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1. Introduction
In this paper, we consider the following problem:

u, + AN’u — Au, = —div(|Vu|?>Vuln [Vu|), xe€Q,t> 0,
u(x, 1) = Au(x, 1) = 0, x € o, t>0, (L.1)
M(-x’ 0) = MO(X), X € Q’

where Q C R*(n > 1) is a bounded domain with smooth boundary 6Q, g > 2, uy(x) € H*(Q) N Hé Q).
The following equation is derived from the epitaxial growth of nanoscale thin films [1, 2]:

0
6_? + div[kVAu — [Vu|"*Vu] = 0. (1.2)

The term A?u denotes the capillarity-driven surface diffusion, and the div(|Vu|‘"2Vu) denotes the
upward hopping of atoms. Liu et al. [3] studied the following equation modeling epitaxial thin film
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growth:
u, + A’u = —div(|[Vu|7>Vuln |Vu|), x€Q,t>0,
u(x,t) = Au(x, 1) = 0, x€oQ,t>0, (1.3)
M(x, O) = MO(X), X € Q,

where 2 < g < %, uo(x) € (Hy(Q)NH*(Q))\ {0}. The nonlinear term div(|Vul¢~>Vu) was replaced by

div(|Vu|?"2Vu In |Vu|) when the influences of many factors, such as the molecular and ion effects, were
considered by authors. They established a blow-up result for the initial and boundary value problem.
Furthermore, the lower bound of the blow-up time and the blow-up rate are derived. In detail, on the
condition of 2 < g < 2V yo(x) € (HXQ) N HY(Q)), J(up) < d and I(ug) < 0, they proved that
the weak solution to problem (1.3) blows up at finite time. Moreover, by the Gagliardo-Nirenberg
inequality, they obtained the lower bound of the blow-up time and blow-up rate.

It is well known that evolution equations with strong damping term Au, can be used to describe a lot
of phenomena in some applied sciences, such as viscoelastic mechanics and quantum mechanics [4,5].
Therefore, many researchers have paid attention to such problems. We refer the interested reader
to [6-10].

On the basis of (1.3), our equation considers the term Aw, additionally. Local existence and
uniqueness of weak solutions to problem (1.1) can be proved by using the Contraction Mapping
Principle. We refer the interested reader to [7-9, 11, 12]. By using the potential well method and
concavity argument, we derive the decay estimate and blow-up results. The upper bound and lower
bound of blow-up time, and the blow-up rate are derived. In particular, we obtain the lower bound of
blow-up time and blow-up rate similar to [3]. During the process of calculations, we find the condition
I(up) < 0 can be removed by using Young’s inequality with .

The rest of this paper is organized as follows. In Section 2, we state some definitions and lemmas.
In Section 3, decay estimate of weak solution is derived. In Section 4, finite time blow-up of solutions
and upper bound of blow-up time will be considered. In Section 5, the blow-up time and blow-up rate
are estimated from below.

2. Preliminaries

First, we introduce the definitions of L(Q), H,(Q), H,(L2):
L) :={u : Q = R|uis Lebesgue measurable, ||ul|«q) < oo}, where

1
(. |ul?dx)e (1 <g< ),
el zacoy = I* 1 2.1

esssupolul (g = o).

H'(Q) = WH(Q) := {u: Q > R | u is Lebesgue measurable, |lul|y1q) < oo}, where

Spager o IDulPdx)? (1 < g <o),
lullz @y = Nudllwragey = § =1 Jo ; 22)
2laj<1 €88 SUpg|Du| (g = o).
H*(Q) = WHX(Q) := {u: Q > R | u is Lebesgue measurable, |lul|y2q) < oo}, where
Sz o DUl dx)t (1< g <o),
lulliqe = lullweaey = § 52 Jo . 2.3)
stz ess supg|Dul (g = o).
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We denote by Hé(Q) the closure of C°(QQ) in H 1(Q). Throughout the whole paper, the following
abbreviations are used for precise statement:

