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sets in this way, referred to as the lower approximation and upper approximation with respect to the
aftersets and the foresets, respectively. Next, we look into some of the lower and higher approximations
of the newly multigranulation rough set model’s algebraic properties. Both the roughness and accuracy
measurements were defined. In order to show our suggested model, we first develop a decision-making
algorithm. Then, we give an example from a variety of applications.
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1. Introduction

Set theory is a crucial concept for the study of fundamental mathematics. In classical set theory,
however, a set is determined solely by its elements. That is, the concept of a set is exact. For example,
the set of even integers is exact because every integer is either odd or even. Nevertheless, In our
daily lives, we encounter various problems involving inaccuracies. As an example, young men are
imprecision because we can not classify all youngsters into two different classes: young men and
older men. Thus the youngsters are not exact but a vague concept. The classic set requires precision
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for all mathematics. For this reason, imprecision is essential to computer scientists, mathematicians,
and philosophers interested in the problems of containing uncertainty. There exist many theories to
deal with imprecisions, such as vague set theory, probability theory, intuitionistic FS, and interval
mathematics; these theories have their merits and demerits.

Zadeh [61] invented the concept of an FS, which was the first successful response to vagueness. In
this approach, the sets are established by partial membership, apart from the classical set, where exact
membership is required. It can cope with issues containing ambiguities and resolve DM problems,
which are frequently proper techniques for characterizing ambiguity, but this theory its own set of
problems, as discussed in [33].

It was in 1999 that Molodtsov [33] introduced a new mathematical approach for dealing with
imprecision. This new approach is known as SST, which is devoid of difficulties occurring in existing
theories. SST has more comprehensive practical applications. SST’s first practical applications were
presented by Maji et al. [30,31], and they also defined several operations and made a theoretical study
on SST. Ali et al. [1] provided some new SS operations and refined the notion of a SS complement.
It is common for SST parameters to be vague words. To solve these problems, A FSS is defined by
Maji et al. [32] as an amalgamation of SS and FS. Real-world DM problems can be solved with FSS.
A problem-solving method is proposed based on FSS theory was discussed by Roy and Maji in [40],
an interval-valued FSS is presented by Yang et al. in [58], and a DM problem is investigated using the
interval-valued FSS. In a recent study, Bhardwaj et al. [6] described an advanced uncertainty measure
that was based on FSS, as well as the application of this measure to DM problems. More applications
of a SS and FS can be found in [12,13,51]

RST, proposed by Pawlak in 1982 [37] is another mathematical approaches to deal with problems
that contains imprecision. RST is a typical method to deal with imprecision. It is not a replacement for
classical set theory, Like FST, but rather an integrated part of it. No extra or preliminary data knowledge
is required for RST, like statistical probability, which is the advantage of RST. RST has found many
useful applications. Particularly in the areas of collecting data and artificial intelligence, DM. The RS
technique looks to be of fundamental relevance to cognitive sciences [37,38]. It appears fundamental
to knowledge creation from databases, pattern recognition, inductive reasoning, and expert systems.
Pawlak’s RST is based on partition or equivalence relation. Due to the fact that it can only handle entire
data, such a partition has limitations for many applications. To handle these problems, the equivalence
relation is replaced by similarity relations, tolerance relations, neighborhood systems, general binary
relations, and others. ST, FS, and RST were merged by Feng et al. [16]. [2,41] examines the RSS
and SRS, The SBr and knowledge bases approximation of RS was discussed by Li et al. [26]. SRFS
and SFRS were discussed by Meng et al. [34], novel FRS models are presented by Zhang et al. [63]
and applied to MCGDM, using picture FS and RS theory Sahu et al. [49] present a career selection
method for students, a built-in FUCOM-Rough SAW supplier selection model is presented by Durmic
et al. [9]. Dominance Based Rough Set Theory was used by Sharma et al. in their recent study [50]
to select criteria and make hotel decisions, and A rough-MABAC-DoE-based metamodel for iron and
steel supplier selection was developed by Chattopadhyay et al. [7], Fariha et al. [16] presented A
novel decision making method based on rough fuzzy information. Multi-criteria decision-making
methods under soft rough fuzzy knowledge were discussed by Akram et al. [5]. An application of
generalized intuitionistic fuzzy soft sets to renewable energy source selection was discussed by Khan
et al. [22]. FS and RS are combined in [8], Xu et al. [54] discussed FRS model over dual universes.
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Some generalization of FSs and soft sets along with their applications can be seen in [21, 35,36]

The original RS model depended on a single equivalence relation. In many actual circumstances,
when dealing with data with multiple granulations, this might be problematic. Aiming to deal with
these problems, Qian et al. [39] presented an MGRS model to approximate the subset of a universe
with respect to multi-equivalence relations instead of single-equivalence relations. It establishes a
new study direction in RS in the multi-granulation model. The MGRS has attracted a substantial
number of scholars from all over the world who have considerably contributed to its development
and applications. Depending on the specific ordered and tolerance relations, Xu et al. [56] discussed
two types of MGRSs, [57] incorporates a reference to FMGRS, Multi-granulation rough set from the
crisp to the fuzzy case was defined by Yang et al. [60]. Ali et al. [3] described improved types of
dominance-based MGRS and its applications in conflict analysis problems, Two new MGRS types
were introduced by Xu et al. [55], Neighborhood-based MGRS was discussed by Lin, et al. [27],
Liu et al. [28] discuss regarding MGCRS. According to Kumar et al., [20] an optimistic MGRS-
based classification for medical diagnostics had been proposed. Huang et al. [19] defined intuitionistic
FMGRSs by combining the concepts of MGRS and intuitionistic FS.

There are numerous practical problems, including disease symptoms and drugs used in disease
diagnosis, comprise a diverse universe of objects. The original rough set model deals with the
problems that arise in one universe of objects. In order to solve the problems with the rough set
that exist in the single universe of objects, Regarding the development of the relationship between
the single-universe and dual universe models, Liu [24], Yan et al. [59] introduced a generalised RS
model over dual universes of objects rather than a single universe of objects. Ma and Sun [29],
developed the probabilistic RS across dual universes to quantify knowledge uncertainty, The graded
RS model over dual universes and its characteristics were described by Liu et al. [25], the reduction of
an information system using an SBr-based approximation of a set across dual universes was presented
by Shabir et al. [42], a dual universe FRS based on interval data is presented by Zhang et al. [62],
Wu et al. [53] developed the FR approximation of a set across dual universes, MGRS was presented
over dual universes of objects by Sun et al. [44]. MGRS over dual universe is a well-organized
framework for addressing a variety of DM problems. Moreover, it has grown in popularity among
experts in multiple decision problems, attracts a wide range of theoretical and empirical studies.
Zhang et al. [64] presented PFMGRS over dual universes and how it may be used in mergers and
acquisitions. A decision-theoretic RS over dual universes based on MGFs for DMs and three-way
GDMs was described by Sun et al. [45,46]. Din et al. [10] recently presented the PMGRFS over dual
universes. Further applications in GDM of MG over dual universes can be found in [47,48]. For steam
turbine fault diagnosis, Zhang et al. [65] presented the FMGRS over two universes, and Tan et al. [52]
demonstrated decision-making with MGRS over two universes and granulation selection.

The concept of MGRS was introduced by Qian et al. in [39] through the utilization of multiple
equivalence relations rhoi on a mathfrakU universe. Sun et al. [44], replace multi equivalence relations
pi, by general binary relation p; universal !l X 9B, it was the more general from MG, also discussed
OMRGRS and PMGRS over dual universes. On the other hands, Shabir et al. [11,43], generalized
these notions of MGRS and replace relations by SBr on U X 8. It was a very interesting generalization
of multigranulation roughness, but there was an issue that it does not hold some properties like the
lower approximation not contained in upper approximation. Secondly, the roughness of the crisp set
and the result we got two soft sets. The question is how to rank an object. We suggest multigranulation
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roughness of a fuzzy set to address this query. Because of the above study, we present a novel optimistic
MGR of an FS over dual universes.
The major contribution of this study is:

e We extend the notion of MGRS to MGR of FS based on SBrs over two universes to approximate
an FS u € F(B) by using the aftersets of SBr and approximate an FS y € F(2I) by using foresets
of SBrs. After that, we look into certain algebraic aspects of our suggested model.

e The Accuracy measure are discussed to measure the exactness or roughness of the proposed
MGRFS model.

e Two algorithms are defined for discission-making and discuss an example from an applications
point of view.

The remaining of the article is organised as follows. The fundamental idea of FS, Pawlak RS, MGRSs,
SBr, and FSS is recalled in Section 2. The optimistic multi-granulation roughness of a fuzzy set over
dual universes by two soft binary relation, as well as its fundamental algebraic features and examples,
are presented in Section 3. The optimistic multi-granulation roughness of a fuzzy set over two universes
by multi soft binary relations is presented in Section 4 along with some of their fundamental algebraic
features. The accuracy measurements for the presented optimistic multigranulation fuzzy soft set are
shown in Section 5. We concentrate on algorithms and a few real-world examples of decision-making
problems in Section 6. Finally, we conclude the paper in Section 7.

2. Preliminaries

Basic concepts for the FS, RS, MGRS, SS, SBR, and FSS are presented in this section; these
concepts will all be used in later sections.

Definition 2.1. [61] The set {(w, u(w)) : For each w € W} is called fuzzy set in W, where yu : W —
[0, 1], where W # O A membership function u : W — [0, 1] is called as a FS, where W # O set of
objects. Let u and p, be two FS in W. Then p <y, if p(w) < py(w), for all w € W. Moreover, u = i, if
u < pypand p > py. If w(w) = 1 for all w € W, then the u is called a whole FS in W. The null FS and
whole FS are usually denoted by 0 and 1 respectively.

