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Abstract: Leaf brown spot, caused by fungi, is a terrible plant disease, and it can significantly reduce
the quality and quantity of rice. In this paper, we developed the model based on leaf brown spot disease
development and considered a preventive treatment using botanical fungicide. In addition, we develop
a model with suitable optimal control strategies. The result shows disease-free equilibrium is
asymptotically stable when R, > 1. In contrast, the endemic equilibrium is asymptotically stable when
R, > 1. The obtained optimal control to can reduce the number of infected plants compared to that
without control. In addition, the analytical results were confirmed by numerical simulations of the
occurrence of the theoretical results.

Keywords: plant disease; leaf brown spot disease; optimal control; stability analysis; sensitivity
analysis
Mathematics Subject Classification: 34D20, 34D23

1. Introduction

Rice is a staple food for human consumption, especially Asians. Therefore, the production,
consumption, and commerce of rice mostly occur in Asia. However, only 6% of rice is exported, and
the remainder is consumed within the country. Unfortunately, sometimes the rice production does not
meet the domestic demand since rice plants are infected with diseases. Brown spot disease is quite
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common that decreases the rice yield. It is caused by the spread of fungus called Bipolaris oryzae
(Helminthosporium oryzae Breda de Haan.).

Every stage of the rice plant's life cycle makes it susceptible to numerous plant diseases. Diseases
have the potential to lower rice crop production overall and in terms of quality. It is generally
recognized that the pathogen can harm plants throughout several phases of storage, seed germination
and seedling establishment, growth, and reproductive phase. One of fungal diseases infects rice is
brown spot disease. Brown spot disease is a plant disease caused by a fungus that can reduce rice yield
from around 4% to 52%. The disease disperses by letting the spore flow along with the wind and falls
into the spikelet or seed. Consequently, the rice is damaged. Besides, the disease also leaves spots on
rice seeds and causes low yield. In addition, if the infected seed is planted, the paddy field will be
infected. The disease can be transmitted through seed and air, which are called seed-borne, and air-
borne. Moreover, the fungus can live in the uncared field and poor soil. This means that the disease
can invade the paddy field if it is not eradicated. Based on the problem, farmers need to control the
disease by applying chemical substance, for example fungicide [1]. However, the chemical affects the
environment and humans. Therefore, the strategy of controlling the spreading of disease is necessary.

Fungicide is a chemical that is used to restrain the growth of fungus spores. However, the
fungicide not only affects the fungus spores but also affects agriculture products. There are three types
of fungicide including: chemical fungicide, botanical fungicide, and biocontrol fungicide [8]. Since
the chemical fungicide affects the environment and is poisonous to humans, fungicide containing
natural extract such as botanical and biocontrol fungicide should be used. In the sense of fungus
elimination, the botanical fungicide has higher performance than biocontrol fungicide. The
mathematical model is a tool that can describe the spreading of disease that leads to the disease control
strategy [9—12]. For example, the epidemiology mathematical model which considers the botanical
fungicide is developed for controlling plant disease and preventive treatments of plants [7,13].

The SIR model [18-20], which has three compartment subclasses: susceptible, infected, and
removed, is the general form of the epidemiological model. Mckendrick [21] proposed a fundamental
model of SIR transmission in 1927. Song and Takeuchi used natural birth and death rates to study
population dynamics. The plant population is separated into five compartments: susceptible, exposed,
infected, post-infectious (removed), and protected with curative and preventive therapy, according to
a mathematical model created and examined by Savary et al. [22]. The SIP model, or maize plant
disease model, was presented by Windarto et al. [4].

In SIX model [2] studies the dynamics of susceptible plant population infected plant population
pathogen population which in the actual situation that plants must be protected from fungus. This
research selected the SIX model as a base for development using the real situation. Then, SIXP model
was developed to match the situation we are interested in by adding protected plant populations
denoted by P. After that, we analyzed the stability of the model developed for leat brown spot disease
with a standard incidence rate [15]. Then, we discussed the optimal control of fungicide to prevent the
spread. Some numerical examples compare SIX model and SIXP model.

