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1. Introduction

We consider the following nonautonomous parabolic Cahn-Hilliard phase-field system

ou Oa

— + Nu—Af(u) = -A— 1.1

5 T f(u) o + h(t, x) (1.1)
Oa ou
— Ao =—-—— 1.2
ot ¢ ot 12)

with homogenous Dirichlet conditions
Ulgo = Aulso = alsg = Aalpe =0 (1.3)

and initial conditions
U=z = Up, @li=r = @y, (1.4)
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where Q € R"(1 < n < 3) is a bounded smooth domain, 1 € L*(R, L*(Q)), %! € L*(R, L*(Q)) and

!
f eY||h(s)|Pds < oo foranyteR, (1.5)

o0

where A is a positve constant which will be characterized later and

Oh 1
||E(s)||2 <sV Ves1, Vse(o; 5) (1.6)

The nonlinear term f belonging to C*(R) which satisfies the following properties

f0)=0 (1.7)
colsl? —c1 < f(s)s < clsl? +¢c3, c¢o,c0,63>0,g>3, VseR (1.8)
—cy < F(s) < f(s)s+cs, 5,04 >0, VseR (1.9)
IF(OI<BUsl”>+1), B>0, YseR (1.10)
and
J'(s) > —cs (1.11)
with

F(s) = fs f(r)dr.
0

At the last moment, autonomous dynamical systems and their attractors have been widely studied
(see [8, 12, 16, 20]). However, non-autonomous infinite-dimensional dynamical systems are less well
understood. The dance of the initial time 7 is as important as the dependence of the final time t, and in
this case we study the existence of exponential, uniform, pullback and exponential pullback attractors
for this family (which replaces the semigroup for the case autonomous)., see ([17, 18]). However, in
certain non-autonomous cases the trajectories can be unlimited when time tends towards infinity; the
classical theory of uniform attractors is not applicable in such systems see ([2, 4, 22]). To deal with
such problems, mathematicians have developed the theory of retrograde attractors (or cocycles) for
non-autonomous dynamical systems (see [6, 7, 9, 13]), to study the behavior of system when 7 — 7
tends to infinity. Pullback attractors are formulated in terms of a cocycle map on ¢ on a state X driven
by an autonomous dynamical system on a parameter space p (see [1, 4, 15, 19]). Simply put, the
pullback attractor is a family of non-empty compact subsets A = {A »}pep Of the space X parameterized
by 1 ’base space €2, which is A-invariant, i.e. (1, p, A,) = Ay, -

In this article, we use the concept of continuous norm-weak cocycle in Banach space and give
a method to verify this kind of continuity. We obtain abstract results on the existence of pullback
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attractors of non-autonomous dynamical systems, however some authors have worked to prove the
existence of pullback attractors, uniform attractors, pullback attractors with a single equation (see
[1, 3, 5, 10, 21]). But, in this article we prove the existence of the pullback attractor with a system
of equations using the same method as in [19], we get existence and uniqueness of solutions and we
prove the existence of pullback attractors.

2. Notations

Throughout this paper we use the following notations: E is a Banach space with norm ||.||z and
the metric is d. B(E) is the set of all bounded subsets of E. Let X, Y C E; we denote by dy(X,Y) =
sup, .y infey d(x, y) the Hausdorff semi-distance between X and Y and N(X, €) the e-neighborhood of
X. Let E; and E;, be Banach spaces, £; — E, means that £, is embedded in E,. R; = [r, +00) and
R, = Ry. — means the convergence in the strong topology and — means the convergence in the weak
topology.

We denote by ||.|| the usual L>-norm ( with associated product scalar (.,.)) and ||.||-; = ||(—A)%l.||,
where —A denotes the minus Laplace operator with Dirichlet boundary conditions. More generally,
||l./lx denote the norm of Banach space X.

Throughout this paper, the same letters ¢, c’,c”.... denote generally positive constants which may
vary from line to line, or even in the same line. Similarly, the same letter Q denotes positive monotome
increasing (with respect to each argument) and continuous functions which may vary from line to line.

2.1. Preliminaries and abstract results

Let (E, d) be a complete metric space, (P, p) be a metric space which will be called the parameter
space, and let T, the time set, R,. 8 : R X P — P is a mapping, 6, = 6(¢,.) : P — P form a group, that
is, O satisfies

Or = 6,0, Vi, TER
9() = Id

Definition 2.1.1. A mapping ¢ : R, X P X E — E is said to be cocycle on E with respect to group 0, if

1) ¢(0,p,x) =x Y(p,x) e PXE
2) ¢t + 7, p,x) = ¢(t,0:(p), (7, p,x)), Vi,T€R,,(p,x) € PXE

If  : R, X P X E — E is continuous, ¢ is called a continuous cocycle on E with respect to group 6.
The mapping m : R, X P X E — P X E defined by

n(t, p,x) = ¢(6:(p), §(1, p, x)), Vi eR,,(p,x) € PXE,
forms a semigroup on P X E and is called a skew-product flow.

Definition 2.1.2. A family A = {A,},cp of nonempty compact sets of E is called a pullback attractor of
the cocycle ¢ if it is ¢-invariant, that is,

¢(t, p, Ap) = Agpy, VIER,, pEP,
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and pullback attracting, that is
lim dy(é(t,0-(p),B)A,) =0 VB € B(E),p€P.
t—+00

Theorem 2.1. Let ¢ be a continuous cocycle on E with respect to a group 6 of continuous mappings on
P and let m = (0, ¢) be the corresponding skew-product flow on P X E. In addition, suppose that there
is a nonempty compact subset By of E and for B € B(E) there exists a T(B) € R,, which is independent
of p € P, such that

n(t,P,B) C By, Yt> T(B).

then (1) there exists a unique pullback attractor A = {A,} ep of the cocycle ¢ on E, where

4, = (2. 0-(p), Bo);

TER, t>T

(2) there exists a global compact attractor A of the autonomous semi dynamical system ¢ on P X E,

where
A= PxBo);

TER, 1>T

(3) assertions (1) and (2) above are equivalent, and

peP

See Crauel and Flandoli [7] and Schmalfub ([11, 14]) for the proof of assertion (1) and Cheban and
Fakeeh [12] and Hale [19] for the proof assertion (2). Assertion (3) has been proved by Cheban [4].
Let B € B(E). Its Kuratowski measure of noncompactness a(B) is defined by

a(B) = inf{d| B admits a finite cover by set of diameter < 6}.

