AIMS Mathematics, 8(5): 10453-10467.
DOI: 10.3934/math.2023530
AIMS Mathematics Received: 01 July 2022

Revised: 29 October 2022

Accepted: 31 October 2022
http://www.aimspress.com/journal/Math Published: 01 March 2023

Research article

Bifurcation and one-sign solutions for semilinear elliptic problems in R"

Wenguo Shen*
School of General Education, Nantong Institute of Technology, Nantong Jiangsu 226002, China
* Correspondence: Email: shenwg369@163.com.

Abstract: In this work, we study the existence of one-sign solutions without signum condition for the
following problem:

—Au = da(x)f(u), x € RV,
u(x) — 0, as |x| = +oo,

where N > 3, A 1is a real parameter and a € C;’;C(RN ,R) for some a € (0, 1) is a weighted function,
f € C*(R,R), and there exist two constants s, < 0 < sy, such that f(s;) = f(s,) = f(0) = 0 and
sf(s) > 0 for s € R\{sy,0, s,}. Furthermore, we consider the exact multiplicity of one-sign solutions
for above problem under more strict hypotheses. We use bifurcation techniques and the approximation
of connected components to prove our main results.
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1. Introduction

Consider the following semilinear elliptic problem

(1.1)

—Au = da(x)f(u), x € RV,

{ u(x) — 0, as |x| & +oo,
where A is a real parameter, N > 3, and a € C%C(RN ,R) for some a € (0, 1) is a weighted function
which can be sign-changing and f € C*(R,R), and f(s)s > O for any s # 0. Edelson and Rumbos [1]
have shown that problem (1.1) with f(#) = u has a positive, simple and principal eigenvalue A; and
the positive principle eigenfunction ¢ satisfies the asymptotic decay law limy,_, . x|V 2¢;(x) = ¢ for
some constant c(where a satisfied the following condition (A1)). Edelson and Rumbos [1,2] have also
studied the existence of positive solution and the existence of global branches of minimal solutions of
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the problem (1.1) by the Schauder-Tychonoff fixed point theorem and the Dancer global bifurcation
theorems [3]. By using the Rabinowitz global bifurcation method [4], Edelson and Furi [S] have shown
the existence of positive minimal solution of the problem (1.1). In 2017, Dai [6] have established a
global bifurcation result for the problem (1.1).
By [6], set
M(Q) :={a e C}

loc

(Q,R): {xeQ:a(x)>0}+0}.
For any u € C2(Q) with Q € RY, we define

lull, = (f Vuldx)'".
Q

Denote by D'(Q) the completion of C(Q) with respect to the norm [|u||;. Denote by S(R") the
set of all measurable real functions defined on RY. Two functions in S(R") are considered as the
same element of S(RY) when they are equal almost everywhere. Let L*(RY;|a|) =: {u € SR") :
fRN lalu*dx < +oo}. For u € D*(RY), u # 0, define the Rayleigh quotient

fon IVulPdx
fRN autdx

Dai et al. [6] also assumed that a satisfied the following condition:
(A1) Let a € M(RY). Assume that p, P € C(R",R) are positive, radially symmetric and satisfies

R(u) =

0 < p(lx]) < a(x) < P(|x]),Vx € RY

and

f x>V P(|x|)dx < +co.
RN

Furthermore, if P satisfies the following more strong condition (with r = |x|)

fm MIP(r)dr < +oo. (1.2)
0

Dai [5] established the following spectrum structure:
Lemma 1.1 (see [6,Theorem 1.1]). Let (Al) hold. Then there exists an orthonormal basis {¢;}7> of
L*(RV; |a|) and a sequence of positive real numbers {4} with 4y — 400 as k — +oo, such that

O<A << <<

—Agp = da(x)gy, x e RV,
¢ € DP2RY) N CLI@®RY), (1.3)
wr(x) = 0, as|x| — +oo.

