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Abstract: The concept of k-folded N-structures (k-FAN'Ss) is an essential concept to be considered for
tackling intricate and tricky data. In this study, we want to broaden the notion of k-FAN'S by providing a
general algebraic structure for tackling k-folded N-data by fusing the conception of semigroup and
k-ENS. First, we introduce and study some algebraic properties of k-FNSs, for instance, subset,
characteristic function, union, intersection, complement and product of k-FNSs, and support them
by illustrative examples. We also propose k-folded N-subsemigroups (k-FAN'SBs) and Z-k-folded
N-subsemigroups ({-k-FN'SBs) in the structure of semigroups and explore some attributes of these
concepts. Characterizations of subsemigroups are considered based on these concepts. Using the
notion of k-folded N-product, characterizations of k-FAN'SBs are also discussed. Further, we obtain a
necessary condition of a k-FN'SB to be a k-folded N-idempotent. Finally, relations between k-folded
N-intersection and k-folded NV-product are displayed, and how the image and inverse image of a k-
FN'SB become a k-FN'SB is studied.
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1. Introduction

The field of algebra, which concentrates on the fundamental set-theoretic conceptions and
procedures utilized in algebra, is known as general algebra. It is the foundation of other fields of
algebra, including differential algebra, algebraic graph theory and algebraic geometry. As a type of
algebra, semigroups are quite helpful in numerous domains containing control problems, sociology,
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biology, dynamical systems, stochastic differential equations, etc. The term “semigroup” was used to
give a title for some structures that weren’t groups but emerged through the growth of outcomes.

Obscurity, uncertainty and imprecision are typical aspects of real-world situations. The
conventional mathematical techniques for handling ambiguity and doubtfulness fall short in dealing
with these features. Some of the innovative methods utilized to address these restrictions include
multipolar (fuzzy) sets, N-structures, etc. In 1965, Zadeh [1] adopted the idea of fuzzy structures and
created a grade of membership that is a positive fuzzy value in the interval [0, 1] for each ordinary
item. In 2009, Jun et al. [2] proposed N-structures and created a grade of membership for each
ordinary item that is a negative fuzzy value in the range [-1, 0]. To deal with polarity, Chen and
colleagues [3] suggested the grade of membership, which is a k-tuple positive fuzzy value for each
item, to offer the notion of polarity fuzziness structures. In the context of multipolar (fuzzy) sets,
Bashir et al. [4] presented and studied subsemigroups and several types of ideals of semigroups under
polarity of fuzziness structures. In N-structures, Abdullah and Fawad Ali [5] formulated the idea of
N-fuzziness filters in BE-algebras and investigated some connected assets. Rattana and Chinram [6],
Khan et al. [7] and Rangsuk et al. [8] explored neutrosophic N-structures and their uses in semigroups,
UP-algebras and n-ary groupoids, respectively. In [9], Jana et al. discussed several aspects related to
fuzziness algebraic structures. In addition, some extensions of fuzziness structures like bipolar and
Intuitionistic fuzziness structures were linked to BCK(BCI/G)-algebras (see [10-16]). Following that,
polarity of fuzziness models and N -structures were linked to algebraic structures and real-life domains
(see [17-23)).

Although the previous mathematical methods can deal with informational ambiguities and
uncertainties, none of them is capable of handling the negative form of multi-polarity that frequently
appears in real-world situations. In addition, since the multi-polar fuzziness structure, presented by
Chen et al. [3], deals primarily with multi-positive data, we believe that we need a scientific approach
to handle multi-negative data. If multi-positive data reflects the data of the current world, it may be
thought that multi-negative data represents the afterlife. As a generalization of N-structure and as a
tool for dealing with data from the hereafter, Gon Lee et al. devised the so-called k-FN'S, which E.S
suitable for processing multi-negative data, and applied it to the BCH-algebras (see [24]). A k-FNS []
over K is an object having the form = (a,(gjo ﬁ)(a) | @ € K}, where the function : K — [-1,0]%
represents the degree of multi-positive membership for all @ € K. The concept of k-FN'Ss was first
presented by Gon Lee et al. [24] in 2021, which is a combination between N-structures and multi-polar
fuzziness structures. Since no negative version of multipolar fuzziness semigroups has been proposed
thus far, we now feel compelled to address multipolar fuzziness negative versions in the context of
semigroups.

