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Abstract: Split-step quintic B-spline collocation (SS5SBC) methods are constructed for nonlinear
Schrédinger equations in one, two and three dimensions in this paper. For high dimensions, new
notations are introduced, which make the schemes more concise and achievable. The solvability,
conservation and linear stability are discussed for the proposed methods. Numerical tests are carried
out, and the present schemes are numerically verified to be convergent with second-order in time and
fourth-order in space. The conserved quantity is also computed which agrees with the exact one. And
solitary waves in one, two and three dimensions are simulated numerically which coincide with the
exact ones. The SS5BC scheme is compared with the split-step cubic B-spline collocation (SS3BC)
method in the numerical tests, and the former scheme is more efficient than the later one. Finally, the
SS5BC scheme is also applied to compute Bose-Einstein condensates.
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1. Introduction

Efficient and reliable numerical methods are always urgently needed for nonlinear multi-
dimensional problems due to the mass storage and the high computation cost. The split-step method,
also known as the time-splitting method, is one kind of efficient skills for solving nonlinear parabolic
or Schrodinger-type problems in multi-dimensions.

The split-step skill could be efficiently combined with the (compact) finite difference method [1,
2], the finite element method [3, 4], the spectral/pseudospectral method [5, 6], et al. So the authors
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of [7] try to combine the skill with the cubic B-spline collocation (3BC) approach, and they formulate
the split-step 3BC (SS3BC) method sucessfully. However, the SS3BC method is just second-order
accuracy in space, and there is no numerical analysis in [7]. Genarally speaking, the 3BC method has
second-order accuracy, and the quintic B-spline collocation (5BC) method is fourth-order [8]. Thus,
split-step SBC (SS5BC) methods are constructed in this paper to improve the accuracy in space, and
some analyses are also given.

In this paper, we consider the nonlinear Schrédinger (NLS) equations as follows

)
ia—l:(x, )+ aAu(x, 1) + V(X, Hu(x, 1) + Blu(x, H*u(x,1) = 0, x e R%, 1 € (0, T, (1.1)
with the initial condition
u(x,0) = uyp(x), x € RY, (1.2)
and the periodic boundary condition
ux+L,1H) =ux, 1), xeRre0,T], (1.3)

where L = (L, L,, L;), and L,, L, and L, are the periodic lengths respectively in the x, y and z direction.
u(x, t) is an unknown complex function, V(X, f) and u,(x) are given functions, «, are real constants,
T>0and i =-1.

Computing the inner product of Eq (1.1) with u, and taking the imaginary part, one obtains the
following conservation law

o) = f lu(x, t)dx = f lu(x, 0)]>dx = Q(0). (1.4)
R4 R4

The rest of this paper is organized as follows. In Section 2, some preliminaries are introduced, and
SS5BC methods are constructed in Section 3. In Section 4, solvability, conservation and linear stability
of the schemes are discussed. Numerical experiments are carried out in Section 5, and the present
methods are applied to study BECs in Section 6. Finally, some conclusions are given in Section 7.

2. Preliminaries

We consider Eq (1.1) within x € Q; € R?. Take Q3 = [x, xg] X [y, Y&] X [z, 2&], and xg — x; =
Ly,yr—yr=Ly,zg — 21 = L. Let {xk}kN:*0 ® {yl};\i’o ® {zm}Z‘"':O be the partition of Q3, such that

x] :xL+,]hX7yk ZYL+khy’Zl :ZL+lh27J: 1’27.“ ’Nx»k: 192"'. 9Ny9l: 192"'. 9NZ’

where h, = (xg — x)/Ny,hy = (yg — y)/Ny and h, = (zg — z;)/N, are the step sizes in space, and
Ny, Ny and N, are positive integers. Obviously, Q; and €, are reduced forms of Q3 which could also
be partitioned. We divide the interval [0, T'] by the partition {ln},,N;o, where t, = nt, 7 = T /N, is the step
size in time, and N, is a positive integer.

}I.V)‘+2

i be the quintic B-spline basis functions [8] on the knots {x j}N*’

For one dimension, let {B;(x) j=0°
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such that

(x —xj-3)°, € [x;3,x;2],
(x — xj3) — 6(x — xj0)°, € [xj-2, x;-1],
(x — xj_3) — 6(x — xj2)° + 15(x — x;1)°, € [xj-1, )],

1 (x—xj_3)5 —6(x—xj_2)5 + 15()c—xj_1)5 —20(x—xj)5, € [xj, xjs1],

Bj(x) = 7S (x = xj-3)° = 6(x — x;-2)° + 15(x — xj1)° = 20(x — x,)° (2.1)
+15(x — xj41)°, X € [xj41, Xj42],
(x - xj_3)5 —-6(x — xj_z)s + 15(x — xj_l)5 —-20(x — xj)5
+15(x - xj+1)5 —6(x — xj+2)5’ X € [Xxj42, X431,
0, otherwise.
N +2 N+2

Similarly, we can define {Bi(y)},._, and {B;(2)},-"; as the basis functions on the knots {yk} 1o and {zl}
respectively.

