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Abstract: The main purpose of this work is to discuss an extended KdV equation, which can
provide some physically significant integrable evolution equations to model the propagation of two-
dimensional nonlinear solitary waves in various science fields. Based on the bilinear Béacklund
transformation, a Lax system is constructed, which guarantees the integrability of the introduced
equation. The linear superposition principle is applied to homogeneous linear differential equation
systems, which plays a key role in presenting linear superposition solutions composed of exponential
functions. Moreover, some special linear superposition solutions are also derived by extending the
involved parameters to the complex field. Finally, a set of sufficient conditions on Wronskian solutions
is given associated with the bilinear Béacklund transformation. The Wronskian identities of the bilinear
KP hierarchy provide a direct and concise way for proving the Wronskian determinant solution. The
resulting Wronskian structure generates N-soliton solutions and a few of special Wronskian interaction
solutions, which enrich the solution structure of the introduced equation.
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1. Introduction

Studying of exact solutions plays a vital role in revealing various mathematical and physical
features of associated nonlinear evolution equations (NLEEs). There are diverse types of physically
important exact solutions, such as soliton solutions, rational solutions, positons and complexiton
solutions. Soliton solutions are a type of analytic solutions exponentially localized [1, 2]. Positon


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2023864

16907

solutions contain only one class of transcendental functions-trigonometric functions, while
complexiton solutions contain two classes of transcendental functions-exponential functions and
trigonometric functions [3-5]. Such exact solutions have been explored owing to various specific
mathematical techniques, including the Hirota bilinear approach [6-8], the extended transformed
rational function technique [9], the symbolic computation method [10] and the Wronskian
technique [11-14]. Among the existing methods, the Wronskian technique is widely used to construct
exact solutions of bilinear differential equations, particularly rational solutions and complexiton
solutions [3-5].

The standard Korteweg-de Vries (KdV) equation and the nonlinear Schrodinger (NLS) equation
are two of the most famous integrable models in (1+1)-dimensions which possess very wide
applications in a number of fields of nonlinear science. It is known that the KdV equation is applied to
describing one-dimensional water waves of long wavelength and small amplitude on shallow-water
waves with weakly non-linear restoring forces [15]. The NLS equation is also an interesting
mathematical model that describes the motion of pulses in nonlinear optical fibers and of surface
gravity waves in fluid dynamics. To explore abundant complex nonlinear phenomena in the real
world, various (1+1)-dimensional extensions associated with the KdV and the NLS equations were
constructed [16-21], including the time-fractional coupled Schrodinger-KdV equation [17] and the
coupled nonlinear Schrédinger-KdV equation [19].

Just recently a novel integrable (2+1)-dimensional KdV equation

uy = a(Outty + Uy — 3wy) + DQ2wity — 2y + Uy + duiy), Uy = Wy, Uy = Zyy, (1.1)

has been systematically proposed as a two-dimensional extension of the standard KdV equation by
Lou [22]. The Lax pair and dual Lax pair presented directly guarantee the integrability of
Eq (1.1) [22]. More significantly, the missing D’ Alembert type solutions and the soliton molecules
have been obtained explicitly through the velocity resonant mechanism and the arbitrary traveling
wave solutions, respectively.

The above-mentioned research inspires us to consider a new generalization of Eq (1.1), written as

a(Oxuity + Uygy + 30Vyy) + by + 2xu vy + dxuny, + 0vyy) + cu; + duy + huy, =0, vy = u,, (1.2)

where the constants a, b, ¢, y and ¢ satisfy )((Sc(a2 + b*) # 0, but the constants d and & are arbitrary.
Equation (1.2) can provide us with some integrable equations in (2+1)-dimensions to model the motion
of two-dimensional nonlinear solitary waves in various science fields, such as plasma physics, fluid
dynamics and nonlinear optics. Special physically important cases of Eq (1.2) have been investigated
as follows:

elfwetake y = 1,0 =c =-1,d = h = 0and v, = w, Eq (1.2) reduces to the integrable (2+1)-
dimensional KdV Eq (1.1). Equation (1.1) may be found potential applications in nonlinear science
due to the existence of diverse solution structures [22].

elfwesety =b=1,0=-1,a=d=h=0,c= -2 and make use of the potential u = ¥,, Eq (1.2)
is expressed as

Wiy + 4oy Py + 2% Py + 6V Wir — Wy — 2% = 0, (1.3)

which is the Date-Jimbo-Kashiwara-Miwa (DJKM) equation in (2+1)-dimensions [23,24]. The (2+1)-
dimensional DJKM equation is one of the significant integrable models which possesses interesting
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properties, such as the bilinear Bicklund transformation, Lax pairs and infinitely many conservation
laws [23-25].