In this paper, we study k-FN'Ss of semigroups. Some fundamental definitions and conceptions,
such as semigroups, N-structures and k-polar fuzziness structures, are provided in Section 2. These
definitions will aid us to discuss our study. In Section 3, we study and discuss some algebraic properties
of k-FNSs, for instance, subset, characteristic function, union, intersection, complement and product
of k-FNSs, and support them using illustrative examples. In Section 4, we propose the concept of
k-FEN'SBs and explore some attributes and characterizations of this concept. Also, we study how the
image and inverse image of a k-FN'SB become a k-FN'SB. We discuss the characterizations of k-
FNSBs through the idea of k-folded N-product. Further, we obtain a necessary condition of a k-
FNSB to be a k-folded N-idempotent. We display the relation between k-folded N-intersection and
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k-folded N-product. In Section 5, we propose the idea of Z—k—FN SBs in the structure of semigroups
and explore some related properties and characterizations of it. At last, the finding and some future
research directions of this study are offered in Section 6.

2. Preliminaries and basic definitions

This section collects some fundamental notations and definitions of semigroups, N-structures and
k-FN'Ss needed later. Throughout the current manuscript.

e We use the semigroup K as the domain of discourse (universe set).
e We use the symbols 7, I,’l‘ and j € k instead of [-1,0], [-1, 0]¢ and Jj=1,2,..., k, respectively.

2.1. Fundamentals on semigroups

Here, we present a subsimigroup of semigroups and homomorphisms semigroups.
A semigroup K is a non-empty set together with an associative binary operation. If 7, S C K, then
the multiplication of 7" and S is defined as:

TS ={tsecK|teTandse S}

A non-empty subset T of K is a subsemigroup of K if 7T C T. Thatis, t,1, € T,Vt;,1, € T.

Definition 2.1. A mapping ¥ : K — H of semigroups K and H is a homomorphism if ¥Y(aB) =
Y(@)¥Y(B) Ve,B € K.

2.2. Fundamentals on N-structures and k-polar fuzziness structures

Let F(K, I,) be the collection of functions from K to /,,. An element of F(K, I,,) is said to be a negative
valued function (N-function on K) from K to I,,. An ordered pair (K, A) of K is an N-structure, and A
is an N-function over K.

Chen and co-workers [24] propounded the conceptualization of a k-polar fuzziness structure as
follows:

Definition 2.2. Let k be a finite number, where k > 1. By a k-polar fuzziness structure over K # ¢, we
mean a mapping IT : K — [0, 1]%. B _ B

That is, I[I(a) = ((q1 o [ (@), (g2 o IN) (@), ..., (gx © H)(a)), where (g; o IT)(a) € [0, 1] for j € k and
a € K.

Example 2.1. Let K = {u,y,z,w} be a set. Define A : K — I, as

-0.5, ifa=u;

] 08, ifa=y;
MI=Y 09 ifa=z
-0.9, ifa=w.

Then,

A = {{u,-0.5),(y, —0.8),(z,-0.9), (w, -0.9)}
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is an N-structure over K. Also, if we define M: K — [0, 1]° as

(0.3,04,0.5), ifa=u;
(0.6,0.7,0.8), ifa=y;
(0.6,0.8,0.9), ifa=z
(0.8,0.9,0.9), ifa=w.

() =

Then,

I1 = {(u, (0.3,0.4,0.5)), (y, (0.6,0.7,0.8)), (z, (0.6,0.8,0.9)), (w, (0.8,0.9,0.9))}

is a 3-polar fuzziness structure over K.
3. Operational properties of k-F/N'Ss

Here, we define and study some operational properties of k-FANSs, for instance, subset,
characteristic function, union, intersection, complement and product of k-FAN'Ss, and provide them
by illustrative examples.

