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Abstract: In this paper, the Levenberg-Marquardt backpropagation scheme is used to develop a neural 

network model for the examination of the fluid flow on a magnetized flat surface with slip boundaries. 

The tangent hyperbolic fluid is considered along with heat generation, velocity, and thermal slip effects 

at the surface. The problem is modelled in terms of a non-linear differential system and Lie symmetry 

is used to get the scaling group of transformation. The order reduction of differential equations is done 

by using Lie transformation. The reduced system is solved by the shooting method. The surface 

quantity, namely skin friction, is evaluated at the surface for the absence and presence of an externally 

applied magnetic field. A total of 88 sample values are estimated for developing an artificial neural 

network model to predict skin friction coefficient (SFC). Weissenberg number, magnetic field 

parameter, and power law index are considered three inputs in the first layer, while 10 neurons are 

taken in the hidden layer. 62 (70%), 13 (15%), and 13 (15%) samples are used for training, validation, 

and testing, respectively. The Levenberg-Marquardt backpropagation is used to train the network by 

entertaining the random 62 sample values. Both mean square error and regression analysis are used to 

check the performance of the developed neural networking model. The SFC is noticed to be high at a 

magnetized surface for power law index and Weissenberg number. 
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Nomenclature 

( , )X Y  Space variables ( , )U V  Velocity components 

  Time dependent material constant m  Power law index 

B  Magnetic field strength   Fluid density 

1Q  Heat generation coefficient pc  Specific heat at constant pressure 

T  Fluid temperature T  Ambient temperature 

  Fluid electrical conductivity k  Thermal conductivity 

1  Kinematic viscosity C  Fluid concentration 

1L  Velocity slip factor 1D  Thermal slip factor 

cD  Mass diffusivity b  Stretching rate 

wC  Surface concentration tem  Dimensionless temperature 

C  Ambient concentration wT  Surface temperature 

  Small parameter 1...6kA =  Real numbers 

con  Dimensionless concentration   Stream function 

1  Velocity slip parameter 2  Thermal slip parameter 

'( )F   Dimensionless fluid velocity nW  Weissenberg number 

Pr  Prandtl number aH  Magnetic field parameter 

H +
 Heat generation parameter Sc  Schmidt number 

1. Introduction 

The study of non-Newtonian fluid models subject to various configurations remains a topic of 

great interest for researchers due to the wide range of applications. Owing to such importance, various 

examinations were accomplished by investigators to study non-Newtonian fluid flows. Recently, 

Manvi et al. [1] offered study on Eyring-Powell fluid flow in the presence of magnetic field and heat 

dissipation effects. Runge-Kutta (RK)-scheme was used for solution outcomes. It was demonstrated 

that raising the stratification parameter decreases velocity as well as temperature, and the opposite in 

the case for heat generation. Shahzad et al. [2] investigated natural convection energy transmission in 

a trapezoidal enclosure using coupled buoyancy effects of stratification. The Casson fluid rheological 

constitutive model, which depicts the properties of viscoelastic liquids, was envisioned. The impact of 

the slanted magnetic field, which is regulated by the Lorentz field law, was also addressed. The finite 

element approach was used to depict solution. Heat flux, kinetic energy, and mass flux were displayed 

graphically and tabulated. Pasha et al. [3] modelled and numerically simulated the non-Newtonian 

fluid having shear-thickening characteristics. The fluid was equipped in a hexagonal domain along 

with magnetic field and alumina nanoparticles. The finite element approach was used to discretize the 

equations system that resulted from the mathematical modeling of the physical situation. The results 

showed that increasing the strength-law index from 1.2 to 1.8 and the magnetic field's strength from 0 

to 80 will decrease the mean Nusselt by 12.1% and 27.5%. The advancement in this direction can be 

accessed in Refs. [4−7]. 

The tangent hyperbolic fluid flow model is regarded as the most relevant liquid model in the class 

of non-Newtonian liquids in the context of numerous industrial applications such as porous industrial 
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materials, polymer solutions, oil recovery, ceramic processing, and fluid beds. From an experimental 

standpoint, it is seen that the tangent hyperbolic flow model accurately predicts shear thinning behavior. 

It is frequently utilized in laboratory research, medicine, and engineering fields for a variety of 

applications such as blood, polymers, paints, and melt investigations. Aside from that, the fluid model 

under consideration is of the rate type, and it exhibits relaxation and retardation time characteristics.  

Owing to such importance, various researchers considered examination of tangent hyperbolic 

fluid flow, like the influence of heat and mass transfer on peristaltic flow of a tangent hyperbolic fluid 

(THF) in an annulus, which was investigated by Akbar et al. [8]. By assuming a long wavelength and 

low Reynolds number, the flow equations of THF were simplified. For the heat and concentration 

fields, exact solutions were evaluated, whereas the velocity profile was solved analytically and 

numerically. A graph and table were used to compare the two solutions. For various embedded 

parameters, temperature, pressure rise, concentration field, and pressure gradient were drafted and analyzed.  