e Setting y = —1,6 = a*,a = h =0,b = c = 1,d = ? and using the potential u = @, in Eq (1.2)
yield the following extended Bogoyavlenskii’s generalized breaking soliton equation introduced by
Wazwaz [26]:

(@ — 4D, Dy — 20,0, + D) = 7Dy = f2 D, (14)

where the parameters o and 5? are real. Multiple soliton solutions have been derived for Eq (1.4) by
applying the simplified Hereman’s method.
o We take ¢ s
b=h=0,a=s3 c=s,d=aq, 6:—4,)(:—2,
3S3 353
then Eq (1.2) becomes the extended Kadomtsev-Petviashvili (KP) equation discussed by
Akinyemi [27] as follows:

2
Silpyx + A Uxy + SZ(M )xx t S3Uxxxx T S4ltyy = O’ (15)

where the constants s;—s4 and a; satisfy s;s25354a; # 0. Abundant exact solutions including the
shallow ocean wave solitons, Peregrine solitons, lumps and breathers solutions have been obtained
in [27], which implicates Eq (1.5) might well be applied to explaining a variety of complex behaviors
in ocean dynamics.

The main purpose of this paper is to construct abundant exact solutions including linear
superposition solutions, soliton solutions and more importantly their interaction solutions for Eq (1.2).
Note that Eq (1.2) has a trilinear form rather than the usual bilinear form [6]. Our work will provide a
comprehensive way for building linear superposition solutions and Wronskian interaction solutions.

The following is the structure of the paper. In Section 2, on the basis of the bilinear Bicklund
transformation, we would like to derive a Lax pair and linear superposition solutions, which can contain
some special linear superposition solutions. In Section 3, we will present a set of sufficient conditions
which guarantees the Wronskian determinant is a solution of the trilinear form associated with Eq (1.2).
And then we will construct a few special but meaningful Wronskian solutions, including N-soliton
solutions and novel interaction solutions among different types Wronskian solutions. Our concluding
remarks will be drawn in the last section.

2. Lax pair and linear superposition solutions
Under the logarithmic derivative transformation
2 2
u=—(nf), v=—~Inf),, 2.1)
X X

we transformed the extended Eq (1.2) into a trilinear form

a(fzfxxxxx + foxxfxxx - Sffxfxxxx - 6fx2xfx + 8fxx)cfx2 + 36f2fxyy - 35ffxf;y

_66ffyfxy + 66fxfy2) + b(fzfxxxxy - ffxxxxfy + szxxfxxy - 4ffxfxxxy
4 S foy = 2f0fy = 4SSy + 4F o + 617 fray + 2617 = 36f £,fy)
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+C(f2fxxt - ffxxﬁ - szxfxt + zfxzfl) + d(fzfxxx - 3ffxfxx + 2f)§)
+h(f* foy = Ffuoky = 2f fofo + 2£2 1) = 0. (2.2)

It is known that Hirota bilinear derivatives with multiple variables read:

Dﬁl D:lzf 8= (ax - (9x’)nl (at - at’)nzf(-xa t)g(x,’ t,)lx’:x,t’:ta (23)

with n; and n, being arbitrary nonnegative integers [6]. By utilizing Hirota bilinear expressions, we
can rewrite the trilinear form (2.2) as

Dx[(3a1)jt +9a6D? + 2bD3D, + 3¢D, D, + 3dD? + 3hD.D,)f - f] 2

+D,|(bD?} + 3b5D})f - f] - f* = 0. (2.4)

Theorem 2.1. Assume that f and f’ are two different solutions of Eq (2.2). Then we can give the
following bilinear Bdicklund transformation of (2.2):

(6D, + DY)f - f =0, (2.5a)

[aD} + bD.D, — 3aéD.Dy — bdD;, + cD; + dD. + hD,|f - f* =0, (2.5b)

where 6% = 6.

By the same calculation introduced in [23, 24, 28], we would like to present a simple proof of
Theorem 2.1 in Appendix A.

Setting

2
W = i,’ u= —(hl f,)xxa (26)
f X

and using the identities of double logarithmic transformations [6]

(Dof - =i

(DY - P = Y+ xutp,

(D)Scf : f/)/f/z = wxxx + 3)(1/“70)0

(Dnyf ' f’)/flz = 'J’xy +Xa;luy¢’

(DD f - O = e + 200 i + xuth,

we can transform the bilinear Bicklund transformation (2.5) into a Lax system of Eq (1.2) as follows:

Ly = 54y + e + xutp = 0, (2.7a)
2b 4by h 2by q d
LI = — = Wixxxx 4 xx |\ ——=— = xx 2 3 — —= Uy b (9 by x
W=y, 5‘” + day (6u+6)w + (a)(u 6u+)(xuy+2)w
~ ~ 2by* 2b h
—(3a)(66;1uy + b)(68;2u2y + Txuz — 3ayu, + ?Xuxx — byu, + g)(u)w =0, (2.7b)
where

L) =30, + 8 + yu, (2.8a)
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, 2b , 5 (4by hy ., 2by 4 d
L, = co, - g@x + 4aod;, - (Tu + g)ax + 2(3a)(u - 7ux +byo, u, + 5)@
X % 2by? 2b h
—(3a/y58;1uy + b)(&?;zuzy + —g( u? - 3ayu, + —S)(uxx - byu, + g)(u). (2.8b)

Note that Eq (1.2) can be generated from the compatibility condition [L], L] = 0 of the system (2.7),
which represents the integrability of Eq (1.2).