Moreover, one has that
/11 = min R(l/t) = R((p])

u#0,ucDV2(RN)
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and

A = R(gp) = max R(u) = min R(u) = min max R(u).
u#0,uespan{i,.pr-1} u#0,uL{pr, -1} dim W=k,WcD!-2(RN) ueW
For k > 2. A, is simple and principal eigenvalue. Furthermore, if P satisfies (1.2), 4; is the unique
positive principal eigenvalue and
lim 1" 2g1(x) = ¢
[x]|—>+00

for some constant c.

By the Rabinowitz global bifurcation theorem [2, Theorem 1.3] and the Dancer unilateral global
bifurcation theorem [7, Theorem 2], Dai [6] obtained [6, Theorem 1.3]. The signum condition f(s)s >
0 for s # 0 plays an important role in the [6, Theorem 1.3].

Of course, the natural question is that of what would happen without signum condition for the
problem (1.1). Recently, Dai [8,9] studied the global behavior of the components of positive solutions
for the Schrodinger equation and one-sign solutions for the p-Laplacian without the signum condition,
respectively.

Motivated by the above interesting and important studies, we shall show that the branches
bifurcating from infinity and the trivial solution line for the problem (1.1) are disjoint and the existence
results of radial nodal solutions to problem (1.1) without signum condition.

We now present the following assumptions on f :

(A2) f € C(R,R), and there exist two constants s, < 0 < sy, such that f(s;) = f(s2) = f(0) = 0 and
sf(s) > 0 for s € R\{sy,0, s5}.

(A3) There exist two constants y; > 0 and 7y, < 0 such that

. f(s) . fls)
lim =71, lim = y,.
s—s781 — S s—s3 8 — 82
Let
Jo = lim 1) , fo = lim _f(s).
[s|=0 § |s|o>+00  §

The main results of this section are the following interesting results:
Theorem 1.1. Let (A1)-(A3) hold.
(@) If fo, fo € (0,00), then the problem (1.1) has at least two solutions u, and u_, for 1 €

(min{ jc‘ ;‘ }, max{4, 4.1] such that u?, is positive in RV and u_ is negative in R"; the problem (1.1) has

fo? Jeo
at least four solutions u, and u,, u; and u; for A € (max{ jc‘ J/}‘

Nand u_, u, are negative in RN. Moreover, if P satisfies (1.2), we have that

}, 00) such that uZ,, u; are positive in

lim [x[V 2w (x) = ¢
[x|—>+o0
for all x € RY and some constants c"1 # 0, where i = 0, 0. Do the same for u; .
(b) If fy € (0,00) and f,, = oo, then the problem (1.1) has at least two solutions u}, and u_, for
A € (0, ’1—‘] such that u_, is positive in RY and u_, is negative in R"; the problem (1.1) has at least four

+ - A + + e : N - -
solutions ug, and u,,, u; and u; for A € (E’ o) such that ul,, uj are positive in R™ and u_,, u, are

o0

negative in RY. Moreover, if P satisfies (1.2), we have that

lim XN 2uf (x) = ¢}

|x|—>+oc0
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for all x € RY and some constants c‘i # 0, where i = 0, co. Do the same for u; .

(c) If fu = oo and f,, € (0, o), then the problem (1.1) has at least two solutions u, and u_, for
A€ (0, %] such that u_, is positive in RY and u_, is negative in R"; the problem (1.1) has at least four
solutions uy, and u,, u; and u; for 1 € (%, +00) such that u,, u; are positive in RM and u_, u, are
negative in RY. Moreover, if P satisfies (1.2), we have

| |11>r£1 XN 2uf (x) =
for all x € RY and some constants ci1 # 0, where i = 0, c0. Do the same for u; .

(d) If fo = co and fi, = oo, then the problem (1.1) has at least four solutions uZ, and u_,, u; and
u, for A € (0, 00) such that T ug are positive in RM and u_, u, are negative in R™. Moreover, if P
satisfies (1.2), we have that

| |11>r£1 XN 2uf (x) = ¢!
for all x € RY and some constants c’i # 0, where i = 0, co. Do the same for u; .