A global approximation solution Uy(x, t) of the exact solution u(x, ) could be expressed in terms
of the quintic B-spline as

=0

Ny+2

Un(x,0) = )" 6,(0B;(x), (2.2)

=2

where ¢6(f) are unknown time dependent parameters which should be determined. According to the
property of the quintic B-spline (2.1), we can get the nodal values as follows:

Un(xj, 1) = 8j-2(t) + 266,1(1) + 668 (1) + 266 5.1 (1) + 6 142(2), (2.3)
aUN( X, 1) = %[—5‘,_20) = 106;1(8) + 106;41(1) + 8,,2(0)| (2.4)
azUN ——(xj 1) = (j |8j-2(8) +26,1(8) = 65;(8) + 261.1(8) + 51,2(0)| (2.5)
‘93UN( Xj, 1) = 00 [ =6 12(1) + 281() = 26111 (1) + 62(1) (2.6)
64UN( X, 1) = 120 [ j-2(t) = 46,1(8) + 65,(8) = 4611 (1) + 81,20 2.7)

X

where j=0,1,2,--- ,N,.
For two dimensions, an approximation solution Uy(x, y, f) could be expressed as

Ny+2 Ny+2

Un(xy,0)= ) D 6xB(0)BLY), (2.8)

where 6 () are unknown time dependent parameters. According to (2.1), we can get the nodal value
Un(xj, yi. 1) as

Un(xj, Y1) = [0jap—2(t) + 2602 1-1(t) + 660 ;_2x(t) + 260 ;2 k41(t) + 6 j2 js2(1)]
+26[0 -1 k—2(1) + 2601 k-1(1) + 660 j_1 k(1) + 260 j_1 g+1(2) + 0 j—1 gs2(D)]
+66[6j’k_2(l‘) + 265j,k_1(t) + 66é‘j’k(l‘) + 266j’k+1(t) + 5j,k+2(t)]
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+26[0j11k-2(1) + 260 j11 k-1(1) + 660 11 k(1) + 260 11 k+1(2) + O js1 gr2(D)]
+[0j242(8) + 2606 1241 (2) + 660 12 k(1) + 260 j12k11(1) + 6 j42442(D)], (2.9)
where j = 0,1,2,--- ,Nyand k = 0,1,2,---,N,. Unfortunately, Eq (2.9) is complicated, and it is

two-dimensional which goes against the dimensionality reduction by the splitting method.
For simplicity, new notations 3 4(t) and ) jx(1) are introduced as follows

8 ix(t) = 6 jaa(t) + 260 41 (1) + 660 4(1) + 268 j141(1) + & ;542(0), (2.10)
31',]((1) = 5]'_2,]((1‘) + 265j_1,k(l‘) + 666j’k(l‘) + 26514_1,]((1‘) + 5]'_,.2,]((1‘). 2.11)

So Eq (2.9) could be rewritten as
Un(x)s Vi 1) = 0 j-ax(£) + 260 ;-1 4() + 660 j4(1) + 260 ;11 4(2) + 8 j124(1), (2.12)

or
Un(Xj, Yo ) = 8 j5a(t) + 268 14 1(2) + 660 4 (£) + 268 11 (1) + 6 jrsa(0). (2.13)

Obviously, either Eq (2.12) or Eq (2.13) is more concise than Eq (2.9). The advantage of the new
writing will also be shown in the following sections.
For three dimensions, an approximation solution Uy(x, y, z, t) could be expressed as

N +2 Ny+2 N +2

Un(ey, 0= > > " 65udBix)B()BI), (2.14)

j==2k=-21=-2

where 6 j(#) are unknown time dependent parameters.
Denote

Siit) = (5 jk=2,1-2(8) + 260 211 (1) + 660 j3_2,(1) + 260 jx—2141() + 6 j,k—2,1+2(f))
+26 (5 ik=1,4=2(1) + 260 1 1-1(2) + 660 x—11(t) + 260 jj—1 1+1(2) + 0 j,k—1,1+2(f))
66 (81-2(1) + 268111 (1) + 666 14(1) + 2681111 (1) + 8 12(D))
+26 (5 kr1,1=2(8) + 260 1,11 () + 660 s /(1) + 260 k11,041(2) + O j,k+1,1+2(f))
+ (5 ik+2,0=2(1) + 260542, 1-1(F) + 660 k12,1(1) + 260 jj42,141(F) + O j,k+2,1+2(f)) ,

where the first subscript j related to x direction is fixed. Similarly, 5 k(1) related to y direction and
5 ;k,(2) related to z direction could be defined, where the second subscript k and the third subscript / are
respectively fixed. Therefore, the nodal value Uy(x;, yi, 2, ) could be written as

& j-akt(1) + 260 ;1 1 1(1) + 660 4 1(1) + 260 111 g 1(1) + 6 j1241(1)
) ik—2(1) + 266 k=101 + 666 k() + 266 ike1,0(0) + ) ik+2,0(0)
8 iat—2() + 260 411 (8) + 660 1 1(1) + 268 ;5141 (2) + & 1412 (D). (2.15)

UN()C]', Vks Zis t)

AIMS Mathematics Volume 8, Issue 8, 19794-19815.