In addition, taking f” = 1 as the seed solution in the system (2.5), we further obtain the following
linear partial differential equations:

ofy + fux =0, (2.9a)
Afexx + bfy — 3a5fxy - beyy +cfi+dfc+hf, =0, (2.9b)
which is rewritten as
Sfy + fix =0, (2.10a)
2b h
4afxxx - gfxxxx + Cﬁ + dfx - gfxx = 0 (210b)

It is easy to see that the system (2.7) with the choice u = 0 is equivalent to the the pair of Eq (2.10).
Generally, the linear superposition principle can not be directly applied to solutions of NLEEs.
However, it is widely known that the linear superposition principle of solutions [29-32] can be
applied to homogeneous linear differential equations. Therefore, solving the system (2.10) above, we
can built a linear superposition solution formed by linear combinations of exponential functions as

follows:

2%, 4 ho, d
(32K = 228 + k2 = ko),
oc c oc c

N

1
- § g% 0, = kix — =k2y + 2.11
f 2 kiy (2.11)

1

where the k;’s are arbitrary non-zero constants, the &;s, 6°'s are arbitrary constants and 6 satisfies 62 = 6.
The following are two cases which are composed of the product of two special functions for the trilinear
form (2.2).
(a) The case of 6 > O:
If we choose
ki:I’i'i‘li, 90:9?14'9102

1

and
0 _ g0 _ 0 0 0 .
ki:ri—li, 01- :6’“—9[2, ri,li,Oil,QiZER, 1<i<N,
then the linear superposition solution (2.11) becomes
N N
f= Z ge®e’ and f = Z giehe %,
=1 i=1

1

with N-wave variables
1 2b 4 h d
On = rix = =(r} + D)y + | (i} + 677 + 1) — LR A3B) + —( + B - =1t + 6,
0 oc c oc c
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2 8b 4 2h d
O = Lix — =rily + [~—(r§1,. + 1) = 2320+ B + —ril; - —l,]t +6), (2.12)
0 oc c oc c

respectively. Therefore, two kinds of linear superposition formulas of Eq (2.2) composed of the product
of exponential functions and hyperbolic functions can be expressed as

f=) &ie" cosh(B), f =) eie™ sinh(6), (2.13)

N N
i=1 =1

1

where 6;; and 6,, are defined by (2.12).
By setting
ki=ri+1;, 67 = 6" + 16,
and
ki=ri =10, 60 =65 —16°%, i, 1,600,605 € R, I= V=1, , 20, 1 <i <N,

1

respectively, we have
N N
f = Z & eRe(Hi) eIxIm(Hi) and f — Z & eRe(e,-) e—IxIm(é},-)’
i=1 i=1

where

1 2b 4 h d
Re(6),) = rix — =(r? — D)y + [~—(r;t —6r7 7+ 1) - —a(rl.3 -3+ —(r? - 1) - —r,-]t +6°,
0 oc c oc c

2 8b 4 2h d
Im(@,) = l,-x - :r,-l,-y + [~—(r131, - I’il?) - —61(31’1211 - l?) + ~—rl-li - —l,‘]t + 9?2 (214)
1) oc c oc c

Thus two classes of solutions formed by the product of exponential functions and trigonometric
functions appear as:

f= Z £:e%0 cos(Im())), f = Z £, gin(Im(6,)), (2.15)

1

N N
=1 i=1

with Re(6;) and Im(6;) being given by (2.14). Besides, applying the linear superposition principle, we
may get the following mixed-type function solutions such as complexiton solutions:

N N
F= lee” + 0ie*® sin(im(@)], f = ) [ie” + 0i™® cos(Im(6))], (2.16)
i=1

i i=1

where the gs, o;s are arbitrary constants, 6; and Re(6;), Im(6;) are defined by (2.11) and (2.14),
respectively.

