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Abstract: In this paper, we introduced s-index weakly positive tensors and discussed the calculation
of the spectral radius of this kind of nonnegative tensors. Using the diagonal similarity transformation
of tensor and Perron-Frobenius theory of nonnegative tensor, the calculation method of the maximum
H-eigenvalue of s-index weakly positive tensors was given. A variable parameter was introduced in
each iteration of the algorithm, which is equivalent to a translation transformation of the tensor in
each iteration to improve the calculation speed. At the same time, it was proved that the algorithm is
linearly convergent for the calculation of the spectral radius of s-index weakly positive tensors. The
final numerical example shows the effectiveness of the algorithm.
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1. Introduction

m

Consider an m-order n-dimensional square tensor (A consisting of n™ entries in the real field R:

A = (Giiyiy)» Aiyiginy € R, Sy, 00,00+ L1y S 1

If a;s,.i, = 0,1 < iy,ip,--,i, < n, then A is called an m-order n-dimensional nonnegative tensor.
Denote the set of all m-order n-dimensional nonnegative tensors as R"~". R”, R”, R” represents the
set of all n-dimensional vectors, the set of all n-dimensional nonnegative vectors and the set of all
n-dimensional positive vectors, respectively. Tensors play an important role in physics, engineering
and mathematics. There are many application domains of tensors such as data analysis and mining,
information science, image processing and computational biology [1-4].

In 2005, Qi [2] introduced the notion of eigenvalues of higher-order tensors and studied the
existence of both complex and real eigenvalues and eigenvectors. Independently, in the same year,
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Lim [3] also defined eigenvalues and eigenvectors but restricted them to be real.
Qi [2] proposed the definition of H-eigenvalue. If a real number A and a nonzero real vector x € R”
satisfy the following homogeneous polynomial equation:

ﬂXm_l — /lX[m_l]

where

n
m—-1 _
Ax = ( E Ajiyeify Xiy = X,'m)
2 1<i<n

i, sim=1

is an n-dimensional vector and

(xU"1, = X,
then A is an H-eigenalue of A and x is an H-eigenector of A associated with 4. Define the set of
H-eigenvalues of A € RL’"’"J as oy(A) and p(A) = Ama()éz( : |4] as the H-spectral radius of tensor A.
€0y

Let o(A) be the set of eigenvalues of a tensor A.
Let A = (a;,iy-i,) € R Ng et al. [5] proposed the NQZ algorithm for the largest H-eigenalue of
a nonnegative irreducible tensor.

Algorithm 1 ( [5]) NQZ algorithm
Step 0. Choose x¥ > 0,x@ € R". Let y@ = Ax@)"! and set k := 0.
Step 1. Compute

1
ety _ (y®)las]
1 b
Iyl
y(k+1) — ﬂ(X(kH))m_l
(y* D),
4k+1 = (X(lk'zlll)g'_l>0 (X(k+1))m—1 >
! i
T, = (y*D);
=

ma e —
k+1), (k+1)ym—1
xk+D);>0 (X )l.

Step 2. If A4,y = A

A, > stop. Otherwise, replace k by k + 1 and go to Step 1.

Subsequently, the NQZ algorithm was proved to be convergent for primitive tensors in [6] and for
weakly primitive tensors in [4], and the NQZ algorithm was shown to have an explicit linear
convergence rate for essentially positive tensors in [7]. However, some examples [5] showed that it
did not converge for some irreducible nonnegative tensors.

In 2010, Liu et al. [8] modified the NQZ algorithm and proposed the LZI algorithm. Let & =
(0i,iyi,,) be the m-order n-dimensional unit tensor whose entries are

1, lf i1:i2:"':im,
Oiriz-wiy =

0, otherwise.
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Algorithm 2 ( [8]) LZI algorithm
Step 0. Choose x¥ > 0,x® € R". Let B = A + p&, where p > 0, and set k := 0.
Step 1. Compute

y = By,
(y(k) )i

= min ,
Zk (x®);>0 (X(k));’n—l

= (y(k))i
Ay = max .
@®)>0 (x®)r!

Step 2. If A, = A,, thenlet A = A and stop. Otherwise, compute

LD (y(k))[ﬁ]
lIy®@) )]

replace k by k + 1 and go to Step 1.