The impact of nanoparticles for THF with magnetohydrodynamics (MHD) was investigated by 

Akram and Nadeem [9]. Under the lubrication approach, the flow equations of a nanofluid were 

executed. Using a homotopy perturbation technique, the coupled temperature equation and 

nanoparticle volume fraction were solved analytically. The perturbation technique was used to solve 

the stream function and pressure gradient analytically. The graphical findings of the problem under 

investigation were also taken into account to observe the behavior of various physical parameters.  

Naseer et al. [10] investigated the THF moving in the axial direction across a vertical 

exponentially extending cylinder with heat transfer. The flow equations were obtained by applying the 

normal boundary layer with a sufficient similarity transformation to the specified PDEs and boundary 

conditions. The RK-Fehlberg technique was used to solve this system of ordinary differential equations 

with boundary conditions. The graphs depicted the impacts of the related parameters, such as 

Weissenberg numbers, Reynolds numbers, Prandtl numbers, and the natural convection parameter. The 

skin friction coefficient and Nusselt numbers were presented as the corresponding physical attributes 

of the flow and heat transfer characteristics.  

Gaffar et al. [11] studied the nonlinear THF over a sphere. Using the Keller Box technique, the 

altered conservation equations were numerically solved subject to physically suitable boundary 

conditions. The effects of several developing characteristics on flow field were thoroughly investigated. 

Additionally, the impacts of these parameters on heat transfer rate and skin friction were studied. It 

was discovered that when the Weissenberg number climbed, skin friction, the velocity, and the Nusselt 

number dropped.  

The magnetic peristaltic flow TH nanofluid in an inclined tube with flexible walls was 

investigated by Hayat et al. [12]. In the problem definition, a nanofluid with Brownian motion and 

thermophoresis effects were used. There was thermal radiation and Joule heating. The formulation was 

finalized by taking into account slide circumstances in terms of temperature, velocity, and 

concentration. The lubrication approach was used to generate the problem formulation. The 

significance of several associated parameters on the flow was illustrated. The slip effect increases 

velocity and temperature while decreasing concentration. Thermal radiation reduced temperature, 

whereas bigger Hartman numbers increased temperature in response to the Joule heating effect. 

Hayat et al. [13] investigated the nonlinear thermal radiation behavior of TH nanofluid via 

stretched surface. The flow analysis was presented while taking into account the chemical reaction and 

heat generation/absorption effects. To analyze heat and mass transmission, convective-type conditions 

were imposed. Because of the consideration of thermophoresis and Brownian motion, nanoparticle 

effects were seen. By using similarity transformations, the governing nonlinear partial differential 

systems were transformed into nonlinear ordinary differential systems. For temperature, velocity, and 
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concentration, the series solutions converged. The variations in temperature, velocity, and 

concentration distributions were investigated.  

Rehman et al. [14] communicated numerically the THF flow yields of both cylindrical and flat 

surfaces. They assumed tangent hyperbolic fluid flow towards an inclined surface and obtained fluid 

flow by allowing no-slip conditions. Furthermore, momentum equations recognize magnetic field and 

mixed convection effects, whereas heat equations recognize the roles of thermal stratification and 

thermal radiation. The entire physical situation was translated into partial differential equations (PDEs), 

and a computational approach was used to solve it. The acquired results were presented in both 

graphical and tabular formats. In addition, a straight line of investigation was carried out to investigate 

the impact of mixed convection, an inclination impact on skin friction.  

Kumar et al. [15] presented a numerical investigation of the compressed flow of THF toward 

sensor surface with varying thermal conductivity. The controlling equations were reassembled into 

conventional non-linear differential equations using appropriate transformation, and the resulting 

equations were numerically solved using the RKF45 technique. The effects of the impartment 

parameter on the flow field were depicted graphically. Variations in the flow index, Weissenberg 

number, and parameter of permeable velocity were discovered to have a considerable influence on the 

thermal and momentum boundary layer thickness.  

Nagendramma et al. [16] investigated THF towards a cylinder with sink and heat source effects 

in porous space beneath nanoparticles. Brownian and thermophoretic mobility were taken into account 

when developing the mathematical model of TH-nanofluid. The equations were solved by using the 

RK scheme. The effects of parameters were visually depicted, and engineering-interest physical 

characteristics such as Nusselt, skin friction, and Sherwood number were investigated numerically. 

Momentum thickness increases for curvature and power-law index.  

Heat and mass transmission of magnetohydrodynamics (MHD) TH-nanofluid were investigated 

by Atif et al. [17]. On its route, the nanofluid flow was believed to be directed by a wedge. The PDEs 

were converted into a nonlinear ordinary differential equations (ODEs) set. The well-known shooting 

method was used to solve the ensuing ODEs for two separate cases: namely, stretched and static wedge. 

The effect of complex physical factors on flow profiles was visually studied. The escalating Biot 

number, Brownian motion parameter, and thermophoresis parameter were discovered. The recent 

developments in examination of the tangent hyperbolic fluid can be assessed in Refs. [18−22]. 