(b) The case of 6 < 0:

Generally, the above solution (2.11) leads to complex-valued linear combinations if 6 < 0. However,
we are more interested in real solutions. To this end, taking

ki=Tr;+1;, 6 = 16" + 6,

1
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and
ki =Try =1, 6" =160 — 6%, r, 1,60,6% €R, 1= V=1, ; #0, 1 <i <N,

i il

in (2.11), respectively, we get the following two types of solutions of Eq (2.2):
N N
f= Z ge™es and f = Z gie e,
i=1 i=1

with N-wave variables

I o » 22 o, Aa s 2 h o h p d 0
Ki = 1;X — (r; =y + 6r;l; —r; =)+ —@r; =3rl))+ —@; = 7)) — —ri|t + 6,
V=6 [ V-dc ¢ V=dc ¢ ] :
2 4a 2h d
s = lix— r,z,y + (r,ﬁ L)+ —Q@ril - B + —rili — = 1|t + 6. (2.17)
V=0 [ V-=dc ¢ V-=dc ¢ ] ?

Similarly, the following linear superposition formulas:

N N
f =) e coshis), f= ) eie™ sinh(s)). (2.18)
i=1 i=1
with k; and ¢; being defined by (2.17), solve the linear partial differential system (2.10). Let N = 1 in
the solution (2.18). Through the transformation (2.1), a real solution of Eq (1.2) reads as

85> —166re*!
T T (1 1 ey

with ¢ being defined by (2.17), which is nothing but the one-soliton solution of Eq (1.2).

Let us take the extended Bogoyavlenskii’s generalized breaking soliton Eq (1.4) with @® > 0 as an
illustrative example to describe the propagations of linear superposition solutions. By the
transformation (2.1), we have the following special N-order linear superposition solutions for Eq (1.4)
with o > 0:

(2.19)

N

® = -2Inf), f=) & x4k (3K B0 (2.20)
i=1

® = -2(In f),,

N
2 8
f Z glerlx—f(r +12)y+ (r?+6rizll.2+l?)—ﬁ2r,-]t % cosh (lix _ _riliy + [—(7'13[, + I"il?) —ﬁzli]t), (221)
04 (04

i=1

and
® = -2(In f),,
N
f — [ kix— éklz)+(2k4—ﬁ2k )t + Qierix—é(riz—liz)y+[%(r?—6r,.21i2+l?)—ﬂ2ri]t
i=1
2 3
x cos (Lx — =1 ,y+[ (1l = 1) = BL1t) . (2.22)

where the &8, 0:s, k;s r;s and ;s are arbitrary real constants.
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Three-dimensional plots of these linear superposition solutions are made with the aid of Maple
plot tools, to depict the characteristics of linear superposition solutions. The solution (2.20) is a linear
combination of N exponential wave solutions, also known as the N-wave solution [29]. Figure 1(a)—(c)
displays that the three-dimensional plots of the linear superposition solution (2.20) for N = 4,N = 5
and N = 6 and correspondingly presents three-wave, four-wave and five-wave, respectively.

(a) () ©

Figure 1. Three-dimensional plots of ® determined by the linear superposition solution
(2.20) with special parameters: (a) N=4, ¢; = 1,1 < i < 4,k = =12,k = -0.5,k3 =
1.8,ky =3, =1,=2,t =0; (b)) N=5,¢; = 1,1 <i <5k =-12,ky = -05,k3 =
1.8,ky = 3,ks = 05,0 = 1,8 =2,t =0;(c) N=6,¢& = 1,1 <i < 6,ky = -12,k,
—05,k3 =1.8,ks =3,ks =0.5,ks = -2, = 1,ﬁ =2,t=0.

Figure 2(a)—(c) displays the two-dimensional density plots corresponding to Figure 1(a)—(c). We
can see from Figures 1 and 2 that the solution (2.20) manifests a kink-shape traveling wave in the
(x,y)-plane and the number of stripes increases with the increase of the positive integer N at ¢ = 0. In
addition, various phenomena of wave fusion or fission may occur when the traveling multi-kink waves
propagate along different or same directions. If the coeflicients s are all positive real constants, then
the f in the solutions (2.20) and (2.21) is a positive function. But the coeflicients &;s and o;s are
all positive real constants can not guarantee that the function f is always positive in the complexiton
solution (2.22).

(a) (b)

| e

-40 -20 0 20 40 60 £ o -10 0 10 20 30 40

-40 -20 0 20 40
x x x

Figure 2. Two-dimensional density plots of ® determined by the linear superposition
solution (2.20). The related parameters are the same as in Figure 1.
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Figure 3 shows three-dimensional graphics of the complexiton solutions, which possessing some
singularities. It is obvious that the evolution of linear superposition solutions inclines to be more
complicated with the increase of the positive integer N.