Gon Lee and co-workers [24] propounded the conceptualization of k-FAN'Ss as follows:

Definition 3.1. Let K be a non-empty set. By a k-FN'S over K, we mean a function : K — I¥, where
k € N a finite number. If a € K, then

M(@) = ((q1 o (@), (g2 0 TD(@), ..., (g © T)(@)),

where g; : I¥ — I, is the j-th projection Vj € k.
A k-FNS 11 may be expressed as the following notation:

I = {{e. (q; 0 (@) | @ € K} = {(a (g1 © T)(@), (g2 © TD)(@), .... (qe © TD)(@))) | @ € K}

Let @ = (Wi, W, ..., ), @ = (@1, @3, ..., T}) € I¥, we describe the orders < and 5 on ¥ as follows:
VjEk,

Example 3.1. Let K = {u, y, z, w} be a set. Define M:K — IF as

(=0.7,-0.6,-0.5), ifa=u;
(-0.4,-0.3,-0.2), ifa=y;
(-0.4,-0.2,-0.1), fa=z
(-0.2,-0.1,-0.1), ifa=w.

H(a) =

Then,
= {{u,(-0.7,-0.6, -0.5)), (v, (-0.4,-0.3,-0.2)),(z, (-0.4,-0.2, -0.1)), (w, (0.2, -0.1, =0.1))}

is a 3-FN'S over K.
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Definition 3.2. Let IT be k-FA'S in K. Then,
VL7 = {a € K | TI(a) <7},
where 7 = (71,12, ..., k) € I, that is,
VL7 = {a € K | (q; o (@) <n,¥j € k)
is called a k-folded N-level structure of II. It is clear that V(ﬁ,?ﬁ = ﬂlj‘.zl V(ﬁ,?ﬂf , where V(ﬁ,?ﬂf =
{a € K| (g;o (@) <n;l

Definition 3.3. Let [T and Y be two k&-FA'Ss over K. If for all @ € K, H(a) > ‘I’(a) that is, (q; q;° H)(a) >
(gjo ‘Y‘)(a) then I1 is a k-folded N-substructure of Y and written as IT1 C . We say N=TellcT
and Y C IL.

Definition 3.4. Let ¢ # T C K. Then, the k-folded N-characteristic function of 7 is a function

CT = {{a,(gjo CT)(a/) | @ € T)} defined as:

forany @ € T and j € k.

Definition 3.5. Let IT and Y be two k-FA/Ss in K. Then, their union and intersection, respectively, are
also a k-FN'S in K, defined as, for all a € K,

MU T = {a,(g; 0o MTUTD)(@)) | @ € K},

and L L
IIN7Y = {a,(g; o AINM)(@)) | @ € K},

where (g; o (TTU T)(@) = inf{(g; o (@), (q; © T)(@)} = (((q1 o T A (g1 © T))(@), (g2 © T A (g2 ©
D)@, -... (g ° T A (gx © T)))(@), and (g; o (TN D))(@) = supi(g; o (@), (g © T)(@) = (g1 o T v
(q1 0 DN(@). (g2 0TD) V (g2 © (@), .... (g ° T V (gx © 1)) )(@).

Example 3.2. Let K = {u,y, z, w}. Then,

= {(u, (=0.8,-0.6,-0.4,-0.2)), (y, (=0.3,-0.5,-0.4, -0.1))
(z,(-0.2,-0.4,-0.6,-0.8)), (w, (-0.3,-0.5,-0.7, —0.9))},

and

= {(u, (=0.7,-0.5,-0.3,-0.1)),(y, (-0.4,-0.3,-0.2, -0.1))
(z,(-0.8,-0.4,-0.1,0.0)), (w, (-0.1,-0.2, 0.3, —0.4)>},

are 4-FN'Ss in K. The union of IT and Y is

MU T = {(u,(-0.8,-0.6,-0.4,-0.2)),(y, (0.4, -0.5,-0.4,-0.1))

AIMS Mathematics Volume 8, Issue 9, 22081-22096.



22086

(z,(-0.8,-0.4,-0.6,-0.8)), (w, (-0.3,-0.5, -0.7, —0.9))},

and the intersection of IT and Y is

INTY = {(u, (-0.7,-0.5,-0.3, —0.1)), (y, (=0.3, 0.3, 0.2, —0.1))
(z,(=0.2,-0.4,-0.1,-0.8)), (w, (=0.1,-0.2, -0.3, —0.4))}.