Liu et al. [8] proved that the LZI algorithm is convergent for irreducible nonnegative tensors.
In 2012, Zhang et al. [9] proved the linear convergence of the LZI algorithm for weakly positive
tensors. Since then, there have been many studies on the calculation of the maximum eigenvalue of
nonnegative tensors. For example, Yang and Ni [10] gave a nonlinear algorithm for calculating the
maximum eigenvalue of symmetric tensors; another example, Zhang and Bu [11] gave a diagonal
similar iterative algorithm for calculating the maximum H-eigenvalue of a class of generalized
weakly positive tensors.

2. Preliminaries

In this section, we mainly introduce some related concepts and important properties of tensors and
matrices. For a positive integer n, let (n) = {1,2,...,n}.

Definition 2.1. [/2] An m-order n-dimensional tensor ‘A is called reducible if there exists a nonempty
proper index subset I C (n) such that

Ajyiyeniy = 0, Vipel, Viy...,i,¢l.
If Ais not reducible, then A is irreducible.

Definition 2.2. [13] A nonnegative matrix A is called the majorization associated to nonnegative
tensor A if the (i, j)-th element of&ZOI is defined to be a;;..j foranyi,j=1,--- ,n.

Definition 2.3. [13] A nonnegative m-order n-dimensional tensor A is essentially positive if Ax"! €
R%, for any nonzero x € R.

Definition 2.4. [9] Let A be a nonnegative tensor of order m and dimension n. ‘A is weakly positive if
ajj..j >0 fori# jandi,je{1,2,--- n}.
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Definition 2.5. [11] Let A = (a;,;,.;,) € RV, then A is generalized weakly positive if there exists
i € {n), such that a;j;..; > 0, ajj,..;, > 0 for all j € (n)\{io}.

Definition 2.6. [/4] Let A = (a;,;,.; ) € R,

(1) We call a nonnegative matrix G(A) the representation associated to nonnegative tensor A if
the (i, j)-th element of G(A) is defined to be the summation of ay,....,, with indices {i - - - i,,} 3 J.

(2) We call A weakly reducible if its representation G(A) is a reducible matrix and weakly primitive
if G(A) is a primitive matrix. If A is not weakly reducible, then it is called weakly irreducible.

Definition 2.7. Let A = (a;,i,.;,) € RE:”’”] and rtg_1(i, j) be an arrangement of s — 1 letters i and m — s
letters j. If there exists s € (m — 1) and iy € (n) for any j € (n), j # iy, such that ajx_,i,; # 0 and
Ajr_\Gioy # 0 hold, then A is called an s-index weakly positive tensor.

For example, A = (aijk) S R?’ﬂ, where aj = 1,61223 = 4, azz] = 2,61332 = 5 and Aj iy > 0(1 <
i1, 2,13 < 3) elsewhere, then A is a two-index weakly positive tensor.

Remark 2.1. The essentially positive tensors, the weakly positive tensors and the generalized weakly
positive tensors are all one-index weakly positive tensors, which are special tensor classes of s-index
weakly positive tensors..

[m,n]

Theorem 2.1. [15] For any nonnegative tensor A = (aj,i,.;,,) € Ry, p(A) is an eigenvalue with a
nonnegative eigenvector X € R’} corresponding to it.

Theorem 2.2. [16] Let A = (a,j,.;,) € RE:"’"]. o(A) is the spectral radius of A, then

n n

min Z Ajjs iy, < p(.ﬂ) < max Z Ajiyipy -
i€(n) - ie(ny -
1, Im= 1, p=

Theorem 2.3. [12] If A is an irreducible nonnegative tensor of order m and dimension n, then there
exists g > 0 and Xy > 0,Xo € R” such that ﬂXgH = /loxg"_l]. Moreover, if A is an eigenvalue with a
nonnegative eigenvector, then 1 = Ay. If A is an eigenvalue of A, then || < A,.

Definition 2.8. [17] Let A = (ay,;,.;,) € RV, B = (b;,5,.;,) € RV, The tensors A and B are said
to be diagonal similar if there exists some invertible diagonal matrix D = diag(d,,d>, - - - ,d,) of order
n such that B = Ax; D"V x, D X3 - -+ X,, D, where b, ;,..;, = aji.i, l._](m_l)a,',-2 - d,

Theorem 2.4. [17] If the two m-order n-dimensional tensors A and B are diagonal similar,
then o(A) = o (B).

