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1. Introduction

Recently fractional calculus has gotten much attention from researchers like traditional calculus.
The mentioned area has the ability to describe real-world phenomena in more excellent ways. Also,
such derivatives have numerous applications in the description of those systems with memory effects.
Due to various applications, the said calculus has been used to investigate various infectious disease
models like in [1-3]. Also, in the field of physics, engineering, and cosmology, fractional calculus
has very well been used. For instance, we refer [4—6]. It has been shown that in many applications,
the use of fractional calculus provides more realistic models than those obtained via classical ordinary
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derivatives. Due to this reason, the study of fractional models has received great attention from many
researchers in the last few years. As the fractional order derivatives have important characteristics
known as the memory effect which ordinary derivatives do not involve. Also, fractional differential
operators are nonlocal as compared to the local behavior of integer derivatives. Recently researchers
have published some very important results in this regard like [7,8]. Also, authors [9] have published
some new results on the numerical scheme for fractional order SEIR epidemic of measles. Here it is
remarked that some authors have discussed the geometry of fractional order derivatives. For instance,
authors [10] have suggested a geometric interpretation of the fractional derivatives which is based
on modern differential geometry and the geometry of jet bundles. In fact, the fractional differential
operators are definite integrals that create the complete accumulation or spectrum of the function on
whose these applications include the corresponding integer-order counterpart of a special case. In
the same way, authors [11] have given the definition of the geometric interpretation of gradient of
order (0, 1]. In this way, they have suggested some geometric interpretations of the differentiability of
real order.

Different problems under the concept of fractional calculus have been studied for the existing theory
and stability analysis. One of the important areas is devoted to investigating hybrid problems under
the aforesaid concepts. In this regard, different problems under boundary and initial conditions have
been studied by using nonlinear analysis and tools of advanced functional analysis. In the present time
class of fractional differential equations devoted to the quadratic perturbation of nonlinear differential
equations (called hybrid differential equations) has attracted much attention from researchers. This is
due to the fact that they include several dynamical systems as special cases. For instance, Dhage and
Lakshmikantham [12] discussed the existence theory of the following problem of hybrid differential
equations

%[—f (Z(;zt))] = gt u(t)), a.e.t € [to, 1o + al,
where
feC(t,to +al xR,R\ {0}), and g € C([ty, 7o + a] X R, R).

They used hybrid fixed point theory to establish the existence of solutions to the proposed problems.
In the same way, Dhage and Jadhav [13] studied the existence and uniqueness results for the ordinary
first-order hybrid differential equation with perturbation of second type given by

d

Z|u) = )] = gt uv). a.et € .10 + al,

u(to) = uo,

where f,g € C([ty,ty + a] X R,R). Motivated from the mentioned mentioned work, Lu et al. [14]
studied the following class of FHDEs by replacing the ordinary derivative by Caputo fractional type
withO <o <1as

D |u(t) - £(t,u(t)| = gt u(®)), a.e.t € [tg, 1o + al,
I/l(l()) = Uyp.

They used the hybrid fixed point theory of Dhage to study the existence and uniqueness of the solution
to the mentioned problem.
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In the last few years, hybrid fixed point theory has been used to study different problems of
hybrid nature for the existence theory in [15-18]. Also, using the aforementioned tools, authors
have established various results devoted to existence theory for different boundary value problems
of HFDEs in [19-23]. Also, some authors have studied integral-type FHDESs in [24,25]. Authors [26]
have studied a system of FHDESs of thermostats type by using a fixed point approach. Furthermore,
authors [27] have investigated a class of FHDEs under mixed-type hybrid integral boundary conditions.
In the same way authors in [28-32] have used the tools of nonlinear functional analysis for studying
various problems and systems of HFDEs. Here, we remark that authors [33] established a review
of the analytical solutions for some generalized classes. In the same line, a class of HFDEs has
also been considered in [34]. Authors in [35-37] have studied different boundary value problems
of fractional order using topological degree theory for the existence theory. Here it should be kept in
mind that a hybrid system is a dynamic system that interacts with continuous and discrete dynamics.
For, example, the novel multiplex engineering systems involve numerous kinds of process and abstract
decision-making units that present the image of various systems simultaneously exhibiting continuous
and discrete time dynamics (see details in [38]). Further, the applications of hybrid systems can be
found in embedded control systems also (see [39]).

