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Abstract: In spaces with any dimension, a class of logarithmic wave equations with Balakrishnan-
Taylor damping, nonlinear weak damping and strong linear damping was considered

uy; — M()Au + (g * Auw) () + h(u)u, — Au, + f(u) + u =uln lul*

with Dirichlet boundary condition. Under a set of specified assumptions, we established the existence
of global weak solutions and elucidated the decay rate of the energy function for particular initial data.
This contribution extended and surpassed prior investigations, as documented by A. Peyravi (2020),
which omitted the consideration of Balakrishnan-Taylor damping and strong linear damping while
being confined to three spatial dimensions. Our findings underscored the pivotal role of these
overlooked damping factors. Furthermore, our demonstration underscored that Balakrishnan-Taylor
damping, weak damping and strong damping collectively induced an exponential decay, although the
precise nature of this decay was contingent upon the differentiable function associated with the memory
damping term (7). Consequently, the absence of the damping term in reference by A. Peyravi (2020)
was unequivocally shown not to augment the decay rate. This insight enhanced our understanding of
the nuanced dynamics involved and contributed to the refinement of existing models.
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1. Introduction

In this paper, we focus on estimating the energy decay estimate of solutions for a logarithmic wave
equation with Balakrishnan-Taylor damping, nonlinear damping and strong linear damping:

Uy — MO Au + (g * Au) (£) + h(u)u, — Au, + fw) +u=ulnlul',x € Q, 1> 0,
u(-xa 0) = I/l()(X), ul(-x7 O) = ul(X),.X € 97 (11)
u(x,t) =0,x € 0Q,t >0,

where Q is a bounded domain in R" with a smooth boundary 0Q, M(t) = &, + §1||Vu||2 + o0 (Vu,Vu,),
h(s) = ko + ki|s/™"" where k, ko, k1, &y, &1, 0 and m are positive constants and g : R* - R*,f : R > R
are functions that will be specified in (A1)—-(A3). g represents the kernel of the memory term and

(g* ) (1) = f ot — s(s)ds.
0

In the absence of the terms u, f(u), h(u,)u;, —Au, and uln lulf, problem (1.1) has been extensively
studied in [1], with several results regarding the decay of energy in its solutions. When f(u) = —|ul’u,
it has been proven that the energy of the system is global in time and decays polynomially in [2].
Tatar proved an exponential decay result of the energy when there is —Au,, provided that the kernel g
decays exponentially in [3]. Since then, various authors have explored results related to the existence
and asymptotic behavior of a class of equations with Balakrishnan-Taylor damping (see [4—12] and
their respective references). Many studies have also explored systems that include logarithmic terms.
In [13], Han studied the global existence of weak solutions for the initial boundary value problem:

Uy — Au+u—ulnluf +u, +uluf =0,x € Q1€ (0,7T),
u(x,1) =0,x € 0QQ, (1.2)
u(x’ O) = ”O(x)’ Mt(x’ O) = M](x),.x € Q’

where Q is a smooth and bounded domain in R®. If the nonlinear logarithmic term is uIn lulff(0 <
k < 1), Hu et al. [14] investigated the exceptional growing-up solutions in Hé—norm. By constructing
a Lyapunov function and implementing a suitable modification of the energy, they also estimated the
exponential decay of solutions. In fact, model (1.2) is related to the following equation with logarithmic
nonlinearity:

Uy — Au+u—ceulnlul* =0,(x,1) € [a,b] X (0,T). (1.3)

Here, the parameter & measures the force of the nonlinear interaction. It has been experimentally
demonstrated in quantum mechanics that the nonlinear effects are very small (see [15]). Bouhali
Keltoum and Ellaggoune Fateh used weighted space to establish a general decay rate of solutions for
the viscoelastic wave equation with logarithmic nonlinearities (see [16]):

Uy — P(x) (Axu - f g(t— s)Axu(s)ds) = uln |uf, (1.4)
0
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under convenient hypotheses on g and the initial data, the existence of a weak solution is associated to
the equation. A recent work by Amir Peyravi [17] extended these results to:

Uy — Aut + (g % Au) (£) + h(u)u, + ulu)® +u = uln|uf*, x € Q,1> 0, (1.5)

where he proves a general stability of solutions. In the case where k; = 0, he also proves that the
solutions will grow exponentially. Many literature references can be found on the internet. The
remaining sections of this paper are organized as follows. In section two, we present some important
Lemmas and assumptions. In sections three and four, we prove the existence of global weak solutions
for the system and establish an exponential decay result for the energy.