Furthermore, we can get the exact multiplicity of one-sign solutions for problem (1.1) under more
strict hypotheses.

(A4) f(s) = 0 for any s ¢ [s2, 1], f(s) is C' with respect to s € [s,, s1], and such that f(s)/s is
decreasing in [0, 5] and is increasing in [s5, 0].

The following are the main results of this section.

Theorem 1.2. Let (A1), (A2) and (A4) hold. Assume that f; € (0, c0). Then,

(i) the problem (1.1) has exactly two solutions u*(4,-) and u~(A,-) for 1 € (%, +00), such that
0<u"(1,-)<s and s, <u(1,-) <0inRY;

(i1) all one-sign solutions of problem (1.1) lie on two smooth curves

@ = (L) e (X oo,
7o

¢* and € join at (4;/ fp, 0);
(iii) u* (4, -)(u~ (4, -)) is increasing (decreasing) with respect to A.
(iv) If P satisfies (1.2), we have that

lim |x"2uf(x) = c; and lim | 2u;(x) = c3
|x|—>+00

|x|—+00

for all x € RY and some constants ¢y, ¢, # 0.
Theorem 1.3. Let (A1), (A2) and (A4) hold. Assume that f; = co. Then,

(i) the problem (1.1) has exactly two solutions u*(A,-) and u~ (4, -) for A € (0, +00), such that 0 <
ut(A,-) < syand s, <u(4,-) <0inRY;

(i1) all one-sign solutions of problem (1.1) lie on two smooth curves

@ = (L) e (X o),
7o

¢* and € join at (4,/ fp, 0);
(iii) u* (4, -)(u~ (4, -)) is increasing (decreasing) with respect to A.
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(iv) If P satisfies (1.2), we have that

|N—2 |N—2

lim |x

|x]—>+00

uy(x) = ¢, and | |lin+1 XV uy (%) = ¢
for all x € RY and some constants ¢y, ¢, # 0.

The rest of this paper is arranged as follows: Section 2, provides some preliminaries. In Section 3,
we prove Theorem 1.1, which considers the existence of one-sign solutions for the problem (1.1)
without signum condition. In Section 4, we consider exact multiplicity of one-sign solutions for the
problem (1.1) and give the proof of Theorems 1.2 and 1.3.

2. Preliminaries

Let
E ={uc CR",R): sup u(x)| < +o0}

XxeRN

with the norm
|lu|| = sup |u(x)|, for all u € E.

XeRN

Clearly, E is a Banach space. Let P* = {u € Elu > 0, for all x € R"} and set P~ = —P* and
P=PuPpP.

By [6], we can show that u is a one-sign C>*“ solution of problem (1.1) if and only if u is a solution
of the operator equation

u=10) = 4 [ Tyx=namfuody. e
R
where ['y(x—y) = N(N—IZ)wN lx—y*™, wy being the volume of the unit ball in R¥. Dai [6] also can show
that L : E — E is completely continuous.
Consider the following problem

|2—N

—Au = Ada(x)u(x) + g(A, x,u), x € RY,
2.2)
u(x) — 0, as |x| — +oo,
Suppose g € C(RY x E X R, E) satisfies
9 b A
Jim 8228 _ (2.3)
>0 s

uniformly for x € R and A on bounded sets.

Similar the proof of [6, Theorem 1.3], we can obtain that the following result:
Theorem 2.1. Assume that (Al) and (2.3) hold. The pair (1;,0) is a bifurcation point of the
problem (2.2) and there are two distinct unbounded continuum %* and 4~ in R X E of solutions
of the problem (2.2) emanating from (4,, 0). Moreover, we have

" C(RXP)UL(A,0)),

where v € {+, —}.
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By (2.1), Eq (2.2) is equivalent to
u=ALu+ HA,u) = G(4, u),

where H(A,u) = o(||u|]) at u = O uniformly on bounded A intervals, H(4d,u) = L[g(x,u,1)]. G(4,u) :
R x E — E is completely continuous.