The existence theory of solutions to nonlinear problems is an important area of research in the
current scenario. Because the said theory predicts the existence of a solution to a dynamic problem
whether it has a solution or not. Usually, for the said theory fixed point theory has been used
very well. But fixed point theory needs strong compact conditions which restricted its use in some
situations. Also, to deal HFDEs, Dhage established some hybrid-type fixed point theorems to study
the existence and uniqueness of the solution to the mentioned problems. However, it also needs the
same strong compact conditions. To relax, the criteria and replace strong compact conditions with
some weaker compactness, the degree theory has been introduced. It has a sophisticated tool to be
used to investigate numerous nonlinear problems of integral, differential, and difference equations for
their corresponding solution. The mentioned theory has been used very well for usual problems of
fractional order equations. However, in the case of HFDEs, it has not been used properly. For some
important contributions by using degree theory to study various problems in fractional calculus, we
refer few papers as [40—43].

In this work, we study a more general class of nonlinear boundary value problems (BVPs) consisting
of a more general class of nth order S-HFDEs) together subject to nonlinear boundary conditions.
Also, we choose the general case in which the nonlinear functions involved depend on the non-
integer order derivatives. Further, necessary conditions required for the uniqueness of a solution to
the proposed problem, we implement Caratheddory conditions along with techniques of measure of
non-compactness and degree theory. Some new and interesting results are developed. Also, a result
devoted to U-H stability is derived for the considered problem. Our proposed problem is stated as

‘p — mIﬂihi , D’
= f(tZIM(t) D(ffub(tf)? u(t))] = g(t,u(0,Pu@), 1€ 1=1[0,1]

w(0) = i (u(m)), ' (0) = 0,u”(0) = 0, ..., u"""(0) = 0, u(1) = Y(u(n)),

CDﬁ[ (1.1)

where 0 < ¢ < I,n—-1 < w,B;, y<nn-2<p<n-1withn > 2,0 <n < 1, the functions
fiIXRXR > R-{0}L,h : IXRXR - R@GE=1,2,...,m)and g : IXR xR — R satisfy the
Carathe6dory conditions. Moreover, /1, ¥, : R — R are nonlinear functions. Also, the notation ‘D
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denotes the Caputo fractional order derivative and I represents fractional integral. Here, we use the
tools mentioned in [44—46] to establish a detailed analysis of the considered problem. Also, stability is
an important aspect of qualitative theory. In this regard, U-H stability analysis has also considered for
some problems of HFDEs. For instance, see [47,48].

The present article is organized as: Section 1 is devoted to the introduction. Section 2 is related to
basic results from fractional calculus and degree theory. Section 3 is devoted to the first part of our
main results. Section 4 is related to the second part of our main results. The section is consisted of
applications to verify our results. Section 6 is devoted to a brief conclusion.

2. Fundamental results
Here it should be kept in mind that we have used the following basic definitions from [1, 2] of

fractional order derivative and integration.

Definition 2.1. If ¢ > 0, then the fractional order integration of a function u € L'([0, 1]) is given by

1 t
I, u(t) = ) fo (t — ) u(s)ds.

Definition 2.2. The fractional derivative in Caputo sense of a function u over the interval [0, 1] is

defined as . )
cDﬂ = _ n—ﬂ—le(n) d ,
u(r) F(m_ﬁ)foa s) (s)ds

where n — 1 = [].
Theorem 2.3. The solution of
I['D’u()] = (1), n—1 <9 <n,
is derived as
['D u(n)] = y(1) + €it",
for arbitrary ¢, € R, i=0,1,2,...,n—1=[9].

Let E = {u € C(I) : D*"'u € C(I)} is Banach space under the norm [|ell,, = (r)na>§ lu(r)| + 5na)§ |“DFu.
<t< <t<

Let P represents family of all bounded sub sets of E, then we define the following measure of
non-compactness.

Definition 2.4. [44] The measure due to non-compactness u : P — R* is Kuratowski measure which
is defined as
u(S) = inf {o > 0 where S € P such that diameterofS < o} .

Definition 2.5. [25] If T|,T, : E — E are u-Lipschtiz with constants C and of respectively, then
T, + T, : E — E is u-Lipschitz with constant C + C'.

Definition 2.6. [25]If T : S — E is compact, then T, is u-Lipschitz with constant C = 0.
Definition 2.7. [25] If T; : S — E is Lipschitz with constant C, then T, is u-Lipschitz with the same

constant C.
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We need the given theorem.

Theorem 2.8. [25] Let T : E — E be u-condensing and
S={ucE:with A1€]0,1] as wu= ATu}.

If S is a bounded set in E, so we can find r > 0, such that S C D,(0), then the degree
deg(I — AT,D,(0),0) =1, forall A€ [0,]1].

Thus T has at least one fixed point and the set of the fixed points of T lies in D,(0).

3. Existence theory

Here, we derive first part of our main results.