(a) (b) (c)

15000
100003 ||
5000
L &
-50004
- 100003

-150004
Els

190

Figure 3. Three-dimensional plots of @ determined by the linear superposition solution
(2.22) with special parameters: (a) N=2, &, = & = 1,01 =0, = LLky = =1,k = 2,1 =
-1, =2,n=3L=1La=1,=2,t=0;(b)N=3,&=1,1<i<3,00 = 1,00 = 03
0,ky =1,k =15k3=-25r=-1,1=2,a=1,=2,t=0;(c) N=3,&,=1,0,=1,1 <
i < 3,k1 = 1,k2 = 3,k3 = —0.5,1‘1 = —1,11 = 2,7’2 = 3,12 = 1,1"3 = 1,13 = 1.5,&’ = 1,ﬁ =
2,t=0.

3. Interaction of Wronskian solutions

Based on the pair of Eq (2.10), we now construct a set of sufficient conditions on Wronskian
solutions for the extended (2+1)-dimensional KdV Eq (1.2). We first introduce the compact Freeman
and Nimmo’s notation [12, 13]:

Y] (N-1)
¢1 ¢1 ¢1

¢ oD . gD
W=W@i¢---oo)=| . . . . |=l0L- N-1=IN-1, 3D
b B
0 Ve . . " .
where ¢, = e i, j > 1. Then we present a set of sufficient conditions, which guarantees that the
X

Wronskian determinant is a solution of the trilinear Eq (2.2).
Theorem 3.1. Suppose that a set of functions ¢; = ¢i(x,y,t),1 <i < N, meets the combined linear
conditions as follows:

1
¢i,y = _§¢i,xxa (320)
2b da h d
¢i,t = ~_¢i,xxxx - _¢i,xxx + ~_¢i,xx - _¢i,x» (32b)
oc c oc c

where 6> = 8. Then the Wronskian determinant f = fy = IN =1 defined by (3.1) solves the trilinear
Eq (2.2).
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The proof of Theorem 3.1 will be presented by using Wronskian identities of the bilinear KP
hierarchy in Appendix B. We can check that the above sufficient conditions reduce to the ones
introduced earlier studies for the (2+1)-dimensional DJKM Eq (1.3) [33,34].

It is known that Wronskian formulations provide us with a powerful technique to establish exact
solutions including soliton solutions, rational solutions, positons, complexitons and their interaction
solutions for NLEEs [3-5]. The interactions of mixed solutions for higher-dimensional NLEEs have
become a more and more popular research topic recently [35-41]. The determination of mixed
solutions is extremely useful to reveal specific physical characteristics modeled by these
higher-dimensional equations. With the help of the homoclinic test method and the Hirota bilinear
approach, different types of hybrid-type solutions were displayed, such as the breather-kink wave
solutions [36], the mixed lump-kink solutions [37] and the periodic-kink wave solutions [38]. In this
section, the major concern is to construct Wronskian interaction solutions among different types of
Wronskian solutions determined by the set of Wronskian sufficient condition (3.2) to the trilinear
Eq (2.2).

Let us consider the Wronskian sufficient condition (3.2). An N-soliton solution of Eq (2.2)
associated with the Wronskian determinant can be expressed as

f = fN = W(¢1’¢27”' ’¢N)’ (33)

where | b 4 h d
¢i= e + 6%, & = pix— =pPy + (Tp? - _ap? +—pi - —p,-)t + constant,
0 oc c dc ¢
— 1 2b 4 h d
&= qix— zqiv+ (54! - =4 + =4} — Sg;)t + constant, G4
o oc c oc c

in which pis and g;s are free parameters. Taking the variables transformations presented in [6] and
introducing the following new parameters:

1 2b 4a h d
Ki=pi—qi Li=—=(pi —q), Wi= =} —¢g)——@} —g)+ =} —=q)) - —(pi —q), (3.5)
o) oc c oc c

the dispersion relation of Eq (2.2) can be written as

b dK; hL;
W, = ———36L% + K*) - — (6L + K*Ly) - == - 2= (3.6)
cK; cKl.2 c c

Moreover, through the same calculation and variables transformations presented in [34], we obtain an
equivalent representation of the N-soliton solution (3.3) as follows:

N N
2 Hip In A+ 3 pim;
f=fu=), e S (3.7)
p=0,1
where

~K;K3(K; = K;)* + 6(K,Lj — K;L;)?
~K7K3(K; + K))? + 6(KiLj — KLY

1<i<j<N, (3.8)

n = K[X+ L,y + Wit+ 77?, A’J =

AIMS Mathematics Volume 8, Issue 7, 16906-16925.
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with W; being defined by (3.6) and n?’s being arbitrary constants. Here u = (uq, 2, ,un), £ =0,1
indicates that each y; takes 0 or 1. Also worth noting is that if we choose all the A;; = 0, the N-soliton
solution (3.7) can be reduced to the linear superposition solution (2.11).

Next we will show different types of Wronskian interaction solutions to Eq (1.2). In general, it
will lead to complex-valued Wronskian interaction solutions when ¢ < 0. For the convenience of the
following discussion, we will only focus on the case of 6 > 0 in Eq (1.2).