1
Nl = Loy = € f ul? o).
Q
2 N
Nl = Nl = (2 + IVulB)?, 2.4)

(u,v) = fuv dx, (u,v)=(u,v)+ Vu, Vv).
Q

We denote by ¢* the Sobolev conjugate of ¢, i.e., g* = +oo forn < g and ¢* = % forn > q.
Next, we define some functionals as follows:

() = f |Aul* dx — f |Vul? In |Vu| dx, (2.5)
Q Q
1 s 1 1
Jw@®) == | |Auldx—— | |Vul?In|Vu|dx + = Vul? dx. (2.6)
2 Ja q Ja q° Ja
By (2.5) and (2.6), we know
1 -2 1
Ju) = =1y + L= f Aul dx + — f Vul? dx, (2.7)
q 29 Ja q° Ja
and .
J(u() + f el 21 dT = T (uo). (2.8)
0

Now, we introduce the following definitions:

Definition 2.1. (Maximal existence time) For u(x, r), we define the maximal existence time 7,,,, of
u(x, t) as follows:

(1) If u(x,t) exists for all 0 < ¢ < +oo, then T,,,, = +00.
(i1) If there exists ¢y € (0, +o0) such that u(x, f) exists for 0 < r < ty, but does not exist at r = #,, then
Tmax = Iy.

In what follows, the solution u(x, f) to (1.1) in weak sense is considered.

Definition 2.2. (Weak solution) Function u(x, t) is called a weak solution to (1.1) on Q X [0, T,ax], if
u € L2(0, Tppar; (H*(Q) N Hé (Q))), with u, € L*(0, T pax; (H*(Q) N Hé(Q))) such that u(x, 0) = uy and

(us, @) + (Au, Ag) + (Vu,, Vo) = f \ox (|Vu|q_2Vu In |Vu|) dx (2.9)

Q
for all ¢ € (H*(Q) N Hé(Q)) ae.t€[0,T].

Definition 2.3. (Blow-up) We say the weak solution u(x,t) to (1.1) blows up at finite time if the
maximal existence time 7 ,,,, is finite, and

m - [u())g = +co. (2.10)

=1 pax
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Set
N = {u € (H*(Q) N Hy(Q))lI(u) = 0}, (2.11)
d = inf J(u), (2.12)

where N is called the Nehari manifold, and d > 0 is the depth of the potential well. Next we give
two lemmas. The first one gives some basic properties of the fibering maps 4 — J(du) for 1 > 0,
introduced by Drabek and Pohozaev [13]. The second one is about the functional /(x) and potential
well method.

Lemma 2.1. Assume that u € (H*(Q) N Hé (Q)), and then

(1) lim_o+ J(Au) = 0,lim_, ;. J(Au) = —oo;

(i1) there exists a unique A. > 0 such that ﬁ] (Au)|p=a, =05

(ii1) J(Au) is increasing on (0, A..), decresing on (A., +0), and attains the maximum at 1 = A,;
(v) I(Au) > 0 on (0, A,), I(Au) < 0 on (A, +0), and I(A.u) = 0.

Proof. (i) By the definition of J(u), we get

AInA

A2 Al Al
J(u) = —||Aull} - — f [Vul|?In|Vu| dx - (IVull? + = |[Vull?. (2.13)
2 q Jo ) q

So, (i) holds.
(i1) Derivative of J(Au) with respect to 4,

d
7w = AllAull; — 297 f IVul? In |Vul dx — A" In A||Vul|?
Q

(2.14)
= Al Aull; — 277 f [Vul? In|Vul dx — 277 In A|[Vul|9).
Q
Let K(Au) = 7' £ J(Au), and then we get
d
—K(u) = —(qg —2)a773 f IVul? In |Vul dx — (g — 2)A773 In A||Vul|? = 2973||Vul|2
da o q q
(2.15)
=-13[(g-2) f IVl In [Vul dx + (g — 2) In A[Vulld + [[Vul2].
Q
Hence, by taking
(g—2) [ IVul?In|Vu|dx + |[Vul|?
A= exp( fg Z q) (2.16)
2= lVullg
such that £ K(Au) > 0 on (0, 4,), =K (Au) < 0 on (1;, +0), and £ K(2,u) = 0. Combining K (Au)|-0 =
lAul> > 0 with lim,_,,., K(Au) = —oo, there exists a unique A, > 0 such that K(1,u) = 0, as well as
d —
SJAu)r=a, = 0.
(iii) It follows from the fact
d
-2 () = AK () (2.17)

that 2 J(Au) > 0 on (0, 4,), and “£J(Au) < 0 on (A, +c0).
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(iv) By the definition of I(u), we get

