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1. Introduction

Let Σ(c, n)(c > 0, n ≥ 2, n ∈ N) denote the class of meromorphic functions f which are analytic in
the punctured open unit disk Û = U\{0} = {z ∈ C : 0 < |z| < 1} and has the Taylor series expansion of
form

f (z) =
c
z

+

∞∑
k=n

akzk. (1.1)

We define the following class ΣS ∗n(c, β) of the generalized meromorphically starlike of order β [1,2],

ΣS ∗n(c, β) =

{
f (z) ∈ Σ(c, n) : −Re

z f ′(z)
f (z)

> β, β ∈ [0, 1)
}
.

Let f (z) and g(z) be members of analytic function in U, f (z) is said to be subordinate to g(z), if
there exists a Schwarz function ω(z), analytic inU with

ω(0) = 0 and |ω| < 1,

such that
f (z) = g(ω(z))(z ∈ U).
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In such a case, we write f (z) ≺ g(z). Furthermore if the function g(z) is univalent in U, then we
have [3,4],

f (z) ≺ g(z)⇐⇒ f (0) = g(0) and f (U) ⊂ g(U).

In this paper, we study a class of meromorphic Janowski functions as follows. [5,6]

Definition 1.1. A function f (z) ∈ Σ(c, n) belongs to the class ΣS ∗n(c, a, b), if and only if

−
z f ′(z)
f (z)

≺
1 + az
1 + bz

(z ∈ Û).

It is quite clear that

ΣS ∗n(c, a, b) ⊂ ΣS ∗n(c,
1 − a
1 − b

) (−1 ≤ b < a ≤ 1).

Using the subordination relationship, f (z) ∈ ΣS ∗n(c, a, b), if satisfies the following condition

−
z f ′(z)
f (z)

=
1 + aw(z)
1 + bw(z)

(z ∈ Û),

where ω(z) is analytic inU with |ω(z)| < 1 and ω(0) = 0.
The above equation can also be equivalent to∣∣∣∣∣ f (z) + z f ′(z)

a f (z) + bz f ′(z)

∣∣∣∣∣ < 1, (z ∈ Û).

Let T (c, n) be a subclass of Σ(c, n), and f ∈ T (c, n) is defined as

f (z) =
c
z
−

∞∑
k=n

|ak|zk. (1.2)

In particular, taking
ΣS
∗

n(c, a, b) = T (c, n) ∩ ΣS ∗n(c, a, b).

Next, we will introduce the second-order generalized λ-Hadamard product of the class T (c, n).

Definition 1.2. Let fi(z) = c
z −

∑∞
k=n |ak,i |zk ∈ T (c, n) (i = 1, 2). The second-order generalized λ-

Hadamard product ( f14̃ f2)λ(u, v, c; z) of the function f1 and f2 is defined by

( f14̃ f2)λ(u, v, c; z) = (1 − λ)z( f14 f2)′(u, v, c; z) − λz(z( f1 4 f2)′)′(u, v, c; z) +
2c2

z
, (1.3)

where

( f14 f2)(u, v, c; z) =
c2

z
−

∞∑
k=n

|ak,1|
u
|ak,2|

vzk. (1.4)
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We can obtain, from (1.3) and (1.4), that

( f14̃ f2)λ(u, v, c; z) =
c2

z
−

∞∑
k=n

[k − k(k + 1)λ]|ak,1|
u
|ak,2|

vzk.

In particular, if u = v = 1, then ( f14̃ f2)λ(1, 1, c; z) = ( f1∗ f2)λ(z) is the second-order λ-Hadamard
product as follows:

( f1∗ f2)λ(z) = (1 − λ)z( f14 f2)′(1, 1, c; z) − λz(z( f1 4 f2)′)′(1, 1, c; z) +
2c2

z

=
c2

z
−

∞∑
k=n

[k − k(k + 1)λ]|ak,1||ak,2|zk. (1.5)

Note. By choosing different parameters c, λ, u and v, we can get special convolutions as below:

(1) For λ = 0, c = 1, ( f14 f2)0(u, v, 1; z) = ( f14 f2)(u, v; z) is the product defined in [7,8].
(2) For λ = 0, u = v = 1, c = 1, ( f14̃ f2)0(1, 1, 1; z) = ( f1∗ f2)(z) is the famous Hadamard product

defined in [1].