Solving the following representative system

1
¢y = _g¢xxa (39@)
2b 4a h d
¢t = ~_¢xxxx - _¢xxx + ~_¢xx - _¢x, (39b)
oc c oc c

with 6> = § > 0, we get several special solutions for ¢ :

Orational,] = @1X — ﬂt + ay, @, @, = constants, (3.10a)
c
2 2
¢rat10na12 - ﬁlx +ﬁ2x - %y IB(; t +ﬁ3, d= 0 ﬁl,ﬂ],ﬁ3 = constants, (310b)
Z 1 2b 4a h d
N 4 & N 4 _ 34 2_ 2
buiion = ¢ + 5, €= pr—=py+(pt = =+ =p? = o
— 1 2b 4 h d
E=qgx— =g’y + ( gt - —aq3 —q* - —q)t, P, q = constants, (3.10¢)
0 oc oc c
¢positon,l = 65 Cos ¢, ¢positon 2 = etp sin @, ¢complexit0n = ef + e@ COS ¢,
1 2b 4a  h , d
= px — + ——p’+=p ——pt,
E=p 6py (&p PP zﬁ

—

1 2b
o=rx— = =Py +[=—0" - 6P + 1" - (r —3rl*) + z (r - P - —r]
0 oc c

2 8b 2h . d
= lx—grly+[5—(r3l—rls) (3 rl- 13)+ rl——l]t p. 1,1 = constants. (3.10d)
C

A few Wronskian interaction determinants between any two of a single soliton, a rational, a positon
and a complexiton read as

A da da =
f = W(¢rati0nal,l’ ¢soliton) = e‘f[al - Q(a'lx - T]t + a’2) + (Cl’] - p(allx - T]t + a’2))e§ f]»

,31 /31

f W(¢rat10nal 2 ¢sollton) =e [2ﬁ1x +ﬁ2 - Q(,le +ﬁ2x - =y —t +,8%)
2 2,
+(2,81x +B2—p(,81x +,82x—?y+f—;t+,83)) ,d=0,

= da )
f = W(¢rati0nal,la ¢positon,l) = e‘p[(al-x - Tlt + Q'Z)(r cos Y- ZSIH 90) — @ COS 90]’
f = W((bsoliton’ ¢posit0n,2) = e?@[(] + ef_?)(r Sil’l()D + [ cos QD) - (Pe’f:‘g + (Z) sin Sa]a
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dal — — —~
f = W(¢rationa1,1’ ¢Complexiton) = (le - Tt + aZ)(pef + retﬁ COS ¢ — letp Sim 90) - a’l(ef + etp Ccos ‘10)’

where g,E and ¢,¢ are defined by (3.10c) and (3.10d), respectively. = Moreover, by the
transformation (2.1), the corresponding Wronskian interaction solutions of Eq (1.2) appear as

2(ffxx_fxz) Z(ffx _fxfr)
u= T, Vy = # (311)

For Eq (1.4) with a® > 0, associated with (3.11), three special Wronskian interaction solutions are

q)rs = _zax In W(¢rational,1’ (bsoliton) = _2q - 2];‘?’){’ (312)

frs = a1 — qlayx — Bragt + @2) + [a) — p(ayx — BPagt + &2)]65/_?

9

frsx = —qa + [ = pay + () — plarx = Fagt + a2))(p — @)l ¢,

®,, = 2(9)5 In W(¢rational,1 s ¢positon,1) =-2r— 2]‘;"_17715 ’ (313)

rp -
rp

frp = (a1 x — fPait + a)(rcos¢’ —Ising’) — @y cos¢,

foox = ai(reosg’ —Ising’) — (a1x — Bagt + @) (rlsing’ + P cos ¢') + a;lsin ¢/,
2 Y

fipsx
O, = 2ax In W(¢solit0n, ¢posit0n,2) = _2((] + r) -2 fl’ s (314)

sp — T
sp

Fip = (14 E)(rsing +1cos @) — (pe € + g)sing,
Firn = E(p = @)rsing +Icosg) + (1 + ¢ € )(rlcos ¢’ — Psing’)

—e " p(p — q)sing’ — (pe* ¢ + g)lcos ¢/,

where
;T 1L 5 5 2 4 4 2
&-¢ =(p—q)x—5(p —q)y+a(p —g)t-B(p—-qn,
/ 2 8 3 3 2
o =lx——rly+ -l -rl)-plt, ay,as,p,q,r, | = constants.
a a

Figure 4 shows some singularities of these three Wronskian interaction solutions.
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(a) (b) (©
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Figure 4. (a) The plot of the Wronskian interaction solution (3.12) with parameters: p =
l,g = 3,01 = 2,ar = 0, = 1,8 = 2,¢t = 0; (b) The plot of the Wronskian interaction
solution (3.13) with parameters: r = 2,/ = 1,y = l,a, = -2.1,a = 1, =2,t = 0; (c) The
plot of the Wronskian interaction solution (3.14) with parameters: p = 1,q = -3,r = 1,1 =
2,a=1,=2,t=0.