19798

3. Numerical methods

Firstly, the second-order Strang splitting [9, 10] is applied, and Eq (1.1) could be separated as

Ou 1 B 2 _

iS00 + SV DUk, 1) + Slu(x, DPu(x, 1) =0, 3.1)
i 1)+ adux. 1) = 0, (3.2)
ot

Ou 1 B > _

iS00 + SV DUk, 1) + Slu(x, DPuCx, 1) = 0. (3.3)

So Eq (1.1) could be approximately solved within # € [#,, #,;1] by solving Egs (3.1)—(3.3) in sequence.
Multipling Eq (3.1) by # and taking the imaginary part, it follows that

Thus |u|> in Eq (3.1) is independent of 7. So one can take |u(x, t)|* = |u(x, t,)|*. Consequently, it follows
from Eq (3.1) that

u(x,t) = u(x,t,) exp {% [f V(x, dt + p(t — t,)|u(x, tn)|2]} , (3.4)

In

where t € [t,, t,.1]. Equation (3.3) could be solved similarly.

3.1. One-dimensional (1D) scheme

For d = 1, Eq (3.2) could be written as

6 (x f+ a (x 1) = 3.5)

Applying the Crank-Nicolson scheme w1th1n te [tn, t,m], one obtains

Un+1 x) — U"(x
i N ( ) N( ) n % I:UK/;;(X) + U;\’]xx(_x):l =0
T

where U} (x) is the approximation of u(x, t,,). Taking x = x;, it follows from Eqs (2.3) and (2.5) that

(i + 10ar,)(871) + &5 + (26i + 20ar,)(871] + 8'5}) + (66i — 60ar)d ! = iUp(x;) - U;’m( X)),

Jj+2 Jj+l

where r, = T/hfc.
Consequently, Eqgs (3.1)—(3.3) for d = 1 could be solved in sequence as follows

o In+1
U;[H,l (x) = Uy(x) exp {% f V(x, dt + 10| UI’\',(x)|2]} , 3.6)
In

(i + 10ar )62 + 671)7%) + (261 + 20ar,)(87 12 + 8771?) + (661 — 60ar,)o"

= iU (x)) - —U;*;;% X)), 3.7)

’ In+1
UN™ (x) = Uy (x) exp {é [ f V(x, t)dt + TﬁlU]'\’,“’Z(x)lzl}, (3.8)
In

where j = 0,1,2,--- ,Ny,and n = 0,1,2,--- ,N, = 1. Uy (x) and Uy (x) = Z1277 67712 B)(x) are
intermediate results.
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3.2. Two-dimensional (2D) scheme
For d = 2, Eq (3.2) could be written as

0 FPu 0
ia—'“t‘(x,y, £+ a/(a—bzt ; _”)(x V1) = (3.9)
The first-order Lie splitting [10] is applied, and one has
0 i
l—u(x,y, t)+01—b2t(x,y, 1) =0, (3.10)
(') 0*u
(x Y1)+ e (x Y1) = (3.11)

As the operators = " and 24 e are commutable, there is no splitting error here.
Similar to Eq (3 5), one can obtain from Eq (3.10) that

Ui (e,y) - Up(xy)  a
i U ) + U )| = 0

where U} (x,y) is the approximation of u(x,y,,). Taking (x,y) = (x;, yx), it follows from Eqgs (2.13)
and (2.5) that

(l+IOer)(c?"”k+6"+1k)+(26l+2001rx)(6"+1k+6”+]k)+(66l 60a/rx)6"+1 iU,’@(xj,yk)—%U,"m(xj,yk).

Jj+2, Jj+1,

The above equation is concide benefiting from the new notation 5’;}1. Moreover, it forms a (N, + 1)
system for each value of k which avoids solving a (N, + 1) X (N, + 1) system directly. That is the reason
why the author applies the splitting method in this paper.

Similarly, it follows from Eq (3.11) that

(i+10ary) (874, +0"110) +(26i+20ar, )0 + 8751 )) +(66i —60ar,)5" ! = iUI’f,(xj,yk)— Uy (X7, Y0,

where r, = /.
Consequently, Eqgs (3.1)—(3.3) for d = 2 could be solved approximately as follows

. l Tn+1
U (x,y) = Uy(x,y) exp {5 [f V(x,y, t)dt + 16Uy (x, y)lz]}, (3.12)
Iy
(i + 10arx)(5';+21,§ + 87570 + (26 + 20ar )87 + 8"117) + (66 — 60ar,)8"
_ n+1 1(XJ,)71<) _U;;il(xj,yk)’ (3.13)
(i + 10ary)(5"” NEE 5”” 3) + (260 +20ar,) (651 + 811 + (66 — 60ar,)d"
= (U™ 2(xj. 30 = 5 Uy 630, (3.14)
\ l In+1 n
U/nV+I(X, y) — UN+1,3(x’ y) eXp {E [f V(x’ Y, t)dt + Tﬁ' UN+1,3(X, y)|2:|} , (315)
t)‘l
where j=0,1,2,--- ,N,, k=0,1,2,--- ,N,,andn = 0,1,2,--- , N, — 1. U}'\ll+1,1(x’y) and
Nx+2 N) +2 Nx+2 Ny+2
UY Py = Y D 0B BG), Uy ey = ) ) 6 BB
j=—2 k=2 J==2k==2

are intermediate results.
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3.3. Three-dimensional (3D) scheme
For d = 3, Eq (3.2) could be written as

i Sz t)+a(32” g;” ‘%’)(x,y,z, 0 =0. (3.16)
It follows from the Lie splitting [10] that
la—(x v, 2, 1) + a/(92 (X, y,2,1) = (3.17)
za—(x v, 2, 1) + 0/62 (x y,2,1) = (3.18)
za—(x V.2, 1) + aaz (x V,2,1) = (3.19)