Definition 2.2. [61] The intersection and union of two fuzzy sets u and 'y in 0 are defined as follows:

Yy N =y(w) A pu(w),
yUu =y(w)V u(w),

Sfor all w € W. Where A and V mean minimum andmaximum respectively.

Definition 2.3. [61] The set u, = {w € W : u(w) > a} is known as the a — cut of a FS p in V3. Where
1>2a>0.

Example 2.1. Let W = {uy, uy, us, uy, us}, and the membership mapping u : 0 — [0, 1] defined by
u= %+%+%+%+ML§iscalledtheFSinlI.

Let @ = 0.3. Then the set j1, = {1y, u,, u} is known is a-cut or level set of F'S p in .

Definition 2.4. [37] The set {w € W | [w], € M} and {w € W | [w], NI # O} is known as the

Pawlak lower, and upper approximations for any I C W, we denoted by y (M) and Y(M) respectively,
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where w,si is the equivalence class of w w.r.t psi and psi is an equivalence relation on . The set

YON) — g(‘ﬂi), is called boundary region of M. If BN, () = 0 then we say that M is definable (exact).
(D)

Otherwise, M is rough with respect to . Define the accuracy measure by o, (M) = T

and roughness
measure by a, (M) = 1 — a, (M) in order to determine how accurate a set M is.

Qian et al. [39] enlarged the Pawlak RS model into an MGRS model, where the set approximations
are establish by multi equivalence relations.

Definition 2.5. [39] Let i, s, . . ., lﬁj be j equivalence relations on a universal set W and M C 2.
Then the lower approximation and upper approximation of It are defined as
@ZL] J/i

ﬁzi:]lﬁi — (ﬁ

= {w € W| [w];, CM for some i,1 <i< j},

) c
i)

Definition 2.6. [33] A SS over W is defined as a pair (/ psi, A) where [ psi is a mapping with  :—
P(), W # O finite set, and A C E(set of parameters).

Definition 2.7. [14] A S§S (Y, A) over W X W. is called a SBr on W, and we denoted by S B,(13).

Example 2.2. Let U = {uy,u,,u,,1,,1u} represents some students and A = {ey,e,} is the set of
perimeters, where e, represent math and e, represent computer. Then the mapping ¢ : A — P)
defined by yr(e1) = {1y, w,, us} and Yy(ey) = {u,, 1,,1,}, is called soft set over W.

Li et al. [23] present the notion of SBr in a more general form and define a GSBr from 2B to B, as
follows.

Definition 2.8. /23] If (W, A) is a SS over W X BV, that is y : A — P(W X V), then (Y, A) is said to be
a SBr (SB-relation) on W X B. and we denoted by S Br(23, V).

Definition 2.9. [40] Let F(2B) be the set of all FS on W # 0. Then the pair (Y, A) is known as FSS
over W, where A C E (set of parameters) and ¥ : A — F(1).

Definition 2.10. [40] Let (y1,A), (Y2, B) be two FSS over a common universe, (W1,A) is a FS subset
of Wy, B) if B2 A and yri(e) is a FS subset of Y»(e) for each e € A. The FSS (y1,A) and (>, B) are
equal if and only if (Y1, A) is a FS subset of (W5, B) and (5, B) is a FS subset of (1, A).

3. Approximation of a fuzzy set based on two soft binary relations

This section examines the optimistic roughness of an FS utilising two SBr from U to B. We then
utilize aftersets and foresets of SBr to approximation an FS of universe ¥ in universe U and an FS of
universe U in universe B, respectively. Because of this, we have two FSS, one for each FS in BI).

Definition 3.1. Let u be a FS in B and y and r,, be SBr over UXxv The optimistic lower approximation
(OLAP) Yy + Yot and optimistic upper approximation (OUAP) °Y, + wzﬂ, of F'S u w.r.t aftersets of
and Y, are defined as:

b+ e = {(/)\{u(b): b€ (ay1(e) Uaya(e),b € B, if ayi(e) U ay(e) # 0

, otherwise.
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T U ) a) = {(\)/{,u(b) t be(ayi(e) Naya(e),b e B}, ifapi(e) Nays(e) # 0

, otherwise.
Where ayri(e) = {b € B : (a,b) € Y (e)},a,(e) = {b € B : (a,b) € Yy(e)} are aftersets of a fora € U

ande € A.
Obviously, (Y + Yo, A) and ( "y + ¢2#,A) are two FSS over U.

Definition 3.2. Lety be a FS in 1, and ¥, and ¥, be SBr over Wxv The optimistic lower approximation
(OLAP) "\ + Y, and optimistic upper approximation (OUAP) " + zp{’, of FS y w.r.t foresets of Y,
and Y, are defined as:

Wi+ s () = {Q 0@ : ae@@® Uya(b).acl, Foeb) Uyae)) # 0

, otherwise.

T (@)b) = {\/{V(a) s a € i(e)b) Nynle)b)),ac}, if tm(e?(b) N Wa(e)(b) # 0
0, otherwise.

Where yri(e)b = {a € U : (a,b) € Y (e)},yr(e)b = {a € U : (a,b) € Y(e)} are foresets of b for b € B

ande € A.

Obviously, ( YMO’A) and ("¢ + l/’zo,A) are two FSS over 8.

Moreover, ¢ + Yt : A — FQD,% ¢ + 1/121 A > F)and "W +yn 1 A — F(B), ¢y + 1,//20 :
A — F() and we say 2, B, {y1, ¥»}) a generalized Soft Approximation Space.

Example 3.1. There are fifteen excellent allrounders who are eligible for the tournament, divided
into the Platinum and Diamond categories. A franchise mathfrakXYZ wants to choose one of
these players as their finest all-around player, the Platinum Group players are represented by the
Set U = {ay,as,as,a4,as,as,a7,as} and the diamond Group players are represented by the Set
B = {by, by, b3,b4,bs,bs, b7}. Suppose A = {ey, ey} is the set of parameters, where e, stands for the
batsman and e, for the bowler. Let two distinct coaching teams evaluate and contrast these players
based on how they performed in the various leagues they played in throughout the world, from these
comparisons, we have,

The first-team coaches’ comparison, Y| : A — P(U X B), is represented by

lﬁl(el) :{(al’ bZ)’ (al’ b3)’ ((12, bZ), ((12, b5), (Cl3, b4)9 ((l3, b5)9 (a4’ bl)» (614, b3)’ (aSa bl)’ (aSa b6)a ((17, b4)((l7, b7)}»
wl(eZ) :{((ll, b3)’ (611, b6)a (a2a bl)a (aZ’ b4)’ (613, bl)’ (614, bS)’ (614, b7)a (aS’ b2)7 (aSa b7)a (a7a b3)a (Cl7, b6)’ (aS’ bl)’
(as, b7)},

where y1(ey) compare the batting performance of players and yr,(e;) compare the bowling performance
of players.

The second-team of coaches’ comparison, Yy, : A — P(U X V), is represented by

lﬁZ(el) :{((11, bZ)a ((lz, b3)’ ((12, b5)’ (Cl3, b4)’ (Cl4, b3)’ (614, bS)’ (a47 b6)’ ((15, b4)a (a6a b7)’ ((17, b3)’ (a7a b7)(a8’ bZ)a
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(as, bs)},
Ua(er) ={(ay, b3), (a1, bs), (a2, b3), (a2, bs), (a2, b7), (as, by), (as, be), (as, ba), (a4, bs), (as, by), (as, bs), (a7, be),
((18, bl)a (a87 b3)}a

where 1 (ey) compare the batting performance of players and yr,(e;) compare the bowling performance

of players.
We obtain two SBrs from U to B from these comparisons. Now the aftersets are

api(er) = 1{b2, b3},  aipi(er) =1{b3, b},  arpa(er) = {ba}, arpa(er) = {b3, ba}
aypi(er) = 1{by, bs},  api(er) = {b1,bs},  axpa(er) = {bs, bs}, apr(ez) = {bs3, by, by}
azpi(er) = {bs, bs},  asppi(er) = (b1}, azy(er) = {ba}, azya(ez) = {b1, bs}
api(er) = (b1, b3},  awi(ez) =1{bs, b7},  awpa(er) =1{b3,bs,be},  asr(er) = {ba, bs}
asyi(er) = 1{b1,be},  aspi(ex) =1{ba, b7}, asyn(er) = (s}, asya(er) = {ba}
agi(er) = 0, agi(e2) = 0, asa(er) = {b7}, agpa(er) = {bs}
ari(er) = {bs, b7}, azi(ez) = 1{b3,be},  aza(er) = {bs, b1}, ay(er) = {bs}
agy(er) = 0, agyi(er) = {b1, b7}, asya(er) = {ba, bs}, agy(er) = {b1}.

All the players in the diamond group whose batting performance is similar to a; are represented by
ayj(er), and all the players in the diamond group whose bowling performance is similar to a; are
represented by a;p (e;). And foresets are

Yi(e)br =lag,as},  Yi(e)by ={az,a3,as},  Ya(e)by =0, Ya(ex)by = {as, as}
Yileby ={ai,a},  Yi(ex)br = {as}, Ya(e)by = {ash, Ya(e2)br = {ay, as}
Yi(ebs ={ai, a4}, Yi(e2)bs = {arl, Ya(e1)bs = {az,as, a7},  Yalex)bs = {ay, ar}
Yi(enby = {az}, Yi(e)by = {az}, Yr(e)by = {as, as}, Yr(ex)by = {ay, aq}
Yi(ebs = {az,as},  Yi(ex)bs = {aal, Ya(e1)bs = {az, as, ag},  Ya(ex)bs = {ag}

Yi(e)bs = {as}, Yi(e)bs = {ai, ar}, Y(ebs = {aal, Ya(e2)bs = {as, as}
Yi(enbr = {az}, Yi(e)br ={aq, as,as},  Yale1)br = {ag, ar}, Y(e2)br = {as}.