Obviously, [T U Y and I1 N Y are 4-FN/Ss in K.

Definition 3.6. The complement TI° = {(a, ((g1 © I)*(a), (g2 0 TD*(@), .... (q ° TD°(@))) | @ € K} of a
k-FNSTI = {(a. (1 o TD)(@). (g2 © T)(@), ... (qx © T)(@))) | @ € K} is defined by:

I = (e, (= 1= (g1 o T(@), =1 = (g2 0 T)(@), ..., =1 = (gx o TD)(@))) | € K}.

Example 3.3. In Example 3.2. The complement of a 4-FN'S Il is

II° = {(u, (=0.2, —0.4, —0.6, —0.8)), (v,(-=0.7,-0.5,-0.6,-0.9))
(z,(=0.8,-0.6,-0.4, -0.2)), {w, (-0.7,-0.5, -0.3, =0.1))}.

Definition 3.7. Let IT and T be two k-FA'Ss over K. Then, the k-folded N- product of Il and 7 is
defined to be a k-FN'S over K,

Me7={a (g0 Men)a)|ack,jekl
where
A {supi(q; o TD(B). (g;0 TYO)Y}. if 38,6 € K such that o = 5,

(gjoM@®T)(@) =1 a=ps
0, otherwise .

Theorem 3.8. For any k-FNSs IL Y and O over K, we have
DOUMNO) =TUYT)NJIUB).
2)IN(TUB)=IINT)U TN 6).
HMe(Tue)=eT)u (e o).

He(TNO) =IleT)N (Ile 6).

Proof. 1 End 2) are straightforward. L N
3) Let I, Y and O be any k-FAN'Ss over K and let a € K. If @ # 36, then, ((qj o(IT®(ruU ®)))(a/) =0=

((qj o (ﬁ ® T)) U(qjo (ﬁ ® @)))(a) for j € k. Therefore, e (? U @) = (ﬁ ® T) U (ﬁ ® @). Assume
that @ = 56 for some B, € K. Then,

((gjo @ ® (Tud))@)
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sup{(g; o T(B), (g; o (T U ©))(5)}}

Q
Tx:
S

]
=
52

supinf {(g; o TD(B), (q; © 1))}, sup inf {(g; o (B), (g; > ©)(&)}}

i
=
=2

Al
(sup {(@; o T inf {(g; DO, (g; e DO}
{
{

inf { sup {(g; o TH(B), (g; © )}, sup {(g; o TH(B), (g; © ©)(G)}}

i
=
53

—
=
-~

inf{ /\ {sup{(g; o DB), (g; © T)®)}, 5up{(g; ° N(B), (g, © ©)S)}}}

a=£0
inf {(g; o M@ M)(@), (g o (M@ O))(@)]
Mo T)U (e ).

4) Let II, T and © be any k-FN'Ss over K and let @ € K. If @ # 86, then

((gj o M (TN O))@) =0=((g;° &1 N(g;° (T&O))(@)

for j € k. Therefore, e (F‘f N @) = (ﬁ ® F‘f’) N (ﬁ ® 6). Assume that @ # 86 for some 3,6 € K. Then,

((Qj o (I

(TN ©))(@)
A\ {supi(g; o TH(B). (q; ° (T N ©))(©)}}

{sup{(g; e TH(B), sup {(g; > T)(®), (g, © OYG)}}}

A {supsup{(g; o TD(B). (g; 0 T)®)}. sup sup {(q; o TN(B). (g, © O)(©)}}
{sup{sup{(g; e D). (g; 0 1))}, sup{(g; o (). (g, © ©)(&)]}
{ A\ {sup{(g; o D(B). (q; 0 T)@)}. sup{(g; 0 TN(B). (q; 0 ONS)}}}

sup{(g; o (@ D)(@), (q; o (1© ©))(@)]
MeT)n (e 06).

Theorem 3.9. Ifﬁ, T, © and A are k-FNSs over K, lfﬁ CO®and Y C X, thenTI® YT C O ® A.

