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1. Introduction and preliminaries

LetA be the class of analytic functions in the open unit disk D := {z ∈ C : |z| < 1} of the form

f (z) = z +

∞∑
n=2

anzn, z ∈ D, (1.1)

and let S be the class of functions f ∈ A which are univalent in D.
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Using the principle of subordination Ma and Minda [16] introduced the class S∗(ϕ) (so called Ma-
Minda-type functions)

S∗(ϕ) :=
{

f ∈ A :
z f ′(z)
f (z)

≺ ϕ(z)
}
, (1.2)

where in our paper we suppose that ϕ is univalent in the unit disk D, it has positive real in D, and
satisfies the condition ϕ(0) = 1, while the symbol “≺” stands for the usual subordination. It is well-
known that S∗(ϕ) ⊂ S, and we emphasize that some special subclasses of the class S∗(ϕ) play a
significant role in Geometric Function Theory because of many interesting geometric aspects.

For example, taking ϕ(z) := (1 + Az)/(1 + Bz), where A ∈ C, −1 ≤ B ≤ 0 and A , B, we get the
class S∗[A, B]. This class with the restriction −1 ≤ B < A ≤ 1 reduces to the popular class of Janowski
starlike functions.

Remark 1. (i) By considering ϕ(z) := ℘(z) = 1 + zez in [15], the researchers introduced and studied
another Ma-Minda-type function class S ∗(℘) of starlike functions, where ℘ maps the unit disk onto a
cardioid domain.

(ii) We emphasize that the class S∗C of functions f ∈ A with ϕ(z) := φC(z) = 1 +
4z
3

+
2z2

3
such that

z f ′(z)
f (z)

≺ 1 +
4z
3

+
2z2

3
,

that maps the open unit disk into the cardioid domain

φC(D) =

{
w = u + iv ∈ C :

(
9u2 + 9v2 − 18u + 5

)2
− 16

(
9u2 + 9v2 − 6u + 1

)
< 0

}
,

was extensively investigated by Sharma et al. [28].

(iii) In [12], by using the polynomial function ϕ(z) := φcar(z) = 1 + z +
z2

2
the corresponding class

S∗car of functions was investigated by different authors (see also, for example [13, 22, 26]), while the
function φcar maps the open unit disk into the cardioid domain

φcar(D) =

{
w = u + iv ∈ C :

(
4u2 + 4v2 − 8u − 1

)2
+ 4

(
4u2 + 4v2 − 12u + 1

)
< 0

}
.

The logarithmic coefficients γn of the function f ∈ S are defined with the aid of the following power
series expansion

F f (z) := log
f (z)
z

= 2
∞∑

n=1

γn( f )zn, z ∈ D, where log 1 = 0. (1.3)

These coefficients play an important role for different estimates in the theory of univalent functions,
and note that we use γn instead of γn( f ); in this regard see [17, Chapter 2] and [18, 19]. In [6], authors
determined bounds on the difference of the moduli of successive coefficients for some classes defined
by subordination using the logarithmic coefficients.

The logarithmic coefficients γn of an arbitrary function f ∈ S (see [10, Theorem 4]) satisfy the
inequality

∞∑
n=1

|γn|
2
≤
π2

6
,
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and the equality is obtained for the Koebe function. For f ∈ S∗, the inequality |γn| ≤ 1/n holds but it is
not true for the whole class S (see [9, Theorem 8.4]). However, the problem of the best upper bounds
for the logarithmic coefficients of univalent functions for n ≥ 3 is presumably still a concern.

Recently, Ponnusamy et al. [24] studied the logarithmic coefficients problems in families related
to starlike and convex functions and obtained the sharp upper bound for |γn| when n = 1, 2, 3 and f
belongs to the families. Some first logarithmic coefficients γn were obtained for certain subclasses
of close-to-convex functions by Ali and Vasudevarao [5] and Pranav Kumar and Vasudevarao [25].
In [14], Kowalczyk and Lecko obtained related bounds with these coefficients for strongly starlike and
strongly convex functions.