Lemma 3.1. The solution of (1.1) can be described as

u(t) = IP(t, u(r),” Du(r)) + Z 1P h(t, u(t),” DPu(t)) + vy (u(n))+
1

I°f (2, u(t),” D~ u(r))
I¢f(1, u(1),c DPu(l))

W2 (u(m) — ¢ (u(m) — I, u(1),” D u(1))— (3.1)

I £(1, u(1), D u(l)) — Z 1“1 (1, u(1),C D u(l)),

1

such that
P(t, u(?), D u(t)) = f(t, u(®), D' u(e)l’ g(t, u(t), P u(t)),

Iy (1, u(1)," DPu(1)), I f(1, u(1),” D u(1))
represent value of integral

IP(t, u(?),” DPu(r)), I £ (1, u(1), D u(l))

att = 1 and 1°Pih;(1,u(1),c D°u(1)) denotes the value of the integral 1*Pih;(t, u(t), D°u(t)) at t = 1,
fori=1,2,3,..m.

Proof. On using I” at both sides of (1.1), one has

D u(t) = ) Pt u(e), D) = f(t, u(t), Dut) g (e, ue), V'u(t))
1
+ Gof (¢, u(n)," DPu(r)) = ¥(t, u(0)," D u(1)) + Co f (1, u(n),” D u(1)).

Hence, we obtain

m

‘D%u(r) = Z Pih(t, u(f).c D u(t)) + (¢, u(r), D°u(t)) + Cy [t u(t),” Dlu(t)).

1
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Using I and the semi group property of integrals, one has

m

1

u(t) = Z I“”ﬁ"hi(t, u(t),” Du(r)) + I°VY(¢t, u(t),” D u(t)) + €ol“ f (¢, u(t),” D u(t))
+ G+ Gt + -+ G

Taking jth order ordinary derivative, one has

W) = > XTI (), D ue) + 1 u(e), DPu()+

G ) D) + 6
1

i—j+ D
Also, /(0) = 0, w”(0) = 0, ...,u""'(0) = 0 yield 6> = 0, % = 0, ..., %, = 0. Thus

u(t) = Z 1" hy(t, u(f), D u(t)) + I, u(f), DPu(t))+
1

(3.2)
GV f(t, u(t),” Du(t)) + 6.

Further u(0) = ¢, (u(n)) yields €| = ¢, (u(n)) and using u(1) = y»(u(n)), one has
Ua(u(m) = u(1) = I°%(1, u(1), D u(1)) + i I%ih(1, u(1), D u(l))
+ ol f(1, u(1)," DPu(l)) + 1 (u(n)), |
which implies
[Wa(u(m) — Y1 (u@m) — IY(1, u(l),” Du(1)) - i IR (1, u(1), DPu(1))]
= Col” f(1, u(1),* D u(1)). |

Hence, we get the given result

o _ 100 — () ~ (L u(). D)) = S I DL (1), Du( 1)
o 1 £(1, u(1),c Du(1)) '

Hence, (3.2) becomes

. N _ . I° f (2, u(@),” DPu(1))
_ qw c wtPi g, . [ 3 Y
u(®) = 1Y, u(@®),” DPu(®) + El I hit, u(0), D u()) + (1, u(1), Du(1))
W2 (u(m) = IP(L, u(1)," Du(1)) = I° f(1, u(1),” DPu(1)) + ¢1 (u(n))—

D P (1, u(), D (1)) = T8 u(), DFue) + > 1P hy(e, u(e), D u(o))
1 1

IV £ (2, u(@),” DPu(7)) o .
+ i (u(m) + (L u(l)e Dpu(l))(lﬁz(u(n)) — Y (u(m) — I7¥(1, u(1),* D7u(1))

—I°f(1, u(1)," D u(1)) - Z 11, u(1), D u(1))),
1
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which can be rewritten as

u(t) = I, u(), D u(r)) + Z 1% h(t, u(t), DPu(t)) + v (u(n))+
1

I f(t, u(?),” Du(t))

I° £(1, u(1),c D°u(1)) (W (u() — Y1 (u(m) — TP, u(1), D u(1))—

m

I? f(1, u(1), D u(l)) — Z 1 b (1, u(1),C D u(1))).

1

From (3.3), it follows that

‘Dlu(r) = 1P, u(r),” D u(r)) + Z I“PPh(t, u(t), DPu(t))
1

I f(t, u(®),” DPu(1))
12 f(L, u(1),c DPu(1))

W2 (u(m)) — ¥ (u(m).