In order to prove Theorem 1.1, we also need to establish the unilateral global bifurcation result of
the problem (2.2) from infinity under assumption

. glx, 5, )
lim =———= =

s§—+00 Ky

0 (2.4)

uniformly for x € RY and A on bounded sets.

By Rabinowitz [10], we have the following theorem.
Theorem 2.2. Let (A1) and (2.4) hold. There exists a connected component &” of of solutions of the
problem (2.2), containing 4; X {oo}. Moreover, if A C R is an interval such that A\{1,} doesn’t contain
any other eigenvalue of problem (1.3), and .# is a neighborhood of A; X {co} whose projection on R
lies in A and whose projection on E is bounded away from 0, then either

12 9" — . is bounded in R X E in which case 2" — .# meets Z = {(4,0)|1 € R} or

2° 9" — . is unbounded.

If 22 occurs and 2" — ./ has a bounded projection on R, then 9" — .# meets A; X {co} for some
j# 1,and v € {+,-}.

To prove our main results, we need the following results:
Lemma 2.1. (see [9]) Let X be a normal space and let {C,|n = 1,2, ...} be a sequence of unbounded
connected subsets of X. Assume that:

(i) there exists z* € liminf,_ .., C, with [|z7]| < +o0;

(i) for every R > 0, (U;fl Cn) N By is a relatively compact set of X, where

Br = {x € X]||x|]| £ R}.

Then, D := limsup,_,., C, 1s unbounded, closed and connected.

In order to treat the problems with non-asymptotic nonlinearity at co, we shall need the following
lemmas.
Lemma 2.2. (see [9]) Let (X, p) be a metric space. If {C;};cy is a sequence of sets whose limit superior
is L and there exists a homeomorphism 7 : X — X such that for every R > 0, (U;"fT(Ci)) N By is a
relatively compact set, then for each € > 0 there exists an m such that for every n > m,C,, C V.(L),
where V(L) denotes the set of all points p with p(p, x) < € for any x € L.

Now, in order to study the exact multiplicity of one-sign solutions for (1.1), let E = RXE, ®(4,u) =
u—G(A,u) and

RXE

S={luecE: D u)=0,u+0}

For A € R and 0 < s < +00, define an open neighborhood of (1, 0) in E as follows:

By(41,0) = {(4,u) € B : |lull + |4 = 44| < s}.

AIMS Mathematics Volume 8, Issue 5, 10453-10467.
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Let E, be a closed subset of E satisfying E = span{y,} & E,, where ¢, is an eigenfunction
corresponding to 4; with [|y1|| = 1. According to the Hahn-Banach theorem, we have [/ € E* satisfying

IW)=1and Ey ={u € E : l(u) = 0},
where E* denotes the dual space of E. For any 0 < € < +oc0 and 0 < 57 < 1, define
Koy ={(4,u) € E |1 - A4] <& |l > nllull}.

Obviously, K., is an open subset of E, K, ,, = K;,n U K-, with K;n ={AQuw)eE:|A-A4|<elu)>

&,n’
nllull}, K, = —K} , which are disjoint and open in E.

&,

Similar to that of [11, Lemma 6.4.1], we can show the following lemma.
Lemma 2.3. Let € (0, 1), there is 6y > 0 such that for each ¢ : 0 < § < ¢y, it holds that

(S\{(41,00) NBs(41,0)) € Ke .
And there exist s € R and a unique y € E such that
v =syi+y and [s| > v

for each (1,v) € ((S\{(11,0)}) N Bs(1;,0)). Further, A = A; + o(1) and y = o(s) as s — 0 for these
solutions (4, v).

Remark 2.1. From Lemma 2.3, we can see that ¥ = %" U &~ near (4,0) is given by a curve
(A(s), u(s)) = (A + o(1), sy + o(s)) for s near 0. Moreover, we can distinguish between two portions
of this curve by s > 0 and s < 0.

