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1. Introduction

Fixed point theory is one of the most celebrated and conventional theories in mathematics and has
comprehensive applications in different fields. In this theory, the first and pioneer result is Banach
contraction principle [1] in which the underlying space is the complete metric space. This principle
has plenty of generalizations and extensions in different directions (see [2-5]). In 2006, Espinola
et al. [6] combined fixed point theory and graph theory and published some useful results. In 2008,
Jachymski [7] proposed considering partial order sets as graphs in metric spaces. He obtained novel
contraction mappings using this concept, which generalized many of the prior contractions. Moreover,
in a metric space endowed with a graph, some results of the fixed points under these contractions were
successfully deduced. Several authors have used this contribution in various applications.

Wardowski [8] gave a contemporary kind of contraction by utilizing a certain function is said to
be F-contraction and provided some examples to manifest the originality of such generalizations.
Wardowski [8] established a fixed point theorem by using the notion of F-contraction and generalized
well known Banach contraction principle. Later on, Batra et al. [9] proved fixed point results for
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F-contractions on metric spaces endowed with graphs. For more details, we refer the readers to
(see [10-23]).

On the other hand, the chief part in fixed point theory is the underlying space. The study of metric
space was given by Maurice Fréchet in 1905 which plays an essential role in the fundamental result
in fixed point theory. In previous fifty years, many authors have presented attractive generalizations
and extensions of metric spaces. Generally, the generalizations of metric spaces are made by taking
some alterations in the triangle inequality of the initial definition. Some of these familiar extensions
are b-metric space given by Czerwik [24], generalized metric space given by Branciari [25] and JS-
metric space given by Jleli et al. [26]. Among these extensions, Jleli et al. [27] introduced an absorbing
generalization of a metric space that is named as F -metric space. Fore more details in this direction, we
refer the researchers to [26—33]. In this research article, we give the notion of graphic F-contraction
in the framework of ¥ -metric space and establish some results. We also supply some examples to
demonstrate the originality of the established results. As an application, we discuss the existence and
the uniqueness of solutions of functional equations involving in dynamic programming.

2. Preliminaries

Banach contraction principle states that every self-mapping V defined on complete metric space
(R, 1) satisfying
7(Vh,V¢) < ot(h,5)

for all ,¢ € R, where © € [0, 1) has a unique fixed point. Some concepts from graph theory given
by Jachymski [7] will be presented here. Let (R, ) be a metric space and let A denote the diagonal
of R x R. Let G = (V(G), E(G)) be a directed graph such that the set V(G) of its vertices coincides
with R and the set E(G) of its edges contains all loops, i.e., A € E(G). Also assume that the graph G
has no parallel edges.

Jachymski [7] introduced the following definition of G-contraction:

Definition 1. /7] Let (R, 1) be a metric space and V : ‘R — R. Then V is said to be Banach graphic
contraction if

(a) for all h,¢ € R with (f, ) € E(G), we have (V(#), V(s)) € E(G),

(b) there exists © € (0, 1) such that, for all h,s € R with (h,s) € E(G), we have

T(V(h),V(s)) < o1(h, ¢). (2.1

G~! is the converse graph of G that is the edge of G™! is established by reversing the direction of
edges of G, that is
E(G")={(ho) e R xR : (s.h) € EG)}.

If 7 and ¢ are vertices in a graph G, then a path in G from 7 to ¢ of length N (N € N) is a sequence {h,-}?i 0
of N + 1 vertices such that #y = %, iy = ¢ and (%,-1,%,) € E(G) foreachi = 1,--- ,N. A graph
G is connected if there exist a path between any two vertices and it is weakly connected if G is
connected, where G represents the undirected graph obtained from G by ignoring the direction. Since
it is more convenient to treat G as a directed graph for which the set of its edges is symmetric, under
this convention, we have that

EG) = E(G) U E(G™).
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If G is such that E(G) is symmetric, then for 7 € E(G), the symbol [%]; represents the equivalence
class of the relation R defined on V(G) by the rule:

¢Rx if there is a path in G from ¢ to x.

Let ® = {G : G is a directed graph with V(G) = R and A € E(G)}. If V : R — ‘R, then we
represent set of all fixed points of V by R, and let Ry :={#i € R : (h, V(h)) € E(G)}.
In 2008, Jachymski [7] gave the following property which is also required in the proof of our result.