I(Au) = || Aull? = 27 | |Vul? In|Vuldx — 29 1n A||Vul|?
2 q
Q

J (2.18)
= AT ().
]
Lemma 2.2. If I(uy) < 0, J(ug) < d, then I(u) < 0 forall t € [0, T,,.,), and
d< qz_qznAull% + %uvung. (2.19)
Proof. 1t follows from (2.8) that
J(u(t)) < J(up) < d, t € [0, Tpax)- (2.20)

Now, we claim that I(z) < 0 for all ¢ € [0, T,.,,). Otherwise, there would exist a #y € (0, T,,.) such that
I(u) < Oforall r € [0, 1), and I(u(ty)) = 0. Then, from the definition of d,

d < J(u(ty)), (2.21)
which contradicts (2.20). Thus, I(#) < O for all ¢ € [0, T,,..), and then we obtain
I(u) = I(Au)| = < O. (2.22)

Combining with Lemma 2.1, we get 0 < A, < 1, and

1 -2 A
d < Ju) = 1) + =2 Aul2 + SVl
q 2q q

_q- 25, 2 Al
= z—q/LkHAull2 + ?lqull‘; (2.23)
q—2

<
2q

1
[l Aull3 + 21Vl

3. Decay estimate

Theorem 3.1. Assume that 2 < g < 2* (the Sobolev conjugate of 2), I(ugy) > 0, J(up) < % %)q-#&z]—Z
and 0 < 6y < 2" — q. Then, there exist two positive constants K, and K, such that J(u) sat;'sﬁes the
following decay estimate:

Jw) < Kie®', forallte |0, ), (3.1)

where the above constants will be given later.
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Proof. We define
1
L(1) := J(u(n) + Ellullél. (3.2)

Now, we claim that there exist two positive constants 71, 77, such that
mJ(u) < L(1) < mJ(w). (3.3)
On the one hand, L(¢) > 1,J(u) is obvious. On the other hand,

1
L(t) = J(u) + Ellullél
< J(u) + C||Aull5

3.4)
) (
< Ju) + C—L 1wy
q-2
= m2J ().
Then,
L'(1) =J"(u) + (u, u) + (Vuu, Vuy)
= — iy = IVuell; — llAul; + f [Vul’ In |Vul dx
Q
= — aJ(u) + SllAulB - = f IVul? In [Vad dx + |V
2 q Ja q
(3.5)

= lletgll3 = IVaeel 3 = NAull3 + f [Vul? In |Vu| dx
Q
a
= — aJW) — llull3 = IVuli3 + (5 = Dl Aull3
+(1- z)f [Vul? In[Vul dx + = [[Vulls,
q Jo q

where « is a positive constant. We choose ¢; small enough such that g + 6; < 2*. Using the basic
inequality ed; In x < x°'(x,§; > 0) and Sobolev inequality, we have

q+01 q+01

C C 2
6 1 s 1 4q
[ i vl < vu < S < =) (36)
and
IVl < Yl < €= S 37

where C; and C, are the optimal constants satisfying ||Vu||q+51 < CillAulla, [[Vull, < Cyl|Aull,. Inserting
(3.6) and (3.7) into (3.5), we have

cr [ZCIJ(MO)]%
ed q—2

aCT™" 207 (up) - 4,2 a/C 20 (tg) . a2
- — LM [q 217 il

L'(0) < —aJ) + [% 1+
(3.8)

qed, q—2
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_ _2
It follows from the condition J(u) < L2(-L )71 that
2q C‘11 1

CI™ 200 () w52

-1<0.
ed, q-—2

We choose o small enough such that

a oG 2Jm) o2 Cf"