For the sake of simplicity, the parameters for the rest of the article are specified below

c > 0, n ∈ N, n ≥ 2, a ∈ R, |a| ≤ 1, b ∈ R, |b| ≤ 1, a , b.

At the same time, let
ΣS
∗

n(c, a, b) = T (c, n) ∩ ΣS ∗n(c, a, b).

In 1996, Choi et al. [7] studied the generalized λ-Hadamard product of univalent functions.
In 2021, the authors [3] discuss the closure properties of the first-order λ-Hadamard product of the
class ΣS

∗

n(c, a, b).
In this paper, we will continue to discuss the closed problems of second-order generalized λ-

Hadamard product of the class ΣS ∗n(c, a, b) and obtain some new results.

2. Perliminaries

Lemma 2.1. [3] If f ∈ Σ(c, k) satisfies

∞∑
k=n

[(k + 1) + |a + kb|]|ak|

c|a − b|
≤ 1, (2.1)

then f (z) ∈ ΣS ∗n(c, a, b).

Lemma 2.2. [3] Let the function f ∈ T (c, k) , then f ∈ ΣS
∗

n(c, a, b) if and only if
∑∞

k=n
[k+1+(a+kb)]|ak |

c(a−b) ≤ 1, 0 ≤ b < a ≤ 1,∑∞
k=n

[k+1−(a+kb)]|ak |

c(b−a) ≤ 1, −1 ≤ a < b ≤ 0.
(2.2)
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3. Main results

First, we investigate the closure properties of the second-order λ-Hadamard product ( f1∗ f2)λ(z).

Theorem 3.1. If fi(z) = c
z −

∑∞
k=n |ak,i|zk ∈ ΣS

∗

n(c, a, b) (i = 1, 2) satisfy one of the following conditions:

(1) 0 ≤ b < a ≤ 1, 0 < λ < 1
n+1 ,

(2) −1 ≤ a < b ≤ 0, 0 < λ < 1
n+1 ,

then the second-order λ-Hadamard product 1
c ( f1∗ f2)λ(z) ∈ ΣS

∗

n(c, a, b).

Proof. Let f1, f2 ∈ ΣS
∗

n(c, a, b), which are given by (1.2).
(1) For 0 ≤ b < a ≤ 1, we can get from (2.2),

∞∑
k=n

(k + 1 + (a + kb))|ak,1|

c(a − b)
≤ 1 (3.1)

and

∞∑
k=n

(k + 1 + (a + kb))|ak,2|

c(a − b)
≤ 1. (3.2)

Since

1
c

( f1∗ f2)λ(z) =
1
c

[
(1 − λ)z( f14 f2)′(1, 1, c; z) − λz(z( f1 4 f2)′)′(1, 1, c; z) +

2c2

z

]
=

c
z
−

∞∑
k=n

1
c

(k − k(k + 1)λ|ak,1||ak,2|zk,

then, to obtain 1
c ( f1∗ f2) ∈ ΣS

∗

n(c, a, b), we only need to verify the following condition is established.

∞∑
k=n

[(k − k(k + 1)]λ)(k + 1 + (a + kb))|ak,1||ak,2|

c2(a − b)
≤ 1. (3.3)

Using Cauchy-Schwarz inequality, it can be obtained from Eqs (3.1) and (3.2) that

∞∑
k=n

(k + 1 + (a + kb))
√
|ak,1||ak,2|

c(a − b)
≤ 1. (3.4)

From (3.3) and (3.4), we just need to prove√
|ak,1||ak,2| ≤

c
(k − k(k + 1)λ)

.