Proof. Let o € K. If @ # 56 for 3,6 € K, then clearly II®Y C O®A. Assume that @ = Bo for some

B,06 € K. Then,

AIMS Mathematics
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> /\ {supl(g; o ©)(p), (g; 0 N(®))}

a=p0
(g ° (©® N))(a).

Therefore, NeTcCO®A. O
Theorem 3.10. For any k-FN'Ss ﬁ, Y and ® over K, lfﬁ C ?, thenTI®® C Y®O and @Il C O® Y.

Proof. Leta € K. If @ # 56 for 8,6 € K, then clearly II®0 C T ®0O. Assume that @ = Bo for some
B,06 € K. Then,

((goM@®))@ = A {supl(g; o (@), (q; 0 ONO)}

a=£0

> /\ {sup{(qj o T)(,3)’ (gjo @)(5)}}

a=fp0
= (g;° (T ®0))).

Therefore, Ne®CTeo. Similarly, we can show that OellcOeT. m|
Theorem 3.11. For any non-empty subsets T and S of K, we have
1) Cr ® Cs = Crs.
2) Cr U Cs = Crus.
3) Cr N Cs = Crps.

Proof. Leta € K. If a € TS, then (g, o Cr)(a) = “1 for j € kand @ = 86 forsome S € T and 6 € S.
Thus,

((gj 0 (Cr % Cs)))(@)

/\ (sup{(qj o Cr)(a),(q; o ES)('B)})

a=po
supl(q; © Cr)(B), (q; © C5)(®))
(gjo Crs)a) = -1

IA

Therefore, ET ® ES = ETS. _
Assume that « ¢ T'S, then (g; o Crs)(a) = O for j € k. Let a, 8 € K such that & = 6, since if 8 ¢ T
oro¢S.IfB ¢ T, then,

(@0 CrxCs))@ = N (sup(g;oCr)).(g;oCs)B))

a=p0
< supl(g; o Cr)(B). (g; © Cs)(O)}
= SUPH%SQjOCE)G?}
= (q] o CTS)(Q') =0.

AIMS Mathematics Volume 8, Issue 9, 22081-22096.



22089

Similarly, if 6 ¢ S, then,

((@joCrxCsn)@ = A (supl(g; o Cr)@),(g; o Cs)B))

a=B0
< supl(g; o Cr)(B). (g; © Cs)(O)}
= supl(g; ° Cr)(®).0)
= (qj [e] CTS)(a/) = O
In each case, we have ((qjo (5T xgg)))(a) = (qu(ET >:€55 N(a) = 0. Therefore, 5T®55 = 5T5. O

2) and 3) are straightforward, so the proof is omitted.
4. k-folded N-subsemigroups

Here, we apply the notion of a k-FAN'S to the subsemigroups of a semigroup and we will characterize
these subsemigroups in terms of k-FNSs.

Definition 4.1. A k-FN'S T over K is a k-FN'SB of K if the assertion (S1) is valid: Ya,B € K, where

(S1) T(ap) < sup{Ti(a), TI(B)},
that 1s, N N N
(g; o D)(eP) < sup{(g; o TD)(), (g; o I(B)},

for each j € k.

Theorem 4.2. A k-FNS Il over K is a k-FNSB of K if and only if its non-empty k-folded N-level
structure V(I1,7) is a subsemigroup of K for all 7 € I*.

Proof._Assume that I is a k-FNSB of K and V(ﬁ,?ﬂ # ¢ forall 7 € I*. Let a,B € V(ﬁ,ﬁ). Then,
(q; o IM)(a) <7;and (g; o I1)(B) < 7;, for all j € k. It follows that

(g; o D)(eP) < sup{(g; o ID)(@), (g, o I)(B)} <77,

for j € k. Hence, af3 € ﬂlj‘.zl VI, 7y = V(ﬁ,?ﬂ. Therefore, V(ﬁ,?ﬂ is a subsemigroup of K.
Conversely, let I1 be a k-FA'S over K such that its non-empty k-folded N-level structure V(ﬁ,?f) is

a subsemigrog‘p of K forally € I,’j. Assume that assertion (S1) is not valid, i.e., da,8 € K such that
[I(af) > sup{ll(a@), I1(B)}. Then,