2. Materials and methods

The proposed model is particularly well suited for describing diseases such as two infections in
leaf brown spot disease and analysis the proposed model.
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2.1. The proposed model

The proposed model is developed based on the SIX model [2], which is the mathematical model
of the spreading of leaf brown spot disease in rice. We consider the effect of leaf brown spot disease
on the rice population dynamics and add the rice population stage that are retreated with the botanical
fungicide to protect them from the disease.

In this model, there are two types of population including plant population and pathogen
population X. The plant population is classified into three categories: susceptible plant populations S,
infected plant populations /, and protected plant populations P. The interaction between all populations
is shown in Figure 1.

uS (RX+RI) 5 il
; CS+T
K I/i
S . I —h
zSs 6P
P (P ol X eX
— —_—p —_—

Figure 1. Flow chart of dynamical transmission of brown spot disease.

The compartment model can be written as the following system:

L = k= mS(0) + 6P (D) — (ReX (D) + Rel (8)) 52— — S (o) (1)
L = (ReX(t) + RA(®)) % — O i), (2)
= = ol(t) — eX(b), 3)
% = 1tS(t) — 6P(t) — uP(t). (4)

The feasible region of the system in Eqs (1)—(4) is

K
0= {(S,I,X,P) ERYSLX,P>0,S+I+X+P Sﬁ}'

The parameters in Eqgs (1)—(4) are positive. The meaning of the parameters is presented in Table 1.
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Table 1. Variables and parameters of the model.

Notation Meaning Unit
K Planted rate of susceptible NSites day™!
R. Rate of primary infection day™!
Rc Rate of secondary infection day!
H Natural death rate day™!
1/i Death rate caused by infection day™!
c Growth rate of pathogen population day’!
& Death rate of pathogen day!
T The effectiveness of botanical fungicides day’!
o Rate of damage to the fungicide given to the plant day™!

2.2. Analysis of the model

The proposed model gives two equilibrium points, namely pathogen-free equilibrium (Ej) and
pathogen equilibrium (E;). The notation of pathogen-free equilibrium point is expressed by

K(6+u) K
EO (Sg; Ié); XLQ; PCO) = EO (ﬂ(é'_l_”lj.n-) ,0,0, #(8+Z+TL’)). (5)

Another equilibrium point is E; (Sg, I+, X, P?), which is pathogen equilibrium, where
k(5 + )

S = T
(u5+uﬂ+u2)+(u+7)(5+u)(

iRyo+ Rcei 1)'
e(ui+1)

iR, + Resi )
. (6 +u) <—s(m 1)
C

_(u6+uﬂ+u2)+(u+%)(6+u)(

iRyo + Rcel 1)’
e(ui+1)

iRyo + Reei 1)
e(ui+1)

3 (ﬂ5+lm+ﬂ2)+(ﬂ+%)(5+ﬂ)(

ox(8 + ) (

Xe = iR.0 + R.el _ 1)]
e(ui+1)

* TK

— . _ 6)
¢ (u6+un+u2)+(u+1i)(6+u)(—lR‘,E’EZ:'ff)“—)

2.2.1. Basic reproduction number

The basic reproduction number (R,) is the number of secondarily infected plants that infect from
only one initial infected plant. The value of R, can calculates by the technique of Van Den Driessche
and Watmough [16]

[0 0 0 O

ER+ORy
0

&
(D) -
0 0 0 O
0 0 0 O

]. (7)

The dominant eigen value gives us R,
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iRyo+R gl
0™ e(uity) - (8)
2.2.2. Stability analysis

The systems of equations from model could determine the stability of their equilibrium points.
By substituting all parameters in the systems and found all equilibrium points. Then, linearizing
the system at each equilibrium point and considering the stability of the system at the point.

K(5+u) KT
u(@S+p+m)’ 7 p(S+p+m)
locally asymptotically stable when the basic reproduction number is less than one, and otherwise is
unstable.