Since √
|ak,1||ak,2| ≤

c(a − b)
k + 1 + (a + kb)

.
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Thus, we just have to show

a − b ≤
k + 1 + (a + kb)
(k − k(k + 1)λ)

, n ≥ k. (3.5)

For λ < 1
n+1 , (3.5) can be simplified to λ > k(a−b)−[k+1+(a+kb)]

(a−b)k(k+1) .

Therefore, we conclude that if

1
n + 1

> λ > max
{k(a − b) − [k + 1 + (a + kb)]

(a − b)k(k + 1)
, 0

}
= 0,

then 1
c ( f1∗ f2)λ(z) ∈ ΣS

∗

n(c, a, b).
(2) For −1 ≤ a < b ≤ 0. We can using the same method above, obtain that if

1
n + 1

> λ > max
{k(b − a) − (k + 1 − a − kb)

(b − a)k(k + 1)
, 0

}
= 0,

then 1
c ( f1∗ f2)λ(z) ∈ ΣS

∗

n(c, a, b). This completes the proof of Theorem 3.1. �

Corollary 3.1. Let u > 1, fi(z) ∈ ΣS
∗

n(c,−1, 0) (i = 1, 2). If 0 < λ < 1
n+1 , then

( f14̃ f2)λ(1, 1, c; z) ∈ ΣS
∗

n(c,−1, 0).

Next, we consider the closure properties of the second-order generalized λ-Hadamard product.

Theorem 3.2. Let u > 1, fi(z) = c
z −

∑∞
k=n |ak|zk ∈ ΣS

∗

n(c, a, b) (i = 1, 2). If one of the following
conditions,

(i) 0 ≤ b̂ < b < a ≤ 1, 2n+1
(n+1)(3n+1) < λ < min( c(1+b)+2n(a−b)

(3n2+2n)(a−b) ,
1

n+1 ), and 0 ≤ b̂ < min(1, a −
(a−b)[n+1+(a+nb)]n[1−(n+1)λ]

c[n+1+(a+nb)]+(a−b)n2[1−(n+1)λ] );

(ii) −1 ≤ a < b < b̂ ≤ 0, and 0 < λ < 2n+1
(n+1)(3n+1) , holds true, then 1

c ( f14̃ f2)λ
(

1
u ,

u−1
u , c, z

)
∈ ΣS

∗

n(c, a, b̂).

Proof. Let fi(z) ∈ ΣS
∗

n(c, a, b)(i = 1, 2).
(1) Let 0 ≤ b < a ≤ 1, using (2.2), we have

∞∑
k=n

k + 1 + (a + kb)
c(a − b)

|ak,i| ≤ (i = 1, 2).

So we get  ∞∑
k=n

k + 1 + (a + kb)
c(a − b)

|ak,1|


1
u

≤ 1, (3.6)

and  ∞∑
k=n

k + 1 + (a + kb)
c(a − b)

|ak,2|


u−1

u

≤ 1. (3.7)

Since
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( f14̃ f2)λ(u, v, c; z) =
c2

z
−

∞∑
k=n

[k − k(k + 1)λ]|ak,1|
u
|ak,2|

vzk,

then, to get 1
c ( f14̃ f2)(1

u ,
u−1

u , c; z) ∈ ΣS
∗

n(c, a, b̂), we just only need to verify that the following condition:

∞∑
k=n

[k + 1 + (a + k̂b)][(k − k(k + 1)λ]

c2(a − b̂)
|an,1|

1
u |ak,2|

u−1
u ≤ 1 (3.8)

holds true.
Applying the Hölder inequality, from (3.6) and (3.7), we get

∞∑
k=n

k + 1 + (a + kb)
c(a − b)

|ak,1|
1
u |ak,2|

u−1
u ≤ 1.

In order to obtain inequality (3.8), we only need to prove

[k − k(k + 1)λ][k + 1 + (a + k̂b)]

c2(a − b̂)
≤

k + 1 + (a + kb)
c(a − b)

, (3.9)

that is,

b̂[
c[k + 1 + (a + kb)]

a − b
+ [k2 − k2(k + 1)]λ) ≤

ca[k + 1 + (a + kb)]
a − b

− (a + k + 1)[k − k(k + 1)λ].