Let define A, B,C: E — Eby A = A + ¢ (u(®)), C = W (u(n)) — v (u(n))) — C, where

(Au)(t) = IV(t, u(t), D u(t)) + Z 1P h(t, u(t),” D u(t)),
1

IS (). DPu()
B0 = 15T, u) Do)y
(@u)(t) =I“%Y(1, u(1), Du(l)) + I f(1, u(1), D°u(1))+

Z 1Pl (1, u(1)," D u(1))),
1

then (3.3) takes the form of the operator equation

u(t) = Au(t) + Bu(®)Cu(t) = Tu(t),t €1,

(3.3)

(3.4)

(3.5)

(3.6)

and fixed points of the operator Eq (3.6) are solutions of the BVP (1.1). Further, from (3.4), it follows

that

‘D (Au)(t) = IPU(t, u(t),” D u(t)) + Z 1P (e, u(t),” DA u(t)),
1

17 £ (¢, u(t), DPu(t))
19 f(1, u(1),c Deu(l))’
‘D°(Cu)(t) = 0.

D°(Bu)(t) =

(3.7)
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Using (3.5), and (3.7), we obtain

((Au)(D] < T7P(7, u(?),” D u(®)] + Z X Py (t, (o), D u(o),
1

‘D°(Au)| < [T7PE(L, u(r),” D u(®))| + Z PP hy(e, u(e), DPu(o)),
1

I f (2, u(®),* D u(®))| [ £ (2, u(2),” D u(1))|
L £ (L, u(1),c Dou(1))’ L (1, u(1), DPu(1))|’
(Cu)(®)] = TP(L, u(1)," D u(1))] + [1° £(1, u(1), DPu(1))|

|(Bu)(®)] < 'D’Bu) @) <

+ Z ik (1, u(1),C D u(1)))l, I'DP(Cu)(®)| = 0.
1

The following data depended results need to be hold to establish our main results.

(Hy) f,h;, g fulfill the criteria of Caratheddory conditions.
(H,) For constants 7y, 75, d;, d,, c1, ¢2, one has

yri(ui (1) — Yi(ua (D) < Tiluy —upl, i =1,2
li(w)| < cilul +d;, i = 1,2.

(H3) Let we have continuous mappings 6;, u, 6 : I = R, with 0 < &, A, such that for u € E that

|hit, u(@®),” D u@)| < 16:OI(lull + D ull) + & = 16:Dlllull, + &,
Lf (@, u(@),* DPu@®)] < [u@Ilull + 1D ull) + A = [u@lllull, + 4,
lg (2, u(®), V'u(0)| < 6(0).

(H4) There exists 7; > 0, such that for u;, u, € E,

|f @, uy(0)," DPuy (1) — f(1, uz(0), DPus(0))| < polluy — usll,,
hi(t, ui(2)," D ui (1)) — hi(t, ux (1), DPur ()| < Gilluy — usll,,

lg(t, u1 (1), () — g(t, ux (), P'us(1))| < Solluy — usll,
lyri(ui (1)) — Yi(ua (D) < Tiluy —ual, i = 1,2,

where

Mo = max u(t), 6o = max o(t), §; = max |6;(¢)|,i = 1,2,3,--- ,m.
tel tel tel

(3.8)
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Under the hypothesis (H3), we have the following relation

W (1, u(@®)," D u(n)] < (uollullp +4),

F(ﬁ

0o
W (@, u(@)," D u(n)] < Fw+ DI+ 1)(,uollullp +4),

S
|VﬂwamnﬂymmL_n p+%nﬁ+nwmmb+@,

(3.9)

w C 1
1“2, u(®)," D°u(®)| < m(ﬂonl’t”p +4),

1
wtBiy, . c )
[T (2, u(),” DPu())| < Twifg+D) 1)(f?lllullp + &),

1
wtPi—pp,. c .
[P hy(t, u(),” D u(n)] < Mo h—pt 1)(61“””/3 +&).

Using (3.8), and (3.9) together with the hypothesis H,, H;, we obtain the following relations

0o (ollull, + ) Z (Oilluell, + 6)

(A0l < F Drer D T(w+ B +

Dy < Dol + Z (ei||u||p+§>
< X

nﬁ+nnw—p+n+ L Tw+pi-p+ 1)

(.Uo|| ull, + e (,Uo|| ||p + /1) (3.10)
50(llo||u||p + ) N Z (@llull, + f)

Fw+ D@+ 1) L T(w+Bi+ 1)’

‘D (Cu)(n)] = 0

|(Bu)(®)] <

(Cu)(r) <

where A = [I“Y(1, u(1), D’u(1)). Thus, under the hypothesis H,, we have the following relation