All the players in the platinum group whose batting performance is similar to b; are represented by
W i(e1)b;, and all the players in the platinum group whose bowling performance is similar to b; are
represented by s j(e2)b;.

Define u : B — [0, 1], which represents the preference of the players given by franchise X?) 3 such that
p(br) = 0.9, u(by) = 0.8, u(b3) = 0.4, u(bs) = 0, u(bs) = 0.3, u(bs) = 0.1, u(b7) = 1 and
define y : U — [0, 1], which represents the preference of the players given by franchise XYZ such that

ylar) = 0.2,y(a2) = 1,y(a3) = 0.5,y(as) = 0.9,y(as) = 0.6,y(as) = 0.7,y(az) = 0.1, y(as) = 0.3
Therefore the optimistic lower and upper approximations of u (with respect to the aftersets of Y, and

Un) are:
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ay ay as ay ds dg ay ag
Y1 +yrt(e) |04 03 0 01 O 1 0 03

Ur+05 (e)) |08 03 0 04 0 0 1 0
Yyir+yrte) | 0 0 01 O 08 06 0.1 09

Ur+Ys(e) |04 0 09 0 08 0 0.1 09

Hence, ¥ + Yt (e;)(a;) provide the exact degree of the performance of the player a; to u as a

batsman and bowler and, *\r; + tpzﬂ(e,-)(ai) provide the possible degree of the performance of the player
a; to u as a batsman and bowler w.r.t aftersets. And the (OLAP) and (OUAP) of y (w.r.t the foresets of

Wy and yYr,) are:

bl b2 b3 b4 b5 b6 b7
"i+yr(e) 06 02 01 01 03 06 0.1
" + l//zg(el) 0O 0 09 O I 0 01

"+ (e2) |03 06 01 02 07 0.1 03

Yt uae) |05 09 0 0 0 01 0

Hence, "W + t//zo(e,-)(b,-) provide the exact degree of the performance of the player b; to y as a
batsman and bowler and, V| + wzn(ez)(bi) provide the possible degree of the performance of the player

b; to y as a batsman and bowler w.r.t foresets.

The following result demonstrates a relationship between our proposed OMGFRS model and
PMGFRS model proposed by Din et al. [10], which reflects that the proposed model is entirely different

from Din et al’s [10] approach.

Proposition 3.1. Let y, and yr,, be two SBrs WX B, thatis Y, : A > PQUIX V) and y, : A - P(UX V)
and u € F(B). Then the following hold w.r.t the aftersets.

(1) 1 + ¢t +l//2’;

(2) Y+ gs ST g

(3) g1 + v = (" + 9"

4 e = (g ).
N4

Proof. (1) Consider ¢ + ¥t (e)(a) = NMub) : b € ayy U ay,} < NMub) : b € ayy N ay,} =

Yy + lﬁz’;(e)(a)- Hence ¢, + Yo" C Y + lﬁzf:-

(2) Consider “¥; + 3’ (e)(a) = V{u(b) : b € ay Nayn} < Viub) : b € ay Uavs} = Py + 47 (e)(a).
Hence “y; + :,[/2'1 CPyYy + 0,02'1.

(3) Consider ¢y + Yo" (e)(a) = AMu(b) : b € ayy Uays} = AM(1 - )(b) : b € ayy U ay,)

= 1= V{u“(b) : b € ap Uan} = (Pgn + 7 (e)(@)). Hence Yy + Y = (P + g )°.
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(3) Consider %y + 1/12#6(6)(0) = V{u‘(b) : b € ap Nayr} = v{(l —,U)(b) b € ayy N ay,}
=1 -Ap®) 1 b eayy Nayr} = (Y + ¢ 1/12”(6)(0))6 Hence “Y + ¢ = (¢ + l/’z’;)c

O

Proposition 3.2. Let Y, and Y, be SBrs over UX B, that is 1 : A — PQUXVB)and Y, : A - PQUUX V)
and y € F(B). Then the following hold w.r.t the foresets.

(1) "+ S +lﬁ2p

(2) i+ S
(3) "y + v = (U + )

@I = ()

Proof. The proof is identical to the Proposition 3.1 proof. O

Proposition 3.3. Let ¢, and Y, be SBrs over UX B, that is y; : A > PQUXB) and Y, : A - PQUX V)
and u € F(B). Then the following hold w.r.t the aftersets.

(1) Y1 + ¢t < %“V%l’z
(2) Yr + 97 <y AL

Proof. (1) Consider, ¥, + ¢ (e)(a) = AMu(b) : b € (ayi(e) U aya(e))}
< (Mud) 2 b e ay(e)}) vV (Mu(d) : b € apa(e)}) = Yif(e)a) V Yot (e)(a).
Hence 1 + " <" Uyt

(2) Consider, Yy + ' (e)(@) = Viu(b) : b € (ayi(e) N atﬁz(e))}

< (Vi) b e alﬂl(e)}) A (V{,U(b) beap(e)}) =¥ (e)a) Ay (e)(a).
Hence “yy + 45 <y Ny

O

Proposition 3.4. Let Y, and Y, be SBr over U X v thatis Y, : A > PQUXB) and Y, : A — PQU X V)
and y € F(B). Then the following hold w.r.t the foresets.

(1) "+ <YV Y
(2) "+ < A g

Proof. The proof is identical to the Proposition 3.3 proof. O
Here’s an example that proves the converse isn’t true.
Example 3.2. (Example 3.1 is continued). From Example 3.1, we have the following outcomes.
Yn(er)(as) = 0.1
yof(en(as) =0

U1 (e)(ay) = 0.8
U7 (e)(ay) = 0.4,

AIMS Mathematics Volume 8, Issue 5, 10303-10328.



10312

Hence,
Y1+ gt (en)as) = 0 £ 0.1 = y¥(e))las) V Yo (e1)(as) and
Ui+ (e)(@) = 0.3 £ 04 = Y (e1)(@) Ay (e1)(@).

And

"Yi(e)(br) = 0.2

7@(61)(192) =03

"i(en)(by) = 1

Yda(er)(by) = 0.3.
Hence,

T+ (e)(br) = 0.2 £0.3 =7 Y (e)(br) V7 ha(er)(by) and
9 (en)(by) = 02 0.3 =7 yri(en)(ba) AV aler)(ba).

Proposition 3.5. Let Y, and , be SBrs over UX B, thatisy; : A = P(UXVB)and Y, : A - PQUUIX D).
Then the following hold.

(1) Y +v,l/22 =1foralle € Aifay,(e) # 0 or ay(e) # 0

(2) U+ 0 = 1 foralle € A if ap,(e) N aa(e) # 0
(3) Y1 9" = 0= Y+, -
Proof. (1) Consider, ¥; + ¢! (e)(a) = A{1(D) : b € ayri(e) Uayn(e)} = A1 : b € ayri(e) Uayn(e)) = 1
because uy(e) # 0 or ayr(e) # 0.
(2) Consider, %y + wgl(e)(a) = V{1(b) : b € ayi(e) Nayr(e)} = V{1 : b € ayi(e) N ayr(e)} = 1
because ay(e) N ayr(e) # 0.

(3) Straightforward.
O

Proposition 3.6. Let Y, and y, be SBrs over WX B, thatisy, : A > PQUXV)and y, : A — P(UX D).
Then the following hold.

(1) "y +y, =1foralle € Aify(e)b # 0 oryn(e)b # 0

(2) "W+ 4 = 1forall e € Aify(e)b N yn(e)b # 0

(3) Wi +ys =0="y, +¢, .
Proof. The proof is identical to the Proposition 3.5 proof. O
Proposition 3.7. Let Y and Y, be SBr over U X v thatis y, : A > PQU X B) and Y, : A > PQU X V)
and p, 1y, o € F(V). Then the following properties for ¥y + yn*, ‘¥ + wlﬂ hold w.r.t the aftersets.

(1) If py < po then iy + Yt < g1 + ¢,

(2) If i < po then Y + " < %y + 4"
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(3) l//1+'702’0m”2:¢’1+l//2’0”ﬂl/ﬁ*"l’z’f
(4) l//1+lﬂ2’”u’12>¢’1+l//2’0”Ul//1+¢’2’;2
(5) Y+ = Y U Yy
(6) Yy + g < Y g 0 Y g

Proof. (1) Since p; < pp 0 Y +l//2‘:(6)(a) = Mui(D) = b € api(e) U apa(e)} < NMua(b) @ b €

ayi(e) Uays(e)} = ¢ + 2 (e)(a). Hence ¢ + wz’;‘ <y + 1,02’0‘2.

(2) Since p1; < pa, 50 %Yy + Y3 (e)(a) = Vi (b) : b € api(e) N apa(e)} < Viwa(b) : b € api(e) N
aya(e)} =° Y+ (e)a). Hence “Yy + 0" < Yy + 4"

(3) Consider, ¥ + ¥2"'"(e)(a) = N1 A 2)(D) = b € api(e) U aya(e)y = ANMui(b) A pp(d) @ b €
ay(e) Uays(e)} = (Mui(D) : b € apri(e) U ayr(e)}) AN(AMua(D) = b € apri(e) U ayrz(e)})
= + lﬁz’:l(e)(a)) AW + wzsz(e)(a)). Hence, ¢ + lﬂz’j‘% =y + lﬁz’fl Ny + lﬂz’fz~

(4) Since py < gy V pp and pay < iy V pp. By part (1) ¢y + Yo" < ¢y + ¢ and
Ui+ 4! S Y+ Y0 = g Ut U ! <+ gt

(5) Consider, “y; + wz‘” @) = Vi V m)(b) 1 b € api(e) N apy(e)} = Viub) V p(b) : b €
ay() O aga(e)) = (Vi (B) : b € ayi(e) N apa(@)l) VIViKa(b) b € ag(e) N awz(e)}}
={ %1 +¢7 (e)@)} VI % + 7 (e)a)). Hence, Yy + ' " = % U Y+ wz :

(6) Since u; > u; A pp and M > A 2, we have by part (2) olﬁl T g " a

—u 11 N2 1 /11 /12
T A e Y N - S TS

M1

O

Proposition 3.8. Let yy and Y, be SBr over U X B thatis Yy : A - PQU X B) and Y, : A — PQU X V)
and y,v1,v, € F(QU). Then the following properties for Y, + Yr1,” Y\ + 1 hold w.r.t the foresets

(1) If yy < yathen 'y + o <" Y + ¢
(2) Ify1 < yathen "+ <" Y + 4’
(3) " 4y =Y g Y+ Y
(4) " 2 g U
(5) " A gy =gy U+
(6) "™y <

Proof. The proof is identical to the Proposition 3.7 proof. O

The example that follows shows that, typically, the equivalence does not true to parts (4) and (6) of
Propositions 3.7 and 3.8.