(P) for {h,} € R,ifh, - fiasn — oo and (%, %,.1) € E(G), then there exists a subsequence {7, }
such that (%, ,%) € E(G), for all n € N.

Definition 2. [34] Let (R, 1) be a metric space and V : R — R. Then V is called a Picard operator
if V has a unique fixed point i* and V't — h*, asn — oo, for all i € R.

Definition 3. [7] Let (R, 1) be a metric space and V : R — R. Then V is called a weakly Picard
operator if for any fi € R, lim,_,o, V" exists and is a fixed point of V.

Wardowski [8] gave the notion of F-contraction in this way.

Definition 4. Let (R, 1) be a metric space and V : R — R. Then V is called an F-contraction if there
exists © > 0 such that

(Vh,Vs) > 0 = O + I(1(Vh, Vg)) < 3(1(h, §))

forall h,¢ € R, where I : (0, 00) — R is a function satisfying (F1) 0 < fiy < by, = &(hy) < E(hy).
(F2) forall {h,} C R*, lim,_, %, = 0 if and only if lim,_,., £(f,) = —co.
(F3) there exists 0 < r < 1 such that limy,_,o+ #"3(f) = 0.

We represents P, the family of the functions I3 : Rt — R satisfying (F1)—(53).

Jleli et al. [27] gave an impressive extension of a metric space that is famous as ¥ -metric space by
considering ¥ as the set of functions & : (0, +00) — R satistying (77)-(F>).

Definition 5. [27] Let R be nonempty set, and let T : ‘R X R — [0, +o0). Suppose that there exists
(&,0) € F x[0,+00) such that

(Dy) (h,¢) € R xR, (f,¢) = 0ifand only if i = g.
(D) 1(h, ) = 1(g,h), forall h,¢ € ‘R.
(Ds) forall (h,¢) € R xR, and (1), R, with (1, hiy) = (h,s), we have

N-1

1(h,6) > 0 = £x(h, ¢)) < £ 7(hi, i) + €
i=1

forall N > 2. Then (R, 1) is called an F -metric space.
Example 1. [27] Let R =R. Then 1 : R X R — [0, +00) defined by

(= ¢)* if (h,¢) € [0,4] X [0,4],
h =<l if (h,¢) ¢ [0,4] x [0,4]

with £(1) = In(1) and € = In(4) is an F -metric.

7(h,¢) = {
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Definition 6. [27] Let (R, 1) be an ¥ -metric space.
(i) Let {h,} € R. Then {#,} is called an ¥ -convergent to fi € R if {h,} is convergent to h in reference
to an ¥ -metric T.

(ii) A sequence {h,} is ¥ -Cauchy, if

lim (h,,h,) =0.

Faraj et al. [35] defined the notion of F-G-contraction in this way.

Definition 7. [35] Let (R, 1) be an F -metric space equipped with a graph G. A mapping V : R - R
is said to be an F-G-contraction if for every h, ¢ € R, the following two conditions
(i)
(h,¢) € E(G) implies (Vh,Vs) € E(G); (2.2)

(ii) there exists O € [0, 1) such that
(h,¢) € E(G) implies 1(Vh,Vs) < ot(h,5) (2.3)

are satisfied.

Theorem 1. [35] Let (R, 1) be an F-complete ¥ -metric space equipped with a graph G and let
V : R — R a self-mapping satisfy (2.2) and (2.3). Then ‘V is a Picard operator.

3. Main results

In the whole section, we suppose that R is an ¥ -metric space with an F-metric rand G = {G : G
is a directed graph with V(G) = R and A € E(G)}. The set of all fixed points of V : R — R will be
denoted by Fix(‘V). Now we introduce the notion of graphic F'-contraction in this way.

Definition 8. Ler (R, 1) be an ¥ -metric space equipped with a graph G. A mapping V : R — R is
said to be graphic F-contraction if for every h,¢ € R, the following two conditions
(i)
(,¢) € E(G) implies (Vh,V¢) € E(G), (3.1)

(ii) there exists © > 0 such that
(h,¢) € E(G) implies O + I (1(Vh,Vs)) < 3 (1(h,¢)) (3.2)

with T(Vh,V¢) > 0, are satisfied.

Example 2. Let R # 0 and (R, 1) be an F -metric space. Then for any I €Y and G € O, a constant
function V : R — R is graphic F-contraction because in this way G = (R,E(G)).