I’ g(t, w1 (), Py (1) — U g(t, un (1), Pun(2))| <

F(ﬂ )||M1 us||,

( H PO(”M”p + /1))”14 —u ”
T+ 1) L 2l

(3.11)
(¥, 11 (1), DPus (1)) = (1, ur (1), DPur(0))] <

Further, we have
I“"I’(tl, u(ty),” DPu(ty)) — 1°V(t2, u(t)," D’u(ty)) =

F( ) f (t; — ) (s, u(s)CD”u(s))ds—f (tr — $) (s, u(s), D u(s))ds]
H)‘[(m—wwl—@ $)" (s, u(s), D u(s)ds+

f (12 = )™ = (12 = )" )¥ (s, u(s)," D u(s))ds].
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Thus, one has

TGt ut),” DPu(ty)) — 17 (5, u(t2),” D ()| <

(s, u(s),” D u(s)ll w0 w
F(w+ 1) (2(fz—t1) +t1 _tz),

which in view of (3.9) implies that

[T (81, u(t)),” D u(t))) — I°W(t, u(ty), DPu(ty))| <
So(uollull, + )
@+ Dl(w + 1)

Qty—n)+1 -ty

Similarly, in view of (3.9), we obtain

P (e, (). DPu(ty) = 1t u(t2).S D u(r)] <
ool + )

'+ HI'(w — p)

L5 Bty (). DPu(ty) = 1 B, u(t). DPun)] <

@llull, + &)
INw+p+1)

Q=)+ 17" = 177),

(2(t2 _ tl)w+ﬁ,- + t;‘)Jrﬂi _ l.;—hL,Bi)’

PPty (), DPuh)) = 1P P hi(ty, u(t), D u(t))] <
Oilleell, + &)

lNw+pi—p+1)

1 f(t1, u(t),* DPulty)) — 1 f (12, u(t2)," DPu(ty))| <

((ueolluel] o
Fo(w—p(Z(z 0” + 19— 12),

. +8Bi— +Bi—
(2(ty — 1) PP 4 (7P P,

L7 f (11, u(t)), DPulty)) — 177 f (12, u(2), DPu(tr))| <

((#O”u”p + /l) _ w— w-p _ w—p
Fw—p+ 1) 2™ W7 =)
Hence, it follows that
1
|Aui (1) — Aux(0)] < T [P, u1(2), DPui (1)) — (2, ux(2), D ur(0))|+
(w+1)
S hi s b} DP - hi N N Dp
LB - ol 4 ) = v o

1

which in view (3.11), and H, implies that

@+ polladly + Ol = s
x — o]l + Z ‘

Au (1) — Aup(1)] < T +1)r(ﬂ+1) T(w+ i + 1)

+ 71l — us|

< (

(O + po(llull, + D) |64l
A Z o + 1)l = wall,

INw+ DHI'(@+1) +Bi +

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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In addition, we have

\DPAuy (1) = DPAur (0] < TP IY(E, ui (1), Dy (1)) — W (8, ua (), DPun)(0)]+

m

D e, (1), D (0) = hilt, ua(8), D ua(0)),

1

which in view (3.11), and H, implies that

m

(6 + po(llull, + )
(wWw—p+DI'@+1)

(6 + po(llull, + D) N N 16l
Tw-p+DI@+1)  LLT(w+Bi—p+1)

16;lllzey — wsll,
- Nw+g—-p+1)

|D)AM](Z) - D‘)Auz(t)l < T ||I/t1 - uZ”p +

(3.19)
= (

)||M1 - M2||p-

From (3.23), and (3.19), it follows that

(6u+po(llullp+ﬂ)( [ 1
@ +1) MNw+1) T(w-p+1)

1Au1 () = Aur (0l < ( )

(3.20)

N 16| |6
+ E + + - = - ,
I(F(w+ﬁl~+1) T p—pr1y T Il — el = sl =l

_ (optpo(llull,+2) 1 1 m 6] 6]
where k1 = (o * Fompr) T 21 (Faorgn T Twrg—prm) T 71 Now

I°I(f (2, ur (), DPuy (1) — f (2, ux(1), DPux(1))
A )

I°7P|(f (2, ui (1), DPuy (1)) — f(2, ua (1), DPuy(1))|
A ,

Bu (1) — Bua ()] <

|D’Bu, (1) — D’Bus(1)] <

using H, yields

Mlluy — usl|
Bu(t) — Bu,(t)| £ ———,
|Buy () — Buo( )l_AF(a)+1)

My — us|
DB — DB < —.
| u (1) u (1) < Alw—p+ 1)

Hence, it follows that

1
Tw+l) Tw-p+1)

IBuy — Bull, < —=(

% Wity — wall, = Kol — wall, (3.21)

— k1 !
wherex; = 2 (755 + o pm)-

|Cuy (1) — Cun ()] < IWa(ur) — Yro(ua)l + Wi (ur) — Y (uo)l + XY (1, uy (1), Duy (1))