3. One-sign solutions without the signum condition
When f; € (0, 00), let {(u) € C(R,R) be such that

Jf@w) = fou + {(u)

with
lim @ =0.

ul-0 u

Let us consider

{ —Au = Aa(x) fou(x) + da(x)(u), x € RY,

u(x) — 0, as |x] = +oo G3.1)

as a bifurcation problem from the trivial solution u = 0.
Applying Theorem 2.1 to (3.1), we have the following result.
Remark 3.1. There is an unbounded continuum %" of solutions of the problem (1.1) emanating from
(%, 0), such that €” c (R X P) U{(§,0)}), where v € {+, -}.
We now analyze the global behavior of €*+ and €.
Lemma 3.1. Let (A1)-(A3) hold. Then
(1) for (A, u) € (6+ U (€7), we have that s, < u(x) < s, for all x € RV;

AIMS Mathematics Volume 8, Issue 5, 10453-10467.
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(i1) for (A, u) € (" U Z7), we have that either sup, v u(x) > 51 or inf gy u(x) < s,.
Proof. Suppose on the contrary that there exists (4,u) € (6 U %~ U " U Z7) such that either
Sup gy U(x) = 51 or inf gy u(x) = 5.

We only treat the case of sup v u(x) = s because the proof for the case of inf gy u(x) = s, can
be given similarly.

We claim that there exists 0 < m < +oo such that f(s) < m(s; — s) for any s € [0, s;]. Clearly, the
claim is true for the case of s = 0 or s = s; by virtue of (A2).

For any € € (0, 7y,), it follows from (A3) that there exists 6 > 0, such that

f@) <1 +€)(s1— )
for any s € (s; — 0, s1). From (A2), it arrives

s
max 1) =p>0.
s€[0,51—-0] S1— S

So, the claim is verified by choosing m = max{p,y, + €}.
Now, let us consider the following problem

—A(s) — u) + da(x)m(s; — u) = da(x)[m(s, —u) — f(u)], x € RV,
u(x) — 0, as |x| - +oo,

It is obvious that f(s) < m(s; — s) for any s € [0, 5] implies

—A(s) — u) + da(x)m(s; —u) >0, x € RV,
u(x) — 0, as |x] & +oo.

The strong maximum principle of [12] implies that s; > u in R". This is a contradiction.
Lemma 3.2. Let (A1)-(A3) hold. Then

(ﬁ, 00) C Projg(%™), (ﬂ, 00) C Projp(%").
Jo fo

Proof. We show that the projection of 4" on R is unbounded. It is sufficient to show that the set
{(4,u) € €*|A € [0,d]} is bounded for any fixed d € (0, +0). Suppose on the contrary that there exists
Ay, uy) € €7 ,n e N,suchthat A, = u < d, ||u,|| = +o0asn — +oo. Letv, = u,/||u,||. Then, v, should
be the solutions of problem

{ —-Av, = /la()c)M xeRN,

Maall 2 3.2
Va(x) = 0, as |x| = +oo. (3.2)

By Lemma 3.1 (i), we have that
Suy) < max ().

By (A2), one can obtain that f(s) € C([0, s1]).
Thus, we can show

U

nvoo [l

0. (3.3)
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By the compactness of L(.), it follows from (3.2) that v, — vy = 0 as n — +oco. This contradicts
lIvoll = 1.
This together with the fact that €™ joins (%, 0) to infinity yields that

(%, o) C Projz(%").

Similarly, we can show that
A
(5, 00) C Proja(€°).
Jo

In the following we will investigate the other one-sign solutions of problem (1.1).
When f,, € (0, ), let £(u) € C(R, R) be such that

Jw) = fou +&(u)

with
lim éLu) =0.

[ul—oo U

Let us consider

(3.4)

—Au = da(x) foou(x) + da(x)éw), x € RY,
u(x) — 0, as |x] » +o0

as a bifurcation problem from infinity. We add the points {(4, o)|1 € R} to space R X E.
Applying Theorem 2.2 to (3.4), we have the following result.
Remark 3.2. There exists an unbounded continua 2" of solutions of (1.1), emanating from (%, 00),
such that 2" c (R x P") U {(;—;, )}), where v € {+, —}.
We now analyze the global behavior of "+ and 7.
Lemma 3.3. Let (A1)-(A3) hold. Then

(ﬁ, o) C Projg(2"), (ﬁ, 00) C Projp(2").
foo fOO
Proof. We show that ¥ — . has an unbounded projection on R.