3. An algorithm and its convergence analysis

In 1981, Bunse [18] gave a diagonal similar iterative algorithm for calculating the maximum
eigenvalue of irreducible nonnegative matrices. In 2008, Lv [19] further studied the diagonal
similarity iterative algorithm for calculating the maximum eigenvalue of irreducible nonnegative
matrices. In 2021, Zhang and Bu [11] gave a diagonal similar iterative algorithm for calculating the
maximum H-eigenvalue of nonnegative tensors. In this paper, according to the construction idea of
the algorithm in [19], a numerical algorithm for calculating the maximum H-eigenvalue and
corresponding eigenvector of s-index weakly positive tensors is given.
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i1+ . - i
B2, 5 im=1

sufficiently small positive number. a; € R(k =0, 1,2, ---) satisfies € — m<11>1 Qi < @ < T(AD).
1E{n

Let A=AY = @9 HyeRM™ @A) = 3 4 (i€ (n)and (A®) = max ri(A”). gis a
1EN

Algorithm 3
Step 0. Given AY = A = (a;,i,..;, ), € — m<1r>1 Qiii < @ < F(AD), € > 0. Set k := 0.

Step 1. Compute

n
k k .
RAY) = Y a) | iem),

i, im=1
FAY) = maxr(AY), r(AY) = minr(AY).
1E(n 1e{n
Step 2. If F(AD) — r(AD) < &, then p(A) = LFHAD) + r(AY)) and stop.
Step 3. Set

diag(rl(ﬂ(k))a r2(ﬂ(k))9 T rn(ﬂ(k))) + a’kl ﬁ
HAD) 1

AED = A® 5, (DPY D 5, DB s .., DP,

ph = (

and replace k by k + 1, go to Step 1.

In the following, we will give the convergence condition of Algorithm 3.
Define A® + ;& = AP (ay) =: (aiipi, (@)}

1,00, ,im=1"

Lemma 3.1. Let A = (a;,.i,) € RE:"’"]. For tensor sequence AP = 0,1,2,---), we have
H(ADYI = 0,1,2,---) as monotonically decreasing with lower bound, and r(AP)I = 0,1,2,---) as
monotonically increasing with upper bound.

Proof. Notice that

1

ﬁ (”i,-(ﬂ(l)) + CY[)m

n n

(+1)y — (+1) _ 0} j=2
ri(ATT) = Z iy = 21 i, ..i
o (AD

i, sim=1 g sim=1 ri(AY) +

m l %1
. [1 (1, (A?) + )
j:
= E a,..; (@ —a
in, e im=1 (1) ri(AD) + !
25 s lm=

n 7(AD) + o
< D e g -

i, im=1

= HA"),

then 7#(A"D) < #(AD),l = 0,1,2,---. Therefore, 7(A?) is monotonically decreasing. Similarly,
it can be proved that r(AY) > r(AD),I = 0,1,2,---, so r(A?P) is monotonically increasing. By
r(A?) < 7(ADP) we can obtain that 7(AP)( = 0,1,2,---) is monotonically decreasing with lower
bound r(A®), and r(AP)( =0,1,2,---) is monotonically increasing with upper bound 7(A®).
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Lemma 3.2. Let A = (a;,;,.;,) € R be an s-index weakly positive tensor, then it is an irreducible
tensor.

Proof. Because A is an s-index weakly positive tensor, by Definition 2.7, there are s € (m — 1) and
io € (n) such that gz _,iyj) # 0, @jx,_,jiyy # 0, j € {n),j # ip. Thatis, for any j € I C (n), there
18 ig € (m)\I such that aj,_,(;;,) # 0. By Definition 2.1, A is an irreducible tensor.

Lemma 3.3. Let A = (a;,.;,) € R be an s-index weakly positive tensor. That is, there are
s € (m — 1) and iy € (n) for any j € (n), j # iy, such that G _,i, ;) # 0 and ajr_, i, # 0 hold, then for
any k € N,