2. Assumptions, notation, and preliminaries

In this section, we shall present some assumptions and lemmas that will be used throughout this
work. We will use the standard Lebesgue space LP(€2) and Sobolev space E;(€) with their usual
products and norms. Additionally, we will use (-, -) to denote the L*(Q)-inner product.

Next, we will provide the assumptions for problem (1.1):

(A1) g : R* — R* is a bounded C'-function satisfying

+c0
£ - f e(s)ds = I > 0,
t

(A2) Assume that there exists a positive nonincreasing differentiable function ¢ for any ¢ > 0 such
that

g (t) < —C(Dg(t), g0)>0and f £(s)ds = +oo.

(A3) f : R — R is continuously differentiable for any s € R such that

f(s) >0, ff(u)udx - af fu f(s)dsdx > 0,
Q 2 Jo
where 0 < a < 2.

(Ad) msatisfiesO0 <m < +ooforn=1,2,1 <m< % for n > 3.
(A5) The constant k in (1.1) satisfies O < k < kg, such that

4-7Tl() _4 9
— = kon
ko

Lemma 2.1. (Logarithmic Sobolev inequality) [18] Let u be any function in Hy(Q) where Q C R" is a
bounded smooth domain and let @ > 0 be any number, then

2
2 f P+ + o < & f Vuldx.
Q [[e]] 7 Ja

Lemma 2.2. (Sobolev-Poincaré inequality) [19] Let 1 < p < nzT"z, ifn>30rl <p<+o0o,ifn=1,2,
the inequality
e, < c. IVull - for u € Hy(€),
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holds with some positive constant c..
Definition 2.3. A function u is said to be a weak solution of problem (1.1) on [0, T) if

u e C([0,7), Hy(Q)),u, € C([0,T), LAQ)) N L™ (10, T) x Q),
(u(x, 0), u,(x,0)) = (uo(x), u1(x)) € Hy(Q) x Hy(Q)
and u satisfies

(1t &) + M(1) (Vi V) — f Vo) f ot = $)Vu(s)dsdx + (i, ) + (Vity, V)
Q 0

+(f ), §) + (u, ¢) = (uIn|ul, ¢),
for all ¢ € H(l)(Q) and for almost all r € [0, T).

2.1. Global weak solutions

According to the logarithmic Sobolev inequality and by using the Galerkin method, similar to the
proof in [17], we can establish the existence of global weak solutions for (1.1).
First, we define the following functionals to support our main results.

I(t) = I(u() = (fo - f g(s)ds) IVull* + é%HVMH4 +(g 0 Vu) (1) + [lull® - f u” In |ul*dx, (2.1)
0 Q
ko y 1
J(@) = J(u(@®) = =||lul|” + ff f(s)dsdx + <I(1), (2.2)
4 o Jo 2
Lo
E(t) = §||uz|| +J(), (2.3)

for u € Hy(Q), 1 > 0, where

(g 0 Vi) (1) = f ot - 5) f Vuuls) — Va(o)Pdxds.
0 Q

Lemma 3.1. Suppose that assumption (A2) holds, then the energy functional E(?) is a nonincreasing
function and

o Lo _1 2 2
th(t)—z(g Vu) (1) 2g(t)llull a(Vu, Vu,)

2 1 2
— kolludlI” = ki lludl iy = IVl < 0.

m+1

(2.4)

Proof. By multiplying Eq (1.1) by u, and integrating by parts over €2, we obtain (3.4), where we utilize
assumption (A2).

Theorem 3.2. Let uy(x) € Hé () and u;(x) € Hé(Q) be given. Assume that (A1)—(AS5) hold, then there
exists a weak solution u for (1.1) such that

u € L™ (0, +00; Hy(Q)) . u, € L™ (0, +00; LA(Q)).
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Proof. From the definition of E(¢), Lemmas 2.1 and 3.1, we have

E(0)>E(t)> e + 5 (fo—ﬁ (S)dS)IIVull +§1||Vu||

1 1 1
+§@ovmay+?mW—§;£uﬁmmwx (2.5)
1 1 ka? 1 kn+knl
>l + 5 (lo - %) IVl + 5 (1 + HTW - k1n||u||) lulP