Motivated by the literature reported above, we have offered the neural networking analysis on 

THF flow towards a magnetized surface. The heat and mass transfer aspects are considered in the 

presence of heat generation, velocity slip, and temperature slip effects. The flow is modelled in terms 

of PDEs and the Lie symmetry approach is used to construct the Lie group of transformation. Such 

transformations are used to reduce the order of PDEs. The shooting method is used to report the 

outcomes. An artificial neural network model is constructed to make predictions for the skin friction 

coefficient at the magnetized surface. To train the network, Levenberg-Marquardt backpropagation is 

utilized. Mean square error and regression analysis are both utilized to evaluate the performance of the 

constructed neural network model. The key novelty of the present article includes: 

• Construction of neural network model to predict the impact of power law index and 

Weissenberg number on skin friction coefficient (SFC). 

• Impact of power law index and velocity slip on tangent hyperbolic fluid flow field. 

• Relation of magnetic field parameter on the flow field. 

• Impact of Weissenberg number on the velocity of the tangent hyperbolic fluid.  
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2. Fluid flow formulation 

The tangent hyperbolic fluid flow is considered over a flat surface. Aspects of both heat and mass 

transmission are considered. The uniform magnetic field is applied perpendicular to the flow. The 

novelty is enhanced by taking the heat generation effect by means of the energy equation. The strength 

of concentration and temperature near the surface is greater than the strength further away from the 

surface. The viscous dissipation effects are ignored while velocity and temperature slips are owned. 

The flow field can be formulated as follows [18,23]: 

0,X YU V+ =           (1) 

2

1 1(1 ) 2 ( / ) ,X Y YY Y YYUU VU U m U U m B U   + = − +  −
    (2) 

1( / ) ( / )( ),X Y p YY pUT VT k c T Q c T T  + = + −
      (3) 

,X Y c YYUC VC D C+ =
          (4) 

considering velocity and thermal slip, we reached at 

1 1, 0, , for 0,

0, , , when .

Y w Y wU bX LU V T T D T C C Y

U T T C C Y 

= + = = + = =

→ → → →
    (5) 

By considering: 

1 11 1

, , , , , ,con tem

w w

C C T T V U b b
v u y Y x X

C C T T b b
 

  

 

 

− −
= = = = = =

− −
(6) 

by plugging Eq (6) into the Eqs (1)−(5), we get the following forms: 

0,x yu v+ =
           (7) 

2(1 ) 2 ( / ) ,x y yy y yyuu vu u m u u bm B b u + = − +  −       (8) 

, , , 1( / ) ( / ) ,tem x tem y p tem yy p temu v k c Q c b     + = +
     (9) 

, , 1 ,( / ) ,con x con y c con yyu v D   + =
         (10) 

and 

1 1 ,

1 1

, 0, 1 , 1 for 0,

0, 0, 0, when .

y tem tem y con

tem con

b b
u x L u v D y

u y

  
 

 

= + = = + = =

→ → → →

  (11) 

Further, by using a stream function: 
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,y xu v= = −
,           (12) 

the use of Eq (12) into Eqs (7)−(11) results the following forms: 

0,xy yx − =
           (13) 

2(1 ) 2 ( / ) ,y x y x y y y y y y y y y y ym b m B b   −  =  − +   −      (14) 

, , , 1( / ) ( / ) ,y tem x x tem y p tem yy p temk c Q c b      − = +
    (15) 

, , 1 ,( / ) ,y con x x con y c con y yD    − =
       (16) 

and 

1 1 ,

1 1

, 0, 1 , 1 for 0,

0, 0, 0, when .

y y y x tem tem y con

y tem con

b b
x L D y

y

  
 

 

 = +   = = + = =

 → → → →
   (17) 

3. Group theoretic examination 

Our interest is to get an equivalent system subject to flow equations given as Eqs (8)−(10). The 

most common practice in this regard is to use some suitable set of transformations [24−26]. For a better 

description of the problem, we will construct the relevant transformation by using the Lie symmetry 

approach instead of choosing a random set of transformations. Therefore, consider the following set 

of transformations:  

3 5 61 2 4* * * *

1 1 1: , , , , , .
A A AA A A

tem tem con conX xe Y y e e e e e
        = =  = =  =  =   (18) 

Here, coordinates ( , , , , , )con tem y x      are transformed as 1 1
( *, *, *, *, , )

con tem
Y X      by 

following Eq (18). Therefore, we have 

( )1 2 3 2 3

1 1 1 1 1 1 1 1 1

2 3 5 2 3

1 1 1 1 1 1

( 2 2 ) (3 )

(5 2 ) ( ) 2

* * * * * (1 )

2 * * * ( / ) * ,

A A A A A

Y X Y X Y Y Y Y Y

A A A A A

Y Y Y Y Y Y

e e m

e b m e B b

 

   

+ − −

− − −

  −  =  −

+    − 
   (19) 

( )1 2 3 4 2 4

1 1 1 1 1 1

4

( ) (2 )

1

* * * * ( / ) *

( / ) *,

A A A A A A

Y tem X X tem Y p tem Y Y

A

p tem

e e k c

e Q c b

 



   

 

+ − − −

−

 − =

+
   (20) 

( )1 2 3 6 2 6

1 1 1 1 1 1

( ) (2 )

1* * * * ( / ) * .
A A A A A A

Y X X Y c Y Ye e D
    + − − −

 − =    (21) 

Equations (19)−(21) admitted the preservation under scaling transformation 1 , with relation 
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1 2 3 2 3 2 3 5 2 3

1 2 3 4 2 4 4

1 2 3 6 2 6

2 2 3 5 2 ,

2 ,

2 .