It has the following properties (see Hale [2], Sell and You [20]).
Lemma 2.1. Let B, B, B, € B(E), then

(1) a(B) = 0 & a(N(B,€)) < 2¢ © B is compact;

(2) (B + By) < a(B)) + a(By);

(3) a(By) < a(B,) whenever B, C By;

(4) a(B1 U By) < max{a(B)), a(By)};

(5) a(B) = a(B);

(6) if Bisaball of radius € then a(B) < 2e. 2.1
Lemma 2.2. Let ... D F, D F,.1 D ... be a sequence of nonempty closed subsets of E such that
a(F,) > 0asn — oo. Then F =, F, is nonempty and compact.

We will characterize the existence of pullback attractor for the cocycle in term of concept of measure
of noncompactness.
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Definition 2.1.3. Let ¢ be a cocycle on E with respect to group 6. We say that ¢ is a norm to-weak
continuous cocycle on E if ¢ satisfies.

(1) ¢0,p,x)=x VY(p,x) e PXE;

(2) ¢(T +1,p,x) = ¢, 0:(p), &z, p, X));
() ¢(t, p,x,) — ¢(t,p,x), if x, > xinE, Vt€R,, p€ P.

Definition 2.1.4. Let ¢ be a cocycle on E with respect to group 6. A set By C E is said to be uniformly
absorbing set for ¢, if for any B € B(E) there exists To = To(B) € R, such that
¢(t’p’B)CBO Vt>TO, pEP

Definition 2.1.5. Let ¢ be a cocycle on E with respect to group 6. We say that ¢ to be pullback w-limit
compact if forany B € B(E), p € P,

lim o (|_J¢(t.0-(p). B)) = 0. (2.2)

t—+00

Definition 2.1.6. Let ¢ be a cocycle on E with respect to group 6. Define the pullback w-limit set w,(B)
of B by the following:

wp(B = ()| 9t 6-p), B). (2.3)

520 =5

Remark 2.1. It is easy to see that y € w,(B) if and only if there are sequences {x,} C B, {t,} C
R,, t, — oo such that ¢(t,, 6, (p), x,) = y(n — oo).

Lemma 2.3. If a cocycle on E with respect to group 6 and ¢ is pullback w-limit compact, then for any
{x,} c Be B(E), pe P, {t,} CR,, t, > +c0asn — +oo there exists a convergent subsequence of
{¢(t,,0,,(p), x,)} whose limit lies in w,(B). To see the prove in [19].

Theorem 2.2. Let ¢ be a cocycle on E with respect to group 6. If ¢ is a norm-weak continuous and
possesses a uniformly absorbing set By, then ¢ possesses a pullback attractor A = {Ap} ep, satisfying

A= wy(B), YpeP,
if and only if it is pullback w-limit compact.
To see the proof in [19].

Definition 2.1.7. Let ¢ be a cocycle on E with respect to group 6. A cocycle ¢ is said to be satisfying
pullback condition if for any p € P, B € B(E) and € > 0, there exist ty = ty(p, B, €) > 0 and a finite
dimensional subspace E, of E such that

(i) Pt 6_(p), B)) is bounded;

>0
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and

(i) |It7 - P)(U P(1,6-(p), V)| <€, Vx€B,

20
where P : E — E| is a bounded projector.

Theorem 2.3. Let E be a Banach space and let ¢ be a cocycle on E with respect to group 6. If cocycle
¢ satisfies pullback condition, then ¢ is pullback pullback w-limit compact. Moreover, let E is a
uniformly convex Banach space, then ¢ is pullback pullback w-limit compact if and only if pullback
condition holds true.

See Y.J. Wang, C.K. Zhong, S.F. Zhou [22] for the proof of the theorem, and the theorem will
be used in our consideration.
Now, we verify that a cocycle is norm-to-weak continuous for a system of two equations.

Theorem 2.4. Let X,Y be two Banach space, X*,Y" be respectively their dual space. X is dense in
Y, the injection i : X — Y is continuous and adjoint i* : X* — Y* is dense, and ¢ is a norm-
weak continuous cocycle on Y. Then ¢ is a norm-weak continuous cocycle on X if and only if for
p € P teR,, ¢, p, x) maps the compact set of X to be a bounded set of X.

2.2. Main results

In order to prove the existence of pullback attractor we first show that the cocycle mapping is a
norm-to-weak continuous , and we then demonstrat that the cocycle mapping possesses a uniformly
absorbing set, and is a pullback w-limit compact.

Before proving those main results, we show the existence and uniqueness of solution relative to the
system (1.1) — (1.4).

3. A priori estimates

The estimates derived in this section are formal, but they can easily be justified within a Galerkin
scheme. In what follows, the Poincaré, Holder and Young inequalities are extensively used, Without
further referring to them.

0
We multiply (1.1) by (-A)~! a—b; and integrate over Q2. We have

d ou da Ou
—(IVul* +2 | F(uyd —I2 <2l = = [ 3.1
- (n ull? + fg (u) x)+||at||_1 (at 6t)+cll [ (3.1)
) oa ) .
Now we multiply (1.2) by ar and integrate over Q. We obtain
d 5 oa , ou Oa
dtIIVall +2llatll = 2(8;’ at). (3.2)

Summing (3.1) and (3.2), we find

AIMS Mathematics Volume 8, Issue 9, 22037-22066.



22043

dEl

o
I ||—||2 IIEII2 < cllhlP, (3.3)

where
Ey = ||Vul* +2 f F(u)dx + ||VelP.
Q

Multiplying (1.1) by (-=A)~'u and integrating over Q, we find, owing to (1.9)
d 0
d—t||u||31 + |IVull* +2 fg F(udx < ¢ + 2c§,||é)—‘:||2 + c||hl. (3.4)
Multiplying (1.2) by @ and integrating over €2, we have
— +[IVall” < |[=IIZ;. 3.5
Sl + [IVell” < =11, (3.5)

Summing (3.3), 6;(3.4) and 6,(3.5), where 9§, and 6, > 0 are such that

1-61c; >0,
1—(52>0,

we find, thanks to (1.9)

dE,

0 0
r +clVul? + c||Vall* + ¢ f F(u)dx + clla—b;llzl + c’||a—ctl/||2 < c+chlf (3.6)
where we have
Ey = Ey + 61llull?, + Gallall® + cal@] > 0
Estimate (3.6 ) can be written as following
dE
d_2 + C(Ez + ||—|| | ||—|| ) ¢+ cllhll’. (3.7)
t
Applying Gronwall’s lemma, we have
" Ou Oa
Es(t — |17, + =1 | e“ds < E2 (0 3.8
2()+Cfo(”at”‘l+”at”) s < Ex(0)e™ (3.8)
Properties (1.8 ) allows to find the estimate
E»(0) < c([Vuoll* + lluollf, + IIVaoll® + 1), ¢ > 0. (3.9)
Combining (3.8) and (3.9), we have
t+1
0 0
f (na—‘fnz + ||8—Lt‘||%1)ds < ¢ (IVuolP + lluolly, + IVaol? + 1), ¢ >0, 1>0. (3.10)
t
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Finally, more generally, for every r > 0

i da 2 Ou 2 ’ 2 2 ’” ’
15,1+ 1512, ds < (IVuoll” + ol + VaolP + 1) + "), ¢/ >0, 0.
t