Due to the major importance of the study of the logarithmic coefficients, in recent years several
authors have investigated the issues regarding the logarithmic coefficients and the related problems for
some subclasses of analytic functions (for example, see [2–4, 7, 8, 11, 21, 23, 25, 30–32].

In [1] the authors obtained the bounds for the logarithmic coefficients γn (n ∈ N) of the general class
S∗(ϕ), while the given bounds would generalize many previous results.

Theorem A. [1, Theorem 1(i)] Let the function f ∈ S∗(ϕ). If ϕ is convex (univalent), then the
logarithmic coefficients of f satisfy the inequalities:

|γn| ≤
|B1|

2n
, n ∈ N := {1, 2, 3, . . . }, (1.4)

and
∞∑

n=1

|γn|
2
≤

1
4

∞∑
n=1

|Bn|
2

n2 . (1.5)

All inequalities in (1.4) and (1.5) are sharp for the function fn given by z f ′n(z)/ fn(z) = ϕ(zn) for any
n ∈ N and the function f given by z f ′(z)/ f (z) = ϕ(z), respectively.

We correct that the next inequality (and some other results in [1]) is sharp only for n = 1 as it is
shown in the following result:

Theorem B. [1, Theorem 1(ii)] Let the function f ∈ S∗(ϕ). If ϕ is starlike (univalent) with respect to
1, then the logarithmic coefficients of f satisfy the inequality

|γn| ≤
|B1|

2
, n ∈ N.

The above inequality is sharp for n = 1 for the function f given by z f ′(z)/ f (z) = ϕ(z).

If we do direct calculations to get the upper bound of |γ1| we will also get the same sharp bound

|γ1| ≤
|B1|

2
. Therefore, this shows this theorem is sharp for n=1. But there are some examples like the

mentioned classes in Remark 1(ii) and Remark 1(iii) and using Theorem 3 and Theorem 2, respectively,
that show Theorem B is not sharp for n > 1.

A possible sharper version of Theorem B could be conjectured as follows:

Conjecture. Let the function f ∈ S∗(ϕ) for some ϕ. If ϕ is starlike (univalent) with respect to 1, then
the logarithmic coefficients of f satisfy the inequality

|γn| ≤
|B1|

2n
, n ∈ N.

The above inequality is sharp for each n.
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Lemma 1. [9, 27] (Theorem 6.3, p. 192; Rogosinski’s Theorem II (i)) Let f (z) =
∞∑

n=1
anzn and g(z) =

∞∑
n=1

bnzn be analytic in D, and suppose that f (z) ≺ g(z) where g is univalent in D. Then,

n∑
k=1

|ak|
2 ≤

n∑
k=1

|bk|
2, n ∈ N.

Using Theorem 3.1d of [20] (see also [29]), we have the following result.

Lemma 2. Let h be starlike in D, with h(0) = 0. If F is analytic in D, with F(0) = 0, and satisfies

F(z) ≺ h(z),

then ∫ z

0

F(t)
t

dt ≺
∫ z

0

h(t)
t

dt =: q(z). (1.6)

Moreover, the function q is convex and is the best dominant.

The main purpose of this paper is to get the sharp bounds for some relations associated with the
logarithmic coefficients of the functions belonging to the class S∗(ϕ) of Ma-Minda type functions and
of other subclasses. Some applications of our results are given here as special cases.

2. Main results

First, we give a similar result to the inequality (1.5) of Theorem A for the case that ϕ is starlike with
respect to 1 and univalent in D, that is under weaker assumption than those of Theorem A.