Similar to the 2D case, Eqs (3.1)—(3.3) for d = 3 could be solved approximately as follows

Uy (x,y,2) = Up(x,y,2) exp{; ft " V(x,y, 2z, 0)dt + TBUN(x, y, z)|2]}, (3.20)
(i + 10ar )@ )7, + "j;,fl) +(26i + £0arx)(5"+}§l Stk + (66i — 60ar,)d" )
= (U™ (g2 = 5 Ui (5 i 20, (3.21)
(i + 10ar)(5 15, + 5;’;123,) + (260 +20ar,)(S 7, + 817 ) + (661 — 602"
= iU (x5 006 20) = 7U;§;2<x,~,yk,z[>, (3.22)
(i + 10ar)(8" 2 + ";11 1) + (260 + 20ar )@Y + 0" + (66 — 60ar;)d )
= iU (xj, i 21) = 7 UI'\’,J;ZI > (x> Y 20)s (3.23)

i In+1
U (x,y,2) = Uy (x,y,2) exp{i [ f V(x,y,z, 0dt + TBIU " (x, y, z)|2]}, (3.24)
In

where j = 0,1,2,--- ,N,, k = 0,1,2,---,N,, I = 0,1,2,--- ,N,, and n = 0,1,2,--- ,N, — 1.
I’l+11(x y,Z)and

Ny+2 Ny+2 N +2

Uy ey = ) > Z 51 B ()BU»)BI(), (3.25)
j==2 k=2 I=—
No+2 Ny+2 N +2

Uy = 0 3 D 6B (0 B)BIR). (3.26)
j==2 k=2 I=-2
Ny+2 Ny+2 N +2

Uy ey, = Y 30 8 B(0)B()BI) (3.27)

j==2k=-21=-2

are intermediate results.
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4. Solvability, conservation and linear stability

In this section, solvability, conservation and linear stability are considered for the numerical
methods. The 1D scheme is discussed in details, and the results could be extended to the 2D and

3D ones similarly.

From Eq (3.7), there are N, + 1 equations with N, + 5 unknows. So four additional equations are
required. It follows from the periodic boundary condition (1.3) with d = 1 that

o
oxm

Taking x = x;, one reaches

1

P
x4+ L0 = 2L, tm=0,1,2,3,4.
ox™m

S (0) + 265" (1) + 665, (1) + 26872 (1) + 84T (1)

= O\ 130 + 266, (1) + 6685 (1) + 2685 L1 (1) + S5 (D),

2

—8"512 (1) = 10812 (8) + 10872 () + 642 (1)
= 0N 130 = 106y 13 (0) + 1083 1 (0) + 6y 5 (),

1 Ni+1

Ny+1

S (1) + 26" (1) — 65572 (1) + 2872 (1) + 62T (1)

= SN0 + 203 100 — 663 (1) + 263 T (0) + O 5 (1),

=" (0 + 26" () = 28720 + 62T (1)
= =00 L0 + 203 () = 263 T (0) + 845,
S A1) — 46" (0) + 6557 () — 4872 (1) + 82T (1)

= O\ L) — 46y @) + 663 (1) — 463 (1) + 6

Ny—1 Ny+1

by using Egs (2.3)—(2.7). It follows from Eqs (4.1)—(4.5) that

n+1,2
5—2

n+1,2
6NX—2 ?

6n+1,2 _ 6I’l+1,2
—1 -

Ny-1°

Therefore, Eqs (3.7) combined with (4.6) could be rewritten as

where

AIMS Mathematics

(iA + 10ar,B)6""'* = (iA — 10ar,B)s"™"!,

66 26 1 0 O 1 26
26 66 26 1 O 0 1
1 26 66 26 1 0 O
0O --- 1 26 66 26 1

1 0 --- 0 1 26 66 26

2061 --- 0 O 1 26 66

n+1,2 _ cn+1,2 n+1,2 _ cn+l1,2
50 - 6NX ’ 61 - 6NX+1’

(4.1)
(4.2)
(4.3)
(4.4)
N (D), 4.5)
8y =6y (4.6)
(4.7)
: (4.8)

NXNy
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-6 2 1 0 o .- 1 2
2 -6 2 1 0O -+ 0 1
1 2 -6 2 1 -+ 0 0
B= R : (4.9)
0 0 1 2 -6 2 1
1 o 0 1 2 -6 2
2 1 -+ 0 0 1 2 -6