A A A A A A A A A A

A A A A A A A

A A A A A A

+ − = − = − − = −

+ − − = − = −

+ − − = −

    (22) 

The boundary conditions refer to the conclusion 4 60, and 0.A A= =  The solution of Eq (22) refers to  

1 1 2 3 1 4 5 1 6, 0, , 0, and 0.A A A A A A A A A= = = = = − =
     (23) 

The one parameter group of transformation reaches 

1 1 1* * * *

1 1 1: , , , , , .A A A

tem tem con conX xe Y y e e     − = =  = =  =  =
   (24) 

For 1  and around 0 =  up to order ( )O  , Taylors expansion results in 

*

1 1 1 1 1

* * *

1

: ( ), 0 ( ), ( ),

0 ( ), ( ), 0 ( ).tem tem con con

X x x A O Y y O x A O

O x A O O

    

       

 − = + − = +  − = +

− = +  − =− + − = +
    (25) 

Owing to Eq (25), the characteristic equation becomes 

1 1 1

.
0 0 0

tem cond ddx dy d d

xA xA xA

  
= = = = =

−
      (26) 

The possible combination results in 

1

0, ( ), ( ), , ( ).tem tem con cony x F x       −=  = =  =  =     (27) 

Therefore, the Eqs (14)−(17) reduce to 

23 2 3 2

3 2 3 2

2

( ) ( ) ( ) ( ) ( )
(1 ) ( )

( )
0,

n

a

d F dF d F d F d F
m F mW

d d d d d

dF
H

d

    


    





 
− − + + 

 

− =

  (28) 

2

2

( ) ( )
Pr ( ) ( ) 0,tem tem

tem

d d
F H

d d

   
  

 

 
+ + = 

       (29) 

2

2

( ) ( )
( ) 0,con cond d

Sc F
d d

   


 

 
+ = 

         (30) 

and boundary conditions (BCs) are 
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2

1 22

( )( ) ( )
( ) 0, 1 , ( ) 1 , ( ) 1 at 0,

( )
0, ( ) 0, ( ) 0, when .

tem
tem con

tem con

ddF d F
F

d d d

dF

d

  
       

  


    



= = + = + = =

→ → → →

  (31) 

Since we have considered flow over a flat surface, skin friction coefficient will play the role of an 

important engineering quantity. We will evaluate the SFC in terms of important flow parameters. The 

mathematical relation is as follows: 

2

2
, and (1 ) ( ) ,

( ) 2

w
F w y y

m
C m u u

bx

 
=  = − +

      (32) 

while the concluded mathematical relation can be written as follows:  

2
2 2

2 2

(0) (0)
(1 ) ( / 2) .n

d F d F
SFC m m W

d d 

 
= − +  

 
     (33) 

The involved flow parameters are defined as: 

2

0

1 1
1 1 2 1

1 1

2 , , Pr ,

, , , .

p

n a

p c

cB
W b H

b k

Q b b
H Sc L D

c b D






 

  

+

=  = =

= = = =

      (34) 

4. Numerical scheme 

A non-Newtonian fluid model is mathematically modelled in terms of PDEs and later symmetry 

transformations are constructed to drop the order of PDEs. To describe the flow differential equations, 

several solution approaches [27−30] are employed, but we will use the shooting method [31−33] to 

find the best approximate numerical solution. To execute the solution scheme, the equivalent system 

is obtained in terms of first-order differential equations. Such outcomes are achieved by using the 

following suitable set of substitutions: 

2

1 2 3 42

5 6 7

( ) ( )
( ), , , ( ),

( ) ( )
, ( ), ,

tem

tem con
con

dF d F
M F M M M

d d

d d
M M M

d d

 
  

 

   
 

 

= = = =

= = =

    (35) 

and the reduced system of first order differential equations can be concluded to be:  
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( )

( )

( )

1 2
2 3

2 2

2 3 1 23

3

54
5 5 1 4

6 7
7 7 1

( ) ( )
( ), ( ),

( ) ( ) ( ) ( )( )
,

(1 ) ( )

( )( )
( ), Pr ( ) ( ) ( ) ,

( ) ( )
( ), ( ) ( ) ,

a

n

dM dM
M M

d d

M M M H MdM

d m mW M

dMdM
M M M H M

d d

dM dM
M Sc M M

d d

 
 

 

   

 


   

 

 
  

 

+

= =

− +
=

− +

= = − +

= = −

    (36) 

and conditions far away from the surface take the form  

2 4 6( ) 0, ( ) 0, ( ) 0, at .M M M   → → → →
      (37) 

5. Neural network analysis 

The non-Newtonian fluid model is considered over a flat surface along with various physical 

effects, which include velocity slip, magnetic field, thermal slip, and heat generation. The fluid 

problem is mathematically modelled and Eqs (1)−(4) describe continuity, momentum, energy, and 

concentration equations, respectively.  