—+ +
2 qz[q—Z] eél[q—Z

and then we obtain o
L'(t) < —aJ(u) < ——L(1),
2

which implies
J(w) < Kje ™,

where K| = % and K; = -, L(0) = J(up) + 3lluoll7,.-
4. Blow-up and upper bound

Theorem 4.1. Let g > 2 and I(uy) < 0,

2CIJ(MO)]%1*2

(3.9)

-1<0, (3.10)

(3.11)

(3.12)

(i) if J(up) < d. Then, the weak solution u(x,t) to problem (1.1) blows up at finite time. The blow-up

time T,,,, can be estimated from above by

Hluol2,

Tma.X — ;
= -2 - J(w)

4.1

2
(ii) if ||u0||§{l > quTC;J (up). Then, the weak solution u(x, t) to problem (1.1) blows up at finite time. The

blow-up time T, can be estimated from above by

641luoll2,

max < T A,
(g —2)*wo

where the above constants will be given later.

4.2)

Lemma 4.1. []4,15] Suppose that 0 < T < +oo, and a nonnegative function F(t) € C*[0, T) satisfies

FOF"() = (1 + a)(F'())* >0

4.3)

for constant a > 0. If F(0) > 0 and F’(0) > 0, then F(t) —» +ast — T, and

< F(0)
—aF(0)

< 400

On the basis of Lemma 4.1, now we give the proof of Theorem 4.1 (i).

Case 1: J(uy) < d.

AIMS Mathematics
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Proof. Suppose that the weak solution u(#) to (1.1) exists globally, and then 7,,, = oo. Forany T > 0,

u>0,v >0, we define
F(@) = fot (D)l dT + (T = D)lluoll, + pe +v)>%.
Taking the first derivative of F(¢), we obtain
F'(t) = lu()l7 = lluollyy, + 2u(t +v) = 2 fot (U, ue) dt +2u(t +v).
Using Holder’s inequality and Young’s inequality, we have

(F'(H)* = 4[( f (uy ur) dv)® +2u(t +v) f (u,ur) dv+ P2t +v)°]

4.5)

(4.6)

<4[f a3, de a3, dT+2#(t+V)(f 3, d7)2 (f lurl2 d)?

+,u(t+v)

4.7)

S4[f a3, delluTII dT+uf||u||§,. dT+u(t+V)2f||uT||§,1 dr
0 0

+u (t + v)
= 4[[ llull2,) dr + p(t + V)z][f |21 dr + pl.
0 0

Taking the second derivative of F(¢), and combining with (2.7) and (2.8), we have

F(t) =2 u, u;) +2u
=—=2I(u) + 2u

!
=—2qJ(up) + 26][ lluell7 dT+ (g = 2) f |Aul® dx
0 Q
2
+ — f |Vul? dx + 2u
q Ja
!
> —2qJ(up) + 2q f lluell7) dr + 2gd + 2u.
0
Choosing u = d — J(uy), we get
! !
F'(t) > 2qf el 2,1 dT + 2qu = 261(f el 2,1 dT + ).
0 0
Combining (4.5) with (4.7) and (4.9), we have
FWF" (1) = 2(F (1))

t
> 2q(T = 0)lluoll7, - (f lltel3 dT + )
0
>0,1€[0,T].

(4.8)

4.9)

(4.10)
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Let
ol
> , “4.11)
(g—2u
and we have
F(0) = Tlluoll7, + pv* > 0, (4.12)
F'(0) =2uv > 0. 4.13)

According to Lemma 4.1, we know F(¢) cannot exist globally. It should blow up at finite time. The
blow-up time 7, satisfies
Tlluoll, + p?

max < (4.14)
(g —2uv
Similarly, we define
5 !
FQ@) := f w21 dt + (Tax = Dlluoll7, + p(t + ). (4.15)
0
As we discussed earlier, under the condition of
M= d- J(”O)a
. lluoll;, (4.16)
(g —2)u
F blows up at finite time. The blow-up time T, satisfies
Taxlluol 2, + pv?
max < O~ F 4.17)
(g — v
and equivalently
2
T pax < ) (4.18)
(g = 2pv = lluolly,
Some calculations show that
2llutol 2, Hluoll?,
min f(v) = f( ) = , (4.19)
T =1 =2 = =22 - Ty
which implies
Hluoll2,,
Tax < : (4.20)
(g —2)*(d - J(up))
|
2 2
Case 2: [lugll2, > 22T (up).