~2
(k) . ~
S > e =
aJ”s—l(J,lO)(ak) = mm{;(ﬂ(O))’ &}, where a = je%l\r{llo}{atom 1(i0:)> @1 Giio) -
k k ..
Proof. It ajr (i # 0, then agﬂ) iy F 05 afol)o i = Qigigigs k = 0,1,2,---. In the case of j # i, it can
be obtained from Lemma 3.1 that
= 7(0) 05 (k) (k-1) ) (rig (A% D)t ay_ )= _
HAT) 2 HAY) 2 apr 1Gi0) = jreiGio) T AT D vy
k—1
n (rig (AD)+a,ym= [T (rigy (AD)+a, "~ (3.1
(0) =0 ~ =0
N T = == ’
05 (AO+a 1A+ =
1= 1=

where @ = min {aioﬂs—l(iO»j)’ ajﬂsfl(j,io)}’ then

Jem\io}
k1:11 ()
riy (A +a)y™* _
N T _HAY)
k—1 - a
[1(rj(AD) + a)m=s
t=0
Then, by
k-1 l kel )
l_!)(rio(ﬂ( N+ )" l_g(rj(ﬂ( N+ )"
t= =
k-1 k-1 =1
H)(rj(ﬂ(’>) +a)" H)(rio(&”l(’)) +a)"
we have
k-1
[T (AD) + a)"* N
t=0
k-1 = FAOY
oA + @y
=0
then af(];)r oh) 2 X ﬂ(()))( J # ip) can be obtained by (3. 1)
In the case of j = iy, it holds that agf (a/ ) =a, . . +a = minag;.;—mna;.;+& = &, then
, 0%0 0%0°*t0 i€(n)y i€(n)
(k) : i
iy (@) 2 Min{ 57, &},
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Theorem 3.1. Let A = (a;,;,.;,) € RV be an s-index weakly positive tensor. That is, there are
s € (m — 1) and iy € (n) for any j € (n), j # iy, such that Gz _ i, j) # 0 and ajr_, i, # 0 hold, then for
Algorithm 3,

HACD) = 1(AY) < a(F(AY) - r(AV)),

g}, then we can get

where a = 1 — 7(AY) = max ri(A),a = min {4

2
jem\ig) TAD)”

2r(ﬂ(0)) ’

lim (ALY = lim r(A®) = p(A).

Proof. Let A% = (al[?])nxn,aio i = @igny (o Do = Qjno 1oy J € (n) and zero elsewhere, then A" is an
irreducible matrix. Let 7(A%D) = rﬁ,k“), r(A*DY) = rffk“), then

7(ﬂ(k+l)) _ Z(ﬂ(k+l)) — r(k+l) _ r(k+1)

p q
(k) (k)
n a%” . a ) m
piz-im qiz-in k 1
= Z ® % l—[(r"f(ﬂ( N+ a).
oo \Ip + k) o
Denote I = {is---iplis, - ,i, € (n)} and
(k) a(k)
_ s 1712 “im in i
rp + ay + ay
then
F(ﬂ(kﬂ)) _ Z(ﬂ(m)) _ rgm) _ r;k+l)
(k) a(k)

a ;. .
§ pP12lm q12 i | |
k j=2

iz, im€1(k) rp ta

(k) (k) m
a. . Qi 1
- i B N (A©) + a7
(k) (k) /
i imeI\I(K) t @ T ) =
® a(k)

a ;. .
= k pu2im qia-im
< (FAY) + @) Z ® o

iyl \Tp T Qk +
) a®

k pi2~--im in"'im
FE A ) Y |-
i imeNI\Tp T @k Tqg" @
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a® a®
= AN ra) ) | -

T
ol \Tp” * e Tg +
® o

a Treee] Jryeee]
_ (Z(ﬂ(k)) + ) Z (kl)m im_ (k?lz im
in,erimel (k) rp + rq +

= (H(AY) - r(AY))
(k) (k)

- Z Dpiz-vin Z Lgis i,
(k) (k)

i imelI) T T 4y iy T T

(k) Z (k)
o i@ R) P merdy T
S 7 ﬂ(k) —r ﬂ(k) 1 _ 25" slm _ s slm
(FAY) - r(AY) T
. (k) . (k) (k) : (k)
Therefore, either . _Z Ay i) includes A pio) OF Z Ayiri includes Qe (qi0)’ then
i, im €I\ (k) iz, im€1(k)

(k) (k) . (k) (k) (k)
DUodl L > dl L min(ad) @0, o edl) | a)
i, i €I\I(k) in, - im€l(k)

512

W, 8} =.da.

> min{
Thus,

HACD) = r(ACD) < a(F(AY) = (AD)),

wherea =1 — Therefore,

F(AY) — r(AY) < a(FAYD) = r(AXD)) < - < A FAD) = 1(AD)).