Applying Theorem 2.2 to (3.4), one can obtain that (1°) of Theorem 2.2 does not occur by
Lemma 3.1 (ii). So £ — .# is unbounded.

Now, we show that the case of " — .# meeting A; x {co} for some j > 1 is impossible, where 4;
denotes the jth eigenvalue of the problem (1.3). Assume on the contrary that 2" — .# meets A; X {co}
for some j > 1. So there exists a neighborhood N C M of A j X {oo} such that ¥ must change sign for
any (L, u) € (2" —.#)N (,/7\ (4j X {o0})), where M is a neighborhood of 4; X {co} which satisfies the
assumptions of Theorem 2.2, which contradicts 2" C (R X P*) U {(%, o0)}).

Thus,
(%, o) C Projg(Z").

[Se]

Similarly, we have
A
(f_‘, c0) C Projy(2°).

[Se]
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Now, we give Proof of Theorem 1.1
Proof of Theorem 1.1.
(a) Since problem (1.1) has a unique solution # = 0 for 4 = 0, we get

(U U2TU D) C{(u,z) eRXElu >0}

By Lemmas 3.1-3.3, we conclude the desired results.
We only derive the rate of decay of u_, since the proof for the other case is completely analogous.
By (2.1), we have

Wt =2 fR T = a0 )y,

where Iy(x —y) = mlx —y*V, wy being the volume of the unit ball in R,

By fo, fo € (0, 00), there exist some constant o > 0 such that |f(s)| < o|s| for any s € R. Then, we
have that

=2 [ D= pao)ondy < e [ Tt natuods

Since u, is bounded, one can get u, < c; for some constants c¢; > 0. By condition (1.2), it follows that

+00

f a(y)ul,(y)dy < c3 f P(y)dy < ¢3 f N P(Rdr < +oo. (3.5)

RN RN 0
By (3.5), for any & > 0, there exists a R > 0 such that for all x € RY
_ e £
1t [ - paont oy < 5. [ aouioy < o (3.6)
Qr Qr CN
and

tim 1 [ G- paoni oy = ey [ atuoidy G37)

X[ —+o00 Br Br

where Qz = {y e R¥ : |y| > R}, Bk = {y e RV : |y| < R}.
Furthermore, by (3.6), (3.7), and proof of [6, Theorem 1.1: p. 5948-5949], one can obtain

lim " fR T a0y = e f a0y

[x|—>+0c0 R

where CN = m
By (3.5), it follows that

lim |x|N‘2u;(x):/l-||1m |2 f L(x = y)a@) fui,()dy
X|—+o0 RN

i
|x|—=+00 -

< do- lim [V f Ty = y)aOu,()dy
RN

[x|>+00

<evdo | a@ul(y)dy < co.
RN

Therefore, we have that
lim | %uf (x) = ¢}

|x|=>+00
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for all x € RY and some constants c‘i # 0, where i = 0, co. Do the same for u; .
(b) Inspired by the idea of [13], we define the cut-off function of f as the following

f ), s € [—n,n],
iy | A f, s, 2)
W(S +n) + f(-n), s€(-2n,-n),
ns, s € (—00, —2n] U [2n, +00).

We consider the following problem

{ ~Au = a(0)f"(u), x R, (3.8)

u(x) — 0, as |x] » +oo.

Clearly, we can see that lim,,_, ., f"/(s) = £(s), (fI") = f; and (f"), = n.
By Remarks 3.1 and 3.2, there are two distinct unbounded continuum % and 2" of solutions

of the problem (3.8) emanating from (%,O), and (2—1,00)) respectively, such that they are disjoint,
unbounded in the direction of A and ‘

€ c(Rx P)U {(%, o), 2 c Rx P)U {(%, oo)},
0

where v = +, —.
By Lemma 2.2, one derives that for each € > 0 there exists an N, such that for n > N, 2"l ¢
V(2"), where 2” = limsup, .. 2"". So it achieves

A
(=, +00) C Projp(2"") C Proj;Vi(2").
n
It follows (% + €,+00) C Projp(2”). The arbitrariness of € > 0 and n imply

(0,0) C Projp(2”).