Example 3. Suppose I €Y be an arbitrary function. Then each F-contraction is a graphic F-
contraction for the complete graph G defined by V(Gy) = R and E(Gj) = R X R.

Example 4. Let G € ©. Then each graphic contraction is graphic F-contraction for 3 : R* — R given
by 3(1) = Iny, for 1 > 0.
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Example S. Define the sequence {u,} as follows:

H1 = In(1)
= In(1 +4)

fy=In(1+4+7+ .+ (3n-2) = In(22%L),
for all n € N. Let R ={u, : n € N} endowed with

el if h#g,

T(h,g):{ Olfh:g‘

with £ (1) = ‘71 and a = 1. Then, (R, 7) is an ¥ -complete F -metric space equipped with the graph G
given by V(G) = R and

E(G) = {(;unnun) :neN}U {(/Jlnun) :n €N},
Define V : R — R by

B uy, ifn=1,
V) = { Uno1, ifn>1.

Then it is simple to prove that V preserves edges. We prove that V satisfies Eq (3.2). Clearly (%, ¢) €
E(G) with VA # V¢ if and only if # = yu; and ¢ = u,, for some n > 2.
Let the mapping 3 : (0, c0) — R defined by

@) =Int+1, 1> 0.

It is simple to show that 3 € W. Now forn € N, n > 2 and © > 0, we have

(V(u),V ) # 0= T((V(/Jl)’(V('“"))eT(V(ﬂl),(V(un))—T(ul,un) <e®
T(,ul’,un)
—T(lll > 'Lln_l) eT(ﬂl Hn=1) =T (U1 )
T(,ul’,un)

e/ln—l —H1
eHn—1"H1 —pHn—H1

eHn—H1
(n—-1D@Bn-4) oo ol
nBn-1)

Thus, the inequality (3.2) is satisfied with © = 1 > 0. Thus V : R — R is a graphic F-contraction.
Now as

I T(V), V) _
im =

1
n—eo  T({y, fn)

so V is not a graphic contraction.

Definition 9. Let (R, 1) be an F -metric space. Then any two sequences {f,} and {g,} are equivalent
if T(fip, §u) = O as n — oo.
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Proposition 1. Let (R, 1) be an F -metric space and V : R — R be a graphic F-contraction. Then
V R — R is graphic F-contraction for both G~ ! and G, it means (3.1) and (3.2) holds for G™' and
G.

Proof. As ¥ -metric is symmetric, so V : R — R is also graphic F-contraction for both G™! and G. O

Theorem 2. Let (R, 1) be an ¥ -metric space. Then following conditions are equivalent:

(i) G is weakly connected,

(ii) for any graphic F-contraction V : R — R and h,¢ € R, {h,} and {g,} are equivalent and
Cauchy,

(iii) for any graphic F-contraction V : R — R, Card(FixV)< 1.

Proof. (1)=(ii)

Suppose G is weakly connected V : R — R is graphic F-contraction and %, ¢ € R. Then R =[7]5.
Take ¢ = Vi € [h]gz, so there exists a path {hi}f\io in G from # to ¢ with #ig = #i and iy = ¢ and
(hi1,h;) € E(G) forall i = 1,2,...,N. If Vi*'s = Vin, for some j € N, then the sequence {V")
becomes constant sequence and hence it is Cauchy. So assume that 7, = T((V”h, (V”“h) > 0, for all

n € N. From Proposition 1, V : R — R is graphic F-contraction for G, then we have
(V'tiy1, V') € EG)
consequently
3@ ( V', V') < S (2 (V' o, V1)) - ©

foralln e Nandi = 1,2, ..., N. Thus continuing in this way, we get
3@ (V'h-r, V') < 3 (7 (Bimr, 7)) — no (3.3)
forallne Nandi=1,2,...,N. Thus

lim 3 (t (V"h_y, V'h;)) = —c0

n—oo

which implies that
lim 7 (V"hi_y, V'h;) = 0.

n—oo

From the condition (¥3), there exists O < r; < 1 such that

lim [t (V"hi_y, V'E)]"S (¢ (V"hizy, V') = 0. (3.4)

n—oo

From (3.3) and (3.4), we have

[T (V"hio, VRIS (7 (V' hizy, V') = [7 (V' iz, VA)]S (1 (hizi, 1))
[T (V"hioy, V' R)T[S (7 (hizr, 1) — nO] = [T (V" hizy, VIR)TS (7 (B, By))
—nt[(V"hi_, V'h)]" <O0.