471'10

where ¢ € [0, T') and for some 7 > 0. Choosing >a>e ! , will make

ka?
lhp—-— >0,
0 Ar

and
kn+knlna
—_—

2
This selection is possible thanks to (AS), so we get

et >+ 1Vedl® + el < CCL+ Jlull? In [ ). (2.6)

Using the Cauchy-Schwarz inequality, we get

2 f
@) < 2lu(O)] +2 < 2/u(0)]* + 2Tf lui(s)|*ds,
0

" Ou
—(s)d
; 0s(s) s

hence, inequality (3.6) gives

t
lu()|> < 2Cr (1 + f ||u||21n||u||2dS)-
0

Applying the Logarithmic Gronwall inequality to the last inequality, we obtain the following estimate
lu(n)|* < 2Ce*".
Hence, from inequality (3.6) it follows that:
> + [IVull? + [lul* < Cr. 2.7
Finally, by (3.7), the theorem can be proven using the standard Galerkin method, as in [13].
3. Energy decay
In this section, we will prove the exponential decay of solutions for problem (1.1).

Lemma 4.1. [17] Let E : Rt — R* be a nonincreasing function and ¢ : Rt — R* be a C*-increasing
function such that /(0) = 0 and lim ¥(f) = +oco. Assume that there exist ¢ > 0 for which
f—+00

f ) W'()E(s)ds < cE(t), VYt=0,
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then
E(f) < AE(0)e™ O,

for some positive constants w and A.
Lemma 4.2. Suppose that (A1)-(A3) hold, and let uy(x) € HO1 Q), u;(x) € Hé (Q) be given and satisfy

nlna+n—1 +

1
(0l < e 2%,

0 < E(0) < G (™57 +1).

Then, [lu(x,0)]| < ¢"*#*=*t for all 1 € [0,T), where G (|lull) := (4 + 4= > — £)jy|> In [Ju] and
0 < a < 2,

Proof. By (3 3), (A1), (A2) and Lemma 2.1, we have

E(@) > J(@) > %I(t)

1 ! 1 1
>5[ [ etoas)iwar + Sawar s Seo v+ -5 [émutar
Q
1 k 1 kn + knl
ZQQO—JLyWMI+2(4~£i3££ﬁ—kmmmyMﬁ

LetO<a< ZW , and by (3.4) we get

E() > 1+kn+knlna
—\2 4

)II [ IIMII In ull. (3.2)

nlna+n-1 , 1

By definition of G (||#|]), we can show that G (||u|]) is increasing on (0,e 2  '%), decreasing
on (e""5"=*1, +00) and G (||u]]) — —oo as ||u]| — +o0. Moreover,

max G (|Jul]) = G(e"‘"“z*”'”%).

0</||ul|<+co0

By the the continuity u# and using reduction to absurdity (see Lemma 3.3 in [17]), we obtain ||u(x, t)|| <
nlna+n 1

e +i for all ¢ € [0, T) under the assumptions.
Lemma 4.3. Under the assumptions of Lemma 4.2, for ¢ € [0, T) we have

llu® < 2E(t) < 2E(0),

4 4
WWS%HDSsz,

‘fgﬁ f(s)dsdx < E(t) < E(0), (3.3)

IVull* < %E(l) < S%E(O),

8
Et)s ——
()_47Tl()

——E0).

8
Vv N
IVaF < = 4nly — ka?
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Proof. Under the assumptions of Lemma 4.2, we know I(t) > O for all r € [0,7). By (4.1) for
allr € [0, T), we have

ka? kn+knlna ka? k
1) > [l — — | IIVul* + {1 + ———— — kIn|ul| |llul* = {lo — — |IIVul* + =|lul* > 0.  (3.4)
4r 2 4 2
Therefore, we have E(f) > 0 and J(¢r) > 0. Similar to Remark 3.5 in [17], by utilizing (3.4), (4.1)
and (4.4), we can obtain (4.3) for t € [0, T).
Lemma 4.4. Under the assumptions of Lemma 4.2 and assuming (A4) holds, for any £ > 0O and 6 > 0

small enough, as well as any 0 < a < ﬁ, we have the following

m+1

(20- 8 2k0) k1(8ﬂ62c*2)T(E(0))mT_l
a-—& -

& Anlo—ka* k) g4 1) (dnly - k)"