Theorem 1. Let the function f ∈ S∗(ϕ), with ϕ(z) = 1 +
∞∑

n=1
Bnzn be a starlike function with respect

to 1, univalent in D, and Reϕ(z) > 0 for all z ∈ D. Then, the logarithmic coefficients of f satisfy the
following inequalities:

∞∑
n=1

|γn|
2
≤

1
4

∞∑
n=1

|Bn|
2

n2 , (2.1)

and
∞∑

n=1

n2 |γn|
2
≤

1
4

∞∑
n=1

|Bn|
2. (2.2)

Both inequalities are sharp since there are attained for the function f∗ ∈ S∗(ϕ) given by
z f ′∗ (z)/ f∗(z) = ϕ(z), that is

f∗(z) = z exp
(∫ z

0

ϕ(t) − 1
t

dt
)
. (2.3)

Proof. Supposing that f ∈ S∗(ϕ), let us define the function H(z) :=
f (z)
z

, which is an analytic function

in D, H(0) = 1. From the relation (1.2) it satisfies

zH′(z)
H(z)

=
z f ′(z)
f (z)

− 1 ≺ ϕ(z) − 1 =: φ(z), (2.4)
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where φ is starlike univalent in D.
Now, let’s take in Lemma 2 the functions

F(z) :=
zH′(z)
H(z)

, h(z) := φ(z). (2.5)

Then, since φ is starlike in D with φ(0) = 0, and F(0) = 0 (because H(0) = 1), we should only
to prove that F is analytic in D. Since the function f ∈ S∗(ϕ), with Reϕ(z) > 0 for all z ∈ D,
f ∈ S∗(ϕ) ⊂ S∗ ⊂ S, where S∗ represents the class of starlike functions in D. Thus, f (z) , 0 for

z ∈ D \ {0} and z0 = 0 is a simple zero for f . Hence, H(z) =
f (z)
z
, 0 for all z ∈ D, and therefore F is

analytic in D. Since all conditions of Lemma 2 are satisfied, from (1.6) and (2.5) it follows that∫ z

0

H′(t)
H(t)

dt ≺
∫ z

0

φ(t)
t

dt, (2.6)

and the relation (2.6) results in

log H(z) − log H(0) ≺
∫ z

0

φ(t)
t

dt, (2.7)

where (2.7) is equal to

log
f (z)
z
≺

∫ z

0

φ(t)
t

dt. (2.8)

In addition, we know that if φ is starlike in D, then
∫ z

0

φ(t)
t

dt is convex (univalent) in D, and

conversely. Denoting with γn the logarithmic coefficients of f given by (1.3), the subordination (2.8)
is equivalent to

∞∑
n=1

2γnzn ≺

∞∑
n=1

Bnzn

n
. (2.9)

Since the function
∫ z

0

φ(t)
t

dt is univalent in D, by using Lemma 1 the subordination (2.9) implies

4
k∑

n=1

|γn|
2
≤

k∑
n=1

|Bn|
2

n2 ≤

∞∑
n=1

|Bn|
2

n2 , k ∈ N, (2.10)

and taking k → ∞ in (2.10) we conclude that

4
∞∑

n=1

|γn|
2
≤

∞∑
n=1

|Bn|
2

n2 . (2.11)

Now, the relation (2.11) shows that the inequality (2.1) is proved.
To prove the second inequality of our theorem, let f ∈ S∗(ϕ). Then, using the power series

expansion formula (1.3) we get

∞∑
n=1

2nγnzn = z
d
dz

(
log

f (z)
z

)
=

z f ′(z)
f (z)

− 1 ≺ ϕ(z) − 1 =: φ(z). (2.12)
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Now, according to Lemma 1 the subordination (2.12) leads to

k∑
n=1

4n2 |γn|
2
≤

k∑
n=1

|Bn|
2 ≤

∞∑
n=1

|Bn|
2, k ∈ N, (2.13)

and letting k → ∞ in (2.13), the assertion (2.2) is proved.
For proving the sharpness of these bounds it is sufficient to use the equality

∞∑
n=1

2nγnzn =
z f ′(z)
f (z)

− 1 =

∞∑
n=1

Bnzn. (2.14)

The relation (2.14) shows that the upper bound of the inequalities (2.1) and (2.2) is the best possible

and it is attained for the function f∗ given by
z f ′∗ (z)
f∗(z)

= ϕ(z). �

The following results represent two special cases of the above theorem connected with the
logarithmic coefficients γn for the subclasses S∗(z +

√
1 + z2) and S∗(1 + sin z) defined in [26] and [8],

respectively.