Equation (5) remarks the endpoint condition along with velocity and temperature slip assumptions. 

Eq (6) is used to have dimensionless forms, namely, Eqs (7)−(11) against Eqs (1)−(5). In terms of the 

stream function, Eqs (7)−(11) take the form of Eqs (13)−(17). It is common practice for researchers 

affiliated with fluid science to transform the PDEs into equivalent systems of ODEs. This can be done 

by using a suitable set of transformations. Such transformation can be picked from literature randomly, 

but for a better description of the problem, we construct the set of transformations for our flow problem 

by using Lie symmetry analysis. The necessary procedure in this regard is debated from Eq (18) to Eq (27). 

Equation (27) describes the set of transformations that are used to step down the order of flow narrating 

PDEs. Equations (28)−(30) are the ultimate flow narrating boundary value problem (BVP) that can be 

used to examine the THF over a flat surface. 

The key flow-affecting parameters are the power law index, Schmidt number, Prandtl number, 

Weissenberg number, heat generation, magnetic field, velocity slip, and temperature slip parameters. 

Our interest is to examine the effect of the power law index and Weissenberg number on SFC for both 

frames, namely, magnetic and non-magnetic. Tables 1−4 are evidence in this direction. In detail, Table 1 

offers the numerical outcomes of SFC towards power law index when an externally applied magnetic 

field is neglected. In an absolute sense, one can see that when we increase the power law index, the 

SFC reduces significantly. Table 2 gives the numerical outcomes of SFC towards the power law index 

when an externally applied magnetic field is considered. We can see that the SFC admits an inverse 

relation towards positive variation in m. One can see that the strength of SFC is slightly higher for the 

magnetized surface. Table 3 shows the variation in SFC towards higher values of .nW   
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Table 1. Impact of power law index on SFC for the non-magnetic case. 

m "(0)F  2
2 2

2 2

(0) (0)
(1 ) ( / 2) n

d F d F
SFC m m W

d d 

 
= − +  

 
 

0.10 −0.9160 −0.82020472 

0.15 −0.9406 −0.792874537 

0.30 −1.0301 −0.70515341 

0.35 −1.0670 −0.673626443 

0.45 −1.1567 −0.606081015 

0.50 −1.2125 −0.569496094 

0.55 −1.2791 −0.530602338 

0.60 −1.3609 −0.488798536 

0.65 −1.4655 −0.443125067 

0.70 −1.6089 −0.392070428 

0.75 −1.8337 −0.332332912 

0.80 −2.4339 −0.249825232 

Table 2. Impact of power law index on SFC for the magnetic case. 

m "(0)F  2
2 2

2 2

(0) (0)
(1 ) ( / 2) n

d F d F
SFC m m W

d d 

 
= − +  

 
 

0.10 −0.9204 −0.824124319 

0.15 −0.9451 −0.796635895 

0.30 −1.0350 −0.708431625 

0.35 −1.0721 −0.676750528 

0.45 −1.1623 −0.608868821 

0.50 −1.2185 −0.572131444 

0.55 −1.2855 −0.533030968 

0.60 −1.3677 −0.490961901 

0.65 −1.4730 −0.445033808 

0.70 −1.6175 −0.393679281 

0.75 −1.8445 −0.333543241 

0.80 −2.4646 −0.249949874 
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Table 3. Impact of Weissenberg number on SFC for the non-magnetic case. 

nW  
"(0)F  2

2 2

2 2

(0) (0)
(1 ) ( / 2) n

d F d F
SFC m m W

d d 

 
= − +  

 
 

0.10 −0.916 −0.82020472 

0.15 −0.9173 −0.819259205 

0.30 −0.9213 −0.816438095 

0.35 −0.9226 −0.815444162 

0.45 −0.9253 −0.813505948 

0.50 −0.9267 −0.812560678 

0.55 −0.9281 −0.811602336 

0.60 −0.9294 −0.810546469 

0.65 −0.9299 −0.808806795 

0.70 −0.9323 −0.808648585 

0.75 −0.9337 −0.807637662 

0.80 −0.9351 −0.80661352 

Table 4. Impact of Weissenberg number on SFC for the magnetic case. 

nW  
"(0)F  2

2 2

2 2

(0) (0)
(1 ) ( / 2) n

d F d F
SFC m m W

d d 

 
= − +  

 
 

0.10 −0.9333 −0.835614756 

0.15 −0.9346 −0.834588921 

0.30 −0.9387 −0.831612635 

0.35 −0.9401 −0.83062371 

0.45 −0.943 −0.828691898 

0.50 −0.9444 −0.827662716 

0.55 −0.9458 −0.826620215 

0.60 −0.9473 −0.825648681 

0.65 −0.9487 −0.82457897 

0.70 −0.9502 −0.823579199 

0.75 −0.9517 −0.822565017 

0.80 −0.9532 −0.82153639 

Following the absolute sense, we have seen that the SFC shows opposite trends, that is, increase 

in nW  causes a decline in SFC. Such observation is done for a non-magnetic surface. Table 4 provides 

the impact of nW  on SFC for a magnetic flat surface. For higher values of the Weissenberg number, 

the SFC shows a trivial change. Important to note that the SFC admits higher magnitude towards m for 

the case of a magnetized flat surface.  