E(r)
(3.5)

m+1
m

mo 1+20 « & -1y «a
<- - 2 e g o vu) (0.
< Luundx [ o + oo + 2k0) @) + ( 7 + 2) (goVu) (1)

Proof. Multiplying the equation in (1.1) by u and integrating over €, we get

f uu,,dx+(§o— f g(s)ds)||w||2+§1|wu||“+(a||Vu||2+1)(Vu,Vu,)

Q 0

+fVu(t)fg(t—s)(Vu(t)—Vu(s))dsdx+fuu,h(ut)dx (3.6)
Q 0 Q

+ f Fw)udx + |jul* - f u? In ulfdx = 0.
Q Q

Forany 0 < a < ﬁ, from (3.3) and (4.6) we have

_ a e 2 (2 4
?E(r) = fg uundx+(2 1)(& fo g(s)ds)nwn +fl(4 1)||Vu||

= (lIVull + 1) (Vut, Vaa) - f Vu(t) f g(t — s) (Vu(t) — Vu(s))dsdx
@ 0 (3.7)

uuh(u)dx + C—Kllutllz + ozf fu f(s)dsdx — ff(u)udx
Q 2 Q Jo Q

a k ) a 5
+[§(1+§) 1]||u|| +k(1 E)Lu In [uldx.

Next, we will estimate some terms on the righthand side of (4.7). For the fourth term on the righthand
side of (4.7), we can utilize the e-Young inequality to obtain

a
+§(goVu)(l‘)—f

- (0'||Vu||2 + 1) (Vu, Vu,)

oe 1 £ 1
STIIVMII4 + Z(Vu, Vi) + EIIVMII2 + 2—8||Vuz||2

dre 1+o0 (3.8)
—FEW) - ——E'(¢
4rly — ka? ® 2e0 ®

S(20'8 4ne )E(t)— 1+

o
+ E'(1).
& Anly — ka? 2e0 @

ag&
37||Vu||4 +
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For the fifth term in the righthand side of (4.7), we use the Cauchy-Schwarz inequality and the e-Young
inequality and we obtain

‘— f Vu(t)f gt —s)(Vu(t) — Vu(s))dsdx
Q 0

t 2
< | Vu(®)|| [f (f g(t—5)|Vu(r) — Vu(s)lds) a’x}é
Q 0
s§||Vu(r)||2+i( f g(s)ds) f f ot — $)|Vult) — Vu(s)Pdsdx (3.9)
QJ0

<SIVuo? +fo (goVu)m

drre f()
<—E@) +
“4nly — ka? ®

(g o Vu) (7).

For the seventh term, similar to (3.14) in [17], by the e-Young inequality, Lemma 2.2 and (A4), we

have
'— f uuh(u;)dx
Q

k 1 kl m m m m
5 (8||M|| + ;”Mt” ) 1 (5 a2} + mo ”ut“m:})
ko 1 o aare m+1(87rl~:(0))"’T koms™ " 3.10
< (snun2 " —||u[||2) ! _VulP + G ! (3.10)
€ (m + 1)(4nly — ka®)'™ m+

mil m—1 m+1

2 ki(876%¢c.2) * (E(0)) 2 1 a
R ( ) E(r) - M\ g,

2¢  m+1

- m+1 ~ +
k (m + V)(4nly — ka?)">

By using the assumption of (A3), we know

a/ffuf(s)dsdx—ff(u)udx—a'ffuf(s)dsdx<0. 3.11)
aJo Q a2 Jo

Therefore, (4.11) can add to the right of (4.7) and be discarded.
For the last term in equality (4.7), by using the Logarithmic Sobolev inequality, we find

k(1-9) f u21n|u|dx:k(1_9)( f 10 g 1n||u||)
2] Jq 2 [[ue]]

2 ;! 1 (3.12)
a n nina

< k(l - —) el ) + vl — 22
2 47
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Hence, by (4.8)-(4.12),0 <@ < 57 and 0 <a < QW , equality (4.7) converts to

m+1

(20' st 2k0) ki(876%c.?) * (E(0))T -
a-¢€ — -
& Anly—ka* -k (m+1)(4zrlo—kaz)Tl
ms’ ™ 1420 G-l « (3.13)
< - dx — E'(t — Vu) (¢
= fgb‘””x [m+1 " 6o 2k0) ()+( 2e +2)(g° “ ()
n(l +1na) 1 )
T P AT YT e 04 B FTWHTES
( )( Jull - = ) 2]uun
Inequality (4.4) implies that
n(l +1Ina) 1 a k 1
kl——)l SRS L) P (1——)1—— — - <0, 3.14
( (|||| g )2< 2( 2)2 (3.14)

Therefore, inequality (4.5) holds.
Theorem 4.5. Suppose that the assumptions (A1)—(A4) hold. Let ug(x) € Hy(Q), ui(x) € Hy(Q) be
given and satisfy

nlna+n—1 +

1
(0l < e 2%,

0 < E(0) < G(e”'““z*”"%).