Note that0 < @ = 1 — < 1, and we can obtain gim F(AD) — r(AP)) = 0. From Lemma 3.1,

_a__
27( AO) )

lim 7#(A®) = lim r(AY) = p(A).

k— o0

Corollary 3.1. Let A = (a;,i,.i,) € RE:"’”],e > 0. If A is an s-index weakly positive tensor, then by
Algorithm 3 there must be

log( 7(;{(0))5,(\7{(0)) ) 1

= = +
log(a)

that satisfies T(AL) — r(AP) < &, where a is defined in Theorem 3.1.

From Definitions 2.3-2.5, we can see that the essentially positive tensors, the weakly positive
tensors and the generalized weakly positive tensors are all s-index weakly positive tensors, so we have
the following corollary.
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Corollary 3.2. If A = (a;,.i,) € R s an essentially positive tensor or a weakly positive tensor,
then

HAD) = r(ACD) < a(FAY) = ((AD)),

where a = 1 7(AV) = max ri(A),a = min{%, g, a= Ig_lgl{a,'j...j} and, thus,
l

~ oy
lim F(AD) = lim r(AD) = p(A).

Corollary 3.2 further confirms the linear convergence of the LZI algorithm for weakly essentially
positive tensors in Theorem 4.1 in [9].

From above, the inclusion relationship is shown among irreducible tensor, primitive tensor, s-index
weakly positive tensor, generalized weakly positive tensor, weakly positive tensor and essentially
positive tensor sets in Figure 1.

Irreducible

s-index weakly positive

Generalized weakly positive

Essentially positive

Primitive Weekly positive

Figure 1. Relations among six classes of nonnegative tensors.

Theorem 3.2. Let A = (a;,;,..i,) € R be an s-index weakly positive tensor. For the positive diagonal

t
matrix Di(i = 0,1,2,- ) in the construction process of Algorithm 3, define D = [] D;, then lim D"

i=0 k—co
exists and denote it as D. Then, x = De € R, satisfies AX""' = p(A)x"Y, wheree = (1,1,--- ,1)T €
R",.

Proof. From the construction of Algorithm 3, it is known that the sequence of diagonal
elements (D?);;(j = 1,2,---,n) of the positive diagonal matrix D“(j = 1,2, ,n) monotonically
decreases with a lower bound, so lim D exists. According to Lemma 3.1, the sequence of each

k—o0

element corresponding to tensor sequence {ﬂ(")},‘f’zo is nonnegative and has an upper bound, so there is
a convergent tensor subsequence of {A®}  marked as {A*} . and denote l}im Ak = A. Take the

limit on both sides of A%+ = A x; (D*y"=1 x, D& x5 ... x, D® to get

lim A%+ = ]}1m(ﬂ X1 (D(kz))m—l X5 DD X3 -+ X D(kz))

k—o0

= A X (]}1m D(kl))m_1 X» ]}im D% X3 -+ X,y lim D&

k—oo
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that is,

A

A=Ax; (DY %y D x5+ X D.

It can be seen from Theorem 2.4 that r;(A) = P(A), i € (n); therefore

p(A)(Dey"" = A(De)™ ",

where e = (1,1,---,1)" € R”,. Denote x = De, then x = De € R” _, and Ax""' = p(A)x"1.

++42

4. Numerical examples

In this section, to show the effectiveness of Algorithm 3, we compare it with the LZI algorithm. For
the parameter a; in the algorithm, we selected different values and compared the corresponding results.

zero elsewhere.

In the experiment, @; = (F(AX) — r(AP))/mn in Algorithm 3, and xX? =e = (1,1,--- , DT e R?,,
p = 1 in the LZI algorithm. We terminated the iteration when one of the conditions below was met:

(1) 7(AD) — r(AP) < 1078.

(2) The number of iteration exceeds 10*.

Some numerical results are given in Table 1, where p(A) denotes the H-spectral radius of A, Iter
denotes the iteration of the algorithms and Time(s) denotes the CPU time (in seconds) used when the
conditions (1) are met.

Table 1 shows a comparison between Algorithm 3 and the LZI algorithm given in [8], with the same
error and the number of iterations and calculation time significantly reduced, which further verifies that
our proposed algorithm is more efficient.