NxXNy

and .
n+lm _ n+l.m cn+lm n+1,m _
gt = (st syt ) m = 1,2,

Lemma 4.1. The circulant matrices A and B respectively have eigenvalues as follows

i Ari i A
(A4)j = 66 + 52 cos nj+200$ ]\7;], (Ag)j = =6 + 4 cos ﬂ]+2csos ;],

where j=0,1,2,--- ,N, — 1.
Proof. The eigenvalues could be calculated directly (see [11] and the reference therein). O
Theorem 4.1. The solution of 1D SS5BC schemes (3.6)—(3.8) exists and is unique.
Proof. The coefficient matrix of scheme (3.7) is M = iA + 10ar,B. Using Lemma 4.1, the
eigenvalues of M are

(Am)j i(A4); + 10ar(1p);

o b
(66i — 60ar,) + (52i + 40ar,) cos ;J + (2 + 20ar,) cos %

X X

where j = 0,1,2,--- , N, — 1. All the eigenvalues are nonzero, so M is invertible and the solution of
scheme (3.7) exists and is unique. Moreover, Eqgs (3.6) and (3.8) are respectively obtained from Eqs
(3.1) and (3.3) exactly. Therefore, the theorem is proved. O

Similarly, one can prove that the solution of 2D SS5BC scheme (3.12)—(3.15) or 3D scheme (3.20)—
(3.24) also exists and is unique.

Lemma 4.2. For any N X N real symmetric matrix C and any complex vector § = (51,5,,- -+ ,0y) ',
oHCo is real, where 6 is the conjugate transpose of § and N is a positive integer.

Proof. By matrix operation, one has

where c . is the element of the matrix lying on the intersection of the jth row and the kth column of C.
Since C is a real symmetric matrix, 62C¢ is real. m]
Theorem 4.2. The 1D SS5BC schemes (3.6)—(3.8) conserves the discrete quantity

N, Ny
Q" = hy Y NUNGHP = hy Y USGE = Q% n=1,2,--,N,. (4.10)

J=1 J=1

AIMS Mathematics Volume 8, Issue 8, 19794-19815.
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Proof. 1t follows from Eqs (3.6) and (3.8) that |Uy™"' (x)| = |U%(x)| and |U% ()| = |UpT™(x)]. So

Ny Ny Nx Ny
ho D MU PP = e Y NURGHE, e Y U P =y Y UGB, (41D
J=1 Jj=1 j=1 =1

wheren=0,1,2,--- ,N, — 1.
Equation (4.7) is rewritten as

iA (6" = 5" ) + 1007, B (5" + 6™1) = 0, (4.12)
Multiplying Eq (4.12) by [A (6’“1’2 + (5”“’1)]1{ and taking the imaginary part, one has
Re [(5n+1,2 + 6n+1,1)H A2 (5ﬂ+1,2 _ 6n+1,1):| + 1oa’rxlm [(5n+1,2 + 5n+1,1)H AB (5n+1,2 + 5n+1,1)] — 0, (413)

where AH is the conjugate transpose of A, and A" = A since A is real symmetric. It is obvious that
(5n+1,2 + 5n+1,1)HA2 (5n+1,2 _ 6n+l,l)
_ (5n+1,2)H A2sm+12 (5n+1,2)H A2l (5n+1,1)H A25m+12 (5n+1,1)H A2gmll (4.14)

H H
As A? is real symmetric and (5"”’2) A%25™ 11 and (6”“’1) A26™12 are conjugate to each other, one
gets

Re [_ (5n+1,2)H A2 4 (5n+l,])H A25n+1,2] ~0
By applying Lemma 4.2, one obtains from Eq (4.14) that

Re [(5n+1,2 + 5n+1,1)HA2 ((5n+1,2 B 5n+1,1) _ (5n+1,2)HA25n+1,2 B (6n+1,1)HA26n+1,1. (4.15)

Moreover, as AB is a real symmetric matrix, one can obtain from Lemma 4.2 that
I (57712 + 5711 4B (612 + 51)| < 0, (4.16)
It follows from Eqgs (4.13), (4.15) and (4.16) that

(6n+1,2A)HA5n+1,2 _ (6n+1,1A)HA6n+1,1’

i.e.,
Ny Ny
he Y UN PP = he UG (P, (4.17)
j=1 =1
where

.
A" = (U ey )y ),y () m = 1,2

is used. Therefore, it follows from Eqs (4.11) and (4.17) that

Ny N
he Y UNNGDP = he Y NUNGP = 0,1,2,-- N, — 1.

J=1 J=1
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Thus, Eq (4.10) is reached. O
Similarly, the 2D SS5BC schemes (3.12)—(3.15) and the 3D schemes (3.20)—(3.24) also respectively
preserve the discrete quantity as follows

NX N)‘ N,\‘ N,V
Q" =iy 3 S UG YOP = by > UG 0P = @, (4.18)
j=1 k=1 j=1 k=1
N, Ny N, N Ny N
= hyhyh, S WGP = i D) TS Uy 2P = @ (4.19)
j=1 k=1 I=1 J=1 k=1 I=1
n=1,2,---,N,.

Next, the linear stability of the SS5BC scheme is considered.
Theorem 4.3. The 1D SS5BC schemes (3.6)—(3.8) is unconditionally stable.
Proof. Substituting U?, = ¢"e* and U™ = &+1¢1* into Bq (3.6), one gets £ = G,&", where

Gy = exp {% [ f " Vet + T,3|fn|2]}.