— (L (1), Dy ()] + 1 £ (L g (1), Doy (1)) = T £ (1 g (1), Dou (D)) (3.22)

DU (1 un (1), Dy (1) = 1 (1 g (1), Dy (D))
1
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Using(3.11), and H,, we obtain
(0 + po(llull, + )
INw+DI'@+1)

o Ol —wll, (6 + polllull, + )
~iall + Z fwef+D - T@rI@+D) (3.23)

|Cuy (1) — Cur (D] < (71 + 1)Uy — us| +

[z — uoll,+

Tw+ 1) +1)

|6;]
Tw+ 1) ZiT@+pi+ 1D

+ 71+ 1)lluy — s, = kalluy — usll,,

(Op+po(llull,+A) 16i]
T(w+DHL@+1) + r(w+1) + Z1 T(w+Bi+1)

where k3 = + 71 + Ts.

Theorem 3.2. Under the hypothesis H\—Hs, the operator A is compact and satisfies the following
growth condition IIAullp < Ayllull, + Ay, where

SoHo 1 1 6, 0,
YD e F(w—p+1>)+z(r<w+ﬁi+1>+r<w+ﬁi—p+1>)’ G20

and

_ 60/1 1 1 m g é‘:
B2 = re + 1)(F(w +1) " Nw-p+ 1)) * Z(F(w +8;+ 1) + T(w+p —p+ 1))- (3.25)

Proof. Here (Au)(t) = I°¥(t, u(t),c D°u(t)) + S IOYPihy(t, u(r),C D u(r)), clearly, A is continuous on E.
Now, for u € E, using (3.10), we have

i s e < S0l + D) |
Wy = Il T2l = =D T+ D " Tw-p+ )"
m 1 1
Z(e,-uuup YO T h T e TE T
dotto 1 1 “ 0; 6;
(F(ﬂ DT+ Tw —p+ 0t Z(r(w T8+ Tw+Bi-p+ 1)))Ilullp

dod 1 1 - £ £
o+ DT D) Tw-p+n Z‘(F(awﬁi D) Twag —pr 1)

Hence
Aull, < Aqllull, + As. (3.26)

(3.26) yields that A is uniformly bounded for bounded set on E. Let, ¢; < t, € I, and consider

|A)t, — Aw)ti| + [(‘(DPAu)t, — (‘DFAuyy| <
I (@1, u(tn),” DPu(ty)) = 19 (8, u(r),” D u(ty))|

+ Z PRty u(t), DPulty) — 1P (ty, u(ty), DPu(ty)|.
T
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In view of (3.12), and (3.14), we obtain

[
At — Aw)t| < o Wollull, + )

(2(f2 — l])w + tclo - l’;’)'f'

r 1
o Ollull, + &) “ry G:27)
il\u ) WiB; W+B;i
——L 2 (2t — 1)+ 1 i t ),
- MNw+g+1)
in view of (3.13), and (3.15), we obtain
‘DP A, = DPAW| < 1P (5, u(ty),” D u(ty)) — 197P¥ (62, u(tr),” D u(tr))|+
DL ey, u(en), DFutt) = 1P by, u(tn), DFu(ty)
1
ey (Holludl, + ) (3.28)
r(g+1) OII¥lp w—p | - w-
I(w - p) (202 =)+ 77 =57+
“ 0; + _ o
Z ( ”M”p g) (2(t2 _ tl)w+,3i—p + tflx)+ﬁz P _ t§)+ﬁl p).
- INw+p—p+1)
From (3.27) and (3.28), it follows that
IAG@)L — A, = 1AL — A + [I((DPAu), — (DPAwn|| — 0as t; — 6. (3.29)

Thus A is equi continuous, and by Arzeld- Ascoli theorem A is relatively compact. Hence, A is -
Lipschtiz with constant 0. O

Lemma 3.3. Under the hypothesis H—H3, the operator A is u-Lipschtiz with constant T, and satisfes
the following growth condition

lAull, < (Ar + c)llull, + (A2 + dy). (3.30)

Proof. By H,, the operator (1) is u-Lipschtiz with constant 7; and by Lemma (3.2), the operator A is
u-Lipschtiz with constant 0. Hence, the operator A = A + (1)) is u-Lipschtiz with constant ;. Since,
lAull, < Ajllull, + A, by Lemma (3.2), it follows that [[Aull, < (A; + c)llull, + (Ax + dy). ]

Lemma 3.4. Under the hypothesis H—H3, the operator B is continuous and compact.