Then, there exists two positive constants C; and C, such that
E(r) < C,E(0)e™C2 b €5)s (3.15)

holds for all # > 0, where functions G(-) and a are given in Lemma 4.2.
Proof. Under the assumptions, we shall have (4.5) hold, so by multiplying both sides of inequality (4.5)
by {(¢) and integrating on [S,7],0 < § < T < +o0, we get

k(8x2e.2) ™ (EO)= | 1
a—8(2—0-+ 87 2+%)_ 1(7r c ) ( ())m+1 fzj(t)E(t)dt
& Anly—ka® k) (4 D)(dnly - ka?) T | s
T ms ™ 1+20 a )| (7. . (3.16)
- fs‘ (1) f uu,,dxdt—(m+ I + Yoo +2_k0} fs L(OE (H)dt
(f‘) ) f {(1) (g 0 Vu) (0.

Next, we will estimate the righthand side of (4.16). By applying the same approach as in [1], utilizing
Lemma 4.2 and assuming (A4), we can estimate the first and second terms on the righthand side
of (4.16) as follows:

T T
- f £(1) f Wﬂafxafts(§+3)§(S)E(S)—l f L(OE ()t
s Q k ko Js

6 1
(k + ko + 3){(O)E(S)

(3.17)
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+1

me ™ 1+20 « r
_ = E
( m+ 1 " 2e0 " 2ko]‘fs COE Mt

-kl m T
<— (’M NS ] LOED L + {md Lo, %)f {EMdr (3.18)
0 S

m+1 2e0 +1 2e0
m+1
mé " 1420 «a
< — E(S).
_[m+1 * 2e0 +2k0]{(0) )

Exploiting (A2) to estimate the third term, we obtain

(§°_l° ) f £(1) (g 0 Vu) (1)dt < — (§° ) f (¢’ o Vu) ()t

s—(f‘)_l‘) +oz)f E'(tdt (3.19)
S

&

s(f" —h a) E(S).
E

Hence, we conclude from (4.17)—(4.19) that

_ (20- . 2k0) k1(8ﬂ'52C* )"“ (E(O)) o
a— &

T a2t oy J(DE()dt
& dnly—ka®  k (m+ D(4nly — ka?) > fS

_ (3.20)
r m+1
S B P 1
{§+3+m‘5 - U+—(1+%)}§(0)+§° 0
E

IA

+a|E(S).

Therefore, according to Lemma 4.1 as T — +o0, there exists two constants C; and C; such that (4.15)
holds.

4. Conclusions

In the realm of n-dimensional space, our exploration delved into the logarithmic Wave equation
featuring Balakrishnan-Taylor damping, both nonlinear weak damping, and potent linear damping.
By leveraging the logarithmic inequality and the energy integral inequality as elucidated in [17], we
not only established the existence of a global solution for the system but also illuminated its
dynamics. From a physics standpoint, the Balakrishnan-Taylor damping becomes a pivotal tool for
scrutinizing oscillations and waves in fluid mediums and unraveling the intricacies of their decay
processes within the fluid. The physical essence of this damping mechanism lies in its adept depiction
of energy dissipation and the decay of oscillations resulting from viscosity in fluid motion.
Conversely, the nonlinear weak damping and strong linear damping mechanisms find their utility in
portraying energy dissipation within systems subjected to frictional forces. Additionally, the
introduction of memory damping introduces another layer of complexity, influencing the stability of
the system. The inclusion of memory damping allows for an in-depth analysis of the system’s
response to external excitation and how stability evolves in the presence of internal energy
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dissipation. Mathematically, Balakrishnan-Taylor damping, weak damping, and strong damping can
all lead to exponential decay, but the specific form of decay is intricately tied to the differentiable
function associated with the memory damping term.
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