Similarly, it follows from Eq (3.8) that &**! = G3£"*12, where

; In+1
G3 = exp {% [f V(x, H)dt + Tﬁ|§n+1,2|2]} .
[il

Equation (3.7) chould be rewritten as

2 Nxx
Plugging U™ = ¢+12¢#1 into the above equation, one has f””’z = G,&"! | where
2i — ‘ra/,B%
G2 = o o
2i + Taf;

So &1 = G¢", where G = G3G»G,. Thus, the 1D SS5BC scheme is unconditionally stable, since
|G| = 1. ]
Similarly, one can obtain that the 2D and 3D SS5BC schemes are also unconditionally stable.

5. Numerical experiments
Denote
”6”00 = n’]z%x |UX/(XJ, Yies Zl) - l/l(.x]', YisZ1s tn)|
JK.Ln

be the maximum error. For convenience, we take N = N, = N, = N;and h = hy = h, = h,. The
convergence order is approximated as

log (|lelles(h1)/llelloo(h2))
log (hi/hy) ’

where ||e]| (A1) is the maximum error corresponding to the step size ;.

Order of convergence ~

AIMS Mathematics Volume 8, Issue 8, 19794-19815.
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5.1. Test ]

Take o = % and 8 = —1. Ford = 1, Eq (1.1) has an exact solution

u(x, 1) = sin2rx)e™,
with
V(x) = =1 + 27 + sin*(27x).

For d = 2, Eq (1.1) has an exact solution

u(x, y, t) = sin(27x) sin (27ry ¥ %) e,
with

V(x,y) = —1 + 4n? + sin’(27x) sin’ (2@ + ;1)

And Eq (1.1) with d = 3 has an exact solution

u(x,y, z,t) = sin(27x) sin (27ry + g) sin (Zﬂz + ;_T) it
with
T T
V(x,y,2) = —1 + 62%/2 + sin®(2x) sin’ 2my + 5) sin?(27z + Z)'

The initial condition (1.2) could be given according to the exact solution. Take x € [0, 1]¢ and
T =1. As V(x,t) = V(x) independent of ¢, we have

Tnt1
f V(x, dt = TV(x)
Iy

in the nonlinear schemes. And the linear schemes are solved by the Douple-Sweep method.
It follows from the results in [12] that

1SV = Ol < &I DIk, r = 0,1,2,3,
IS = fOll < &N fOllh®", r = 0,1,2,--- 5,

where S3 and S5 are respectively the cubic spline and quintic spline associated with the function f. So
the accuracy order of the SS3BC scheme in [7] and the SS5BC scheme in this paper might be O(t*+h?)
and O(7* + h*), respectively.

The above three examples are applied to verify the convergence order of the proposed SS5BC
scheme and the SS3BC scheme in [7]. Thus we take T = A for the SSSBC scheme, and 7 = / for the
SS3BC one. The numerical results are listed in Tables 1 and 2, respectively. Table 1 shows that all the
1D, 2D and 3D SS5BC schemes are convergent with second-order in time and fourth-order in space,
and Table 2 shows that all the 1D, 2D and 3D SS3BC schemes are convergent with second-order both
in time and in space. So the proposed SS5BC schemes do improve the accuracy order compared with
the SS3BC schemes [7], which is the aim of this paper.

AIMS Mathematics Volume 8, Issue 8, 19794-19815.
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Table 1. Error and convergence rate of the SS5BC scheme.

Table 2. Error and convergence rate of the SS3BC scheme.

1D 2D 3D
h llellso rate llelloo rate llelloo rate
1/10  5.62e-2 - 1.11e-1 - 1.66e-1 -
1/20 3.73e-3 391 7.37e-3 391 1.11e-2 3091
1/40 2.34e-4 399 4.67e-4 398 7.0le-4 3.98
1/80 1.46e-5 4.00 2.92e-5 4.00 4.38e-5 4.00

1D 2D 3D
h llellso rate llells rate llelloo rate
1/20 1.19 - 1.88 - 1.96 -
1/40  3.46e-1 1.78 6.82¢-1 1.47 998e-1 0.97
1/80 8.92e-2 1.96 1.78¢e-1 194 2.67e-1 1.90
1/160 2.25¢-2 1.99 4.49e-2 199 6.73e-2 1.99

In the above tests, the SSSBC scheme possesses higher order of accuracy than the SS3BC one.
However, the coefficient matrix is five diagonal for the former scheme while tridiagonal for the later
one, and it seems that the SS5BC scheme might cost more. For further comparison, the computing
time is compared between the two kinds of methods. For the above three examples, one attaines
llelle < 0.002 when the step sizes are free [13]. Take x € [0,1]¢ and T = 0.5. Table 3 shows that the

SS5BC methods are more efficient than the SS3BC ones since the formers cost less time.

Table 3. Comparison of computing time to attain ||e||., < 0.002.

SS5BC SS3BC
N h, T llelle  CPU(s) h,t llelleo
ID 1/20,0.0025 1.95¢-3  0.06  1/64,0.00556 1.96e-3
2D 1/20,0.0018 1.96e-3 197 1/64,0.00527 1.94e-3
3D 1/20,0.00158 1.96e-3 72.70 1/64,0.00517 1.92e-3 236.95

The conserved quantity Q() is respectively simulated for d = 1,2, 3, seeing Eqgs (4.10), (4.18) and
(4.19). Taking x € [0, 119,h =0.05,7=0.02and T = 5, the values of Q" at ¢t = 0, 1,2, 3,4, 5 are listed
in Table 4. It follows from the table that the 1D, 2D and 3D SS5BC schemes remain the conserved

quantity Q" very well.