IA

IA

Taking n — oo, we have
lim nt (V"#;_y, V'H;)" = 0.

n—oo
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So there exists m; (a positive integer) such that
nt (V' V') < 1

for all n > m;, or .
T((V"hi_l,(V”hi) < (35)
nri
m; . . m; 1
Dl ( Vi, Vi) < >+
i=1 i=1 1
for all n > m;. Now let (¢, ¢) € F X [0, +00) be such that (D3) is satisfied and € > 0 be fixed. From (7>),
there exists 6 > 0 such that
0 <1 < ¢ implies £(1) < &(e) — €. (3.6)
Now since
1 w1
0< Z - < Z - <,
PEral T £
for n > m;. Hence, by (3.6) and (F), we get

¢ (i (Vi (vih,-)) <& [i

i=1 -1 1

- =

] <&é(e)—a 3.7

=

for n > m;. Using (D3) and (3.7), we get
T(V'h, V'¢) >0, n > m; = &(t(V"h, V"¢)) < f[z T(Wihi_l,‘vihi)] +a<é&(e)
i=1
which, from (77), gives that
T(V'h, V"¢) < €

for n > m;. Thus 7(V"#, V") — 0 as n — oo and hence {V"#} is Cauchy Sequence. O

Now, we show that (ii)) = (iii). Let V : R — R be a graphic F-contraction and #,¢ € FixV.
By (ii), {#,} and {¢,,} are equivalent. Then we obtain

T(h,¢) = (V'h, V'¢) = 0

asn — oo, 1.e,fi = ¢.

In the end, we show that (iii)) = (i). We suppose on the contrary that G is not weakly connected,
i.e, G is disconnected. Assume that there exists fy € R such that both sets [#g]z # 0 and R— [#Ag]z # 0.
Suppose ¢y € R— [7ig]lz and define

Vh =hoifth € [holg, Vh=gyif h € R-[holz.

Therefore, Fix(V) = {f, 5o} . Now, we prove that ‘V is graphic F-contraction. Assume (#, ) € E(G),
so [filg = [slg, 1.e., h,¢ € [hylg or i, € R— [Ag]lz. Then, we have Vi = Vg, so (Vi,Vg) €
E(G) as A C E(G). Thus Eq (3.1) holds. Also as there is no (h,¢) € E(G) with Vi + Vg,
therefore, inequality (3.2) is satisfied. Thus V is graphic F-contraction having two fixed points that
contravenes (iii). Thus G is necessarily weakly connected.
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Corollary 1. Let (R, T) be an ¥ -complete F -metric space equipped with a weakly connected graph
G. Then for any graphic F-contraction V : R — R, there exists h* € R such that lim,_,., V"h = h* for
all h € R.

Proof. Let V : R — R is a graphic F-contraction and and fix any point 7 € R. Let m,n € N with
m > n > 0. As G is a weakly connected, so by Theorem 2, {V"#} and {V"V""#h} are equvailent. Then

lim 7(V'h, V"h) =0
that is {V"#} is F-Cauchy sequence in R. Thus there exists #* € R such that lim,_,., V"h = A" as
n — oo. Assume that ¢ € R, then by Theorem 2, the sequences {V"#} and {V"¢} are equivalent. Now
by (D3), we obtain
E@V'e, 1) <&@ (V'h, Vi) + (V' 7)) +a

forall n € N. As 7 (V"h, V"¢) + 1 (V"h,hi*) > 0as n — oo, SO
lim & (t (V'h, V"¢) + T (V'h, /")) +a = —

Then 7(V"¢,#*) > 0as n — oo. O

Theorem 3. Let (R, 1) be an F -metric space equipped with a graph G and V : R — R be a graphic
F-contraction. Then [hy]g is V-invariant and V |[h0]5 is graphic F-contraction for Gy, where hy € R
and V(h,) € [holg . Furthermore, if h,s € [hylg , then {V"h} and {V"¢} are equivalent and Cauchy.