Proof. Here, (Bu)(t) = % Clearly, B is continuous on E and bounded as
I £ (2, u(?),” D u(r))| <1

|Bu)(®)] = | A

(3.31)

For equi-continuity, choose #; < t, € I, and consider

B(u)t, — B(w)t| + |(‘D’Bu)t, — (‘D’Bu)t;| <

I f (12, u(r2), DPu(t)) — X f (11, u(t)),” DPulty))|
< :
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In view of (3.16) , we obtain

((uollull w0 w
B(u)t, - Bu)t| < #(2(2 0 + 17 —13),
in view of (3.17), we obtain
. . ((uollul i
“D’B(u)t, = D’B(u)t| < (—’)_'_1)1\(2(@ 1) + 1 P 1 ”).

From (3.32) and (3.33), it follows that

Bt — Bl = 1B, — Bl + I(D’Bu)t, — (DBl - 0as 1 — 1.

Therefore, B is equi continuous. Therefore, using Arzel4- Ascoli theorem, B is compact.

(3.32)

(3.33)

(3.34)

O

Lemma 3.5. Under the hypothesis H\—Hs, the operator C is compact and satisfies the following growth

condition
ICull, < Asllull, + A4,
where
6 m 91
Ay = BN,
IlNw+DI'@W@+1) TI'(w+1) - Tw+p+1
and

- A8, LA +24
PTHe+ DI@+ D) Tw+1) LT +6+1)

Proof. The continuity of C follows from the definition of C. In addition, we have

ICu(0)] < TP(L, u(1), D u(D)] + [1°£(1, u(1)," D u(1))| + Z [EPihi(1, u(1), D u(1))|
1

which is in view of (3.9) implies that

. So(ollull, + ) Gillull, + &)
GOl o Dr@+ D T T )(”0”””‘) rA Z Tw+pi+1)
Hence, it follows that
. So(uollull, + ) Gillull, + &)
Wl < s ra+n py Wollilly + )+ Z T(w+p;+ 1)

The equi-continuity of C follows from the fact that
|@(u)t2 - @(I/t)lll =0, forallt;,1, € 1.

Hence, C is compact and it follows that C is u-Lipschtiz with constant 0.

(3.35)

(3.36)

O
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Lemma 3.6. Under the hypothesis H—Hs, the operator C is u-Lipschtiz with constant T and satisfies
the following growth condition

ICull, < (As + c)llull, + (Ag + dy). (3.37)
Proof. Define F(u) = y»(u(n)) — ¥ (u(n)), for u,, u, € E, consider

|F(u2)t — F(u)t| < i(ua(m) = i@ ()l + 2 (uz(1) — o (ur ()]
which in view of H, implies that
|F(ua)t — F(u)it| < (71 + )llua — sl = 7lluy — uyl,

T =1, + 7. Since C = (Y»(u(®)) — ¥1(u(®))) — C = F(u) — C and by Lemma 3.5 C is u-Lipschtiz with
constant 0. Hence, C is u-Lipschtiz with constant 7. Further, IICullp < As||ull, + A4 by Lemma 3.5, it
follows that

ICull, < (As + c)llull, + (Ag + dy). (3.38)

O

Ap+Ay+2d)+d) }

Choose the parameters such that Ay + A3 + 2¢; + ¢, < 1. Choose R > max{r; + T, To(A tAsic vey)

Define S = {u € E : [[ull, < R}, then § is closed, convex and bounded subset of E.

Theorem 3.7. Under the assumptions (H,)—(H3), the system (3.6) has at least one solution u € E
provided Ay + A; +2cy + ¢, < 1.

Proof. By Lemma 3.3, the operator A is u-Lipschitz with constant 7;. Using Lemma 3.6, the operator
C is p-Lipschitz with constant 7. By Lemma 3.4, the operator B is compact. Now for v € § and u € E,
consider the equation u = Au + BvCu, which implies that

llull, < [[Aull, + [IBYllpl[Cull,.
Using (3.30), (3.31) and (3.37), we obtain
llull, < (Ar + e)llully, + (Az +di) + (Az + ¢1 + c)llully, + (Ay + dy + da).