Corollary 1. If the function f ∈ S∗(z +
√

1 + z2), then the logarithmic coefficients of f satisfy the
inequalities

∞∑
n=1

|γn|
2
≤

1
4

1 +

∞∑
n=1

∣∣∣∣∣∣
(1

2

n

)∣∣∣∣∣∣2
(2n)2

 ,
and

∞∑
n=1

n2 |γn|
2
≤

1
4

1 +

∞∑
n=1

∣∣∣∣∣∣
( 1

2

n

)∣∣∣∣∣∣2
 .

These results are sharp for the function f ∈ S∗(z +
√

1 + z2) given by z f ′(z)/ f (z) = z +
√

1 + z2.

Proof. Taking

ϕ(z) = z +
√

1 + z2 = 1 + z +

∞∑
n=1

( 1
2

n

)
z2n

= 1 + z +

∞∑
n=1

B2nz2n = 1 + z +
z2

2
−

z4

8
+ . . . , z ∈ D,

and using Theorem 2.1 of [26] it follows that Reϕ(z) > 0 for all z ∈ D, and considering the main
branch of the square root function we have ϕ(0) = 1. According to the Figure 1 made with MAPLE™
software we get that the function Φ defined by

Φ(z) := Re
zϕ′(z)
ϕ(z) − 1

, z ∈ D.

AIMS Mathematics Volume 8, Issue 9, 21732–21745.
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is positive in D, and hence ϕ(z) = z +
√

1 + z2 is a starlike function in D with respect to 1. Since, in
addition ϕ′(0) = 1 , 0, the function ϕ is univalent in D. Thus our result follows immediately from
Theorem 1.

Figure 1. The image of Φ
(
eit

)
, t ∈ [0, 2π].

�

Corollary 2. If the function f ∈ S∗(1 + sin z), then the logarithmic coefficients of f satisfy the
inequalities

∞∑
n=1

|γn|
2
≤

1
4

1 +

∞∑
n=1

1
[(2n + 1)!(2n + 1)]2

 ,
and

∞∑
n=1

n2 |γn|
2
≤

1
4

1 +

∞∑
n=1

1
[(2n + 1)!])2

 .
These results are sharp for the function f ∈ S∗(1 + sin z) given by z f ′(z)/ f (z) = 1 + sin z.

Proof. Considering

ϕ(z) = 1 + sin z = 1 + z +

∞∑
n=1

(−1)n

(2n + 1)!
z2n+1 = 1 + z +

∞∑
n=1

B2n+1z2n+1, z ∈ D,

and using the Figure 2 (a) made with MAPLE™ software it follows that Reϕ(z) > 0 for all z ∈ D.
Also, from the Figure 2 (b) made with the same computer software, we get that the function Φ defined
by

Ψ(z) := Re
zϕ′(z)
ϕ(z) − 1

= z cot z, z ∈ D,

AIMS Mathematics Volume 8, Issue 9, 21732–21745.
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is positive in D, and hence ϕ(z) = 1 + sin z is starlike with respect to 1. From here, since ϕ′(0) = 1 , 0,
the function ϕ is univalent in D. Therefore using Theorem 1 we get our result.

(a) The image of ϕ
(
eit

)
, t ∈ [0, 2π] (b) The image of Ψ

(
eit

)
, t ∈ [0, 2π]

Figure 2. Figures for the proof of Corollary 2.

�

Remark 2. Corollary 2 is an improvement, without the convexity condition in D for the function
ϕ(z) = 1 + sin (r0z) if r0 ' 0.345, of the result given by [1, Corollary 3].