Lemma 4.2. If I(u) < 0 forall t € [0, T,ux), then ||u(f)||i,l is strictly increasing on [0, T )

AIMS Mathematics Volume 8, Issue 5, 11297-11311.
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Proof. By an easy calculation, we have

d
d—tllu(t)llfil = 2[(u, ur) + (Vu, V)]

= 2(—|lAul3 + f [Vu|? In |Vu| dx)
Q

= —21(u)
> 0.

We can deduce that ||u(t)||i,1 is strictly increasing on [0, T},..)-
Lemma 4.3. Let g > 2, suppose that the initial data satisfy

2¢qC?
2 3
”u()”Hl > q- 2'](”0)’

4.21)

(4.22)

where Cs is the optimal constant satisfying ||l < Cs||Aulla. Then, I(ug) < O implies I(u) < 0 for all

t € [O’ Tmax)-

Proof. On the contrary, if it is false, there exists a #; € [0, T,,,,) such that I(u) < O for all ¢ € [0, #;), and

I(u(t,)) = 0. Then, it follows from Lemma 4.2 that

2qC?
@)l > llueoll 71 > F;J(uo), t€(0,n).

2

1> We obtain

By the monotonicity and continuity of |[u(?)||

24C3
q-—2

el > J(uo).

On the other hand, a combination of J(u), I(1) and ||”||f,1 < C%IIAull% shows that

J(uo) = J(u(ty))
1 -2 1
= le(u(tl)) + qz—qllAu(h)llﬁ + ?IIVu(tl)IIZ

q-—2

>
2qC %

2
et

which contradicts (4.24).

Next, we give the proof of Theorem 4.1 (i1).

Proof. Similarly, we suppose that u(¢) exists globally. For any 7 > 0, w > 0, p > 0, we define

G() = f lu(@)|l7) dr + (T = D)llullz, + w(z + ).
0

(4.23)

(4.24)

(4.25)

(4.26)
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By a similar calculation, we have
’’ + 6 ’
GG () - 1= (G )

6 t
>G([G" (1) - %( fo lluel 21 dT + w)]

3
=G(n[L

—6 2 +2
> f llel2 d + (g = 2)llAull; + 5|qu||3 —2qJ(up) — qu]
0

2
>G(D(q - IAull2 - 2qJ (o) - %wl
q—2

a3

2
>GOIL=Z MR, - 240 (up) - %w].

24C? .
q_; J(up), choosing

Considering the monotonicity of [lu||>, and the condition |uql[7, > ,

2(g-2) 2 4q
0, —= -—J ,
e( el = (uo) |
we have 6
+
GG () - qT(G'(t))z >0, re[0,T].
Let )
A||uo |
p > 0 H! i
(g-2w
we have

G(0) = Tlluoll>, + wp® > 0,
G'(0) = 2wp > 0.

(4.27)

(4.28)

(4.29)

(4.30)
4.31)

According to Lemma 4.1, we know G(f) cannot exists globally. It should blow up at finite time. The

blow-up time 7, satisfies
4(Tluoll2,, + wp?)

(g —2)wp

Similarly, we define
!
G := f w2 dt + (Tax = Ollully, + w(t + p)°.
0
As we discussed earlier, under the condition of

(O 2(q - 2)
"(g+2)C3
Hluol[2,

(g - 2w’

G blows up at finite time. The blow-up time 7, satisfies

4q
||M0||?11 - mf(uo)],

o>

4(Tmax||l/l0”§11 + wpz)
(g —2)wp

max — s

(4.32)

(4.33)

(4.34)

(4.35)

AIMS Mathematics Volume 8, Issue 5, 11297-11311.
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and equivalently

4wp?

ax S
(q — 2)wp — Hluoll,

Some calculations show that g(w, p) takes the minimum at

= g(w, p). (4.36)

