Note that m ∈ D1 and p ≡ 7 (mod 12), then it is easy to
check that for x ∈ M,

(−1)Trq/2(
∑2

i=0 β
x2+mζi

3 ) = −(−1)Trq/2(
∑2

i=1 β
−m+mζi

3 ) = 1.

A simple fact is that for x ∈ Fp \ M,

(−1)Trq/2(
∑2

i=0(βx2+mζi
3 ) = (−1)Trq/2(βΠ

2
i=0(x2+mζi

3)) = η(Π2
i=0(x2 + mζ i

3)).

From the above discussion,

(−1)Trq/2(
∑2

i=0 β
x2+mζi

3 ) = (−1)Trq/2(Π2
i=0β

x2+mζi
3 ) = η(Π2

i=0(x2 + mζ i
3)).

Since p ≡ 1 (mod 6) and m ∈ D1, we have −mζ i
3 ∈ D0 for 0 ≤ i ≤ 2.

Consider the equation: For x ∈ Fp \ M,

y2 = Π2
i=0(x2 + mζ i

3) = x6 + m3.

AIMS Mathematics Volume 9, Issue 4, 9091–9106.



9102

By Lemma 3.2, the number N6(m3) of solutions (x, y) of x6 + m3 = y2 over Fp is p − 1, where
p = A2 + 3B2 and A ≡ 1 (mod 3).

With the solutions (y, x) and (−y, x) with respect to the y-axis, then for x ∈ Fp \ M,

∆1 = |{x ∈ Fp \ M, x6 + m3 = y2, y ∈ Fp}|

=
1
2

(N6(m3) − 6) =
p − 7

2
.

Hence, ∑
x∈Fp\M

(−1)
∑2

i=0 Trq/2(βx2+mζi
3 ) = ∆1 − (p − ∆1) = −7.

Moreover, consider the equation: for x ∈ Fp,

y2 = Π2
i=0(−x2 + mζ i

3) = −x6 + m3 = −(x6 − m3).

Note that −m3 ≡ (−m)3 (mod p), then the number N6(−m3) of solutions (x, y) of x6 − m3 = y2 over
Fp is the number N6(m3) of solutions (x, y) of x6+m3 = y2. Moreover since p ≡ 1 (mod 6) and m ∈ D1,
we have mζ i

3 ∈ D1 for 0 ≤ i ≤ 2, then for x ∈ Fp, −x2 + mζ i
3 , 0, i = 0, 1, 2. Thus for x ∈ Fp,

∆2 = |{x ∈ Fp,−x6 + m3 = y2, y ∈ Fp}|

=
1
2

N6(m3) =
p − 1

2
.

Hence, ∑
x∈Fp

(−1)
∑2

i=0 Trq/2(β−x2+mζi
3 ) = ∆2 − (p − ∆2) = −1.

Therefore,

Γ2(σ) =
∑
r∈D0

χ(σρ−dβr) −
∑
r∈D1

χ(σρ−dβr) = −1.

Theorem 3.10. Let p be a prime with p = A2 + 3B2, where A ≡ 1 (mod 3). Suppose that σ =∑2
i=0 β

mζi
3 ∈ F∗q, where m ∈ D1 and ζ3 is a 3rd primitive root of unity in Fp. If 2 is a cubic non-residue of

p, then for ρ ∈ F∗q,

Γ3(σ) =

 1, occurs (q−1)(p+3+2A)
2p times,

−1, occurs (q−1)(p−3−2A)
2p times.

Theorem 3.11. The notation is as above. Suppose that p ≡ 3 (mod 4) and p ≡ 7 (mod 12) with
p = A2 + 3B2, A ≡ 1 (mod 3). Let 2 be a semi-primitive root modulo p. Suppose that there exist
integers e and f such that
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{
e2 + p f 2 = 22+h

e ≡ −2
p+3+2h

4 (mod p), f > 0, 2 ∤ f ,

where h is the ideal class number of Q(
√
−p). Let u be a binary m-sequence defined as (3.1)and

σ =
∑2

i=0 β
mζi

3 ∈ F∗q. If m ∈ D1, then the cross correlation distribution of Cd(τ), 0 ≤ τ ≤ q − 2, is as
follows:

values frquencies

1
p (2A − 3)(2ce + 1) + 2c( f + e) occurs (q−1)(p+3+2A)

2p times,

1
p (2A − 3)(2ce + 1) + 2c( f − e) occurs (q−1)(p−3−2A)

2p times,

where c = p−5−2h
4 .

In the following, we give some examples to illustrate the results of Theorems 3.7 and 3.11.

Example 3.12. Let p = 7, q = 23, and σ =
∑2

i=0 β
2ζi

3 ∈ F∗q. The class number h of Q(
√
−7) is 1

(see [1, P.504]), then by Theorem 3.7, the cross correlation distribution of Cd(τ) is shown in Table 1.

Table 1. the cross correlation distribution of Cd(τ).

values frquencies
−3 occurs 3 times,
−2 occurs 4 times.

Example 3.13. Let p = 79, q = 239, and σ =
∑2

i=0 β
2ζi

3 ∈ F∗q. The class number h of Q(
√
−79) is 5

(see [1, P.504]). Then by Theorem 3.7, the cross correlation distribution of the Cd(τ) is shown in
Table 2.

Table 2. the cross correlation distribution of Cd(τ).

values frquencies
221495 occurs 39(239−1)

79 times,
−696009 occurs 40(239−1)

79 times.

Example 3.14. Let p = 7, q = 23, and σ =
∑2

i=0 β
3ζi

3 ∈ F∗q. The class number h of Q(
√
−7) is 1

(see [1, P.504]). Then by Theorem 3.11, the cross correlation distribution of the Cd(τ) is shown in
Table 3.
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Table 3. the cross correlation distribution of Cd(τ).

values frquencies
0 occurs 3 times,
2 occurs 4 times.

Example 3.15. Let p = 79, q = 239, and σ =
∑2

i=0 β
3ζi

3 ∈ F∗q. The class number h of Q(
√
−79) is 5

(see [1, P.504]). Then by Theorem 3.11, the cross correlation distribution of the Cd(τ) is shown in
Table 4.

Table 4. the cross correlation distribution of Cd(τ).

values frquencies
564937 occurs 39(239−1)

79 times,
−352567 occurs 40(239−1)

79 times.

4. Conclusions

Let p be an odd prime with p ≡ 7 (mod 12). Suppose that p−1
2 is the least integer such that 2

p−1
2 ≡ 1

(mod p) and q = 2
p−1

2 . Let α be a primitive element of the finite field Fq and β = α
q−1

p . In this paper, we
constructed a class of binary sequence u = {u0, u1, . . . , uq−2}, ui = Trq/2(σαi), i = 0, 1, . . . , q − 2, where
σ =

∑2
i=0 β

mζi
3 ∈ F∗q, m ∈ F∗p, and ζ3 is a 3rd primitive root of unity in Fp. By calculating the related

exponential sums, we investigated the cross correlation distributions between u and its q−1
p -decimation

sequence, which were two-valued.
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