Example 3.3. Suppose U = {a,a,,as,as} and B = {by, b,, b3, by} are universes, ¥, and Y, are SBrs
over I X B, with the following aftersets:

aryi(er) ={b1,ba, ba},  awpi(er) =1{ba},  aaler) =1{b2, b3, b4},  ara(er) = {b1}

aypi(er) = {ba}, aypi(er) =1{bs},  axpa(er) = {bal, apa(er) = {ba, by}
azyi(er) = {bs, bal, azi(er) = (b1}, azpa(er) = {ba}, azy(ez) = {ba, bs}
aspi(er) = 0, api(er) ={ba},  agds(er) = {ba, b3}, agn(ex) = {by, ba}.
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And foresets are:

Yi(enbr = {ar}, Yi(ex)by = {az}, Ya(e)by = 0, U(ex)br = {ai, aq}
Yi(eDby ={ar, a},  Yi(e)br ={ai,as},  Yale)by ={ar, ar, a1}, Ya(e)by = {aa, a3, aq}
Yi(ebs = {asl, Yi(e2)bs = 0, Ya(e)bs = {ar, aql, Ya(ex)bs =0
Yi(ebs ={ar, a3}, Yi(ex)by = {asl, Ya(e)bs = {ar, aql, Ya(e2)by = {ar, as}.

Let py, po, ity U o, g Ny € F(B) be defined as follows:

b4 b3 b2 bl
Ui 0 03 07 02
o 06 0 05 03

M1 N M2 0 0 05 02

And y1,y2,v1 Uy, y1 Ny2 € FQU) are defined as follows:

ag as ar a
Y 05 03 02 0.1
¥ 0 03 0 05

viUy, |05 03 02 05

yiNny| 0 03 0 0.1

Then,
ap a az a4
U+ Yot (er) 0O 07 0 03
Yr+dr (e) 107 07 0 0
Y1+ Yt (er) 0 05 O 0
Ui+ (er) |06 05 06 0
U+ Yt (e) |03 0.7 03 03
Uy + llfzﬂmm( D105 05 O 0

And

Wwwz (e;) [0.1 0.1 0.1 0.1

Y tdate) | 0 02 0 0.1
Pty () 1050
i+ (e) | 0 05 0 05

71U72w1+w2 (e [05 02 03 03
7‘”72w1+t//2 (el) 0 01 0 0.1

o
o
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Hence,
Y1+ ¥l (en)(ag) Vg + Yl (en)(ag) = 0 2 0.3 = ¢ + lﬂzijlvﬂz(el)(ﬂg)
o + 02" (e1)(ag) A Yy + 02 (€1)(a,) = 0.7 A0.6 = 0.6 £ 0.5 = %Yy + 47 (er)(a).
And

i+ (e)(0,) V Y+ Y (e)(0,) = 0.1V 0 =0.1£02= """ + s (e1)(D,)
M+ (e)(®,) A 2+ s (e)(B,) = 0.2 A 0.5=02£0.1 = "2+ g (e1)(D,).

The level set or a-cut of the lower approximation ¥1 + y¥20"(e) and upper approximation

Uy + 1/12#(6'). rea defined in the following definitions. Definitions 3.1 and 3.2 represent approximations
as pairs of FSS. We can describe the lower approximation (¢ + ://zﬁj(e))a and upper approximation

(%Y + 1&2’1(6))0, if we associate the FS’s « cut.

Definition 3.3. Let 2 and B be two non-empty universal sets, and u € F(V). Let ¥, and Y, be SBrs
over U X B. Forany 1 > a > 0, the level set for ¥ + Yot and “Y + wzﬂ of u are defined, respectively
as follows:

W1 +yat(e)e =fa e Uy + Yt (e)(a) > a)
Y+ (€)e = la € W Yy + 47 (e)a) > al.

Definition 3.4. Let U and B be two non-empty universal aets, and y € F(). Let Y, and y, be SBr
over U X v. Forany 1 > 8 > 0, the level set for "y, + : and "y, + wzo of u are defined, respectively
as follows:

Y + '7[’20(9))0 ={beB: MYy + %020(6)(19) > a)
O+ (@) =1h € B : Y + ¢ (e)(b) > al.

Proposition 3.9. Let | and ¥, be SBrs over U X B, u € F(B) and 1 > a > 0. Then, the following
properties hold w.r.t aftersets:

(1) Y1 + Wzgl")(e) = (Y1 + ¥t(e)a
(2) U+ 2" (&) = Y+ 0T @)
Proof. (1) Letu € F(B) and 1 > a > 0. For the crisp set u,, we have

Uy + ¥ (e) = {fa e W ay, Uay, C u,)
={ael: ub) > a Vb e ay(e) Uay,(e),b € B}
={ael: Mub)>a: beay(e)Uay,(e),b e V}}
= (W1 + Y2 O

(2) Letu € F(¥) and 1 > a > 0. For the crisp set y,, we have
o7 (Ha)
Yr+ya (e) ={aeW:(ayr Nayn) N pa # 0}
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={ael: ubb) > a Vb e ay(e) Nay,(e),b € BV}
={ael: V{ud)=>a: beay(e)Nay,(e),b e V}}

= (Y + 47 (©))a-
O

Proposition 3.10. Let y, and Y, be SBrs over U X B,y € F(U)and 1 > a > 0. Then, the following
properties hold w.r.t foresets:

(1) Y1 + 4y (€) = CY1 + ¥ (€))a

(2) O+ 9" (@) = (Y + 2 (@)

Proof. The proof is identical to the Proposition 3.9 proof. O
4. Approximation of a fuzzy set based on multi-soft binary relations

The notion of optimistic multigranulation roughness of a fuzzy set based on two soft binary relations
is generalized in this section to optimistic multigranulation based on multiple SBrs.

Definition 4.1. Let there be two non-empty finite universes: W and B. 6 is a family of SBrs that over
U x B. Hence we say a multigranulation generalised soft approximation space (MGGSAS) across two
universes is (U, B, 0). The multigranulation generalise soft approximation space (MGGSAS) (1, B, 6)
is a generalisation of soft approximation space over dual universes, as is apparent. (U, B, ).

Definition 4.2. Let (U, B, 0) be a MGGSAS over two universes and u be a FS over 8. The OLAP
Yy and OUAP ° 37 wjﬂ, of F'S p w.rt aftersets of SBrs (y;,A) € 6 are given by

Zm: lpjﬂ(e)(a) _ JNb) b e UL ayi(e),b € B, if UL, ayi(e) # 0
/=1 0, otherwise.
ozm: wj#(e)(a) _ V@) - b e iapi(e),b € BY, if MLy ayj(e) # 0
/=1 0, otherwise .

Where ayyj(e) = {b € B : (a,b) € yj(e)}, are aftersets of a fora € Wand e € A.
Obviously (3., w', A) and ( - wj#,A) are two FSS over .

Definition 4.3. Ler (U, 3, 0) lge a MGGSAS over dual universes and y be a FS over . The OLAP
DI wjo and OUAP YY" yi; , of FS y w.rt the foresets of SBrs (, A) € 6 are given by

Vzm: wj (e)(b) — {/\{V(a) .ac U'}’:ll//j(e)(b),a (S 11}, lf U?:l l//](e)(b) + )]
J=1 0, otherwise.

Yi l//] (e)(b) _ (\)/{V(a) ace ﬂ;."zlgbj(e)(b),a € 11}, lf mT:l wj(e)(b) 0
j=1 5

otherwise.
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Where j(e)b = {a € U : (a,b) € yj(e)} are foresets of b for b € T and e € A.

Obviously, ("Y1, ,A) and (Y2, lﬁjo,A) are two FSS over 5.

Moreover, 377, it A - FQ)° 2 wjﬂ A > FQ)and Y 4y A - F(B),) Y7L, wjo A >
F(D). ’

Proposition 4.1. Let (U, B, 0) be MGGSAS over two universes and u € F(L). Then the following
properties for 3L w0 Y W jﬂ hold w.r.t the aftersets.

(1) VI f 2 30
(2) N 20 X
Proof. The proof is identical to the Proposition 3.3 proof. O

Proposition 4.2. Let (U, B, 0) b‘f, MGGSAS over dual universes and y € FQ). Then the following
properties for V3" ;Y YL W hold w.rt the foresets.

(D) VS ) <V,
(2) "X < NG
Proof. The proof is identical to the Proposition 3.3 proof. O

Proposition 4.3. Let (U,B,0) be MGGSAS over dual universes. Then the following hold w.r.t the
aftersets.