Let

P1(k) =
c[k + 1 + (a + kb)]

a − b
+ [k2 − k2(k − 1)λ]

and

Q1(k) =
ca[k + 1 + (a + kb)]

a − b
− (a + k + 1)[(k − k(k + 1)λ].

After simplification, we can get

Q1(k)
P1(k)

= a −
[k + 1 + (a + kb)](a − b)(k − k(k + 1)λ)

c[k + 1 + (a + kb)] + (a − b)[k2 − k2(k + 1)λ]
.

Suppose
P1(k) = [k + 1 + (a + kb)](a − b)(k − k(k + 1)λ)

and
Q1(k) = c[k + 1 + (a + kb)] + (a − b)[k2 − k2(k + 1)λ].

To prove Theorem 3.2, we divide the procedure into two cases.
(a) Because P1(k) is increasing with respect to k and P1(n) =

c[n+1+(a+nb)]
a−b + n2[1 − (n + 1)λ] > 0,

P1(k) > 0 is true for k ≥ n. In order to prove (3.9), we only need to show the following inequality

b̂ ≤
Q1(k)
P1(k)

= a −
(a − b)[k + 1 + (a + kb)](k − k(k + 1)λ)

c[k + 1 + (a + kb)] + (a − b)[k2 − k2(k + 1)λ]
. (3.10)
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It is easily to verify (3.10) holds true if λ < (a−b)n2+a[n+1+(a+nb)]
(a−b)(n+1)n2 .

It is clear that P1(k) is monotonically increasing, so we get λ < c(1+b)+2k(a−b)
(3k2+2k)(a−b) .

Since Q1(k) is monotonically decreasing with respect to k if λ > 2k+1
(k+1)(3k+1) , then

b̂ ≤
P1(k)

Q1(k)
= a −

(n − n(n + 1))λ(a − b)(n + 1 + (a + nb))
c(n + 1 + (a + nb)) + (a − b)(n2 − n2(n + 1)λ)

,

and Q1(k) is increasing with respect to k if λ < 2k+1
(k+1)(3k+1) , then

b̂ ≤ lim
k→+∞

P(k)

Q(k)
= −1.

Because of b̂ ≥ 0, this case is removed.
(b) Because P1(k) is decreasing with respect to k and P1(n) =

c[n+1+(a+nb)]
a−b + n2[1 − (n + 1)λ] < 0,

P1(k) < 0 is true for k ≥ n. (3.9) holds true if

b̂ ≥
Q1(k)
P1(k)

= a −
[k + 1 + (a + kb)](a − b)(k − k(k + 1)λ)

c[k + 1 + (a + kb)] + (a − b)[k2 − k2(k + 1)λ]
. (3.11)

Clearly, (3.11) holds true if λ > (a−b)n2+c[k+1+(a+kb)]
(a−b)(k+1)k2 . Since λ < 1

k+1 , there is no solution for λ.

Since P1(k) and P1(k) are decreasing functions, we have λ > c(1+b)+2k(a−b)
(3k2+2k)(a−b) . Q1(k) is monotonically

decreasing with respect to k if λ > 2k+1
(k+1)(3k+1) , we have

b̂ ≥
Q1(k)

P1(k)
= a −

(a − b)λ(n + 1 + (a + nb))(n − n(n + 1))
c(n + 1 + (a + nb)) + (a − b)n2(1 − n + 1)λ)

.

And Q1(k) is increasing if λ < 2k+1
(k+1)(3k+1) . On the other hand, because λ > c(1+b)+2k(a−b)

(3k2+2k)(a−b) , there is no
solution for λ.

If the condition (i) is satisfied, then (3.9) is true. Therefore, 1
c ( f14̃ f2)λ

(
1
u ,

u−1
u , c, z

)
∈ ΣS

∗

n(c, a, b̂).