0
We multiply (1.1) by a—L; and integrate over Q). We have

d ou oa Ou
— AUl + | < 2IAf @) + cllhl* = 2| A=, —
AUl + =1 < ZIAFGOI + cliAl ( at’ax)

which yields, owing to the continuous embedding H*(Q) C C(Q),

da Ou

— — hl.
(9t’(9t)+cll I

d ou
ztIIAMII2 + IIEII2 < O(lull ) — Z(A

0
Multiplying (1.2) by —Aa—C: and integrating over ). we have

d 5 oa , (Ou O«
Zlaal? + 21V —2( A )

o ar
Summing (3.12) and (3.13), thanks to & € L*(R; L*(Q2)), we find
%(IIAMII2 + [|Aal) + II%II2 + IIVZ—C:II2 < Qlull2)-
We set
y = lAull® + lAel,
and we deduce from (3.14) an inequation of the form
y <O
Let z be the solution to the following ordinary differential equation

7 = 0@, 2(0)=y(0) = lAug|* + lAao|*.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

It follows from the comparison principle that there exists Ty = To(|[uollz20), llaoll2)) belonging to,

say (O, %) such that

y(0) < z(1), VYte[0,Tyl,
hence

Au()IP + AP < Qo oy laollizy). 1 < To.

We then differentiate (1.1) with respect to time and rewrite the resulting equation as

(3.18)

(3.19)
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_, 0 0u ou ., Ou  Oda 00du _
¥ T TR A ey it R 520

0
Multiplying (3.20) by ta—b; and integrating over Q, we have, owing to (1.10) and u € H*(Q)

4 0 0u Ou ou ou ou ou
((‘ e 5) f(‘Aa’ at) (f< “ 5)

da Ou 0 Ou Ou _ 0 ou
”(AE’E)"(@E’ at) (<‘ ! af) (3-21)

which implies

d ou ou 3 ou
— (t(ll—llzl + ||—||2)) + —IIIVEII2

ou ou oh
Ct(||—||2+||V ||) +1I=I2 + ||6t|| + t|| ||

(3.22)
o Oa . :
Multiplying (1.2) by —tAa— and integrating over ), we have
—(tllAaII )+ tIIV || < IIV || + [l Ac. (3.23)
Add 65(3.22) and 64(3.23), where ¢5 and 64 > 0 are such that
16 04 >0
503704 >0,
04 — CO3 > 0,
we find
d u ou oa
7 (t (53||—|I31 + <53||—||2 + 54||Aa||2)) + CStIIV—II + 9t||V—||
ou ou
z—25 25—25A2t—2,
<cllIIZ, + zll || 3”8t” + 04l|Ac]| +C”()t”
, ou , . Oh 5
<A@+ 1)(53”5”31 + 53|IEII2 + 54||Aa||2) +c tllallz,c > L. (3.24)
We apply gronwall’s lemma and we obtain, owing to (1.6)
IIE(t)II2 < Qlluollzzs llollmay), ¢ € [0, Tol. (3.25)
Equation (1.2) implies
Oa ou
—=—-—+A 3.26
o oo (5.26)
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and owing to (3.19) and 3.25), we have

oa
A
IIGIII (II 1> +1] all)

< O(luoll g2y, llavollp2y), £ € [0, Tol,

o 0 . :
Multiplying (3.20) by a—b; and integrating over €2, we have

ou,\ 1 _du 5
— —|IV— V .
(II 12 1 )+ S 8t” (II || +| || )+ || ||

0
Multiplying (1.2) by —Aa—C: and integrating over ), we have

d oa ou
—lAall* + IV —I* < IV—1.
dt” a|” + |l atll I atll
Summing 65(3.28) and 66(3.29) where ds and ¢ > 0 are such that
16 0 >0
795 7 9% )
66 - C55 > 0,

we find

ou oa
7 (55|| 12, + 56||—|| + d6/|Ac]| ) + CIIVEII2 + CIIVEII2
oh
<cl—=IP + cl=IP.
Cllatll Cllatll
Applying Gronwall’s lemma, we deduce from (3.19), (3.25), (3.30) the following estimates
(91/[ 2 ct
IIE(t)II < €7 Olluoll 2 llaollmz @), 2 To

and

2
A« < e Qlluollrz s leolliz), £ > To.

Thanks to (3.31) and (3.32), from (3.26) we have

II—(t)II < (II OIF + llAal] )
< QUluoll2@)s llaollzy), £ = To.
We now rewrite (1.1) in the form

—Au+ f(u)=L,(t) u=0o0nl, for t>T,,

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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where

oa

0
L0 = ~(-8)"' = - +

satisfies, owing to (3.31) and (3.33), the following estimate

ILOIl < e Qlluoll2(» lloll2@)s ¢ = To-
Multiplying (3.34) by u, and integrating over €, we have, using (1.10)

IVul® < clILOIF + ¢, > To.
Then multiplying (3.34) by —Au and integrating over €, we have, owing to (1.9)
Aul® < e(ILOIF + IVull),

We thus deduce from (3.36), (3.37) and (3.38) that

IAu(@)? < e Qlluoll ey, lolliz@y)s 12> To,
Combining (3.32) and (3.39), we have

AU + Aa@)I < e Qluoll s llaolle), 2 To.