(1) X% %1 = 1Ve € Aifay(e) # 0 for some j <m
(2) T, =1Vee A if N ag(e) # 0

— 0
(3) 2, {pji —0="Y" 0 -

Proof. The proof is identical to theProposition 3.5 proof. O

Proposition 4.4. Let (U, B, 0) be MGGSAS over dual universes. Then the following hold w.r.t the
forersets.

(1) 1% = 1foralle € Aify(e)b # 0 for some j <m

(2) 'S 0; = 1Ve € A if OV y(e)b # 0

(3) "Ly, =0= DY
Proof. The Proof is identical to the Proposition 3.5 proof. O
Proposition 4.5. Let U, B, 0) be a MGGSAS over dual universes and u,uy,u, € F(B), Then the
following properties for M,O mﬂ hold w.r.t the aftersets.

(1) f i < o then T 4" < 371 ),

m IJ o m IJ
(2) I < oa then “SL 0, Loy
(3) Z?:l ‘ﬁjﬁl = 2?:1 ‘//jzl N Z?:l W/Zz
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V)
(4) X 2 S U S
—_— -0 0
OﬂlUﬂz

(5) X = N U

N oom H oo H
(6) T W, <X N OYE

Proof. The proof is identical to the Proposition 3.7 proof. O

Proposition 4.6. Let (1,0, 0) be a MGG§AS over dual universes and vy,y1,y, € F). Then the
following properties for "3 yr; Y YL ¥ hold w.rt the foresets.

(1) If y1 < yathen " 3, lﬁjo < 3 lﬁjo,

(2) If y1 < y2 then, " 37, an < X w/‘)
(3) XLy = T 0 S
() S 2 MR U S
(5) "RT gy = S U RS
(6) PRIy < ML 0 R

Proof. The proof is identical to the Proposition 3.7 proof. O

Proposition 4.7. Let (U, B, 0) be a MGGSAS over dual universes and uy, o, 43, - - - i, € F(B), and
U 2+ 2 3 2 pp 2C py. Then the following properties hold w.r.t the aftersets.

() X/ e Xy e X S
0/11 ? H2 ° 13 o Mn

m m m
(2) OZTzﬂpj - Oijle - ()ijﬂﬁj c---C {)ijﬂ/’j .

Proof. Straightforward. O

Proposition 4.8. Let (U, B, 0) be MGGSAS over dual universes and y1,7y2,v3, - va € F(QU), and y, 2
<+ 2 y3 2 y2 C2 v1. Then the following properties hold w.r.t the foresets.

(1) "3 l/’jo < 3 lﬁjo < X 'J’jo S XY

— 0o

(2) "Xy S Xy S YL S O LY

Proof. Straightforward. O

Definition 4.4. Let (U, B, 0) be a MGGSAS over dual universes, u € F(B). For any 1 > a > 0, the
level set for 371, ¢ /and DN J-y of u are defined, respectively as follows:

m H m M
QO ¥j @k ={ael: ) y; (e)a) 2 a)
J=1 j=1

0 0

1

m # m
D W (@) =fa el Y y; ()a) > ak
j=1

J=1
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Definition 4.5. Ler (U, B, 6) boe MGGSAS over dual universes, u € F(0). For any 1 > a > 0, the level
set for V3L Wy and VY of u are defined, respectively as follows:

O 0 @a=1beB: 7> g, ()b) = a)
j=1

j=1
—_0

0

O W @a=1bed: Z v; (@)@ = al.
j=1

Proposition 4.9. Let (U, B, 0) be MGGSAS over dual universes, u € F(B). For any 1 > a > 0. The
following properties hold w.r.t aftersets:

(1) X0 = (T ¢ (@

— e He) o H
(2) *Xia v (@) = (XL ¥ ()
Proof. The proof is identical to the Proposition 3.9 proof. O

Proposition 4.10. Ler (U, B, 0) be MGGSAS over dual universes, u € F(8B). For any 1 > a > 0. The
following properties hold w.r.t foresets:

(1) 0%, 2= Y (e) = 2% 2= Y (€)a

(2) T 0 (@ = O, @
Proof. The proof is identical to the Proposition 3.9 proof. i

5. Accuracy and rough measures

In this section, we describe the accuracy measurements, rough measure, and example of MGRFS
with respect to aftersets and foresets.

Definition 5.1. Let ; and y, be two SBrs from a non-empty universe Wto B and 1 > a > > 0. Then
the accuracy measures (or Degree of accuracy) of membership u € F(B), with respect to B, @ and w.r.t
aftersets of Y1, Y, are defined as
OAWL + yf(e) (@1 + Yo (€)al foralle, € A
1T Y2 €))ep = or all e; €
(g1 + 2" (el

where |.| means the cardinality, where OA, means optimistic accuracy measures. It is obvious that
0 < OAW + Yt (e))ap < 1. When OA(WY + Yot '(ei)ap) = 1, then the fuzzy set p € F(V) is definable
with respect to aftersets. And the optimistic rough measure are defined as

OR(Yr1 + Yo" (€)ap) =1 — OAW + ¥t (€)) (. p)-

Definition 5.2. Let , and ¥, be two SBrs from a non-empty universe Wto B and 1 > a > B > O.
The accuracy measures (or Degree of accuracy) of membership y € F(UN), with respect to B, « and w.r.t

foresets of Y1, Y, are defined as

Ao 5 uate Oyt
+ €i)) (e, e; €
e T S e >),;|
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where |.| means the cardinality, where OA, means optimistic accuracy measures. It is obvious that
0 < OACY +Ya(e))p < 1. When, OAC Y1 + Ya(ei))wp) = 1, then the fuzzy set u € F(V) is definable
with respect to aforesets. And the optimistic rough measure are defined as

OR(Yr1 + ¥a(e))ap =1 — OACY, + Ya(€))ap)-

Example 5.1. (Example 3.1 is Continued) Let ¥, and Y, be two SBrs from a non empty universal set
U to B as given in Example 3.1. Then for u € F(B) defined in Example 3.1 and B = 0.2 and a = 0.4
the a cut sets w.r.t aftersets are as follows respectively.

W + 91’20”(61))0.4 ={ai, as}

W1+ ¥ H(e2)oa =las, as, ar}.

Y1 + 07 (e))oa =lai, az, as, az)
U1 + 47 (€2))oa =lai, as, as, ag).

Then the accuracy measures for u € F(B) with respect to = 0.2 and o = 0.4 and w.r.t aftersets of
SBrs 1, are calculated as

0L + ey = e T2 s
+ e aB) = N7 T4
1 2 €1))p) Iy + 1//2'“(61))0.2' 4

OAW: + U (e) (1 + 2 #(e2))oal 3 075
+ Ut (€)= == =0.75.
L el T g eoal

Hence, OA(Y + Y2t'(€i))ap) shows the degree to which the FS u € F(B) is accurate constrained to
the parameters B = 0.2 and o = 0.4 for i = 1,2 w.r.t aftersets. Similarly for y € F(U) defined in
Example 3.1, B = 0.2, and a = 0.4. Then « cut sets w.r.t foresets are as follows respectively.

"y + 1!’20(61))0.4 ={b1, bs}
(Cyy + Y (e2))oa ={ba, bs}.

And

QW1 + Y7 (e1))oa =lb3, bs)
Cy + 91’20(62))0.2 ={b1, by}.

Then the accuracy measures for y € F(U0) with respect to § = 0.2 and « = 0.4 and w.r.t foresets of SBrs
Y1, Y are calculated as

OACY1 + Ynled) Yy + 42 (e1))osl 2 .
—+ e aB) = > =— =
LR e 0% + 2 (e))oal 2
OACYs +dnien) |y + 2 (€2))osl 2 |
=+ e a, = — =— =
L o i el 2

Hence, OA('Y| + Ya(€:))ap) Shows the degree to which the fuzzy set y € F(U) is accurate constrained
to the parameters 5 = 0.2 and a = 0.4 for i = 1,2 w.r.t foresets.
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Proposition 5.1. Let Y, and Y, be two SBrs from a non-empty universe Wto B, u € F(B)and 1 > a >
B> 0. Then

(1) OA(Y + Yot'(e))ap) increases with the increase in B, if a stands fixed.
(2) OAWY + yo*'(€i))p) decrease with the increase in a, if § stands fixed.

Proof.

(1) Let a stands fixed and 0 < B, < B, < 1. Then we have (", + 45 (e))p,| < |1 + 02 (e))g,|. This

Witgabel - 1Gatial(enal that is OA(W; + U (e) < OAW, + Uh(e))
|(0W#(6i))ﬁ1| - |(”¢1+w2#(ei))/32|, l//] wz D (apr) = ',l’l wz I ap)
This shows that OA(Y, + Y2t (e:))ap) increases with the increase in fVe; € A.

(2) Let B stands fixed and 0 < a1 < a, < 1. Then we have |(Y; + wzg(ei))azl < | + wzﬁ(el-))ml. This

(Y142 (€i))ay | (Y1 +yat(ei))ay | .
— < == , that is OAQWY, + Yt (e; < OAWY + Yt (e .
O el = [oegs eyl W + ¥ (ees) W +ya(ed)an

This shows that OA(Y + Yo" (ei)) p) increases with the increase in aVe; € A.

implies that

implies that

Proposition 5.2. Let Y/, and ¥, be two SBrs from a non-empty universe Wto B,y € F(M)and 1 > a >
B> 0. Then

(1) OACY 1 + Ya(ei))ap) increases with the increase in B, if a stands fixed.
(2) OACY 1 + Ya(ei))ap decrease with the increase a, if B stands fixed.

Proof. The proof is identical to the Proposition 5.1 proof.

Proposition 5.3. Let ¥, and , be SBrs from a non-empty universe U to B,1 > a > B > 0 and
u, 1 € F(B), with u < u. Then the following properties hold w.r.t aftersets.