Proof. To show that the system of Eqs (1)-(4) is locally asymptotically stable, the Jacobian matrix is
used to evaluate the pathogen-free equilibrium E,as shown by

Theorem 2.1. The pathogen-free equilibrium E(; ) of the system (1)—(4) is

—-T—u—A —-R, —R, 6
1
jEy=| 0 Re-(Gtm)-2 R 0
0 o ——A 0
T 0 0 —-u—6—21

The eigenvalues of J(E,) are obtained by solving det(J(Ey) —Al) = 0. We receive the
eigenvalues of J(Ej) from the following characteristic equation
-7

1 1
(/1+n+u)()l+u+6)[(/l—Rc+?+u>()l+e)—aRx —aRx6+(l+e)6(A—Rc+?+u)]=0,

A+a)(A+b)[A—-R.+c)(A+ &) —0oR,] —mt[-0R, 5+ (A +&)6(A—R,.+¢)] =0,
—0R, [(A+a)(A+b) -1+ (A —R.+c)A+)[A+a)(A+ b) —nd] =0,
[A+a)(A+b) —nS][(A—R.+c)(A+¢€) —0aR,] =0,
(A2+2ra+Ab+ab—n8)[A—R,+c)(A+¢)—0oR,] =0,

(A2 +Aa+b) +ab—nd)[A>+A(c+&—R,)+ (esc — R, — oR,)] =0,

where
1
a=n+mb=6+mc=?+u

The eigenvalues of the Jacobian matrix for the pathogen-free equilibrium can be computed as

—(a+b)+/(a +2b)2 A ) G =~ )2 = (6 + ),

—(c+£—RC)i\/(c+£—RC)2—4(ec—eRC—aRx) 1
2 ;’132_(?+“>’

).4_ = _€+RC'

Py (11,2) =

P, (/13,4) =

It is obvious that all these eigenvalues are negative when ¢ >R..
By using the Routh-Hurwitz theorem [17], all eigenvalues are negative or complex eigenvalues
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with negative real part if and only if Ry = % < 1. Thus, the pathogen-free equilibrium point
is locally asymptotically stable when the basic reproduction number is less than one.

Global stability of pathogen-free equilibrium is present in Theorem 2.2.

Theorem 2.2. The pathogen-free equilibrium E|, is globally asymptotically stable if Ry > 1, when [ =
0.
Proof. Let V is the Lyapunov function defined by

V(S,I,P) = Nir4g(2
R _g Sg g PCO )
where, g(x) = x — 1 — Inx, which is positive function. Since /=0, X=0 then V = 0. We want to

clarify that V is a positive function on the domain Q.
The derivative of V respect to time evaluated at the solution of model in Eqgs (1)—(4) is derived by

v (125N eriv(1-F)s
N S P

S0 S S I
= <1_?><K_7TS+6P_(RxX+RCI)S—+I_:uS)+(RxX+RCI)S—+I_<;+.uI)

PO
+<1— C)(nS—&P—uP)

52

S0 SPS? S0 I nSP?
=K<1—?C>+n5°— SC+(RxX+RCI)S—_|iI—uS+uS£—(z+u1)— =~ + 8P — uP
+upP?
=K(1 S¢ + nS° (HS_”P)53+(RX+RI) S¢ S+ uS? (1+ 1) PO+ WF
- K s)TT 3 XA TR G T T e T TH P

+8P0 — uP + uP?

SO\  uPS? S0 I
=k(1-= RyX + R)—— — S 50—(— 1)— P
K( S>+ 5 T RXFRD 5 —pS+pSe—(s+ul)—u

s2 Sus? S0 I
=k(1-—|+—=+ R, X+R,)———uS 50—(— I)—P
K( S>+(5+H)S+(x + c)SH pS+uSe —(s+ul)—n

s2 T S0 I
=k(1-= 50(1 ) R.X RI—C—<— 1)— P+S
=K(1 Se + uS? @ +ptm + (R, X + R,.I Se I+ I < ) +S>
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:l‘sggiz;r”)(z >+(R X+R1)S:I—(§+u1)—u5<%>
:”Sg((‘;i’;;")(z >+( +wl <(R(X:1I§II)SSEI_1>
- ((fs:l;; 2 <2 ) * (_ il KREE:EIC ) SSE It
Sl 2 2. do( i)

SO+ u+ s S 1 R,S?
6+ S 5 i S+1

. . . . s s
From the relation between arithmetic and geometric means 2 — 5 0 < 0.