We finally deduce from (3.25) and (3.31)

ou, .,
15, OIF < " Qluoll 2, laollz), ¢ >0

and from (3.19) and (3.40)

IAu®IP + AaOIF < e Qluollr2 ey, l@ollney), t > 0.
2

0
Multiplying (3.20) by ta—tl; and integrating over €2, we have

1d 0*u
——(tIIV—II )+ t||—||%1

u 0*u da u *u 2, _O0h Pu\ 1 _Ou,
(f() ) f(A—,—)—fHﬁH ((— )" ) EHVE”

ot’ or ot or at’ or

which implies

0*u
—— V— +t 2+ =1
2dt( I %) || ||_1 ||(9t2||
t 6214 t
< 44 f —2+——2+ +4tA + 4t —||l—
IIf(u)atll 8”3t2” 8II&ZII I || || ||_1 2IIatzlll

1 _ou
V=2
2|| 6t”

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
(3.42)

(3.43)
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and gives

u 2+ 3t u

d ou
—tV—2 —
(@l 1) + II(%2 I—II”

4 8t2
< 41| f (u) || +8t||A—|| + tII || +||V ||

oa
Ctll—ll +8t||A—|| + tII || +||V || (3.44)

Now we then differentiate (1.2) with respect to time and rewrite the resulting equation as

0 da o 0 Ou

— - A—=——. 3.45
ot Ot ot ot ot ( )
0
Multiplying (3.45) by —tAa—O; and integrating over ), we have
1 d 0u (901
——(t V— +1 A = , —||V—
(|| II%) + I || (&2 P ) IV ||
which implies
d O Oa
—{IV—|? tA <=+ IV=]*. 3.46
dl( I atll) Il || || || +| az” (3.46)
Add 67(3.44) and 6g(3.46) where 67 and 63 > 0 are such that
03 — 807 > 0,
3
67— 03 >0,
Z 7 8 >
we obtain
d ou o &u 0*u o
s V= 2 S V_ 2 /t 2 //l, 2 ///t A— 2
dr(( 71l alll + o3| atll ))+C ||—82||_1+c II—atZII + | atll
ou ou oh
<ctIV=|? +|[V— V + ct
ct| atll l o I + 1l || || ||
which yields
d ou oa 0*u 0*u o
Zus V= 2 S vV— 2 /t 2 //t 2 ///t A— 2
dt(( 71l 0t|l + o3| é,tll ))+C ||_8t2||‘1+c II—&ZII + | 0t”
ou O oh
<ct+ D|6IV=I? + 6sIV—II*| + ctll—I?, ¢’, ¢ = 0. 3.47
ot + )(7|I alll + o3l (?t”)+c”6t” c, ¢ (3.47)

We apply gronwall’s lemma and we obtain
ou(t) da(n)
(57||V—|| 5sIIV—|I f (II—II IIA || )ds
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< 1 Qlluoll 2y llaollm ), (3.48)
which yields
ou(t) oa(t) .
v 3 2+ IV——=1 < e Qlluoll 20y, ol c)- (3.49)
t ot
. Fu .
Multiplying (3.20) by r and integrating over €, we have
1d _ou *u
(V= 2 +||=— 2
2dt(” atll) Haﬂ”‘l
ou 0%u da Ou\  u, oh O*u
- _ v ez — —|-1= —A_l—,—
(f(”)at’ az2)+( ot aﬂ) e +(( > aﬂ)
which implies
1d _ou 0’u
vz 2 2
2dt(” atll )+|Iat2||_1
ou 1 0%u dar 1 %u 1 0Oh 1 %u 0’u
<4/ _2+__2+4A_2+__2+__2+__2__2
If (u)atll 8IIé)tzll [ atll 8”6t2” 2II(%II_I 2||(9t2||_1 IIWII
and gives
d _ou 0’u 3 0%u
2avip oun  2,9U%n»
SV + 1551, + 21155
ou Oa oh
< A|lf 1% A% 2 on »
f* @l II&II + 8| 61” +C”6t”
ou , oa , oh ,
< cll—+— 8|[A— —I|°. 3.50
Cllatll + 8| 8t” +C”6t” (3.50)
o Oa . :
Multiplying (3.45) by _AE and integrating over ), we have
1d _o« Oa *u  Oa
—— (V= A—|P ==, A—
2dz(” atll )+l atll (aﬂ’ al)
which implies
d _o«a oa *u
—(IV—=IP + AP < [I==II. 3.51
dt(” é',tll )+l é',tll IIatzll (3.51)

Add 69(3.50) and 6¢(3.51) where 69 and 619 > O are such that

510—8(59 > 0,
3

—09g—0 0,
1 9 10 >
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we obtain

d Ou da 0u 0u Oa
- 5 V— 2 +(5 V— 2 + m=_"mn2 + ATl 2+ 72 A— 2
dt( ol 8t” ol é)tll )+c ”6t2 IIZ, +c ”6t2 II* + ™l 8t”

ou , oh ,
< ol ——II" .
cliZ 7+ el (3.52)

Integrating from O to t, we find

'oooa ou o " ou , ' oh
—|Pds < 6o||V = — — —|Pdt, >0. (3.
ﬂllAatll ds 59”V8t(0)” +610”V8t(0)” +C£”8t” dt+0£||8t|| dr, forr>0. (3.53)

Combining (3.49) and (3.53), we have, owing to (3.42)
' da 2 ct
IIAEII ds < e Qlluollz2@s laoll2)- for 120 (3.54)
0

4. Existence and uniqueness of solutions

Theorem 4.1. (Existence) We assume (uy,ay) € (H*(Q) N Hé(Q))z, then the system (1.1) —
(1.4) possesses at least one solution (u,a) such as (u,a) € (L~ (O,T;HZ(Q) ﬂHé(Q)))z, %—‘t‘ €
12 (0, T;H“(Q)) and % € [? (0, T;Hg(Q)), VT > 0.

The proof is based on a priory estimate (3.43) obtained previously and on a standard Galerkin scheme.
Theorem 4.2. (Uniqueness) Let the assumptions of Theorem 4.1 hold. Then, the problem (1.1)-

0

(1.4) possesses a unique solution (u,a) such as (u,a) € (L% (O,T;HZ(Q) ﬁHé(Q)))z, a—b; €
L2(0,T: H™'(Q)) and % e L?(0,T; H(Q)), YT > 0.

Proof. Let (u(l),a“)) and (u(z),a(z)) be two solutions of the problem (1.1)-(1.4) with initial data

(. ) and (4. o) € (HH(Q) N HY(Q)?. We set u = uV = u® and @ = @V - ), then (1, ) is
one solution of the following

ou 5 Dy @ _ A0

5 TAUT AG@T) - fuT)) = —Ao- 4.1)
oa ou
E —Aa = —E (42)

with homogenous Dirichlet conditions
uloa = @laq = Aulgg = Aalsn =0
and initial conditions

1 2
M|z:o=Mo=ME))—MB)

1 2
a|z:o:C¥0:a’B)—C¥é)
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o
Multiply (4.2) by a—f and integrate over Q. We get

d o ou oda
—|IValf? + 2= = 2=, — . 4.3
dtll all” + llatll (at at) (4.3)