The prediction norm of artificial intelligence is a topic of great attention by researchers in every 

field. Particularly in the field of fluid science, use of AI is gaining much importance. The motivation 

in this regard can be accessed in Refs. [34,35]. Owing to such importance, we have constructed the 

neural network model [36−39] to study the variation in skin friction coefficient towards three different 



4718 

AIMS Mathematics  Volume 9, Issue 2, 4707–4728. 

flow parameters. Such a neural network model can be used to get the values of SFC up to a wide range 

of flow parameters where the actual solution method fails to determine said values. In detail, the power 

law index, Weissenberg number, and magnetic field parameter are considered three inputs to construct 

an artificial neural network (ANN) model to predict SFC. Ten neurons are considered in the hidden 

layer and the last layer holds SFC as an output. The neural network model is illustrated in Figure 1.  

We have considered both magnetic and non-magnetic outcomes for the SFC coefficient and hence 

a total of 88 samples are considered for three inputs. For better training of the neural network model, 

the 88 samples are randomly chosen with a standard ratio of 70/30, as 62 (70%), 13 (15%), and 13 

(15%) for training, validation, and testing, respectively. The 62 samples helped to train the network 

and it was adjusted by following the error. The network generalization is measured by using 15% of 

the data and 15% of the data is used for testing. The Levenberg-Marquardt backpropagation is used to 

train the network by considering the random 62 samples values out of 88. Both mean square error and 

regression analysis are used to check the performance of the developed neural network model. The 

relations are: 

2

num( ) ANN( )

1

1
( ) .

N

i i

i

MSE X X
N =

= −
        (38) 

2

num( ) ANN( )

1

2

num( )

1

( )

1 .

( )

N

i i

i

N

i

i

X X

R

X

=

=

−

= −



         (39) 

 

Figure 1. ANN model diagram. 

Figure 2 offers the mean square error (MSE) plot for the ANN model to predict the SFC at a flat 

surface. Error is noticed up to 12 epochs. We have seen that MSE for training, validation, and testing is 

decreased significantly up to 2 epochs, and after that, it converges to a specific value for each scheme. 

Collectively, the best validation performance is 0.00060476 achieved at epoch 6. The error histogram of 

the developed model is given in Figure 3. It can be seen that the difference as an error between the targeted 

and predicted values of SFC is very small. The training of the ANN model is completed successfully.  
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Figure 2. Performance plot of network.   Figure 3. Histogram of ANN. 

Figure 4 offers the regression plot for the training scheme of the ANN model and we have noticed 

R = 0.99767, which is quite close to R = 1. Therefore, the random values of the training phase possess 

a strong correlation. The MSE error subject to the training phase is MSE = 1.47895e-04 which is very 

low and hence the error between predicted and targeted values is very low. The constructed ANN model 

is best to predict the SFC at the surface manifested with heat generation and MHD effects. For 

validation, we observed R = 0.9899 and MSE = 6.0476e-04. For the testing phase, we observed R = 

0.9996 and MSE = 4.2304e-05. Figure 5 provided the regression plot for all, namely testing, validation, 

and training. In this case, the coefficient of determination is R = 0.99688, which is close to R = 1, and 

hence the collected sample values of SFC for three inputs are strongly correlated. Figure 6 offers the 

error in terms of a bar graph.  

 

Figure 4. Training regression plot for ANN.  Figure 5. Regression plot for all (training, 

testing, and validation) of ANN. 
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Figure 6. Error plot for ANN model. 

We can see that the error between original values and predicted values is very low. Only two 

values out of 88 hold the error 0.06 . Therefore, we can conclude that the constructed ANN is best 

to predict the values of SFC. Figure 7 offers a comparison of SFC targeted values and SFC predicted 

values by ANN model. We can see that the predicted values of SFC by the ANN are the same as the 

original values. The impacts of specific values of Weissenberg number, magnetic field parameter, 

power law index, and velocity slip parameters on velocity are examined. Figures 8−11 are evidence in 

this regard. In detail, Figure 8 offers the impact of aH  on velocity. The range adopted is aH = 0.0, 

0.4, 0.8, and 1.2. We can see that for higher values of aH , the velocity shows decline values. Higher 

values of aH = 0.0, 0.4, 0.8 and 1.2 increase the strength of the Lorentz force. The resistive nature of 

Lorentz force is the cause that slows down the movement of tangent hyperbolic fluid and as a result 

the velocity drops. It is important to note that 0.0aH =  corresponds to the non-magnetized flow of 

fluid and for this case, the strength of velocity is higher in comparison with the magnetic case that is 

0.4,0.8 and  1.2.aH =  Figure 9 gives the impact of nW  on velocity and we have seen that for large 

values of 0.1,0.3,0.6 and 0.9nW = , the velocity shows a significant decline.  