Corollary 3. If the function f ∈ S ∗(℘) where S ∗(℘) was defined in the Remark 1 (i), then the
logarithmic coefficients of f satisfy the inequalities

∞∑
n=1

|γn|
2
≤

1
4

∞∑
n=1

1
n2 [(n − 1)!]2 ,

and
∞∑

n=1

n2 |γn|
2
≤

1
4

∞∑
n=1

1
[(n − 1)!]2 .

These results are sharp for the function f ∈ S ∗(℘) given by

z f ′(z)
f (z)

= 1 + zez = 1 +

∞∑
n=1

zn

(n − 1)!
.

Proof. For ϕ(z) := ℘(z) = 1 + zez it is easy to check that

Re
z℘′(z)
℘(z) − 1

= Re(1 + z) > 0, z ∈ D,

and this implies that the function ϕ is starlike with respect to 1 and univalent in D because ϕ′(0) = 1 ,
0. Also, from Lemma 2.1 (i) of [15] we obtain that Reϕ(z) ≥ 0.136038 . . . for all z ∈ D, hence ϕ has
real positive part in D. Then, according to Theorem 1 we obtain the desired result. �

AIMS Mathematics Volume 8, Issue 9, 21732–21745.
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Corollary 4. If the function f ∈ S∗C where S∗C was defined in the Remark 1 (ii), then the logarithmic
coefficients of f satisfy the inequalities

∞∑
n=1

|γn|
2
≤

17
36
,

and
∞∑

n=1

n2 |γn|
2
≤

5
9
.

These results are sharp for the function f given by

z f ′(z)
f (z)

= 1 +
4z
3

+
2z2

3
.

Proof. For the function ϕ(z) := φC(z) = 1 +
4z
3

+
2z2

3
we have

Re
zϕ′(z)
ϕ(z) − 1

= Re
1 + z

1 + 0.5 z
= 1 + Re

0.5 z
1 + 0.5 z

> 1 − 1 = 0, z ∈ D,

and ϕ′(0) = 4/3 , 0. These show that the function ϕ is starlike with respect to 1 and univalent in D.
Also, from the right hand side of the relation (3.5) in [28] we obtain that ϕ has real positive part in D,
and using Theorem 1 we get our result. �

Corollary 5. If the function f ∈ S∗car where S∗car was defined in the Remark 1 (iii), then the logarithmic
coefficients of f satisfy the inequalities

∞∑
n=1

|γn|
2
≤

17
64
,

and
∞∑

n=1

n2 |γn|
2
≤

5
16
.

These results are sharp for the function f given by
z f ′(z)
f (z)

= 1 + z +
z2

2
.

Proof. By using simple computations it is easy to check that the function ϕ(z) := φcar(z) = 1 + z +
z2

2
has positive real part, and it is starlike with respect to 1 in D [12, p. 1148]. Since ϕ′(0) = 1 , 0, it
follows that ϕ is univalent in D. Hence, the result follows from Theorem 1. �

The following two results give the best upper bounds of the logarithmic coefficients γn for two
subclasses S∗car and S∗C.

Theorem 2. If f ∈ S∗car (see the Remark 1 (iii)), then

|γn| ≤
1

2n
, n ∈ N.

This inequality is sharp for each n ∈ N.

AIMS Mathematics Volume 8, Issue 9, 21732–21745.
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Proof. If f ∈ S∗car, then by the definition of S∗car we obtain

z
d
dz

(
log

f (z)
z

)
=

z f ′(z)
f (z)

− 1 ≺ z +
z2

2
. (2.15)

Using the definition of the logarithmic coefficients γn of the function f given by (1.3) and the
relation (2.15) we get

∞∑
n=1

2nγnzn ≺ z +
z2

2
. (2.16)

Setting in [27, Theorem VI (i)] the sequence A1 = 1, A2 =
1
2

, An = 0 for all n ≥ 3, and Bk = 0 for
all k ≥ n + 1, the function F1 given by [27, (1.10.1) p. 62] becomes

F1(z) =
1
2

+
1
2

z.