(1) QAW + ¥ (€))ap < OAW 1 + W2 (€))wp) Whenever (U +yaa)g = (P + 42 )p.
(2) OAW 1 + Yt (e))ap = OAW + ot (€i))ap), Whenever (Y + lﬁz’j)a = + lﬁz’f)a-

Proof.

(1) Let 1 > a > B > 0 and u,u € F(B) be such that u < u. Then ¥y + wz’;(e,-) < Y +Yt(ey)),

+YH(e)a +2(ei))a
that is |(y; + 1,//2’0‘(6,-))0,| < (Y + ;l/zg(e,-))al. This implies that ||((0%;“((ej:)ﬁl| < ll((o%’ﬂ((;;;'. Hence
OA(Y + W{(ei))(a,/s) < OAWY + l/’g(ei))(a,ﬁ)vei € A.
(2) Let 1 > a > B > 0and u,u € F(B) be such that u < u. Then Yy + t//zﬂ(e,-) < %Yy + wzﬂ(e,-),
that is |(Gr + 03 ()| < (01 + 03" (e)gl. This implies that o > DL o,
- [CYr+2 (e))pl — |Cy1+ya (en)gl
OAW + ¥h(€))wp = OAW + Yh(e))wp Ve € A.

Proposition 5.4. Let Y, and , be SBrs from a non-empty universe U to B,1 > a > > 0 and
v,0 € FQU), with 6 > y. Then the following properties hold w.r.t foresets.

(1) OA(YY 1 + (e ap < OAW + Yo" (eD))ap)» Whenever (Ui + Yn)s = (U + 42 ).
(2) OAW + Yot '(e)ap) = OAW 1 + ¥2t(ei))ap), Wwhenever (Y + at)y = (U1 + ¥,

Proof. The proof is identical to the Proposition 5.3 proof.
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6. Decision making

Firstly soft sets were applied in DM problems by Maji et al. [31], but this DM deal with problems
based on a crisp SS to cope with an FSS based on DM problems. FSS can solve the problems of
decision-making in real life. It deals with uncertainties and the vagueness of data. There are several
techniques of using fuzzy soft sets to solve decision-making challenges. Roy and Maji [40] presented
a novel method of object recognition from inaccurate multi-observer data. The limitations in Roy and
Maji [40] are overcome by Feng et al. [17], Hou [18] made use of grey relational analysis to take care
of the issues of problems in making decisions. The DM methods by multi-SBr are proposed in this
section following the FSS theory. The majority of FSS-based approaches to DM have choice values of
“Cy”, therefore it makes sense to choose the objects with the highest choice value as the best option.

There are two closest approximations to universes: the lower and upper approximations. As a
result, we are able to determine the two values Z;f: L ¥ (e)(ay) and Z?:l /4 j#(ei)(a,) that are most closely

related to the afterset to the decision alternative a; € 2 using the FSLAP and FSUAP of an FS u € F ().
To address DM issues based on RFSS, we therefore redefine the choice value C; for the decision
alternative a; of the universe .

For the proposed model, we present two algorithms, each of which consists of the actions outlined
below.

Algorithm 1: The algorithm for solving a DM problem using aftersets is as follows.

Step 1: Compute the lower MGFSS approximation }_, ¢/ and upper MGFSS approximation

2w jﬂ, of fuzzy set u w.r.t aftersets.
Step 2: Compute the sum of lower MGFSS approximation 2?21(2?:1 ¥ (e;)(a;)) and the sum of

upper MGFSS approximation };_, (Z?:I /4 jﬂ(ei)(al)), corresponding to j w.r.t aftersets.

Step 3: Compute the choice value C; = ¥ (¥ v (e(a)) + 21 (X wj#(ei)(a,)), a; € U wrt
aftersets.

Step 4: The preferred decision is
a; € Wif C; = max) C..

Step 5: The decision that is the worst is a; € U if C;, = min'll:”1 C,.

Step 6: If k£ has more than one valve, then any one of @, may be chosen.

Algorithm 2: The following is an algorithm for approaching a DM problem w.r.t foresets.

Step 1: Compute the lower MGFSS approximation ?3)_; ¢; and upper MGFSS approximation

YY1 W, of fuzzy set y with respect to foresets.
Step 2: Compute the sum of lower MGFSS approximations 2?21(72’}: ¥ j(e)(by)) and the sum of

upper MGFSS approximation ), , (72?:1 Y i(e;)(by)), corresponding to j w.r.t foresets.

Step 3: Compute the choice value C; = YL, ("2, ¢(e) (b)) + X, O X wi(e) (b)), by € B wert
foresets.

Step 4: The preferred decision is by € ¥ if C; = max'lﬂC,.

Step 5: The decision that is the worst is b, € B if C; = min'ﬂs'lC,.

1=
Step 6: If k£ has more than one value, then any one of b; may be chosen.
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An application of the decision-making approach

Example 6.1. (Example 3.1 Continued) Consider the SBrs of Example 3.1 again where a franchise
X3 wants to pick a best player foreign allrounder for their team from Platinum and Diamond
categories.

Define u : B — [0, 1], which represent the preference of the player given by franchise X9 3 such that
08 L 04,703 011
by b3 bs be b7
And
Define vy : U — [0, 1], which represent the preference of the player given by franchise X9 3 such that

y=02 1 405,09, 06,07, 01,03
ai ar as aq as ae ay ag

_ 09
H=5t

Consider Tables 1 and 2 after applying the above algorithms.

Table 1. The optimistic result of the decision algorithm with respect to aftersets.

Ui +yte)) Y +ya(er) Wi +ys (@) Yi+ys (e2) Choice value Cy

a 0.4 0 0.8 0.4 1.6
a 0.3 0 0.3 0 0.6
as 0 0.1 0 0.9 1.0
as 0.1 0 0.4 0 0.5
as 0 0.8 0 0.8 1.6
ag 1 0.6 0 0 1.6
a; 0 0.1 | 0.1 1.2
as 0.3 0.9 0 0.9 2.1

Table 2. The optimistic result of the decision algorithm with respect to foresets.

"+ (er) "W+ (e2) Y+ wzp(el) Yy + wzp(ez) Choice value C,;

b 0.6 0.3 0 0.5 1.6
by 0.2 0.6 0 0.9 1.7
b 0.1 0.1 0.9 0 1.1
by 0.1 0.2 0 0 0.3
bs 0.3 0.7 1 0 2

bg 0.6 0.1 0 0.1 0.8
by 0.1 0.3 0.1 0 0.5

Here the choice value C; = ¥ (X}, yi'(ej)(a)) + 2 (X w,-ﬂ(ej)(al)), a; € Ww.r.t aftersets and
C) = T OTh, wile)B) + Xy X, Uile) (b)), by € B wrt foresets.

From Table 1 it is clear that the maximum choice-value C;, = 2.1 = Cg scored by the player ag and
the decision is in the favor of selecting the player ag. Moreover, player a, is ignored. Hence franchise
X9 3 will choose the player ag from the platinum category w.r.t aftersets. Similarly from Table 2 the
maximum choice-value C;{ =2= C'5 scored by the player bs and the decision is in the favor of selecting
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the player bs. Moreove, player b, is ignored. Hence franchise XYZ will choose the player bs from the
diamond category w.r.t aforesets.

7. Comparison

In this section, we will analyze the effectiveness of our method comparatively. To deal with
incompleteness and vagueness, an MGRS model is proposed in terms of multiple equivalence relations
by Qian et al. [39], which is better than RS. Xu et al. [57] fostered the model of MGFRS by unifying
MGRS theory and FSs. However, in most of daily life, the satiation decision-making process might
depend on the possibility of two or more universes. Sun and Ma [47] initiated the notion of MGRS
over two universes with good modeling capabilities to overcome this satiation. To make the equivalence
relation more flexible, the conditions had To be relaxed, Shabir et al. [43] presented the MGRS of a
crisp set based on soft binary relations and its application in data classification, and Ayub et al. [4]
introduced SMGRS which is the particular case of MGRS [43]. An FS is better than a crisp set to cope
the uncertainty. Here, we have a novel hybrid model of OPMGFRS by using multi-soft binary relations.
Our suggested model is more capable of capturing the uncertainty because of its parametrization of
binary relations in a multigarnulation environment. Moreover, in our proposed OMGFRS model, we
replace an FS with a crisp set. A crisp set can not address the uncertainty and vagueness in our
actual salutation. The main advantage of this model is to approximate a fuzzy set in universe U(3)
an anther universe B(U), and we acquire a fuzzy with respect to each parameter which is a fuzzy soft
set over B(U). Hence the fuzzy soft set is more capable than the crisp and fuzzy sets of addressing the
uncertainty.

8. Conclusions

The MGR of an FS based on SBr is investigated in this article over dual universes. We first defined
the roughness of an FS with respect to the aftersets and foresets of two SBr, and then we used the
aftersets and foresets to approximate an FS y € F(®) in universe U, and an FS y € F() in universe
8. From which, we obtained two FSS of U and B, with respect to aftersets and foresets. We also
look into the essential properties of the MGR of an FS. Then we generalized this definition to MGRFS
based on SBr. For this proposed multigranulation roughness, we also define the accuracy and roughness
measures. Moreover, we provided two decision-making algorithms with respect to aftersest and forests,
as well as an example of use in decision-making problems. The vital feature of this method is that it
allows us to approximate a fuzzy set of the universe in another universe, and we can section an object
from a universe and another universe’s information based. Future research will concentrate on how the
proposed method might be used to solve a wider variety of selection problems in different fields like
medical science, social science, and management science.

Contflict of interest

The authors declare no conflict of interest.

AIMS Mathematics Volume 8, Issue 5, 10303-10328.



10325

References

1.

10.

11.

12.

13.

14.

15.

16.