0
We multiply (4.1) by (=A)~! a—b; and integrate over Q. We obtain

(?u oa
—V 24 21=IP, + 2| F® @ 4.4
IVull || || (f(u )— flu ) iy (4.4)
Now summing (4.3) and (4.4), we find
2_ i ==2 My _ (2),_
o =P, + ||6t|| (f(u )— f™) o
M @1y 94
<2V(fu”) = f(u ))””E”—l
dEs ou , oa ,
— + 2=, + 2= < IV(f @) = fFu®)|* 4.5
7 ll@t”“ II&II IV(f @) = f@ ) (4.5)
where
Es = ||Vul® +|[ValP,
Furthermore, owing to u", u® € L™ (O, T; H*(Q) N Hé(Q))
IV(f @) = fFa)|
1
= ||V (f £+ su® - u(l)))dsu) ||
0
1
<|| f F@® + 5@ - u™))dsVu|
0
1
+ ||u f @+ s@® = u")Vu + s(Vu® - vu))ds|
0
< Olluo, ey 1o, Ny 1o, ) llvo, Nz (IVull + [l s IVl + 1V P]]1))
< Olluo, llg2 (@) 1o, |52 () 1o, |52 () llevo, |2 @) V. (4.6)
Integrating (4.6) in (4.5), we have
dE ou
d_ts + || é)tll 2||—|| < Oluo, 20 llevo, 2y o, ) llevo, ) Vull. 4.7)
Hence the uniqueness, as well as the continuous dependence with respect to the initial data. O
Theorem 4.3. We assume that the function h(t) is translation bounded in LLoc (R; L*(Q)), i.e.
/+1
Ihli = supf lh(s)|IPds < +oo. 4.8)
leR JI
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Let (u, @) be the weak solution of (1.2)-(1.4) such that u and o € L (R+; H*(Q)n H(l)(Q)). Then for
all t > T, the following estimates are hold

IVu@I? + VeI < (IVu@IP + [IVa@IP) e + R} (4.9)
(4.10)
and
!
f (1Au(s)IP + AP )e ™ dss
< (1+ ¢ = )(IVu@)I? + [Va@)|P) e + 2R7e (4.11)
with
RY =371 (1 = )7l + Olluell s el gz a))e”
(4.12)

where A is the first eigenvalue of —A with zero boundary condition.
Proof. Multiplying (1.2) by —A« and integrating over {2, we obtain

d 0
d_rllvallz +llAalP < 151

o (4.13)

Multiplying (1.1) by —Au and integrating over €2, we have

_ ((;_I/t AM) (Azbl, Al/t) + (Af(u), Au) = (A(Z_(:’AM) — (h, Au)

which implies
d 2 2 3 2 1 2 1 2
IVl + 20V AUl < 31" @ Val + ||V 1P + ||VAu|| + WP + SV AP + 11V Aulf,
which gives
d 0 3
IVl + AVulP < 301 (o) Val? + ||va—f||2> + S IhIP. (4.14)
Summing (4.13) and (4.14), we find
d
— (IVul? +IValP) + A (IVulf* +1Valf’) < 3(||—|| + ||V AP L @ VadP) + 327 (4.15)
Applying Gronwall’s lemma from 7 to #, we have, thanks to (3.39) and (3.49)
IVu()I? + Vo)l
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t
< (IVu@)IP + VeI e + 317" f l(s)lleds
! ou oo s t s
+ 3[(”5(5)”2 + ”VE(S)HZ)e =9 ds + cf IVule " 9ds
t
< (IIVM(T)II2 + ||VCZ(T)||2)8_/1(Z_T) +3/1“f IA(s)lle 9 ds
! IT
+ f Q(”u'r”Hg(Q)a ”a'T”HS(Q))ecst + Cf ||Au||ze—/1(f—T)dS
t
< (IVu@IP + IVa@IF) e + 327! f In(s)IPeds
+ eCtQ(||”r||H§(Q), ||CYT||H§(Q)). (4.16)
Hence, noting that

!
f A AP dt

t+1
<A dim (T+et+ e+ e+ L+ e™)sup f Ih(s)|ds
n—+0o teR Jt

1 - e—(n+l)/l +1
< A7 lim [—] sup f lh(s)|*ds
t

n—+co 1—e4 R
1 r+1
< A] sup f |1kl dt
I -e teR Jt
<A1 =Yl (4.17)

Inserting (4.17) into (4.16), we find

IVu@I + IVa@)® < (IIVM(T)II2 + IIVa(T)Ilz) e 0 432711 = el

+ Olluollz ), llaollz ) e

<R+ (IVu@)P + IVa@)|P) e 4.18)
We have proved the estimate (4.10)

We are now proving inequality (4.12). Multiply (4.18) by e and integrating between 7 to t, we
find

/lf(lqu(S)llz+||V01(S)||2)€”‘(S_T)ds

! t t
<A(IVu@)IP + IVa@)IP) f ds + AR f e ds + A0(luol 2y lloll ) f e ds

< At =) (IVu@IP + IVa(@)IP) + Qluollie . laollnza)e (e = 1) + R2eA

< At =) (IVu@)IP + IVa(@)IP) + Qluollr . laollza)e (e = 1) + R2eAD (4.19)

AIMS Mathematics Volume 8, Issue 9, 22037-22066.



22054

Multiplying (1.1) by —Au and integrating over €2, we have
d 2 2 / da
S Vull” + 20VAul” < 2(f'(w)Vu, VAu) + 2V IV Aull + 2l Al Aul
which gives
d Oa 3
—[IVull* + AllAull® < 3|1 f @)Vull® + 3IIV—I* + =IAll>.
VUl + AlAul™ < 3NF @ Vull™ + 3V oI + 1Al
which implies, thanks to (3.39) and (3.49)

d oa 3
—IVull> + ||Aull> < 3||f o||Vull> + 3V —1]> + =||AlI%,
dﬂunllw L @)l IV ul] ”aﬂ AHH

, Oa _
<3N @l llAul® + 3IIVEII2 + 3271,
< Q(”uO”HZ(Q)’ ||CVO||H2(Q))€Ct + 3/1_1||h(f)||2-

Multiplying (1.2) by —A« and integrating over €2, we obtain

oa ou
—, A Aa,Aa) =|—,A
(Ht’ a)+( a, Aa) (6t’ a)

which implies
d ou
— ||V + |Acl® < All—]
dt” al” + [|Aal| IIatII
then
d ou
—|IVal* + [|Aalf* < [IV—I*.
dt” al” + |Aa|” < | atll
Summing (4.20) and (4.21) and thanks to (3.49), we obtain

d
— (IVulP + 1ValP) + (IlAul’ + [|AalF)
< Oluollys llollizy)e + 347 1A,

Multiplying (4.22) by e~ we obtain

d . -
E(IIVMII2 +IValP)e ™™ + (|Aull® + |Ac]*)e' ™

Ar— —1p712 LAl— 2 2 (-
< Qluolly: laollzy)ee ™ + 347N AP ™ + A(IVull® + [[Val?)e' .