(2) For −1 ≤ a < b ≤ 0, the proof is similar to (1), so we can obtain

b̂[
c[k + 1 − (a + kb)]

b − a
+ (k2 − k2(k + 1)λ)]

≤
ca[k + 1 − (a + kb)]

b − a
+ (−a + k + 1)[k − k(k + 1)λ]. (3.12)

Let

P2(k) =
c[k + 1 − (a + kb)]

b − a
+ [k2 − k2(k − 1)λ]

and

Q2(k) =
ca[k + 1 − (a + kb)]

b − a
+ (−a + k + 1)[k − k(k + 1)λ].
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After simple calculation, we can obtain

Q2(k)
P2(k)

= a +
(k + 1 − (a + kb))(b − a)k(1 − (k + 1)λ)

c[k + 1 − (a + kb)] + (b − a)k2[1 − (k + 1)λ]
.

Assume

P2(k) = (k + 1 − (a + kb))(b − a)(k − k(k + 1)λ)

and

Q2(k) = c[k + 1 − (a + kb)] + (b − a)[k2 − k2(k + 1)λ].

We divide the discussion into two cases as follows:
(c) Because P2(k) is increasing with respect to k and P2(n) =

c[n+1+(a+nb)]
b−a + n2[1 − (n + 1)λ] > 0,

P2(k) > 0 is true for k ≥ n. In order to prove (3.12), we only need the following inequality to be true

b̂ ≤
Q2(k)
P2(k)

= a +
(k + 1 − (a + kb))(b − a)(k − k(k + 1)λ)

c[k + 1 − (a + kb)] + (b − a)[k2 − k2(k + 1)λ]
. (3.13)

It is not hard to verify (3.13) holds true if λ < (b−a)n2+c(n+1−(a+nb))
(b−a)(n+1)n2 .

On the other hand, P2(k) is increasing with respect to k, we can get λ < c(1−b)+2k(b−a)
(3k2+2k)(b−a) .

It is clear that Q2(k) is decreasing if λ > 2k+1
(k+1)(3k+1) , then

b̂ ≤
P2(k)

Q2(k)
= a +

(n − n(n + 1))λ(b − a)(n + 1 − (a + nb))
c(n + 1 − (a + nb)) + n2(b − a)(1 − (n + 1)λ)

,

and Q2(k) is increasing with respect to k if λ < 2k+1
(k+1)(3k+1) , then

b̂ ≤ a + lim
k→+∞

P2(k)

Q2(k)
= 1.

(d) Because P2(k) is decreasing with respect to k and P2(n) = n2[1 − (n + 1)λ] +
c[n+1−(a+nb)]

b−a < 0,
P2(k) < 0 is true for k ≥ n. In order to prove (3.12), we only need the following inequality to be true

b̂ ≥
Q2(k)
P2(k)

= a +
(k + 1 − (a + kb))(b − a)(k − k(k + 1)λ)

c[k + 1 − (a + kb)] + [k2 − k2(k + 1)λ](b − a)
. (3.14)

It is not hard to verify (3.14) holds true if λ > (b−a)n2+c(n+1−(a+nb))
(b−a)(n+1)n2 .

Also, P2(k) is decreasing with respect to k, we can obtain λ > c(1−b)+2k(b−a)
(3k2+2k)(b−a) . So, there is no solution

for λ.
If the condition (ii) is satisfied, then (3.12) is true. Therefore, 1

c ( f14̃ f2)λ
(

1
u ,

u−1
u , c, z

)
∈ ΣS

∗

n(c, a, b̂).
�

When b = 1
2 and a = 1 in Theorem 3.2, we have the following corollary.
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Corollary 3.2. Let u > 1, fi(z) = c
z −

∑∞
k=n |ak,i|zk(i = 1, 2) ∈ ΣS

∗

n(c, 1, 1
2 ). If

2n + 1
(n + 1)(3n + 1)

< λ < min(
3c + 2n
3n2 + 2n

,
1

n + 1
) and 1 −

[n − n(n + 1)λ](3n + 4)
c(6n + 8) + 2[n2 − n2(n + 1)λ]

> b̂ ≥ 0,

then 1
c ( f14̃ f2)λ

(
1
u ,

u−1
u , c, z

)
∈ ΣS

∗

n(c, 1, 1
2 ).