M. I. Ali, F. Feng, X. Liu, W. K. Min, M. Shabir, On some new operations in soft set theory,
Comput. Math. Appl., 57 (2009), 1547-1553. https://doi.org/10.1016/j.camwa.2008.11.009

M. L. Ali, A note on soft sets, rough soft sets and fuzzy soft sets, Appl. Soft Comput., 11 (2011),
3329-3332. https://doi.org/10.1016/j.as0c.2011.01.003

A. Ali, M. I. Ali, N. Rehman, New types of dominance based multi-granulation rough sets and
their applications in conflict analysis problems, J. Intell. Fuzzy Syst., 35 (2018), 3859-3871.
https://doi.org/10.3233/JIFS-18757

S. Ayu, W. Mahmood, M. Shabir, A. N. Koam, R. Gul, A study on soft multigranulation rough sets
and their applications, IEEE Access, 10 (2022). https://doi.org/10.1109/ACCESS.2022.3218695

M. Akram, F. Zafar, Multi-criteria decision-making methods under soft rough fuzzy knowledge, J.
Intell. Fuzzy Syst., 35 (2018), 3507-3528. https://doi.org/10.3233/JIFS-18017

N. Bhardwaj, P. Sharma, An advanced uncertainty measure using fuzzy soft sets:
Application to decision-making problems, Big Data Min. Anal., 4 (2021), 94-103.
https://doi.org/10.26599/BDMA.2020.9020020

R. Chattopadhyay, P. P. Das, S. Chakraborty, Development of a rough-MABAC-DoE-based

metamodel for supplier selection in an iron and steel industry, Oper. Res. Eng. Sci. Theor. Appl., 5
(2022), 20-40. https://doi.org/10.31181/orestal90222046¢

D. Dubois, H. Prade, Rough fuzzy sets and fuzzy rough sets, Int. J. Gen. Syst., 17 (1990), 191-209.

E. Durmi¢, Z. Stevi¢, P. Chatterjee, M. Vasiljevi¢, M. TomaSevi¢, Sustainable supplier
selection using combined FUCOM-Rough SAW model, Rep. Mech. Eng., 1 (2020), 34-43.
https://doi.org/10.31181/rme200101034c¢

J. Din, M. Shabir, Y. Wang, Pessimistic multigranulation roughness of a fuzzy set based on
soft binary relations over dual universes and its application, Mathematics, 10 (2022), 541.
https://doi.org/10.3390/math 10040541

J. Din, M. Shabir, S. B. Belhaouari, A novel pessimistic multigranulation
roughness by soft relations over dual universe, AIMS Math., 8 (2023), 7881-7898.
https://doi.org/10.3934/math.2023397

E. S. T. E. Din, H. Anis, M. Abouelsaad, A probabilistic approach to exposure
assessment of power lines electric field, IEEE T. Power Deliver, 20 (2005), 887-893.
https://doi.org/10.1109/TPWRD.2005.844268

E. T. Eldin, A new algorithm for the classification of different transient phenomena in power
transformers combining wavelet transforms and fuzzy logic, In 2003 46th Midwest Symposium
on Circuits and Systems, IEEE, 3 (2003), 1116-1121.

F. Feng, M. 1. Ali, M. Shabir, Soft relations applied to semigroups, Filomat, 27 (2013), 1183—-1196.
https://doi.org/10.2298/FIL1307183F

Z. Fariha, M. Akram, A novel decision making method based on rough fuzzy information, Int. J.
Fuzzy Syst., 20 (2018), 1000-1014. https://doi.org/10.1007/s40815-017-0368-0

F. Feng, C. Li, B. Davvaz, M. 1. Ali, Soft sets combined with fuzzy sets and rough sets: A tentative
approach, Soft Comput., 14 (2010), 899-911. https://doi.org/10.1007/s00500-009-0465-6

AIMS Mathematics Volume 8, Issue 5, 10303-10328.


http://dx.doi.org/https://doi.org/10.1016/j.camwa.2008.11.009
http://dx.doi.org/https://doi.org/10.1016/j.asoc.2011.01.003
http://dx.doi.org/https://doi.org/10.3233/JIFS-18757
http://dx.doi.org/https://doi.org/10.1109/ACCESS.2022.3218695
http://dx.doi.org/https://doi.org/10.3233/JIFS-18017
http://dx.doi.org/https://doi.org/10.26599/BDMA.2020.9020020
http://dx.doi.org/https://doi.org/10.31181/oresta190222046c
http://dx.doi.org/https://doi.org/10.31181/rme200101034c
http://dx.doi.org/https://doi.org/10.3390/math10040541
http://dx.doi.org/https://doi.org/10.3934/math.2023397
http://dx.doi.org/https://doi.org/10.1109/TPWRD.2005.844268
http://dx.doi.org/https://doi.org/10.2298/FIL1307183F
http://dx.doi.org/https://doi.org/10.1007/s40815-017-0368-0
http://dx.doi.org/https://doi.org/10.1007/s00500-009-0465-6

10326

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

F. Feng, Y. B. Jun, X. Liu, L. Li, An adjustable approach to fuzzy soft set based decision making,
J. Comput. Appl. Math., 234 (2010), 10-20. https://doi.org/10.1016/j.cam.2009.11.055

J. Hou, Grey relational analysis method for multiple attribute decision making
in intuitionistic fuzzy setting, J. Converg. Inf. Technol., 5§ (2010), 194-199.
https://doi.org/10.4156/jcit.volS.issue10.25

B. Huang, C. X. Guo, Y. L. Zhuang, H. X. Li, X. Z. Zhou, Intuitionistic fuzzy multigranulation
rough sets, Inform. Sci., 277 (2014), 299-320. https://doi.org/10.1016/j.ins.2014.02.064

S. S. Kumar, H. H. Inbarani, Optimistic multi-granulation rough set based classification for medical
diagnosis, Proced. Comput. Sci., 47 (2015), 374-382. https://doi.org/10.1016/j.procs.2015.03.219
M. J. Khan, P. Kumam, W. Deebani, W. Kumam, Z. Shah, Distance and similarity measures for
spherical fuzzy sets and their applications in selecting mega projects, Mathematics, 8 (2020), 519.
https://doi.org/10.3390/math8040519

M. J. Khan,, P. Kumam, N. A. Alreshidi, N. Shaheen, W. Kumam, Z. Shah, P. Thounthong, The
renewable energy source selection by remoteness index-based VIKOR method for generalized
intuitionistic fuzzy soft sets, Symmetry, 12 (2020), 977. https://doi.org/10.3390/sym12060977

Z. L1, N. Xie, N. Gao, Rough approximations based on soft binary relations and knowledge bases,
Soft Comput., 21 (2017), 839-852. https://doi.org/10.1007/s00500-016-2077-2

G. Liu, Rough set theory based on two universal sets and its applications, Knowl.-Based Syst., 23
(2010), 110-115. https://doi.org/10.1016/j.knosys.2009.06.011

C. Liu, D. Miao, N. Zhang, Graded rough set model based on two universes and its properties,
Knowl.-Based Syst., 33 (2012), 65-72. https://doi.org/10.1016/j.knosys.2012.02.012

Z. Li, N. Xie, N. Gao, Rough approximations based on soft binary relations and knowledge bases,
Soft Comput., 21 (2017), 839-852. https://doi.org/10.1007/s00500-016-2077-2

G. Lin, Y. Qian, J. Li, NMGRS: Neighborhood-based multigranulation rough sets. Int. J. Approx.
Reason., 53 (2012), 1080-1093. https://doi.org/10.1016/j.ijar.2012.05.004

C. Liu, D. Miao, J. Qian, On multi-granulation covering rough sets, Int. J. Approx. Reason., 55
(2014), 1404-1418. https://doi.org/10.1016/j.ijar.2014.01.002

W. Ma, B. Sun, Probabilistic rough set over two universes and rough entropy, Int. J. Approx.
Reason., 53 (2012), 608-619. https://doi.org/10.1016/j.ijar.2011.12.010

P. K. Maji, R. Biswas, A. R. Roy, Soft set theory, Comput. Math. Appl., 45 (2012), 555-562.
https://doi.org/10.1016/S0898-1221(03)00016-6

P. K. Maji, A. R. Roy, R. Biswas, An application of soft sets in a decision making problem, Comput.
Math. Appl., 44 (2002), 1077-1083. https://doi.org/10.1016/S0898-1221(02)00216-X

P. K. Maji, R. Biswas, A. R. Roy, Fuzzy soft sets, J. Fuzzy Math., 9 (2001) 589-602.

D. Molodtsov, Soft set theory—first results, Comput. Math. Appl., 37 (1999), 19-31.
https://doi.org/10.1016/S0898-1221(99)00056-5

D. Meng, X. Zhang, K. Qin, Soft rough fuzzy sets and soft fuzzy rough sets, Comput. Math. Appl.,
62 (2011), 4635-4645. https://doi.org/10.1016/j.camwa.2011.10.049

T. Mahmood, Z. Ali, Fuzzy superior mandelbrot sets, Soft Comput., 26 (2022), 9011-9020.
https://doi.org/10.1007/s00500-022-07254-x

AIMS Mathematics Volume 8, Issue 5, 10303-10328.


http://dx.doi.org/https://doi.org/10.1016/j.cam.2009.11.055
http://dx.doi.org/https://doi.org/10.4156/jcit.vol5.issue10.25
http://dx.doi.org/https://doi.org/10.1016/j.ins.2014.02.064
http://dx.doi.org/https://doi.org/10.1016/j.procs.2015.03.219
http://dx.doi.org/https://doi.org/10.3390/math8040519
http://dx.doi.org/https://doi.org/10.3390/sym12060977
http://dx.doi.org/https://doi.org/10.1007/s00500-016-2077-2
http://dx.doi.org/https://doi.org/10.1016/j.knosys.2009.06.011
http://dx.doi.org/https://doi.org/10.1016/j.knosys.2012.02.012
http://dx.doi.org/https://doi.org/10.1007/s00500-016-2077-2
http://dx.doi.org/https://doi.org/10.1016/j.ijar.2012.05.004
http://dx.doi.org/https://doi.org/10.1016/j.ijar.2014.01.002
http://dx.doi.org/https://doi.org/10.1016/j.ijar.2011.12.010
http://dx.doi.org/https://doi.org/10.1016/S0898-1221(03)00016-6
http://dx.doi.org/https://doi.org/10.1016/S0898-1221(02)00216-X
http://dx.doi.org/https://doi.org/10.1016/S0898-1221(99)00056-5
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2011.10.049
http://dx.doi.org/https://doi.org/10.1007/s00500-022-07254-x

10327

36.