Integrating from 7 to t, we obtain

IVu@IP + IVa@IP)e" + f UAu(s)IP + Aa(s)P)esds

AIMS Mathematics Volume 8, Issue 9,
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!
< (IVu@I + [Va@IP) + f 347 k()P s

T

! !
+/1f(||VM(S)||2 + [Va(s))e'“ ds + Q(||Mo||H2(g),||C¥o||H2<Q>)f e e ds (4.23)
which implies
!
(IVu®II* + IVa@)|?)e' ™™ + f (NAu()I* + llAa(s)|*)e'“ds

! !
< (IVu@)|* + [[Va(@)|») + f 37 h(s)|PePds + A f (IVu(s)I* + [[Va(s)|H)e'“ds

T

+ Oluoll2 s llvoll e (€ = 1), (4.24)

therefore using (4.19), we find
73
(IVu@I? + IVa(@)|*)e' ™™ + f (AP + Aa()IP)e**dss

t
< (IVu@)P + [Va(@)I?) + f 307 Ille" ™ ds + At = o) (Ilu@)I? + (D)) + Rie'*™

+ Q(||M0||H2(Q), ||CYO||H2(Q))€CI(€A(I_T) -1

< (1420 = D)(IVu(@)IP + [IVa(@)|?) + 3247 hlpe

+ Rie"™ + Qluol s ol ey e e

< (1+ A0 = D)IVu@IP + [Va@)I?) + Rie' ™ + Rje'"™

< (1 + ¢ = D)(IVu@)|* + [[Va ()| + 2R3, (4.25)

We have proved (4.12). O
Theorem 4.4. Verify that the function h(t) is translation bounded in L> (R;L*(Q)) and f(u) satisfies

loc

conditions (1.8), (1.9). Then for every weak solution (u,a) of (1.1)-(1.4) such as u and a €
L® (R+; H*( Q)N HS(Q)), the following inequality holds for t > T

(t = DA + lAa(@]?)e ™

<(L+2t =1+ (t =D (IVu@)IP + [Va@)I?) + R, (4.26)
where R; = (1 + t — T)R} is monotone function of |hl3, |luollg2q) and llaollg2q)-

Proof. Without loss of generality, we can assume that f(0) = 0. Otherwise, we can replace f(u) and
h(t, x) by f (u) = f(u) — f(0) and h(t, x) = h(t, x) — f(0) respectively. The functions f and h satisfy the
same condition.

Multiplying (1.2) by A%« and integrating over , we obtain

da 2y [(9u
(at,Aa/) (Aa/,Aa)— (at,Aa)

which implies
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d ou
—[lAall® + 2[IVAall* < 2|IV—IlIIVA«ll,
dz” o + 2[[VAa|| [ o lIIVAa|
which implies
d ou
—lAall* + AlAal < IV—I*. 4.27
dt” afl lAall” < | 6t|l (4.27)
Multiplying (1.1) by A%x and integrating over €, we have
d 2 2112 2 da s 2
EIIAMII + 2||A%ull” < 2{ASf @)l A ]| + 2IIAEIIIIA ull + 2||All[[A"ull,
which implies
d 2, 32 2 /1 2, 2 da » 2
EIIAMII + AN Aull” < 3|7 ((Vu)” + f(w)Aul| +3IIAEII + [[R@II%,
44 /4 aa
< 6l (w)(Vu)’|* + 6l f () Aull* + 3IIAEII2 + 3|11,
44 /4 aa
<Ol @l 1Vully, + 6llf @l llAull® + 3||A—||2 + 3|l
< | Aul? +3||A || + Olluollr ) llvollr))e™ + Al
which yields
—IIAMII2 + A Aul® < ¢ Aull® + 3||A || + Oluollr2 ) llvollrzi)e + 3lIAIP. (4.28)
Summing (4.27) and (4.28), we find
d
o (IIAu(t)II2 + IIAa(t)IIZ) + A(lAu()|P + Aa@)])
/ 2 2 oo 2 ct
< c([[Au@)]” + lAa(DI7) + 3IIAEII + 3RO + OUluoll2 (s llaollm2))e” - (4.29)
Multiplying (4.29) by (¢ — 7)™, thanks to (3.49), we find

d

- (=0 AAu@IF +11Aa(]P))
(||Au(r)||2 +1Aa@)IP)et ™ + ¢ ([Au®)I? + |Aa@)|P)(t — 7)et "™
3||A 1P (= e+ Ol ol = T)e"e ™ + I (E = e
< (14 3c(t = D)(IAulP + |Aa]P)e' ’>+3||A 1P (=T

+ Oluoll () llaoll o)t = T)eet ™™ + 3||h(t)|| (r—1)e'" . (4.30)
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Integrating (4.30) from 7 to t and thanks to (3.48), we obtain
(t = D(IAull” + l|Aal*)e' ™
!
<1 +c(t-1) f (IAul* + [|Aa|*)e*ds

+ A2 Q(luoll 2y ol )e” [(/l(t —1) - 1)t + 1]
+3(1 = DIAO(1 — ™)~ . 4.31)

Now using estimate (4.12) we have

(t = D(IAul* + | Aa]?)e'

<(A+d@-1) ((1 + At = D(IVu@)II* + ||Va’(T)||2) 0+ (1 + DR

+ 72 Qlluoll ey lellze)e™ [(A = 7) = 1) e + 1] + 3t = DAL + A7H)e' ™
<+ =) (1 + A= DAVu@IP + [Va@)IP) + (1 + ¢t = D)(1 + DRGe ™

+ 172 Qlluoll - llvoll e [(ﬂ(f —7) - D0+ 1] + 3t = DAEAT (1 + A H]et
<+ =) (1 + A= DAVu@I + [Va@)I?) + (1 + ¢t = D)(1 + DR7e ™

+ (1+ )t = DRI + 172 Qo llaollre)e™ | (A = 1) = 1) e + 1]

<L+ =) (1 + A= DAVu@I + [Va@)I?) + (1 + ¢t = D)(1 + DR ™

+ (1+ (= 7) + DRI ™ + 272 Qlluoll ey ol )™ [ (A = 1) = 1) e + 1]
<+ =)+ (= D) (IVu@IF + IVa@IF) + 272 Qluolle, laollize)e™ | (A =) = 1) 7 + 1]

+(1+1-1)RIND, (4.32)

We then have prove (4.26). |
5. Existence of pullback attractor

For the system (1.1)-(1.4), we now give a fixed symbol h(#) and take the symbol space P = {hy(t +
D/l eR}, 8: P — P, 6,(p) = p(t +.,.). By Theorem 4.2 we define a cocycle on (H*(Q) N H)(Q))?,
¢(t7 b )’0) = )’(t)’ V(l, p7y0) € IR+ X P X (HZ(Q) N Hé(Q))z such as )’(t) = (u(t)’ Q(Z)) and Yo = (I/l(), a’O) s
where (u, @) is the unique solution of (1.1)-(1.4).