AIMS Mathematics
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Table 4. Conserved quintity Q" with various values of 7.

1D 2D 3D
0.500000000000000  0.262500000000001  0.144375000000000
0.499999999999994  0.262499999999998  0.144375000000000
0.499999999999990  0.262499999999998  0.144375000000001
0.499999999999987  0.262499999999998  0.144375000000002
0.499999999999984  0.262499999999998  (.144375000000003
0.499999999999983  0.262499999999998  0.144375000000003

N A~ W= O

5.2. Test 2
Take a = % and 8 = —1. Ford = 1, Eq (1.1) has a soliton solution
u(x, 1) = exp[—(x — 0> + i(x — 1],
with {
V(x,t) = 3 2(x — 1) + exp[-2(x — 1)*].
For d = 2, Eq (1.1) has a soliton solution
u(x,y, 1) = expl~(x = 1) = (v = 0f° +i(x + y = ),

with
V(x,y,0) =2 -2(x—1% =2y —1)?+ exp[-2(x — 1> = 2(y — 1)?].

For d = 3, Eq (1.1) has a soliton solution
u(x,y,z,1) = expl-(x =1 = (y = 1) = (z = 1)’ + i(x +y + z = 1)],
with
V(x,y,t) = ; —2(x =1 = 2(y — )" = 2(z = O* + exp[-2(x — 1)* = 2(y — 1)* = 2(z — D).

The initial condition u(x, 0) in Eq (1.2) could be given according to the exact solutions. Since V(x, f)
can not be integrated exactly, one may apply the following approximation

In+1 T
f V(x, Hdt =~ TV(x,t, + 5)
tll

in the schemes. Take x € [-5,5]% ¢ € [0, 1], and T = A*. The error and convergence order are listed in
Table 5. It shows that the 1D, 2D and 3D SS5BC schemes are convergent with order O(z* + h*).

Table 5. Error and convergence rate with T = /2.

1D 2D 3D
N llelloo rate llelloo rate llelloo rate
50 9.62¢-4 - 1.35¢e-3 1.89¢-3

100 6.0le-5 4.00 8.50e-5 3.99 1.19¢-4 3.99
160 9.20e-6 3.99 1.30e-5 4.00 1.81e-5 4.00
200 3.77e-6 4.00 5.32e-6 4.00 7.44e-6 3.99

AIMS Mathematics Volume 8, Issue 8, 19794-19815.
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Taking x € [-5, 1019,h =0.1,7 =0.02 and T = 5, the values of Q" att = 0, 1,2, 3,4, 5 are listed in
Table 6. The table shows that the 1D, 2D and 3D SS5BC schemes also keep the conserved quantity Q"
well in this test.

Table 6. Conserved quintity Q" with various values of 7.

1D 2D 3D
1.253314137315500 1.570796326794896 1.968701243215303
1.253314137315498 1.570796326794888 1.968701243215286
1.253314137315495 1.570796326794880 1.968701243215271
1.253314137315492  1.570796326794872 1.968701243215254
1.253314137315489 1.570796326794864 1.968701243215238
1.253314137315486 1.570796326794855 1.968701243215222

N W= O

SS5BC (1D) exact (1D)

Figure 1. Soliton |u|?> of the 1D NLS equation from ¢t = 0 to = 5. Left: numerical. Right:
exact.

SS5BC (2D) exact (2D)

Figure 2. Soliton |u|?> of the 2D NLS equation from ¢ = 0 to t = 5. Left: numerical. Right:
exact.

AIMS Mathematics Volume 8, Issue 8, 19794-19815.
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SS5BC (3D, x=0) exact (3D, x=0)

SS5BC (3D, y=2) exact (3D, y=2)

SS5BC (3D, z=4) exact (3D, z=4)

Figure 3. Profiles of |u|* of the 3D NLS equation from ¢ = 0to¢ = 5atx = 0 (Top), y = 2
(Middle) and z = 4 (Bottom). Left: numerical. Right: exact.

Numerical simulations of |u[*> computed by the SS5BC schemes are plotted in Figures 1-3. In
Figure 1, the 1D solitary wave transfers from the left to the right as time inceases which is in accordance
with the exact one. In Figure 2, the 2D solitary waves att = 0, 1,2, 3,4, 5 are plotted which also agree
with the exact ones. For 3D, profiles of |u> at x = 0,y = 2 and z = 4 are respectively plotted in
Figure 3, which are still consistent with the exact ones.
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6. Numerical applications

Taking a = % and the trap potential

—1x, d
Vi, = V(x) ={ -3 (2 +yy ) d
%(x +yyy +yZ ), d

I,
2, 6.1)
3

b

the NLS equation (1.1) is known as the Gross-Pitaevskii (GP) equation, which is usually used to
model the properties of a Bose-Einstein condensate (BEC) at extremely low temperatures [1, 14].
For normalization [14], the conserved quantity in Eq (1.4) is required as Q(¢) = 1 for each ¢ € [0, T'].