(¢; o TD)(af) > sup{(q; o T)(@), (g, o I)(B)},
for j € k. If we take N .
¢; = supl(g; o T(@), (g; o TD(B)},

for j € k, then a € K(i,?)j and 8 € V(L 7). Since V(IL, )’ is a subsemigroup of K for j € k, it
follows that @8 € V(IL, )’ and (g; o I)(aB) < ¢;. This is a contradiction and thus IT is a k-FAN'SB of
K. |
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Theorem 4.3. The intersection of two k-FNSBs is also a k-FNSB.
Proof. Let IT and T be k-FN'SBs of K. Ya, B € K and j € k, we have

((gj o TH N (gj 0 T))@P)
= sup {(g; o T(ep). (q; o (ap)
< sup{sup {(g; o (@), (g; e (B}, sup{(g; © T)(@), (g; e TIB)}}
= sup { sup {(g; o (@), (g; 0 T)(@)}, sup{(g; o TD(B). (g; ° T)B)}}
= sup{((g; o I) N (g; 0 D))(@). ((g; o T N (g; 0 D))(B)}-
Hence, I1N Y is a k-FN'SB of K. O

Corollary 4.4. If{II; | i € N} = {(q; o I); | i € N} is a family of k-FNSBs of K, then so (\;an(q; © II);
for j€k.

Theorem 4.5. A k-FNSs over K is a k-FNSB o I ®II C I1.

Proof. Suppose Il is a &-FN'SB of K and let @ € K. Consider that @ is not an element in K, then

(gj o I®ID)(a) = (0,0,..,0) = (g; o H)(a/) for j € k. Hence, Oell ¢ IL Otherwise, there exist
B,6 € K such that @ = 6. Then

((gj o (T® M) (@)

N\ {supl(g; 0 THB). (¢ 0 D))
a=po

/\ (@) ° TD(BS)
a=£0
(g; ° (@),

%

for j € k. Thus, ﬁ@ﬁcﬁ .
Conversely, let I be a k-FN'S over K such that [T@ I C CII Leta,B € K and 6 = af. Then,

(g; o T)(ap)

(g;°TD(®)
(¢;° (M@TD)(©)

A\ {supitq; o @, g; 0 OB
a=p0

sup{(g; o T(a), (¢; o IH(B)},
for j € k. Thus, IT is a k-FN'SB of K. O

IA

IA

Theorem 4.6. Let K be a semigroups with identity e and let I1 be a k-FNS over K such that H(e) <
H(a)Va € K, that is, (qj o H)(e) (gJ o H)(a/) VYa € K, j € k. IfH is a k-FNSB of K, then is a
k-folded N -idempotent, i.e., Oell = I1.

Proof. For every a € K, we get

(gioMeM)@ = /\ {supl(g; o (), (g; 0 T©)}}

a=£0
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< supl(g; o (), (g; o TD)(e)}
= (g; o I)(a),

for j € k. Thus, [ cTI®IL Since [I®TI C T by Theorem 4.5, we have Nell = ﬁ, 1.e., I is a k-folded
N-idempotent. O

Let ¥ : K — H be a function of sets. If HH = {(B,(g; HH)(,B)> | B € H}is a k-FNS of H, then
the preimage of HH under W is defined to be a k-FN'S ¥~!(Ily) = {(a, ¥~ (gjo II;)(@) | @ € K} of K,
where ¥~!(g; o )(@) = (g ;) (¥(@)) for all @ € K.

Theorem 4.7. Let Y : K — H be a homomorphism of semigroups. If Iy is a k-FNSB of H, then
Y-!(Ily) is a k-FNSB of K.

Proof. Let a,f € K. For any j € k, we get

(g; o ) (P(ap))

(gj o ) (P(@)P(B))

sup{(g; © Iy (P(@)), (g © ) (F(B)))
sup{¥~"(g; o T)(@), ¥~ (g; o TI)(B)}.