5.1. Property of the norm-to-weak continuous for a cocycle mapping

Lemma 5.1. The cocycle defined of problem (1.1)-(1.4) is norm to weak continuous in (H*(Q) N
Hj(Q))*.

Proof. we know that the continuous injections (H*(Q) N Hy(Q) — Hy(Q), (Hy(Q)" —
(H*(Q) N Hé(Q))* are dense. Then the Theorem 4.2 allows to obtain that for any p € P, t €
Ry, (1, p.yo) : (Hy())* — (Hy(Q))? is continuous, therefore ¢(z, p, yo) : (H}(Q))* — (Hy(Q))* is
the norm weak continuous.

Now let us verify that for any p € P, t € Ry, ¢(t, p, yo) maps a compact subset of (H*(Q) N H,())* to
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be a bounded set of (H*(Q) N H}(Q))*.

In fact, multiplying (1.2) by A% and integrating over , we obtain
oo, sy [Ou .,
(E’A a/) — (Aa/,A a) = —(E,A @
which implies
d ou
EHA&HZ +2||VAal* < 2||VE||||VA0/||,
Oou
< ”VEHZ +[[VAalP,
d ou
d—tHAQ/ll2 + AllAclf® < ”VEHZ' (.1
Multiplying (1.1) by A%« and integrating over Q, we have
Al + 2% < =2 (Af ), A%u) + 20A %% A% + 2 (), A%u)
dt - ’ ot T
Oa
< 2/Af@IIlIA% ]| + 2||AE||||A2M|| + 2||Alll|A%ul],
which implies
d Oa
a{,—tllAull2 + 1A%l < 3IAf@)I + 3”AE”2 + 3|l

hence

d o
EIIAMII2 + | Aull® < Qluollz s llvoll e + 3IIAEI|2 + 311,
(5.2)

Summing (5.1) and (5.2), thanks to (3.49), we find
d
E(IIAMII2 +1Aall?) + A(|Aull® + [|Acl?)
ct da , 2
< Qluollp2)» llaoll2))e + 3IIAEII + 3||All7,
Using gronwall’s lemma, thanks to (3.54), we have
Au(@)|* + |Aa()I]?

t
2 2y,-4 : As—
< (1Auoll” + llAaollF)e™ + Q(IluollHZ(m,||0/o||H2<g))€”f e ds
0

A
+ 3¢~ f lh||e*ds
0
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which implies

!
IAuI? + 1Aa®I < (lAuoll® + AaolP)e + (3 + ™) Oluol 2y lloll ey e + C'eaf ()l ds,
0

That ’s to say, for any p € P, t € R, ¢(t, p,yo) maps a bounded set to be a bounded set, therefore
o(t, p, yo) maps compact set to be a bounded set. We affirm then, thank to theorem 2.4, the cocycle
mapping ¢ is the norm-to-weak continuous. O

5.2.  Uniformly absorbing set relative to a cocycle mapping

Theorem 5.1. If hy(t, x) is translation bounded in L2 (R,L*(Q)), flu) satisfies conditions (1.8) and

loc

(1.9) where2 < g < +co (n < 2), 2< g < 2,1”__22, (n > 3), then the cocycle {¢(t, p,y)} corresponding to

problem (1.1)-(1.4) possesses a compact pullback attractor A = {Ap}pep = {wp(Bo)}pep Where By is the
uniformly (w.r.t. p € P) absorbing set in (H*(Q) N H}(Q)).

Proof. For any h € P, |h|; = |hol}, using (4.10)
By = {y = (u, @) € (Hy(Q))*/|IVull* + [[Vall* < 2R}}

which is the uniformly absorbing set in H)(Q))?, i.e., for any B € B(H}(Q))?, there exists 7y = #o(B) > 0
such that

o(t,p,B) C By forall t>ty, and h e P.

Let

B =J | ¢t +1.p.Bo).

heP t>tp+1

Considering (4.26), B; is bounded,
AUl + lAall® < p* Y(u,a) € B (5.3)
and B is the uniformly absorbing set in (H*(Q) N H}(2))*.

5.3. The property of pullback w-limit compcactness for a cocycle mapping

To prove the property of the pullback w-limit compact, we proced by verifying the pullback
condition (PC). As (—A)~! is continuous compact operator in L*(Q) by classic spectral theorem, there
exists a sequence {4 j};’.‘;l ,

O<AiSh<..<dj—00as j—> o0
and a family of elements {w;}% |, of D(=A), which are orthonormal in L*(Q) such that

=1

—ij:/Ija)j, V]EN
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Let V,, = span{w, ws, ....,w,} in H*(Q) N H}(Q) and P,, : V —> V,, an orthogonal projector.

For any (u, @) € (D(-A))?, write

(1) = (Ppu(t), Ppa(t) + (I = Pu(t),  — Py)a(t) = (ur, ay) + (4, as).

In fact, ¢(s, 6_g(h), yo) satisfies

ou , O«

o +Au—-Af(u) = AE + 6_sh(1)
O ou
= _Aa=-——
ot ot

with homogenous conditions Dirichlet

ulso = alpa = Aulsg = Aalsg =0

and initial conditions
ult:r = Uop, a’lt:‘r = Qy.

Multiplying (5.4) by —Au, and integrating over 2, we have
iIIVuzIIZ +2|[VAw, |
dt
0
= 2(V%, VAu,) + 2(h(t = s), Auy) + 2(Vf(u), VAu,)
day » 1 2 2
S AV + SIVAWI[T + 27 = 5), Auy) + 4V S @I
We know that

I(h(t = 5), Aup)|| = | f h(t — s)Ausdx|

Q
< A = $)llllAws||
A
< 22 AP + 4llh(e - 9)]?