4. Concluding remarks

In a word, on the basis of the bilinear Bicklund transformation, we established a Lax system and
linear superposition solutions composed of exponential functions for the trilinear Eq (2.2).
Furthermore, by extending the involved parameters to the complex field, we obtained some special
linear superposition solutions, such as the linear superposition formula of the product of exponential
functions and trigonometric functions, the linear superposition formula of the product of exponential
functions and hyperbolic functions, and the mixed-type function solutions. Finally, a set of sufficient
conditions, which guarantees that the Wronskian determinant is a solution of Eq (2.2), was given
associated with the bilinear Béacklund transformation. The resulting Wronskian structure generated
the N-soliton solution and a few special Wronskian interaction solutions for Eq (1.2).

In a sense, the presented results in this paper extend existing studies, because many soliton
equations can be used as special cases of Eq (1.2). The bilinear Bicklund transformation (2.5) and
Lax system (2.7) indicate the integrability of Eq (1.2). By employing Wronskian identities of the
bilinear KP hierarchy and properties of Hirota operators, we provide a direct and simple verification
of the Wronskian determinant solution, which avoids a lengthy and complex proof process. Our
studies also demonstrate the diversity and richness of solution structures of the introduced equation.

We remark that Eq (1.2) possesses a kind of traveling wave solutions in the form:

2 2 a 26> d ah 0
u= Zng@) v="(ng®), 7= x-7y- (232
where the coeflicients a and b are two nonzero constants, g is an arbitrary function and 7° is an arbitrary
constant.
Therefore Eq (1.2) has a large number of solution formulas including soliton molecules [22, 42].
Furthermore, in our future work, lump solutions [10, 34, 43—45] and nonsingular complexiton
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solutions [10] are expected to be studied for Eq (1.2) with 6 < 0. These wonderful solutions will be
useful for analyzing nonlinear phenomena in realistic applications.
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Appendix

Appendix A

We provide a simple proof of Theorem 2.1.

Proof. Let us start from a key function

P = f*{D,[(3aD} + 9asD} + 2bDID, + 3cD.D)f - f]- f*

+D,[(bD% + 3b5D})f - £1- £} - f{D.[(3aD? + 946D

+2bDDy +3c¢D,D,)f - f']- f* + D,[(bD; + 3b6D})f" - f] - f’z}. (A.1)

By applying (2.5a) and Theorem 2.1 obtained in [28], we have

P = 6D,{D,[(aD} + bD2Dy - 3a5D.D, - b3D; + cD)f - f'1- ff'} - f2f7. (A.2)
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Let us introduce another key function
Q = f4{D[(3dD? + 3hD,D))f - f1- £} = f{D (3D + 3hD,DY)f - £]- f?}.  (A3)
By employing the folllowing exchange identities for Hirota’s bilinear operators [6]:
(D,F -G)H? - G*(D,T -H) = D(FH - GT) - GH, (A.4da)

(D,D,F - F)G* — F*(D,D,G - G) = 2D(D,F - G) - FG = 2D,(D.F - G) - FG, (A.4b)

a direct computation shows
_ 72 2 2 2 / / 2 12
Q = D.{f*(3dD + 3hD,D,)f - f - f*(3dD’ + 3hD,D))f - f'}- f*f
= 6D{D.[(dD, + kD)) f - f1- ff'}- £ (4.5)
It further follows that

P+0Q= f’4{Dx[(3aD1 +9aéD; +2bD}D, + 3¢D,D; + 3dD’ + 3hD.D,)f - f]- f*

+D,[(bD} + 366D})f - £1- £} = £{D.[(3aD} + 946D} + 2bD3D,
+3¢D.D, + 3dD3 + 3hD.Dy)f" - f'] - f** + Dy[(bD} + 3b6D3) f" - f'] - f’z}

= 6D,{D.[(aD} + bD’D, - 3a5D.Dy - b3D; + cD, +dD, + hD))f - f'1- ff'}- £ 7. (A.6)

Thus, the system of bilinear Eq (2.5) guarantees P + Q = 0, which indicates that the system (2.5)
yields a Béacklund transformation for Eq (2.2).