¥!(g; o Ty)(apB)

IA 1

Hence, ¥~!(Ily) is a k-FN'SB of K. ]

Let V¥ : K—->H be a function of sets. If HK = {a, (qj o HK)(a/)> | @ € K} is a k-FNS of K, then
the image of [k under W is defined to be a k-FN'S W(IIx) = {(B,¥(gj o HH)(B)) | B € H} of H, where

W(g; o Ux)(B) = Naew1(51(q; © Ix)(a) for all j € k.

Theorem 4.8. Let Y : K — H be an onto homomorphism of semigroups and let T be a k-FN'SB of
K such that

(VZ € K)(3as)((g; 0 Tik)(@s) = [\ (g, ° T)(R)). (4.1)
€2

If Tl is a k-FN'SB of K, then Y(Ily) is a k-FN'SB of H.

Proof. Letr,s € H. Then, ¥~'(r) # ¢ and ¥~!(s) # ¢ in K, so from (4.1) Ja, € ¥~ '(r) and o, € P! (s)
such that N _
(gio )@ = /\ (g;° ),

ze¥-1(r)
and
(gio T = N\ (g;0 Ti)w).
weP-1(s)
Thus,

W(g; o Tx)(rs) A (gj0 k(@)

ac¥-1(rs)

sup{(g; o Tx)(@,), (g; © T)(B,)}

IA
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sup{ A\ (g;°0T0@, [\ (g °Txw)

ze¥-1(r) weP-1(s)

= sup{¥(g; o IIx)(r), ¥(g; o Tx)(s)}.

Hence, W(IIx) is a k-EA'SB of H. O
5. Z—k-folded N-subsemigroups

Here, we present the concept of Z—k—FN SBs and consider several results related to this concept.

Definition 5.1. A k-FN'S over a universe K is a Z—k—FN SB of K if the following assertion is valid: V
a,B €K, . . L
(52) T(ap) < sup{ll(@), 11(B), I},
that is, N . N
(g; o I)(aP) < supf(g; o [D)(a), (g; o ID(B), {;},

for je kand { € I*.

Example 5.1. Let K be a semigroup of four elements {e, y, z, w} with the following multiplication table:

.oe 'y zw
e e e e e
y e y ey
z e e z Z
w ey z w

Let IT be a 3-FN'S over K which is given as:

= {(e, (=0.40,-0.25, -0.25)), (y, (=0.30, =0.25, =0.25)),
(z,(-0.20,-0.20, -0.20)), {(d, (-0.10, -0.10, 0. 10))}.

Then, IT is a /-3-FA'SBs over K with £ = (=0.40, —0.30, —0.30).

Theorem 5.2. Let 1 be a {-k-FNSB of K. If Tl(a) > £, that is, (g; © (q; 0 TD(e) > {; for all @ € K and
Jj €k, then1lis a k-FNSB over K.

Proof. Straightforward. O

Theorem 5.3. A k-FNS over K is a { -k-FN'SB of K if and only if its non-empty k-folded N-level
structure V(H 1) is a subsemigroup of K, for all 7, { € I¥, whenever 7y > { i.e,n;>{;forje€k

Proof. Assume that Misa { Z-k-FN'SB over K and V(H,?ﬂ # ¢ forally e I* Leta,B € V(ﬁ,?ﬂ. Then,
(q; o IM)(a) <7;and (g; o I1)(B) <7; for all j € k. Then,

j o I(ap) < suplg; o (@), q; 0 TI(B), {;} < sup(n;, &j} = ;s

for all j € k. Hence, a8 € ﬂ V(H n) = v, 7). Therefore, v(I, 7) is a subsemigroup of K.
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Conversely, let IT be k-FAN'S over K such that its non-empty k-folded N-level structure V(ﬁ,?ﬂ is
a subsemigrog‘p of E for 311 ne Ifl‘. Assume that assertion (S2) is not valid, i.e., da,8 € K such that
[I(aB) > sup{ll(a), I1(B), {}. Then,
g; o Tl(aB) > suplg; o (@), ¢; o TI(B), ¢},
for j € k. If we take _ .
¥ = sup{q; o (@), q; o 11(B), {}},

for j € k, then « € V(ﬁ;’ﬁp)j ,Be vl )/ and @ > ¢;. Since V(L 9) is a subsemigroup of K for j € k,
it follows that o8 € V(I1,9)’. Hence, ¢, oI1(aB) < ;. This is a contradiction and thus ITis a {-k-FN'SB
of K. O

Theorem 5.4. If I and Y are an Z—k—FN SB and an E—k—f NSB, respectively, of K for any Z,E e I¥,
then their intersection is an w-k-FNSB of K for @ = sup{(, 0}.