Proof. Let i € [hy]z, so there exists a path {vi}fio in G from # to fip with i = vy and %y = vy
and (v;_;,v;) € E(G). Since V : R — N is graphic F-contraction for graph G, so for all i € N, we
get ( (Vvi_1, Vv;) € E(G). Then Vi € [ Vil = [holg, 1.e. [Aiplg 1s V-invariant. Now, let (%,¢) €
E(Gho) AsYV :R - Ris graphlc F-contraction, so (Vh,Vg¢) € E(G). Since, [#]z is V-invariant,
then (Vh, V¢) € E(Gho) As Gho is a subgraph of G, we get V| is graphic F-contraction for Gho
Eventually, from the connectedness of Gho and Theorem 2, {V"#} and {'V"¢} are equivalent and Cauchy.

O

Theorem 4. Let (R, 1) be an F-complete F -metric space equipped with a graph G satisfying the
property (P), V : R — R is a graphic F-contraction and the set

Ry ={h e R:(h,Vh) € E(G)}

is nonempty. Then
(i) Card(FixV)=Card{[hlg : h € Ry},
(ii) FixV # 0 if and only if Ry # 0,
(iii) V possess a unique fixed point if and only if there exists hy € Ry such that Ry, C [holz,
(iv) VI is Picard Operator, for any h € Re,
(v) if G is weakly connected and R+, # 0, then V is Picard Operator,
i) if R =u {[h]g the ‘Rrv} , then V\y is weakly Picard Operator,
(vii) if V CE(G), then “V is weakly Picard Operator.

AIMS Mathematics Volume 8, Issue 5, 10420-10434.



10428

Proof. First we prove (iv) that is V], is Picard Operator, for any 7 € Rq,. Let 71 € Ry, then (71, V) €
E(G) which implies that V# € [#i]z . Then the sequence {V"#A} and {V"¢}, for ¢ € R are equivalent
and Cauchy by Theorem 3. Now as (R, 7) be an ¥ -complete, so there exists #* € R such that V"% —
h* «— V"¢ asn — oo. As (i, Vh) € E(G), so from (3.1), we have

(V'h, V") € E(G) (3.8)
for all n € N. As G satisfies the property (P), so there exists a subsequence {V/#} of {V"#} such that
(V" i1*) € E(G)

for all n € N. Now from (3.8), there exists a path (h, Vh, V?h, ..., Vi, h*) in G from 7 to A*. So
h* € [A]z . Now
o (Virn, Vi) < T (Vin i)
for all n € N. Taking n — oo, we have
T(h*, Vi) =0

which implies 7" = V#*. Thus V|y. is Picard Operator. m]

Now we prove the condition (v). Let R, # @ and 2 € R4, . Also suppose that G is weakly connected.
Then R = [#]z and V is Picard Operator. Condition (vi) is direct consequence of (iv).

Now we prove the condition (vii). Let V CE(G). This implies R = R+, which gives R = R. Thus
“V 1s weakly Picard Operator directly from the condition (iv).

Now we prove the condition (i). For this, we define ¢ : FixV — © by p(h) = [fi]z, for all
h € FixV, where

® ={lhlg : h € R}

Then we just have to prove that g is bijective mapping. Now let 72 € Rq,. Then from (iv), V| is

Picard Operator. Now let
A" = lim V.

n—0oo

Then
h* € FixVnlhlg

and p(7i*) = [A*]z = [hlg . Hence the function ¢ : FixV — (® is onto. Also suppose #,,%, € FixV
with %]z = [#,2]5 . Then #i, € [f;]5 . Now from (iv),

lim (Vnhz € FixVnN [fll](‘;' = {hl} .
But V"#h, = h,, for all n € N. Hence we have #i; = #,, which shows that the function ¢ : FixV — ®is
one-to-one. Thus the ¢ : FixV — (® is bijective function. Lastly, (i) directly follows from (ii) and (iii).

Corollary 2. Let (R, 1) be an F -complete F -metric space equipped with a graph G satisfying the
property (P). Then these conditions are equivalent

(i) G is weakly connected,

(ii) V is Picard Operator for every graphic F-contraction V : R — R such that (hy, Vhy) € E(G)
for some hy € R

(iii) for any graphic F-contraction V : R — R, Card(FixV)< 1.
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Proof. From condition (v) of Theorem (4), (i)= (ii). Now we prove (ii)= (iii). Suppose V : R — R
is graphic F-contraction. If Rq, = 0, then it is obvious that Card(FixV)< 1. Now if R4, # 0, then by
(i1) FixV is singleton. Thus Card(FixV)< 1. Lastly, (iii)==(i) follows directly from Theorem 4. O

Definition 10. [35] Let (R, 1) be an F -metric space equipped with a graph G and V : R — R.
Then V is said to be orbitally continuous if Vh, s € R and any sequence { j,} of positive numbers, then
Virh — ¢ implies V(V/"h) — Vg asn — oo.