Table 1. The comparison of the Algorithm 3 and LZI algorithm.

n Algorithm Iter Time(s) P(A)

5 Algorithm 3 3 0.0996 2

5 LZI 18 0.2412 2

10 Algorithm 3 3 2.3991 3

10 LZI 15 5.6626 3

15 Algorithm 3 3 17.5646 3.7414
15 LZI 14 40.6961 3.7414
20 Algorithm 3 3 73.7770 4.3589
20 LZI 13 157.9810 4.3589
25 Algorithm 3 3 2249131 4.8990
25 LZI 13 489.2777 4.8990
30 Algorithm 3 3 598.0174 5.3852
30 LZI 12 1148.8 5.3852
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Example 4.2. Consider a random tensor A € R (m = 3), whose all entries of random values drawn
Jfrom the standard uniform distribution on (0, 1).

Obviously, this is an s-index weakly positive tensor (s = 1 or 2). Choose & = 1078 and the
termination conditions are the same as in Example 4.1. Take different values for @; in Algorithm 3,
and the corresponding results are shown in Table 2, where 7 — r = 7(A®) — r(AY).

Table 2. The comparison of different values of @, in Algorithm 3.

o = (r—r)/mn o =r—r ay =n(r—r) ay = mn(r —r)
n iter Time(s) iter Time(s) iter Time(s) iter Time(s)
5 7 0.0142 7 0.0006 9 0.0255 15 0.0333
10 6 0.0010 6 0.0009 10 0.0014 14 0.0056
20 6 0.0044 6 0.0124 9 0.0091 13 0.0179
40 5 0.0225 6 0.0516 10 0.0513 14 0.0725
60 5 0.0670 5 0.0621 10 0.1305 15 0.1917
80 5 0.1702 5 0.1622 10 0.3074 16 0.4595
100 5 0.3940 5 0.3183 10 0.5547 15 0.8285

From the data in Table 2, it can be seen that when the value of «; is different, there are differences
in the number of iteration steps and operation times. The calculation time is almost the same, but
the difference in iteration steps is quite significant, so selecting the appropriate @; will improve the
efficiency of the algorithm.

5. Conclusions

In this paper, a class of s-index weakly positive tensors was defined and a diagonal similar iterative
algorithm for the maximum H-eigenvalue of such tensors was given. In the algorithm, a variable
parameter was introduced in each iteration, which is equivalent to a translation transformation for
each iteration of the tensor. Compared with the LZI algorithm, the number of iterations and time of
calculation have great advantages. It was also proved that the algorithm has linearly convergence for
s-index weakly positive tensors.

Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgments

This work is supported by the Natural Sciences Program of Science and Technology of Jilin
Province of China (20190201139JC).

Contflict of interest
The authors declare that there are no conflict of interest.

AIMS Mathematics Volume 9, Issue 1, 205-217.



216

References

1.

10.

1.

12.

13.
14.

15.

16.

17.

C. V. Loan, Future dirctions in tensor-based computation and modeling, Workshop Report in
Arlington, 2009.

L. Qi, Eigenvalues of a real supersymmetric tensor, J. Symb. Comput., 40 (2005), 1302-1324.
https://doi.org/10.1016/j.js¢.2005.05.007

L. H. Lim, Singular value and and eigenvalue of tensors: a variational approach, In: IEEE

International Workshop on Computational Advances in multi Sensor Adaptive Processing, 2005,
129-132. https://doi.org/10.1109/CAMAP.2005.1574201 .

S. Friedland, S. Gaubert, L. Han, Perron-Frobenius theorems for nonnegative multilinear forms and
extensions, Linear Algebra Appl., 438 (2013), 738—749. https://doi.org/10.1016/j.1aa.2011.02.042

M. Ng, L. Qi, G. Zhou, Finding the largest eigenvalue of a nonnegative tensor, SIAM J. Matrix
Anal. A., 31 (2010), 1090-1099. https://doi.org/10.1137/09074838X

K. C. Chang, K. J. Pearson, T. Zhang, Primitivity, the convergence of the NQZ method, and
the largest eigenvalue for nonnegative tensors, SIAM J. Matrix Anal. A., 32 (2011), 806-819.
https://doi.org/10.1137/100807120

L. Zhang, L. Qi, Linear convergence of the an algorithm for computing the largest eigenvalue of a
nonnegative tensors, Numer. Linear Algebra, 19 (2012), 830-841. https://doi.org/10.1002/nla.822