That implies
(1= (A1 + Az +2¢; + e))llull, < (Ar + Ay + 2d) + dy).
Hence, it follows that
A+ Ay +2d) +dy
(1-A1+A3+2c;+¢c2)
which implies that u € §. Further we have M = |[Bul|, = 1 and R > 7, + 7. Finally from above, we
conclude that (3.6) has at least one solution u € E. O

lull, <

Theorem 3.8. Under the assumptions (H,)—(H,), the system (3.6) has a unique solution in S provided
that
K1 + ko ((As +C1)R+(A4+d1))+k3 <1. (3.39)
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Proof. For uy,u, € S, Consider

1T (uz) = T (uillp = [|Auz + BuyCup = (Auy + Buy Cuy )|, <

(3.40)
lAuy — Auy|l, + |ICusllpl|Buz — Buyll, + || Buall l|Cuy — Cuy |-
By (3.20), (3.21), and (3.23), we have

l1Auy — Au)ll, < killuy — ually,
IBuy — B(u)ll, < kallur — usll,, (3.41)

1Cuy — Cun)lly, < sllur — usl,.
Using (3.41) in (3.40), we obtain
1 Tuy = Tully, < killuy — wslly + ICullpkallur — uall, + &3llur — uallpl|Busll,
which in view of (3.31), and (3.38) implies that

ITuz = Tuglly <killuy — wallp + ((As + collull, + (As + dD))kolluy — wallp+

K3llur — ua||,.
Further, the above relation implies that

ITuy — Tuall, < (k1 + k2((Az + c)llully + (As + dy)) + k3)lluy — usll,

(3.42)
< (k1 + k(A3 + DR + (A + dy)) + k3)lluy — usl,s

and uniqueness follows by the Banach contraction principle. |
4. Ulam Hyers stability

U-H stability result is developed for (1.1). For detail introduction and results of U-H stability, we
refer [47,48].

Definition 4.1. The problem (3.6) is said to be U-H stable, if there exists a constant > 0, such that
for a given ¢ > 0, and for each solution u of the inequality

llu — (Au + BuCu)l|, < ¢, “4.1)
there exists a solution #(¢) of (3.6). Then one has
u(t) = Au(r) + Bu(r)Cu(r),

such that

llee — all, < @d.
Theorem 4.2. Under the assumptions (H,) and (Hy), the problem (1.1) is U-H stable provided
k + kl <1.
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Proof. Let u € E satisfies the inequality (4.1), and # € E be a solution of (1.1) which satisfies the
Eq (3.6). Consider

lle —all, = lu — (Au + BuCu)l|, < [lu — (Au + BuCu)l,

4.2
+ I(Au + BuCu) — (A + BuCu)||, < ¢ + ||Tu — Tull,. (42)
Now using (3.42) and (4.1), we obtain
llu — all, <@ + (k1 + k2((As3 + cOR + (Ag + dy)) + k3)lluy — o], 43)
= ¢ + Klluy — usll,, '
where K = k1 + ko((As + ¢1)R + (A4 + d,)) + k3. Hence, it follows that
llu — all, < ¢Z, where { :
u—1i , where { = ——.
o= - K
O
5. Illustrative application
Here, we present an application to demonstrate our results.
Example 5.1. Consider the following problem by taking n = 2 as
DYSu(r) — XI5 hi(t, u(t), D u(t))
‘pos ‘ A = o(t,u(®), 1" u(), t € T = [0, 1],
| J(t,u(®),* D u(?)) | = 86,1 %utt) 0.1 (5.1)

u(0) = ¢ (u(0.5)), u'(0) = 0, u(1) = Y (u(0.5)).
Consider

i ST A YR
hi(t, u(t),< Dl‘su(t)) sin |u(?)| + sin |*D'u(?)|

100 + 72 ’
Fu@n D u@) = — |”(f)5| (;f+ elftlz)”u(t)l,
g(t, u(0), I u(t)) ‘/@ g;lt‘su(t)’
o) = TSy 0s) = T,

It is easy to show that the conditions of Theorem 3.2 and 3.8 are satisfied. Therefore, the given
problem (5.1) has at least one solution. Further, the solution uniqueness condition also holds. Also,
one can obviously verified the condition of U-H stability given in Theorem 4.2.

6. Conclusions

In this manuscript, a nonlinear problem of S-HFDEs has been investigated by using a sophisticated
tool known as topological degree theory. We have used a degree of non-compactness along with
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Caratheddory condition to establish appropriate results for the qualitative theory. Usually, fixed point
theory involves strong compact conditions which require more restrictions on the nonlinear operators.
Therefore, to replace the strong compact condition with some weaker compact condition, the proposed
degree theory is a powerful tool. The concerned tool has the ability to relax the criteria and hence
can be applied to large numbers of nonlinear problems of differential and integral equations. On the
other hand, stability is an important consequence of nonlinear analysis. Therefore, a result based on
U-H concepts for stability has been established. Finally, to verify our obtained results, we have given
an illustrative problem. In the future, the degree theory will be applied in hybrid problems of fractal-
fractional differential equations which have the ability to describe complex and irregular geometry in
more diligent ways. Also, the mentioned degree theory has not yet been used in dealing with non-
singular type hybrid fractional differential equations. Therefore, the aforesaid area will be our next
target.
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