Definition 11. [35] Let (R, 1) be an F -metric space equipped with a graph G and V : R — R.
Then V is said to be G-continuous if for h € R and a sequence {h,} with #i, — h as n — oo and
(hp, hipe1 )€ E(G), then Vh, - Vhasn — co.

Definition 12. [35] Let (R, 7) be an F -metric space equipped with a graph G and V : R — R. Then
V is said to be orbitally G- continuous if for all h,¢ € R and any sequence {j,} of positive numbers
Virh — ¢ and (Vinh, VIt h) € E(G) implies V(Vi"h) — Vg asn — .

Remark 1. [35] Let (R, 1) be an F -metric space endowed with a graph G and V : R — R. Clearly,
we have the following relations.

Continuity = G-continuity = orbital G-continuity,
Continuity = orbital continuity = orbital G-Continuity.

Theorem 5. Let (R, 1) be an F -complete F -metric space equipped with a graph G and V : R — R is
orbitally G-continuous graphic F-contraction. Then these conditions hold:

(i) Ry # @ & Fix(V) + @,

(ii) for any h € Ry and ¢ € [hlg the sequence {V"g} converges to the fixed point of V and
lim,, ., V"¢ does not depend on g,

(iii) if G is weakly connected and R+ # 0, then V is Picard Operator,

(iv) if V CE(G), then ‘V is weakly Picard Operator.

Proof. We prove (1))= (i1). Let € R with (4, Vi) € E(G) and ¢ € [#i]z . From Theorem 3, {V"#i}
and {V"¢} converges to a point #*. Also ((V”h, (V”“h) € E(G), VYn € N. Now using the orbitally

G-continuity of V we have
V(V'"h) — V#H").

Also since V(V"h) = V"'h — h*, thus we obtain V(%*) = A*. Thus (i) implies (ii). Now since A C
E(G), so (i1) implies (i). Also since V CE(G) so Ry = R, so (iv) follows directly from (ii). Now
if Ry # 0 and Ay € Ry, then [Ag]z = R, so V is a Picard Operator by (ii) which proved (iii). O

The following result can be a generalization of above result in the sense of above remark.

Theorem 6. Let (R, 1) be an F -complete F -metric space equipped with a graph G andV : R — R is
orbitally continuous graphic F-contraction. Then these conditions hold:

(i) Fix(‘V) # @ if and only if there exists hy € R with Vhy € [holz,

(ii) for any h € Ry and ¢ € [hlg the sequence {V"g} converges to the fixed point of V and
lim,, ., V"¢ does not depend on g,

(iii) if G is weakly connected and R+ # 0, then V is Picard Operator,

(iv) V is weakly Picard Operator if ‘V(h) € [hlz for any h € R.
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Proof. We prove (1)= (i1). Let z € R such that V(%) € [fi]z and ¢ € [#i]z . From Theorem 3, {V"h}
and {V"¢} converges to a point #*. Now using the orbitally continuity of V we have

V(V'h) - VH).

Also since V(V"h) = V"™'h — #*, thus we obtain V(#*) = #*. Thus (i) implies (ii). Now we
prove (ii) implies (i). Since 7% € [#i]z, for any £ € R, so (ii) implies (i). Now if G is weakly connected
then, [A]z = R for any 7 € RN so V is a Picard Operator. Thus (iii) hold. Also (iv) follows directly
from (ii). m|

Corollary 3. Let (R, 1) be an F -complete F -metric space equipped with a graph G and V : R — R.
Then these conditions are equivalent.

(i) G is weakly connected,

(ii) every orbitally continuous graphic F-contraction V : R — R is Picard Operator,

(iii) for every orbitally continuous graphic F-contraction V : R — R,Card(FixV)< 1.

Remark 2. (i) If we take E(G) = R X R in Theorem 4, then we get main result of Asif et al. [21].

(ii) If we take 3 (1) = Ini, for 1 > 0 in Theorem 4, then we get a result (Corollary 2.11) of Faraj
etal. [35].