Proof. For every a,8 € K and j € k, we have

((gjoTH N (gj 0 M))@p)
= sup {(g; o T(ep), (q; o (ap)}
< sup { sup {(g; o (@), (g; o TH(B), £}, sup {(q; © V@), (g; © (B, 05}
< sup{ sup {(q; o (@), (g; e TD(B), ), sup {(q; © T)(@), (q; © T)(B), w ]
= sup { sup {(g; o (@), (g; 0 T)(@), @}, sup {(g; e TD(B). (q; © T)(B), =}
{

= sup { sup{(g; o (@), (g; © T)@)}, sup {(g; o (B), (g; ° T)B)}, w}.
Hence, INTis aZ—k—FNSB of K. O
Theorem 5.5. Let Tl be an {- k-FNSB of K. If & = \/ {Tl@)}, i.e., w; = \/ {(q; o T(@), for j € K},

acK ackK
then the set A = {a € K | II(a) < sup{ﬁ,~}, that is, A = {a € K | (g; o II)(@) < sup{w}, {;} for j € k} is
a subsemigroup of K.

Proof. Leta,B € AVa, 8 € K. Then, for j € k

(qj o ﬁ)(oz) < sup {ZD'J', é/]}
= sup{\/ {(g; o @)}, £},

ack

and
(gjoIDB) < suplw; ;)
= sup({\/ {(g; e DB}, &}
aeK
Thus,

(gjo) (@) < sup{(g;oID(a),(g;o DAL}
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IA

sup { sup (@, {;}, sup {@;, £}, §/}
sup {@}, {j}-

So aff € A. Hence, A is a subsemigroup of K. O

Foramap¥Y: K - H 9f semigroups and k-FAN'S = {a, (qLo ﬁ)(a)) | @ € K} of H. Define a new
k-ENS TI¢ = {({a, (g; o I1)*(@)) | @ € K} of K such that (g; o IT)*(a) = sup{(g, o ID(¥(a)),;}, where
(qjoID)¢: K — I*¥and j € k.

Theorem 5.6. Let Y : K — H be a homomorphism of semigroups. If a k-FN'S Il of Hisa Z—k-FN SB
of H, then 11 is a {-k-FN'SB of K.

Proof. Leta,f€ Kand j=1,2,...,k. Then,

supl(q; © IN(¥(ap)). £}
supl(q; o IH(¥(@)¥(B)). ;)

(g; o ¥(ap)

< sup { sup{(g; o (¥(@)), (g; o (BN}, £}
= sup { sup{(q; o (¥(@)), ¢}, sup{(q; o TD¥(B), {3} &
= supi(q; o I (¥(@). (g; o I (¥(B). ;).
Thus, TI¢ is a Z-k-FA'SB of K. O

6. Conclusions

The idea of k-FAN'S being a new framework containing the negative data may be utilized to explain
and solve real-life challenges more easily like the multi polarity fuzziness structures and N-structures.
In this research, we studied some algebraic properties of k-FAN'Ss, such as subset, characteristic
function, union, intersection, complement and product of k-FN'Ss, and supported them by illustrative
examples. We also originated k-FN'SBs and Z—k—FN SBs in the structure of semigroups and probed
some attributes and characteristics of these concepts. Based on k-folded N-product, we discussed
some characterizations of k-FANSBs. Further, we obtained a necessary condition of a k&-FN'SB to be
a k-folded N-idempotent. Finally, we displayed the relations between k-folded A -intersection and
k-folded N-product, and studied how the image and inverse image of a k-FN'SB become a k-FN'SB.
In our future study, we are planning to build some additional theories on this structure. We will apply
this principle to characterize some algebraic structures by their left and right ideals. Moreover, for the
applications of k-FN'S, we will apply this platform to real-world issues and attempt to demonstrate
these issues in greater detail.
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