The function F1 is analytic in D and satisfy Re F1(z) > 0, z ∈ D, hence all assumptions of [27,
Theorem VI (i)] are satisfied. Therefore, from (2.16) we get

2n |γn| ≤ A1 = 1, n ∈ N,

that represents our result.
For a fixed n0 ∈ N, suppose that fn0 ∈ S

∗
car satisfies the relation

z f ′n0
(z)

fn0(z)
= φcar (zn0) ≺ φcar(z). (2.17)

Then, according to (2.17) the function fn0 is of the form

fn0(z) = z exp
(∫ z

0

φcar (tn0) − 1
t

dt
)

= z +
1
n0

zn0+1 + . . . , z ∈ D, (2.18)

hence from (2.18) we get

log
fn0(z)

z
= 2

∞∑
k=n0

γk( fn0)z
k =

1
n0

zn0 + . . . , z ∈ D. (2.19)

The relation (2.19) concludes that the bound given by our theorem is sharp for the fixed value n0 ∈ N

if f = fn0 , that is
∣∣∣γn0

∣∣∣ =
1

2n0
for f = fn0 , and this completes the proof. �

Theorem 3. If f ∈ S∗C (see the Remark 1 (ii)), then

|γn| ≤
2

3n
, n ∈ N.

This inequality is sharp for each n ∈ N.
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Proof. If f ∈ S∗C, then by the definition of S∗C we have

z
d
dz

(
log

f (z)
z

)
=

z f ′(z)
f (z)

− 1 ≺
4z
3

+
2z2

3
, (2.20)

and using the logarithmic coefficients γn of the function f given by (1.3) and (2.20) we get

∞∑
n=1

2nγnzn ≺
4z
3

+
2z2

3
. (2.21)

Setting now in [27, Theorem VI (i)] the sequence A1 =
4
3

, A2 =
2
3

, An = 0 for all n ≥ 3, and Bk = 0
for all k ≥ n + 1, the function F1 given by [27, (1.10.1) p. 62] becomes

F1(z) =
2
3

+
2
3

z.

The function F1 is analytic in D and satisfy Re F1(z) > 0, z ∈ D, hence all assumptions of [27,
Theorem VI (i)] are satisfied, therefore (2.21) results in

2n |γn| ≤ A1 =
4
3
, n ∈ N.

For a fixed n0 ∈ N, suppose that fn0 ∈ S
∗
car such that

z f ′n0
(z)

fn0(z)
= φC (zn0) ≺ φC(z). (2.22)

According to (2.22) the function fn0 has the form

fn0(z) = z exp
(∫ z

0

φC (tn0) − 1
t

dt
)

= z +
4

3n0
zn0+1 + . . . , z ∈ D, (2.23)

thus (2.23) implies

log
fn0(z)

z
= 2

∞∑
k=1

γk( fn0)z
k =

4
3n0

zn0 + . . . , z ∈ D. (2.24)

Regrading (2.24) the bound given in our result is sharp for the fixed n0 ∈ N if f = fn0 , that is∣∣∣γn0

∣∣∣ =
2

3n0
for f = fn0 , which completes the proof. �

3. Conclusions

In the current paper we obtained the upper bounds for some expressions associated with the
logarithmic coefficients γn (n ∈ N) of functions that belong to the well-known class S∗(ϕ).
Furthermore, we took some other particular functions ϕ in main theorem to obtain the corresponding
special cases. Moreover, we gave the best upper bounds of the logarithmic coefficients γn for two
subclasses S∗car and S∗C.
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of functions in classes defined by subordination, Anal. Math. Phys., 11 (2021), 151.
https://doi.org/10.1007/s13324-021-00586-1
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