Appendix B

It is widely known that the first two equations of the KP hierarchy [46] may be expressed in Hirota
bilinear form as

(D} —4D\D;s +3D3)f - f =0, (B.1a)
[(D} +2D3)D, = 3Dy Dy1f - f =0, (B.1b)
where f denotes a function related to variables x;, j=1,2,3,...,and D; = D;,. To prove Theorem 3.1,

we first give two helpful lemmas in terms of Hirota differential operators.
Lemma B.1. Suppose that a group of functions ¢; = ¢:(x1, x2, X3, ...), (1 < i < N), satisfies that
¢
Oudi= 2 = 1,23, (B2)
J (9)C/
Then the Wronskian determinant f = fy = |N/—\ 1| defined by (3.1) solves the bilinear Egs (B.1a) and
(B.1D).
Lemma B.1 has been proved in [6,47]. This lemma demonstrates that the bilinear forms (B.1a) and
(B.1b) become the Pliicker relations for determinants if the function f is written as the Wronskian
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determinant [48]. That is, (B.1a) and (B.1b) can be transformed into the following Wronskian
identities:
(D} — 4D\ D5 +3D¥)IN = 1|-|IN = 1| = 24(N — 1[N =3,N,N + 1|

~IN=2,N|[N=-3,N-1,N+1|+|[N=-2,N+1|N-3,N-1,N)=0, (B.3a)

and
[(D} +2D3)D, — 3D D,)IN = 1|- [N = 1| = 12(N = 1||[N =3,N, N +2|

~IN=2,N|IN=3,N-1,N+2|+|N=2,N+2|[N-3,N - 1,N|)
~120N=1|N=4,N-2,N,N+1|—|N =2,N||IN =4,N - 2,N — 1, N + 1|
+IN=2,N+1|N=4,N-2,N-1,N|) =0, (B.3b)

respectively. The first identity (B.3a) is nothing but a Pliicker relation, and the second identity (5.3b)
is a combination of two Pliicker relations.

Lemma B.2. Let Wronskian entries ¢; = ¢i(x,y,t), 1 < i < N, in the Wronskian determinant (3.1)
satisfy (B.2) and

0yp; = (a0, + azai + 4+ a,07)p; = (a10y, + ax0y, + -+ + anly, )i, (B.4a)
0pi = (b10y + br0* + - -+ + b,0"); = (b10y, + br0,, + - - - + b0y )i, (B.4b)
where m, n are nonnegative integers, and a,, as, . .., a4y, b1, ba, . .., b, are arbitrary constants. Then
f=h=IN-1
defined by (3.1) yields
DI'Df - f =(aiDy +a;Dy + -+ + @yDy)" (b1 Dy + byDay + -+ + b,D,)" f - f, (B.5)

with ny, ny are nonnegative integers and D; = D,.. The associated Hirota’s bilinear operators D, j =
1,2,3,..., are defined by the expression (2.3).

Lemma B.2 has been proved in [49]. Next, we present the proof of Theorem 3.1.
Proof. Introducing an auxiliary variable z, we may rewrite Eq (2.4) as

D.|(3aD% + 9asD} + 2bD*Dy + 3¢D,D, + 3dD? + 3hD,Dy — D,D.)f - f| - £
+D,|(bD} + 366D} + D.D)f - f|- f* = 0. (B.6)
Let the Wronskian entries ¢;, 1 <i < N, meets
¢i,z = _4b¢i,xxx-

Applying the conditions (3.2) and Lemma B.2, we have
1 1
Dif-f=Dif - fo Dif - f = 5Daf - fo DiDf - f = —=DiDaf - f.

2b da h d
D.D,f- f = D1(§D4 - ?D3 + gDz - ZDl)f - fs
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4b 1
D,D.f - f = §D2D3f‘f, D.D,f- f = —ngsz‘f,
D,D.f - f=-4bD\Dsf - f,--- .

Substituting the above derivatives into (B.6) and employing Lemma B.2, a direct calculation yields

(3aD} + 9adD;, + 2bD}D, + 3¢D.D, + 3dD’ + 3hD Dy — D,D.)f - f

6b

2 3h
= (3aD{ + 9aD; - gD%D2 + 3D1D4 - 12aD,D; + gD]D2 —3dD?

3h

+3dD% - gD]Dz — §D2D3)f . f

2b
=3a(D} +3D3 —4D\D3)f - f — g(D?Dz +2D,D3 — 3D\ Dy)f - f

-0,

and

(B.7)

(bD} +3b6D;} + D.D.)f - f = b(D{ + 3D; —4D\D3)f - f =0, (B.8)

where the Wronskian identities (B.3a) and (B.3b) have been applied. Furthermore, we have

D,|(3aD} + 9adD; + 2bD3D, + 3¢D, D, + 3dD? + 3hD.D,)IN = 1| - [N = 1| - IN = 1]

+D,[(bD}+365D)N = 1-|N = 1||-IN = 1P = 0.

Thus, the Wronskian determinant f = fy = IN/—\ 1] solves Eq (2.2).
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