Similar the proof of Lemma 3.2, we have that
A
(5+, 00) C Projg(%™).
Jo

Similar the proof of (a), we have that

lim [ %uf(x) = ¢

|x|—>+00

for all x € R" and some constants c‘i # 0, where i = 0, co. Do the same for u; .
(c) Define

ns, s € [—%, i],

GO -1ms-2+f3,  se@.d

D+ ]s 2+ f(=D) se (=2 -D,

£(s), 5 € (=00, =2 U [2, +e0).

f(s) =
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We consider the following problem

{ ~Au = da(x) " (w), x € RV, (3.9)

u(x) — 0, as |x| = +oo.

Clearly, we can see that lim,,_, . f(s) = £(s), (f") = n and (f")e = f.

By Remarks 3.1 and 3.2, there are two distinct unbounded continuum % and 2" of solutions
of the problem (3.9) emanating from (%,0), and (Jf—o’z, o)) respectively, such that they are disjoint,
unbounded in the direction of A and

¢"" c (Rx P")U {(%, 0}, 2" cRxP)U {(%, 00)},

where v = +, —.

Taking z* = (0,0), and applying Lemma 2.1 again, one derives that 47 = limsup, ., €™ is
unbounded and connected, moreover, z* € €.

We claim that € N (R x P”) = {(0,0)}).

Suppose on the contrary that there exists a sequence (4,,u,) € € \ {(0,0)} = limsup, , €™ \
{(0,0)} such that lim,,_,, 4, = ¢ # 0 and lim,,_,, ||u,|| = 0. Hence, for any N, € N, there exists ny > N
such that (4,,u,) € €"™). By (3.9), it follows that A, = % for ny > Ny. From the arbitrary of Ny, it
implies that ny — oo, i.e., u = 0, which contradicts the assumption of u # 0.

Lemma 3.1(i) implies that the projection of €;’; on R is unbounded.

Furthermore, we have

(0,00) C Projr(%;)-

Similar the proof of Lemma 3.3, we have that

(%, ) C Projp(2").

o

(d) Similar the proof of (b) and (c), respectively, we have that
(0, 00) € Projz(7")
and
(0,00) C Projp(%”).

4. Exact multiplicity of one-sign solutions

To prove Theorems 1.2 and 1.3, by Dai and Han [14], Afrouzi and Rasouli [15], we first give the
definition of linearly stable solution for the problem (1.1). For any ¢ € E and positive solution u of
problem (1.1), we can calculate that the linearized eigenvalue problem of (1.1) at the direction ¢ is

{ —A¢ — Aa(x)f' (W = ug, x € RY,

¢(x) = 0, as |x| » +oo, 4.1)

where f’(u)¢ denotes the Frechet derivative of f about u at the direction ¢. A solution u of
problem (1.1) is stable if all eigenvalues of problem (4.1) are positive, otherwise it is unstable. We

AIMS Mathematics Volume 8, Issue 5, 10453-10467.



10465

define the Morse index M(u) of u to problem (1.1) to be the number of negative eigenvalues of
problem (4.1). A solution u of problem (1.1) is degenerate if O is an eigenvalue of problem (4.1),
otherwise it is non-degenerate. The following lemma is our main stability result for the one-sign
solution.

Lemma 4.1. Under the assumptions of Theorem 1.2 (a), then any positive or negative solution u of
problem (1.1) is stable and non-degenerate, and Morse index M(u) = 0.