(iii) If we take £(1) = Inu, for 1 > 0 and € = 0 in Definition 5, then the notion of F -metric space reduces
to metric space and from our Theorem 4, we get the main result of Batra et al. [9].

(iv) If we take £(1) = In, for 1 > 0 and € > 1 in Definition 5, then the notion of F -metric space reduces
to b-metric space. Now with E(G) = R X R, Theorem 4 reduces to main result of Cosentino et al. [14].

4. Application
In the present section, we discuss the solution of functional equations

uw) = sup {f(w, @) + K(w, @, u(g(w, )))}, w € P 4.1

weD

given in dynamic programming connected to multistage process [36] to apply the Theorem 2. In this
equation, f : ®; XD, > R, K : O XD, xR - Rand g : &, X O, —» Dy, ®; and O, are Banach
spaces. Also ®@; and @, represent a state space and decision space respectively.

Let B(®,) represents the family of all bounded real valued functions defined on ®,. For & € B(D,),
consider

llAll = sup [A(w)].
wed
Clearly, (B(®,), ||A||) is a Banach space. We equipe B(®,) with the ¥ -metric (with f(z1) = Inz, for: > 0
and ¢ = 1) defined by
d(h, k) = sup |h(t) — k(0)|.

1e®y

Evidently, (B(®,), d) is ¥ -complete ¥ -metric space.

Theorem 7. Assume that that these assertions are satisfied:
(i) f and K are bounded,
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(ii) for w € @, and h € B(®,), define V : B(®,) — B(®,) by
V(h)(w) = sup {f(w, @) + K(w, @, w(g(w, )))}

wedy

YV h € B(®y). Evidently, V is well-defined as f and K are bounded,
(iii) there exists © > 1 such that

K(w, @, h(w)) = K(w, @, k(w))| < e (|h(w) = kw)),

where h,k € B(®,), w € ®| and w € O,.
Then, the functional Eq (4.1) has a unique and bounded solution.

4.2)

Proof. Note that (B(®,),d) is a ¥ -complete ¥ -metric space. Assume that € > 0 and &y, h, € B(D,),

then there exist @, w, € ®, such that
V(h)(w) < f(w, @) + K(w, @1, h(g(w, @1))) + &,
V(h)(w) < f(w, @) + K(w, @2, hh(g(w, @2))) + &,
V() (w) 2 f(w, @) + K(w, @2, hh(g(w, @2)))
V) (w) 2 f(w, @) + K(w, @, h1(g(w, @1))).
Now, from (4.3) and (4.6), it follows easily that
V) (w) = V(h)(w)

IAN AN A

e (I (w) = hy(w))) + &

Hence we get
V(h)(w) = V(h)(w) < e (I (w) = ha(w)]) + &.

Similarly, from (4.4) and (4.5) we obtain

V(h)(w) = V()W) < e (Il (w) = hy(w))) + &
Therefore, from (4.7) and (4.8) we have

[V(h)(@) = V() ()| < e (|hi(w) = ha(w)]) + &.

for all € > 0. Hence
d(Vhi(w), Vhy(w)) < e d(h(w), hy(w))

that is,
d(Vhy, Vhy) < e 2d(hy, hy).

Taking natural logarithm on both side, we have
In (d(Vhy, Vhy)) < In(e2d(hy, hy)).
Consequently if we define I : R" — R define by I (1) = Inz,1 > 0, we have

O + 3 (d(Vhy, Vhy)) <3 (d(hy, hy))

K(w, @, hi(g(w, @) — K(w, @, hh(g(w, 1)) + &
|K(w, @1, hi(g(w, @) — K(w, @, hy(g(w, @)))| + &

(4.3)
(4.4)
(4.5)
(4.6)

4.7)

(4.8)

4.9)

Hence, all the hypotheses of Theorem 2 are satisfied. Thus, there exists a point 4, such that V(h) = h,

that is the bounded solution of the functional Eq (4.1).

O
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5. Conclusions

In this article, we introduced the notion of graphic F-contraction in the context of # -metric space
and established some new fixed point theorems in this newly introduced space. We have given an
example to manifest the authenticity of the obtained results. We also have presented some results
for orbitally continuous and orbitally G-continuous graphic F-contractions. For future work, one can
establish fixed point results for multivalued graphic F-contraction in F -metric space.
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