For d = 1, the initial condition (1.2) is chosen as

1 1
u(x,0) = oy exp (—ExZ)

The condensate width [14] of 1D BEC is numerically approximated as

N
h ) (= DU )P,
j=1

where
N

§=h ) UG

=1

Take x € [-8,8],T7 = 10,h = 0.2,7 = 0.02, and 8 = -3 in Eq (1.1). The approximated condensate
density |u|> and the condensate width o are plotted in Figure 4. And the conserved quantity Q" listed

in Table 7 is about 1, which simulates Q(¢) = 1 very well.

0.95 -

09
0.85 ‘
0.8 “

075F | \
/ \

0.7

Figure 4. Numerical results of 1D BEC from ¢ = 0 to # = 10. Left: The evolution of position

density. Right: The condensate width as a function of time.

AIMS Mathematics

Volume 8, Issue 8, 19794-19815.



19811

Table 7. Conserved quintity Q" of 1D BEC with various values of 7.
Qn
1.000000000000001
1.000000000000032
1.000000000000063
1.000000000000091
1.000000000000124
1.000000000000155

o OO~

—
)

For d = 2, the condensate widths [14] along the x- and y-axes are respectively approximated as

N N N N
o = JhZZw—@zz|U;<xj,yk>|2, ol = JhZZm—WZ|U;’v<x,~,yk>|2,
k=1

j=1 k=1 j=1

where

N N N N

£=0 a3 UGGy § =1y Y UM 0P
2L

=1 1 k=1 j=1

Taking (x,y) € [-8,8]*,T = 10,h = 0.2,7 = 0.02 and 8 = -2, two cases are considered as follows:

Case I. Let y, = 1. The initial condition (1.2) is chosen as

1 1
u(x,y,0) = 5P [—Eoﬁ + yyyz)].

Case II. Let y, = 2. The initial condition is taken as

1/4
1
u(x,y,0) = vyz— exp [—§<x2 - yyy2>].
JT

The approximated condensate widths of Cases I and II are plotted in Figure 5. v, is a ratio of the
trap frequencies in x- and y-direction [14]. As y, = 1 in Case I, the trap potential (6.1) and also the
condensate are isotropic. So the condensate widths along the x- and y-axes should be the same for
Case I, which is shown in Figure 5 numerically. The conserved quantities Q" ~ 1 of the two cases are
both given in Table 8.
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Figure 5. Condensate widths of 2D BECs from 7 = 0 to # = 10. Left: Case I. Right: Case II.

Table 8. Conserved quintity Q" of 2D BECs with various values of 7.

t Case | Case II

0 1.000000000000001 0.999999999999999
2 1.000000000000061 1.000000000000058
4 1.000000000000121 1.000000000000119
6 1.000000000000179 1.000000000000179
8 1.000000000000238 1.000000000000237
10 1.000000000000296 1.000000000000296

For d = 3, the condensate widths [14] along the x-axis is numerically approximated as

N N
|U[r<7(xja Yies Zl)|2’
=1

o = Jm ZN:(xj -2 )
=1 k=1 1

where
N

N N
=hn Z X; Z Z \Un(xj v 201

=1 k=l =1

Similarly, the condensate widths along the y- and z-axes could be approximated respectively. Take
(x,y,2) € [-8,8]°,T = 5,h = 0.2 and 7 = 0.02. The initial condition (1.2) is chosen as

u(x,y,z,0) = exp [—2(x2 + 7yt + 7ZZ2)],
and the following two cases are considered:

Casel. Let = -0.1,y, =2,y, = 4.

CaseIl. LetB = —1,y, =1,y, = 2.

In Figure 6, the approximated condensate widths of Cases I and II are plotted. As y, = 1 in Case II,
the condensate is symmetric in x- and y-directions, which is shown in Figure 6 that o7y equals oj. In
Table 9, the conserved quantities Q" = 1 are listed.
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Figure 6. Condensate widths of 3D BECs from 7 = 0 to t = 5. Left: Case I. Right: Case II.

Table 9. Conserved quintity Q" of 3D BECs with various values of 7.

2

1 1
3 4 5

0.8

06

0.2

047

0

t Case ] Case II

0 1.00000040147946 1.00000000000005
1 1.00000040147932 0.99999999999997
2 1.00000040147934 0.9999999999998 1
3 1.00000040147932 0.99999999999974
4 1.00000040147947 1.00000000000011
5 1.00000040147944 1.00000000000016

7. Conclusions

In this paper, the SSSBC schemes are proposed for the one-dimensional and multi-dimensional NLS
equations. The new notations are introduced for the 2D and 3D equations in order to make the schemes
more brief and accomplishable. The solvability, conservation and linear stability are discussed for the
methods. Variable numerical experiments and applications are carried out to prove that the present
schemes are reliable and efficient. The convergence order, conserved quantity and solitary wave are
verified numerically. Finally, the SSSBC methods are applied to study BECs. It is worth to say that the
skills of analysis in this paper could also be applied to the SS3BC schemes, and advanced theoretical
analyses are still open which are expected in the future work.
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