By putting b = −1
2 and a = −1 in Theorem 3.2, we have

Corollary 3.3. Let u > 1, fi(z) = c
z −

∑∞
k=n |ck,i|zk(i = 1, 2) ∈ ΣS

∗

n(c,−1,−1
2 ) .

If − 1
2 < b̂ ≤ 0, 0 < λ < 2n+1

(n+1)(3n+1) , then 1
c ( f14̃ f2)λ

(
1
u ,

u−1
u , c, z

)
∈ ΣS

∗

n(c,−1,−1
2 ).

4. Conclusions

In this paper, we prove the closure properties of the second-order λ-Hadamard product and the
second-order generalized λ-Hadamard product of the class ΣS

∗

n(c, a, b). The results presented in
this paper would find further applications for the λ-Hadamard product of the class of meromorphic
Janowski function, which can enrich the research field of Hadamard procduct.

Acknowledgments

Supported by the Natural Science Foundation of the People’s Republic of China under Grant
11561001, the Natural Science Foundation of Inner Mongolia of the People’s Republic of China
under Grants 2022MS01004, 2019MS01023 and 2020MS01011, the Program for Young Talents
of Science and Technology in Universities of Inner Mongolia Autonomous Region under Grant
NJYT-18-A14, the Higher School Foundation of Inner Mongolia of the People’s Republic of China
under Grant NJZY22168, the Program for Key Laboratory Construction of Chifeng University
(no. CFXYZD202004) and the Research and Innovation Team of Complex Analysis and Nonlinear
Dynamic Systems of Chifeng University (no. cfxykycxtd202005).

Conflict of interest

The authors declare no conflict of interest.

References

1. R. M. El-Ashwah, M. K. Aouf, Hadamard product of certain meromorphic
starlike and convex function, Comput. Math. Appl., 57 (2009), 1102–1106.
https://doi.org/10.1016/j.camwa.2008.07.044

2. H. Tang, S.-H. Li, L. -N. Ma, H. -Y. Zhang, Quasi-Hadamard product of meromorphic starlike
functions and convex functions of reciprocal order, J. Math. Pract. Theory, 46 (2016), 261–266.

3. T. He, S. -H. Li, L. -N. Ma, H. Tang, Closure properties of generalized λ-Hadamard procduct
for a class of meromorphic Janowski functions, AIMS Mathematics, 6 (2021), 1715–1726.
https://doi.org/10.3934/math.2021102

AIMS Mathematics Volume 8, Issue 5, 12133–12142.

http://dx.doi.org/https://doi.org/10.1016/j.camwa.2008.07.044
http://dx.doi.org/https://doi.org/10.3934/math.2021102


12142

4. P. L. Duren, Univalent functions, In: Grundlehren der Mathematischen Wissenschaften, New York:
Springer, 1983.

5. W. Janowski, Some extremal problems for certain families of analytic functions, Ann. Pol. Math.,
28 (1973), 297–326. https://doi.org/10.4064/AP-28-3-297-326

6. S. Mahmood, Q. Z. Ahmad, H. M. Srivastava, N. Khan, B. Khan, M. Tahir, A certain subclass
of meromorphically q-starlike functions associated with the Janowski functions, J. Inequal. Appl.,
2019 (2019), 88.

7. J. H. Choi, Y. C. Kim, S. Owa, Generalizations of Hadamard products of functions with negative
coefficients, J. Math. Anal. Appl., 199 (1996), 495–501. https://doi.org/10.1006/jmaa.1996.0157

8. H. Tang, G. -T. Deng, S. -H. Li, Quasi-Hadamard product of meromorphic univalent functions at
infinity, J. Math., 34 (2014), 51–57.

c© 2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 5, 12133–12142.

http://dx.doi.org/https://doi.org/10.4064/AP-28-3-297-326
http://dx.doi.org/https://doi.org/10.1006/jmaa.1996.0157
http://creativecommons.org/licenses/by/4.0

	Introduction
	Perliminaries
	Main results
	Conclusions