Proof. Without loss of generality, let u be a positive solution of problem (1.1), and let (uy, ¢;) be the
corresponding principal eigenpair of problem (4.1) with ¢; > 0 in R". Notice that  and ¢, satisfy

—Au = da(x)f(u), x € RV,
{ u(x) — 0, as |x| » +oo (4.2)
and
—A¢y — da(x)f'(u)p, = ugy, x € RY, “3)
$1(x) — 0, as |x| — +co. .

Multiplying the first equation of problem (4.3) by u and the first equation of problem (4.2) by ¢,
subtracting and integrating, we obtain

" f prudx = A f a1 (f) - Fwu)dx.
RN RN

By some simple computations, we can show that it follows from (A4) that f(s) — f’(s)s > 0 for any
s > 0. Since u > 0 and ¢; > 0 in R", we have u; > 0 and the positive solution u must be stable.
Proof of Theorem 1.2

(a) By Theorem 2.1, we can obtain the problem (1.1) possesses at least two one-sign solutions u*
and u~ such that u* > 0 and u~ < 0 in R". In order to prove exact multiplicity of one-sign solutions
for (1.1). Define F : R X E — R by

F(A4,u) = —Au — da(x)f(u).

From Lemma 4.1, we know that any one-sign solution (4, «) of problem (1.1) is stable. Therefore,
at any one-sign solution (A", u*) for the problem (1.1), we can apply Implicit Function Theorem to
F(A,u) = 0, and all the solutions of F'(A,u) = 0 near (1", u*) are on a curve (A, u(1)) with |4 — A*| < ¢
for some small £ > 0. Furthermore, by virtue of Remark 2.2, the unbounded continua Z* and &~ are
all curves.

To complete the proof, it suffices to show that u*(4,-)(u"(4,-)) is increasing (decreasing) with
respect to .. We only prove the case of u*(A,-). The proof of u~(4,-) can be given similarly. Since
u*(4,-) is differentiable with respect to A (as a consequence of Implicit Function Theorem), taking the
derivative of the first equation of problem (4.2) by A, one can obtain that

LSNP 7). (4.4)

-A
( dAa

du* .
~5) = da(of )

du*

Multiplying the first equation of problem (4.4) by u and the first equation of problem (4.2) by <7,

subtracting and integrating, we obtain

AIMS Mathematics Volume 8, Issue 5, 10453-10467.
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ldx =0

f [ﬂa(x)(f U
RN

(A2) implies f(s)s > 0 for any s € R. So we get (f"(u*)u* f(u*)) < 0by (Al). While (A4) shows
that f'(u*)u* — f(u*) < 0. Therefore, we have % > 0.

Next, we only prove the case of the unlqueness of positive solution of problem (1.1) since the proof
of the uniqueness of negative solution of problem (1.1) is similar. Suppose on the contrary that there
exist two solutions v{ and v; corresponding to A with vi € " of the problem (1.1) for A € (4,/ fo, +0).
For & > 0, take (4 — &,v}_), (1 +¢&,v},,) € I7, then v, — V| as & — 0. By the monotonicity of v
with respect to 4, we get vi__ <v; <vi . Thenvy =v].

Similar the proof of (a) of Theorem 1.1, we have that

||hm Ix[N2uf(x) = ¢; and hm XN 2up(x) = ¢,
x| —+00

for all x € RY and some constants ¢y, ¢, # 0.

Proof of Theorem 1.3. By Theorem 4.1 and Lemma 2.1, there is a distinct unbounded continuum
2"(v € {+,-}) of solutions of the problem (1.2) emanating from (0, 0). Furthermore, we have that
the problem (1.1) possesses at least two one-sign solutions #* and u~ such that u* > 0 and v~ < 0 in
(0, +00). In view of the argument of Theorem 1.2, the desired conclusion can be obtained immediately.

5. Conclusions

In this study, we have proved the existence of one-sign solutions without signum condition for the
semilinear elliptic problems (1.1) by the bifurcation techniques and the approximation of connected
components. We also obtained the exact multiplicity of one-sign solutions for the problem (1.1) under
more strict hypotheses. Our fifindings can be applied to further other differential equations with various
other boundary conditions, high dimensional case, and so on as future work.
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