4
1
< Z||VAM2||2 + 4t - 9|

and

IVf@ll =

ff’(u)Vudx

Q

<f|f'(u)||Vu|dx
Q

(5.4)

(5.5)

(5.6)

(5.7

(5.8)

(5.9)
(5.10)
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< I @lIVull
/lgm 2 2 ) 2
< IVl +8ﬂf|ulq +1) dx
1

oo

< =|IVAull* + 88%1Q + 85° f [ul?"Pdx

—

< < IVAUIP + 88710 + 887 |Aullz )

— 00

—||VAu|| + 8B8%|Q + 8B8°C’||Au|*T™? (5.11)

Inserting (5.10) and (5.11) into (5.8), we have

d oa
d—tlquzll2 + 2|IVAuw|* < 4|V 2|| + 86%1Q + 8B7C’||AulP“™ + 4||h(t — s)II? (5.12)

Multiplying (5.5) by A%, and integrating over Q, we have

1d (91/[2
——||Aa|l* + [[VA@,||> < [[V—==]|[[VA
2d;” @I + [VAa,|I” < || 5 VA,

which implies

d ou
EIIAC¥2||2+||VAC¥2||2 1A% 2|| (5.13)

Now summing (5.12) and (5.13), we find
d
—(IIVMzII2 + |A@alP) + VA |l* + [[VAas|?

IIV—II +4||V || + 88210 + 8B2C'||Aull*™ + 4lh(r — 9)IF.

which implies

d
—(IIVuzII2 +1A@lP) + At (A0 | + || A )

ou oa
4||V—2|| +4{|V 2|| + 86%(Q + 8B7C’||AulP“™ + 4||h(t — s)II*. (5.14)

Multiplying (5.4) by 5 ‘9”2 and integrating over €2, we find

d ou, ou, ou oo 1 ou
d—t||AM2||2+2|| < 2Af @)l + || 2|12 - (—2 A—2> +l 2|| + 2/lh(t - 5)|

ot
which implies

8142 ”2 ﬁuz Haz

—IIA oll? + I, 117 < Qluollee @, llaollm2)e” — A A ) + 2R - I
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Ou,
< Qlluollzza), llvollzi))e™ + IIV—II + IIV || + 2/l = $)|?
d
d—tllAuzII < Qluollr - ol @)e + 21l = $)I.

Summing (5.14) and (5.15) we find

d—(||AM2|| + Vil ? + 2014 ) + At (14w +2||Aaz||)
<

Using Gronwall’s lemma, let for 7 = ¢, + 1, we have

|Au(s)|I* + || Ay (s)|?
< (Au@)I* + [Vu@)|* + 2l|Aa(r)|*)etm1 ¢~

S
‘_/lm+ §—.
+ QUluollzey lvoll ) f S5 g
T

" 4f (8'32|Q| + 882C’||Aul[*“™? + 6||h(t - S)Ilz) e~ M1 570 gy
< (AUCIP + [Vu(IP + 2 Aa(r)fP)e 0

+ Olluoll 2, laoll () f: TN gy
+4 f (86°100 + 88°C” (MW + JAai)) 1
+6 f h(t — s)||*e 154t

Then we have, thanks to (5.3)

1Aur()IP + lAaa(s)II”

S
2~ Am1(T— 3 —Am+1(5—
< ep’e T 1 e Ollugl s ol ) f e dy
;
f (Sﬁ |Q| + 8,3 C/ 2(g— 2)) —/1m+1(s—t)dt

+ 6f ”h(t - s)”ze_/lmﬂ(s—t)dt
which implies

1Aur()IP + llAaa(s)IIP

2 Ay — -1
< cp*e™ 1 4 ()T Okl (s lvolli2)e”

+ (/lm+1)_ (8ﬂ Q| + 8ﬁ C/ 2(q— 2) + 6f (- S)||2€_/1’"+1(S_t)dt.

Oluollz ey, lolley)e + 4@B2IQ + 882 C'||Aul*T) + 6] h(t — 5)I.

(5.15)

(5.16)

(5.17)

(5.18)
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The continuity of the integral allows to presice, for any € > 0, there exist > 0 such that

§ €
h(t — s)|Pdt < —
fs_nll =9l 30

and

6 f ‘ lh(t = s)|[Pe™ 1 Ddr < < (5.19)

s=n

(91

We know that
6f ”h(l’ — S)” e_/lmﬂ(s—l‘)dt

N s—1
<5 f lh(t = s)|IPe "1 Ddt + 6 f lh(t — s)||Pe 1 dy

-n s—n-1

s—n—1 s—1n—2
+6 f la(t = s)|Pe 16 dt + 6 f lh(t = s)|Pe™ 1 Ddt + ..
S

-n-2 s—n-3
S
< 6f e—/lm+|(s—t)||h(t _ s)||2dt + 6e—ﬂm+1(n) (1 + e e 4 6_2/lm+l + e—3xlm+1 + )
51

!
xsup | |lh(t = )| dt
leR JI-1
s 6 Am+101) /
<6 f e (= 9)IPdt + T——=—xsup | |lA(t = s)|*dr. (5.20)
51 — e m+

leR JI-1
For any € > 0, we can take m + 1 large enough such that

6e_im+1 (7]) /

T XSup | It = sl < 5 (5.21)
and
() (887102 + 88°C'p™0) < < (5.22)
and also
()™ Qllollo olleo)e™ < . (5.23)
Let put
cple =T g (5.24)

we obtain, for all s > #; we have

1 5cp?
H = hl( i ) + T.

m+1 €
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Inserting (5.19), (5.21), (5.22), (5.23) and (5.24) into (5.18), we have
1Aw ()P + A2 (IF < €, Vs >1,YheP,

which allows to affirm that ¢(s, 6_,(p), yo) satisfies pullback condition in (H*(€) N Hy(€))?, that is to
say for any h € P, B € B(H*(Q) N Hy())?, there exists #; and a finite dimensional subspace V,, X V,,
such that

P (Ugs, #(s,0-(p), B)) is bounded

and

(I = P) (Uss, §(s,0-5(p), yo)) | < € ¥yo € B.

The above pullback condition we have proved allows to assert thanks to Theorem 2.3 that the
cocycle @ is pullback w-limit compact. Therefore we deduce from Lemma 5.1, Theorem 5.1,
mentioning pullback condition and from Theorem 2.2 that the cocycle corresponding to the problem
(1.1) — (1.4) possesses a pullback attractor. |

6. Conclusions

This manuscript clearly explains the context of a dynamical system at two temperatures, when the
relative solution exists. The existence of pullback attractors, associated with the problem (1.1)-(1.4)
that we demonstrated, allows us to assert that the existing solution of the problem (1.1)-(1.4) that we
have shown in this work, belongs to a family of absorbing sets ensuring the existence of the pullback,
for some time.
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