2(g -2) 2 4q
= =Ll — — I (o).
wWo + 2)C§ ||Mo||H q+2 (uo) s
~ Slluol?, '
P 2wy
Then,
. 64luoll2,
min g(w, p) = g(wo, Po) = ——5 —, (4.38)
(g —2)*wo
which implies
T 64||uo|| 439)
max — (q 2)2w0 M
O

5. Lower bound

2(n +4)

Theorem 5.1. Let2 < g < and J(ug) < d. Then, the weak solution u(x,t) to problem (1.1) blows
up at finite time. The blow- up tzme T,.ax can be estimated from below by

2(1-p)
el 5
B-1DC4
The blow-up rate can be estimated from below by
il 2 [Ca(B = DITA(T s = )75, (5.2)

where the above constants will be given later.

Lemma 5.1. [16,17] (Gagliardo-Nirenberg inequality) Let Q) C R" be a bounded domain with smooth
boundary. Suppose that l, k are any integers satisfying 0 <1 <k, 1 < g, A < oo, and p > 0, l <6 <1

such that L | & 1
o= (—= )+ =(1-6). (5.3)
p n q n A4

Then, for any ¢ € WEP(Q) N LA(Q), there exists a constant Cgy > 0 depending only on n,k, 1, q, A and
Q such that

ID' Bl < Con(ID* 1% Il + llace). (5.4)
Through the Lemma 5.1, choosing 9§, small enough such that g + 6, < 2(”:24), we obtain
IVillgrs, < CanllAully™llulls, (5.5)
where { » ; 1
a:5—1+m6(0,§). (5.6)

AIMS Mathematics Volume 8, Issue 5, 11297-11311.
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Proof. We define
(1) = [full7, (5.7)

Using the basic inequality ed, In x < x%(x, §, > 0) and Young’s inequality with &

ga &b (5.8)

r S

(8a)(l—)) <
&

and combining with Lemma 5.1, we have

1
~O'(1) = f IVul? In|Vul dx - f |Auf® dx
2 Q Q

1
q+63 2
< edzlqu||q+52 llAull;

q+02
GN (1—-a)(g+62) (g+62) 2
< ?HAMHZ CEENulF = | Aull; (5.9)
2

S_S q+(52

2 GN s (g+02)\s 2

< Ay + == (=== llly ™) = | Aully
2

8—5 q+62
_ ¢ (TGN ~s a(q+o2)\s
( r ) (lfull, )7,
where a is given by (5.6) and
2
r= — 0 MM 8
(I —a)g +62)
r 2
s = = s
r—1 2—-(-a)g+9,) (5.10)
1 2 (1-a)(q+53)
s=ri= ()
(I —a)g +d2)
2 4
0<6, < (n+ 4 —-q.
n+2
We have r > 1 because of
1 n n (n+2)(g+0d) n
1- Nn)=--+-—-——""— 0))= ———— = — — <2, 11
(I —a)g +62) (2+4 2(q+(52))(q+ 2) 1 5 < (5.11)
Reviewing (5.9), we let
E_S q+52
Cy=2—(—22), (5.12)
s = ed
o
g dato) (5.13)

S 2-(I-a)g+6)
It follows from g + 6, = a(q + 9;) + (1 —a)(g + 62) > 2 and (1 — a)(g + 9;) < 2 that 8 > 1. Therefore,
we obtain

@'(1) < Ca(llullz’ < C4@F (1), (5.14)

AIMS Mathematics Volume 8, Issue 5, 11297-11311.



11310

Integrating from O to #, we get

®'P0) - ' P(r) < (B - 1)Cat. (5.15)
Letting t — T, and recalling ®(7,,,,) = +0o, we have
lluoll>y
max > (B—’i)c (5.16)
- 4

Similarly, integrating (5.14) from ¢ to 7,,,,, we have

(1) > [C4(B = DI (Tyax — DT, (5.17)

which implies
lllzp > [Ca(B = DITH (T — TP (5.18)
O

6. Conclusions

This paper studies a fourth order parabolic equation modeling epitaxial thin film growth. By using
some inequalities and methods, the decay estimate of energy functional is derived. In addition, the
upper bound of blow-up time is obtained with lower initial energy and high initial energy respectively.
Finally, the lower bound of blow-up time and blow-up rate are derived.
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