 

Figure 7. Results comparison for ANN model. 
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Figure 8. Effect of aH  on velocity.   Figure 9. Effect of nW  on velocity. 

 

Figure 10. Effect of m on velocity.    Figure 11. Effect of 1  on velocity. 

One can note that the larger the nW , the greater the relaxation time. This brings resistance to fluid 

particles and consequences are concluded as a decline in fluid velocity. The impact of m on velocity is 

given in Figure 10. An inverse relation is observed for the present case. In detail, when we iterate the 

power law index m = 0.1, 0.2, 0.4, and 0.7, the velocity profile declines significantly. Higher values of 

the power law index enhance the fluid viscosity and hence fluid velocity drops. The effect of the 

velocity slip parameter on fluid velocity is inspected and the outcome is given in Figure 11. It is seen 

that positive variation in 1  causes a decline in fluid velocity. Such decline is significant up-to an 

independent variable of range 0 1.5.    

Tables 5−8 are constructed to offer the comparison of numerical values of targeted values of SFC 

and predicted value of SFC towards various flow parameters. In detail, Table 5 gives the numerical 

comparison of targeted and predicted values of SFC for the power law index in the non-magnetic case. 

Table 6 offers the numerical comparison of targeted and predicted values of SFC for the power law 

index in the magnetic case. In both cases, we have observed that the predicted and targeted values are 
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in great agreement. Table 7 offers the numerical comparison of targeted and predicted values of SFC 

for changing Weissenberg number in the non-magnetic case while Table 8 offers the comparison of 

SFC against positive values of Weissenberg number with an externally applied magnetic field. For 

both cases, the prediction by the neural networking model is accurate with minimal error. 

Table 5. Numerical comparison of targeted and predicted values of SFC for power law 

index in the non-magnetic case. 

Data number SFC Targeted Values SFC Predicted Values Error 

1.  −0.975159395 −0.939824589 −0.035330 

2.  −0.862310368 −0.924123521 0.061813 

3.  −0.857178428 −0.908992999 0.051815 

4.  −0.851955002 −0.894491042 0.042536 

5.  −0.82020472 −0.822297614 0.002093 

6.  −0.792874537 −0.780406424 −0.012470 

7.  −0.70515341 −0.697240748 −0.007910 

8.  −0.673626443 −0.669805633 −0.003820 

9.  −0.580676442 −0.614523469 0.033847 

10.  −0.606081015 −0.607853943 0.001773 

11.  −0.591681962 −0.594160273 0.002478 

12.  −0.569496094 −0.572659458 0.003163 

13.  −0.56194131 −0.56521336 0.003272 

14.  −0.530602338 −0.533850544 0.003248 

15.  −0.514284548 −0.517114385 0.002830 

16.  −0.488798536 −0.490507447 0.001709 

17.  −0.443125067 −0.441618766 −0.001510 

18.  −0.423471145 −0.420316827 −0.003150 

19.  −0.392070428 −0.386417913 −0.005650 

20.  −0.332332912 −0.325155673 −0.007180 

21.  −0.304184957 −0.299420599 −0.004760 

22.  −0.249825232 −0.260386191 0.010561 

Table 6. Numerical comparison of targeted and predicted values of SFC for power law 

index in the magnetic case. 

Data number SFC Targeted Values SFC Predicted Values Error 

1.  −0.871604096 −0.874182807 0.002579 

2.  −0.866418952 −0.87001473 0.003596 

3.  −0.861241252 −0.865660607 0.004419 

4.  −0.85597203 −0.861118228 0.005146 

5.  −0.824124319 −0.830289686 0.006165 

6.  −0.796635895 −0.80183647 0.005201 

7.  −0.708431625 −0.713564716 0.005133 

8.  −0.676750528 −0.678870995 0.002120 

Continued on next page 



4723 

AIMS Mathematics  Volume 9, Issue 2, 4707–4728. 

Data number SFC Targeted Values SFC Predicted Values Error 

9.  −0.615974643 −0.612554215 −0.003420 

10.  −0.608868821 −0.605378334 −0.003490 

11.  −0.594434076 −0.591216526 −0.003220 

12.  −0.572131444 −0.570244239 −0.001890 

13.  −0.564505572 −0.563239627 −0.001270 

14.  −0.533030968 −0.534382478 0.001352 

15.  −0.516593100 −0.519008397 0.002415 

16.  −0.490961901 −0.494102616 0.003141 

17.  −0.445033808 −0.446377981 0.001344 

18.  −0.425273212 −0.424985181 −0.00029 

19.  −0.393679281 −0.390756647 −0.002920 

20.  −0.333543241 −0.33029372 −0.003250 

21.  −0.305182392 −0.305994817 0.000812 

22.  −0.249949874 −0.270695122 0.020745 

Table 7. Numerical comparison of targeted and predicted values of SFC for Weissenberg 

number in the non-magnetic case. 