37.

38.

39.

40.

41.

42.
43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

T. Mahmood, Z. Ali, A. Gumaei, Interdependency of complex fuzzy neighborhood
operators and derived complex fuzzy coverings, IEEE Access, 9 (2021), 73506-73521.
https://doi.org/10.1109/ACCESS.2021.3074590

Z. Pawlak, Rough sets, Int. J. Comput. Inform. Sci., 11 (1982), 341-356.
https://doi.org/10.1007/BF01001956

Z. Pawlak, Rough sets: Theoretical aspects of reasoning about data, Kluwer Academic Publisher,
1991.

Y. Qian, J. Liang, Y. Yao, C. Dang, MGRS: A multi-granulation rough set, Inform. Sci., 180 (2010),
949-970. https://doi.org/10.1016/j.ins.2009.11.023

A.R. Roy, P. K. Maji, A fuzzy soft set theoretic approach to decision making problems, J. Comput.
Appl. Math., 203 (2007), 412—418. https://doi.org/10.1016/j.cam.2006.04.008

M. Shabir, M. I. Ali, T. Shaheen, Another approach to soft rough sets, Knowl.-Based Syst., 40
(2013), 72-80. https://doi.org/10.1016/j.knosys.2012.11.012

M. Shabir, R. S. Kanwal, M. I. Ali, Reduction of an information system, Soft Comput., 2019, 1-13.
M. Shabir, J. Din, I. A. Ganie, Multigranulation roughness based on soft relations, J. Intell. Fuzzy
Syst., 40 (2021), 10893-10908. https://doi.org/10.3233/JIFS-201910

B. Sun, W. Ma, Multigranulation rough set theory over two universes, J. Intell. Fuzzy Syst., 28
(2013), 1251-1269. https://doi.org/10.3233/IFS-141411

B. Sun, W. Ma, X. Xiao, Three-way group decision making based on multigranulation fuzzy
decision-theoretic rough set over two universes, Int. J. Approx. Reason., 81 (2017), 87-102.
https://doi.org/10.1016/j.1ijar.2016.11.001

B. Sun, W. Ma, Y. Qian, Multigranulation fuzzy rough set over two universes
and its application to decision making, Knowl.-Based Syst.,, 123 (2017), 61-74.
https://doi.org/10.1016/j.knosys.2017.01.036

B. Sun, W. Ma, X. Chen, X. Zhang, Multigranulation vague rough set over two universes
and its application to group decision making, Soft Comput., 23 (2019), 8927-8956.
https://doi.org/10.1007/s00500-018-3494-1

B. Sun, X. Zhou, N. Lin, Diversified binary relation-based fuzzy multigranulation rough set over
two universes and application to multiple attribute group decision making, Inform. Fusion, 55
(2020), 91-104. https://doi.org/10.1016/j.inffus.2019.07.013

R. Sahu, S. R. Dash, S. Das, Career selection of students using hybridized distance measure based
on picture fuzzy set and rough set theory, Decis. Mak. Appl. Manag. Eng., 4 (2021), 104-126.
https://doi.org/10.31181/dmame2104104s

H. K. Sharma, A. Singh, D. Yadav, S. Kar, Criteria selection and decision making of hotels
using Dominance Based Rough Set Theory, Oper. Res. Eng. Sci. Theor. Appl., 5§ (2022), 41-55.
https://doi.org/10.31181/orestal90222061s

E. E. S. Tag, Fault location for a series compensated transmission linebased on wavelet transform
and an adaptive neuro-fuzzy inference system, In Electric Power Quality and Supply Reliability
Conference (PQ), 2010, 229-236.

A. Tan, W. Z. Wu, S. Shi, S. Zhao, Granulation selection and decision making with
multigranulation rough set over two universes, Int. J. Mach. Learn. Cyb., 10 (2019), 2501-2513.
https://doi.org/10.1007/s13042-018-0885-7

AIMS Mathematics Volume 8, Issue 5, 10303-10328.


http://dx.doi.org/https://doi.org/10.1109/ACCESS.2021.3074590
http://dx.doi.org/https://doi.org/10.1007/BF01001956
http://dx.doi.org/https://doi.org/10.1016/j.ins.2009.11.023
http://dx.doi.org/https://doi.org/10.1016/j.cam.2006.04.008
http://dx.doi.org/https://doi.org/10.1016/j.knosys.2012.11.012
http://dx.doi.org/https://doi.org/10.3233/JIFS-201910
http://dx.doi.org/https://doi.org/10.3233/IFS-141411
http://dx.doi.org/https://doi.org/10.1016/j.ijar.2016.11.001
http://dx.doi.org/https://doi.org/10.1016/j.knosys.2017.01.036
http://dx.doi.org/https://doi.org/10.1007/s00500-018-3494-1
http://dx.doi.org/https://doi.org/10.1016/j.inffus.2019.07.013
http://dx.doi.org/https://doi.org/10.31181/dmame2104104s
http://dx.doi.org/https://doi.org/10.31181/oresta190222061s
http://dx.doi.org/https://doi.org/10.1007/s13042-018-0885-7

10328

53.
54.
55.
56.
57.
38.
59.
60.
61.

62.
63.
64.

65.

% AIMS Press

W.Z. Wu, J. S. Mi, W. X. Zhang, Generalized fuzzy rough sets, Inform. Sci., 151 (2003), 263-282.
https://doi.org/10.1016/S0020-0255(02)00379-1

W. Xu, W. Sun, Y. Liu, W. Zhang, Fuzzy rough set models over two universes, Int. J. Mach. Learn.
Cyb., 4 (2013), 631-645. https://doi.org/10.1007/s13042-012-0129-1

W. Xu, X. Zhang, W. Zhang, Two new types of multiple granulation rough set, Int. Scholar. Res.
Notices, 2013. https://doi.org/10.1155/2013/791356

W. Xu, Q. Wang, X. Zhang, Multi-granulation fuzzy rough sets in a fuzzy tolerance approximation
space, Int. J. Fuzzy Syst., 13 (2011).

W. Xu, Q. Wang, S. Luo, Multi-granulation fuzzy rough sets, J. Intell. Fuzzy Syst., 26 (2014),
1323-1340. https://doi.org/10.3233/IFS-130818

X. Yang, T.Y. Lin, J. Yang, Y. Li, D. Yu, Combination of interval-valued fuzzy set and soft set,
Comput. Math. Appl., 58 (2009), 521-527. https://doi.org/10.1016/j.camwa.2009.04.019

R. Yan, J. Zheng, J. Liu, Y. Zhai, Research on the model of rough set over dual-universes, Knowl.-
Based Syst., 23 (2010), 817-822. https://doi.org/10.1016/j.knosys.2010.05.006

X. B. Yang, X. N. Song, H. L. Dou, J. Y. Yang, Multi-granulation rough set: From crisp to fuzzy
case, Ann. Fuzzy Math. Inform., 1 (2011), 55-70.

L. A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353. https://doi.org/10.1016/S0019-
9958(65)90241-X

H. Y. Zhang, W. X. Zhang, W. Z. Wu, On characterization of generalized interval-valued
fuzzy rough sets on two universes of discourse, Int. J. Approx. Reason., 51 (2009), 56-70.
https://doi.org/10.1016/j.ijar.2009.07.002

K. Zhang, J. Zhan, W. Z. Wu, Novel fuzzy rough set models and corresponding
applications to multi-criteria decision-making, Fuzzy Set. Syst., 383 (2020), 92-126.
https://doi.org/10.1016/].fs5.2019.06.019

C. Zhang, D. Li, R. Ren, Pythagorean fuzzy multigranulation rough set over two universes
and its applications in merger and acquisition, Int. J. Intell. Syst., 31 (2016), 921-943.
https://doi.org/10.1002/int.21811

C.Zhang, D. Li, Y. Mu, D. Song, An interval-valued hesitant fuzzy multigranulation rough set over
two universes model for steam turbine fault diagnosis, Appl. Math. Model., 42 (2017), 693-704.
https://doi.org/10.1016/j.apm.2016.10.048

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 5, 10303-10328.


http://dx.doi.org/https://doi.org/10.1016/S0020-0255(02)00379-1
http://dx.doi.org/https://doi.org/10.1007/s13042-012-0129-1
http://dx.doi.org/https://doi.org/10.1155/2013/791356
http://dx.doi.org/https://doi.org/10.3233/IFS-130818
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2009.04.019
http://dx.doi.org/https://doi.org/10.1016/j.knosys.2010.05.006
http://dx.doi.org/https://doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/https://doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/https://doi.org/10.1016/j.ijar.2009.07.002
http://dx.doi.org/https://doi.org/10.1016/j.fss.2019.06.019
http://dx.doi.org/https://doi.org/10.1002/int.21811
http://dx.doi.org/https://doi.org/10.1016/j.apm.2016.10.048
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Approximation of a fuzzy set based on two soft binary relations
	Approximation of a fuzzy set based on multi-soft binary relations
	Accuracy and rough measures
	Decision making
	Comparison
	Conclusions