Y. Liu, G. Zhou, N. F. Ibrahim, An always convergent algorithm for the largest eigenvalue
of an irreducible nonnegative tensor, J. Comput. Appl. Math., 235 (2010), 286-292.
https://doi.org/10.1016/j.cam.2010.06.002

L. Zhang, L. Qi, Y. Xu, Linear convergence of the LZI algorithm for weakly positive tensors, J.
Comput. Math., 30 (2012), 24-33. https://doi.org/10.4208/jcm.1110-m11s109

W. Yang, Q. Ni, A cubically convergent method for solving the largest eigenvalue of a nonnegative
irreducible tensor, Numer. Algor., 77 (2018), 1183—-1197. https://doi.org/10.1007/s11075-017-
0358-1

J. Zhang, C. Bu, An iterative method for finding the spectral radius of an irreducible nonnegative
tensor, Comput. Appl. Math., 40 (2021), 8. https://doi.org/10.1007/s40314-020-01375-5

K. C. Chang, K. Pearson, T. Zhang, Perron-Frobenius theorem for nonnegative tensors, Commun.
Math. Sci., 6 (2008), 507-520. https://doi.org/10.4310/CMS.2008.v6.n2.a12

K. J. Pearson, Essentially positive tensors, Int. J. Algebra, 4 (2010), 421-427.

Y. Li, Q. Yang, X. He, A method with parameter for solving the spectral radius of nonnegative
tensor, J. Oper. Res. Soc. China, 5 (2017), 3-25. https://doi.org/10.1007/s40305-016-0132-4

S. Hu, Z. Huang, L. Qi, Strictly nonnegative tensor and nonnegative tensor partition, Sci. China
Math., 57 (2014), 181-195. https://doi.org/10.1007/s11425-013-4752-4

Y. Yang, Q. Yang, Further results for Perron-Frobenius theorem for nonnegative tensors, SIAM J.
Matrix Anal. A., 31 (2010), 2517-2530. https://doi.org/10.1137/090778766

J. Shao, A general product of tensors with applications, Linear Algebra Appl., 439 (2013), 2350—
2366. https://doi.org/10.1016/j.1aa.2013.07.010

AIMS Mathematics Volume 9, Issue 1, 205-217.


http://dx.doi.org/https://doi.org/10.1016/j.jsc.2005.05.007
http://dx.doi.org/https://doi.org/10.1109/CAMAP.2005.1574201
http://dx.doi.org/https://doi.org/10.1016/j.laa.2011.02.042
http://dx.doi.org/https://doi.org/10.1137/09074838X
http://dx.doi.org/https://doi.org/10.1137/100807120
http://dx.doi.org/https://doi.org/10.1002/nla.822
http://dx.doi.org/https://doi.org/10.1016/j.cam.2010.06.002
http://dx.doi.org/https://doi.org/10.4208/jcm.1110-m11si09
http://dx.doi.org/https://doi.org/10.1007/s11075-017-0358-1
http://dx.doi.org/https://doi.org/10.1007/s11075-017-0358-1
http://dx.doi.org/https://doi.org/10.1007/s40314-020-01375-5
http://dx.doi.org/https://doi.org/10.4310/CMS.2008.v6.n2.a12
http://dx.doi.org/https://doi.org/10.1007/s40305-016-0132-4
http://dx.doi.org/https://doi.org/10.1007/s11425-013-4752-4
http://dx.doi.org/https://doi.org/10.1137/090778766
http://dx.doi.org/https://doi.org/10.1016/j.laa.2013.07.010

217

18. W. Bunse, A class of diagonal transformation methods for the computation of the spectral
radius of a nonnegative irreducible matrix, SIAM J. Numer. Anal., 18 (1981), 693-704.

https://doi.org/10.1137/0718046

19. H. Lv, Numerical algorithm for spectral radius of irreducibly nonnegative matrix, J. Jilin Univ. Sci.
Edit., 46 (2008), 6-12. https://doi.org/10.3321/j.issn:1671-5489.2008.01.002

@ AIMS Press

AIMS Mathematics

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed wunder the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 9, Issue 1, 205-217.


http://dx.doi.org/https://doi.org/10.1137/0718046
http://dx.doi.org/https://doi.org/10.3321/j.issn:1671-5489.2008.01.002
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	An algorithm and its convergence analysis
	Numerical examples
	Conclusions