Data number SFC Targeted Values SFC Predicted Values Error 

1.  −0.821912576 −0.821407181 −0.00051 

2.  −0.821764604 −0.820952634 −0.00081 

3.  −0.821526358 −0.82072097 −0.00081 

4.  −0.82137738 −0.820675089 −0.00070 

5.  −0.82020472 −0.822297614 0.002093 

6.  −0.819259205 −0.823155993 0.003897 

7.  −0.816438095 −0.815776886 −0.00066 

8.  −0.815444162 −0.812652845 −0.00279 

9.  −0.81367625 −0.809374493 −0.00430 

10.  −0.813505948 −0.809236058 −0.00427 

11.  −0.813078017 −0.809098176 −0.00398 

12.  −0.812560678 −0.809235384 −0.00333 

13.  −0.812387111 −0.80937178 −0.00302 

14.  −0.811602336 −0.810365938 −0.00124 

15.  −0.811164508 −0.811132728 −3.2E-05 

16.  −0.810546469 −0.812627386 0.002081 

17.  −0.808806795 −0.816080535 0.007274 

18.  −0.80919855 −0.817813692 0.008615 

19.  −0.808648585 −0.820792271 0.012144 

20.  −0.807637662 −0.826648602 0.019011 

21.  −0.89247238 −0.829205126 −0.06327 

22.  −0.80661352 −0.833084047 0.026471 
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Table 8. Numerical comparison of targeted and predicted values of SFC for Weissenberg 

number in the magnetic case. 

Data number SFC Targeted Values SFC Predicted Values Error 

1.  −0.837376713 −0.83612492 −0.00125 

2.  −0.837212867 −0.835695112 −0.00152 

3.  −0.836958741 −0.835190128 −0.00177 

4.  −0.83679387 −0.834616523 −0.00218 

5.  −0.835614756 −0.830289686 −0.00533 

6.  −0.834588921 −0.826935744 −0.00765 

7.  −0.831612635 −0.827937662 −0.00367 

8.  −0.83062371 −0.830234239 −0.00039 

9.  −0.828878968 −0.831558496 0.002680 

10.  −0.828691898 −0.831347166 0.002655 

11.  −0.828230482 −0.830691406 0.002461 

12.  −0.827662716 −0.829164862 0.001502 

13.  −0.827472319 −0.8285303 0.001058 

14.  −0.826620215 −0.825570143 −0.00105 

15.  −0.826233321 −0.823983418 −0.00225 

16.  −0.825648681 −0.821750637 −0.00390 

17.  −0.82457897 −0.819293612 −0.00529 

18.  −0.824348067 −0.818998991 −0.00535 

19.  −0.823579199 −0.819387932 −0.00419 

20.  −0.822565017 −0.82162853 −0.00094 

21.  −0.822155301 −0.822581709 0.000426 

22.  −0.82153639 −0.823280058 0.001744 

In the absence of heat transfer, mass transfer, and considering 0, 0nm W= =  , our problem is 

reduced to that of Fathizadeh et al. [40]. Furthermore, the comparison is constructed with other 

available methods, namely the modified homotopy perturbation method (MHPM), homotopy 

perturbation method (HPM), and exact solution for various values of aH  . We found an excellent 

match (see Table 9), which supports the validity of the present work.  

Table 9. Comparison with existing literature [40]. 

aH  SFC 

 Present results Exact solution HPM MHPM 

0.0 −1.0000 −1.0000 −1.0000 −1.0000 

1.0 −1.4140 −1.4142 −1.4142 −1.4142 

5.0 −2.4493 −2.4494 −2.4494 −2.4494 

10 −3.3167 −3.3166 −3.3166 −3.3166 

50 −7.1415 −7.1414 −7.1414 −7.1414 
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6. Conclusions 

Artificial intelligence-based analysis is performed to examine the magnetized THF flow towards 

the surface manifested with both velocity and thermal slip effects. The heat generation effect is added 

to the energy equation and mass transfer aspects are owned by means of the concentration equation. 

Lie transformations are used to step down the PDEs into ODEs and the shooting method is used to 

evaluate the flow field. SFC is evaluated by establishing a neural network model. By following neural 

analysis, the outcomes are as follows: 

1) Owing to the training of the neural network, the best validation performance is 0.00060476, 

achieved at epoch 6. The MSE error subject to training, validation, and testing phases is MSE = 1.47895e-

04, MSE = 6.0476e-04, and MSE = 4.2304e-05, respectively. The said values are quite low and appreciable.  

2) The value of the coefficient of determination for all (training, validation, and testing) is R = 

0.99688, which is close to R = 1 and hence the collected sample values of SFC for Weissenberg number, 

magnetic field parameter, and power law index are strongly correlated. 

3) The SFC predicted values using a neural network model for Weissenberg number and power law 

index are matched with original values.  

4) Owing to a prediction by ANN, for positive variation in both Weissenberg number and power law 

index, the magnitude of SFC is greater for a magnetized surface. 

5) The velocity of fluid shows declining trends relative to the Weissenberg number, magnetic field 

parameter, velocity slip parameter, and power law index. 

6) We are confident that the present neural findings will be helpful for researchers to best evaluate 

the fluid flow problems with engineering standpoints. 
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