Considering the second term, in the case that Ry=1, we have V < 0 if and only if /=0.

From Eq (3), I(t) = 0 causes X— 0 as t = oo. Then, by using X(2)=0 in Eq (1), we find S(t) -
k(5+u)
u(d+p+m) )

In addition, when Ry < 1, we obtain V' < 0 if and only if

ast — oo,

k(5 + 1)

S+]=—r- "2
* p(6 +u+m)

or [ = 0, which is the largest compact invariant set of Eqs (1)-(4). Then, by using LaSalle’s invariant
principle, we can conclude that every solution of the mathematical model in Egs (1)—(4) with an initial
value in Q tends to the pathogen-free equilibrium.

The stability of the pathogen equilibrium is presented in Theorem 3.

Theorem 2.3. If R, > 1, the pathogen equilibrium E; is locally asymptotic stable
Proof. Let J(E;) be the Jacobian matrix in Eqs (1)-(4) derived from the pathogen equilibrium E; is
expressed by

(RXX2+RCI;‘2)S:_(RXX§+R*CI*)_#_E_/I (Rxx;+Rc|;;)s;_ Egcs:* B F}S:* 5
(S:-i—l:) Sc+|c (S;-i—l:) Sc+|c Sc+|c
_(RXX§+RCIC’;)S;‘+(RXX:*+R*CI*) EQCS:*_%_#_(Rxxg+RC|;2)s:_/1 RS . o
(S:-l—l;) Sc+|c Sc+|c ! (Sc*-i-l:) Sc+|c
0 —e-1 0
w 0 0 -0—u—A~A
and
Ey = (S2,5(Ry — 1), ZeB=l) 150,
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where
* kb _ _1 _ 2 __ (Ryoi+R el)
Sc = d+bC(Ro—1)'b =o0+pc= i i d = [pd + pm + 7] R = e(1+ui)
Eigenvalues of J(E;) satisfy the following characteristic equation
a0/14 + a1/13 + a2/12 + a3/1 + a4_ = 0,
where
—a+b4qiet 2
a; =a q = ERO )
qa cq bR,o aR,o
=as+be+qe+qb+d+—+—[Ry— 1] + + ,
a; = as+be+qe+q R Ro[o ] Ry T ERg
qas cqb cqe qab dR,o
=d b+—+—I[Ry—1]+—1[Ry — 1] + — ,
az = de + qe +RO+RO[0 ]+RO[0 ]+R0+€R0
qed qebc
=— Ry, —1].
Ay R, R, [Ro — 1]
where

1
a=n+,u,b=6+u,c=7+u,d=[u6+un+u2],
_ (Ryo + Rce) [Ry — 1] _ (Ryoi + R el)
1= € Ry, ' ° (14w

The eigenvalues have a negative real part, so the equilibrium point is stable with the conditions
below:

a,,a3,a4 > 0,040, —az > 0,a,a,a3 — azaz — a;a,a4 > 0,

which are related to the condition of Routh Hurwitz. Thus, the pathogen equilibrium point is stable

(RyOi+R EL)
when Ry = ——=—=
0 e(1+pi)

At endemic equilibrium point [14] in theorem we use of compound matrix theorem in order to
address dynamics stability issues that arose from the solution of nonlinear differential equations.

Theorem 2.4. Assume that R, > 1land & > R., the pathogen equilibrium E; is globally asymptotic
stable.

Proof. We prove the global asymptotic stability of the model (1)-(4) with endemic equilibrium point,
we consider the non-linear equations in the model (1)—(4) for which the Jacobian matrix at disease-
endemic equilibrium points is:

(RxXc+RcIg)Se  (RyXZ+R(IC) (RxXc+RcIZ)S¢ RcS¢ RxS¢ 5
G Y B (Se+IDE  SiHL siH }
_ _ (ReX¢+RcIE)S: | (ReXZ+RcI™) ReSe 1 (RyX{+RcIE)SE  RxSC 0
J(Ey) = | (Se+12)? Se+lg Se+ly i (Se+1%)? Se+lg 9)
0 o —& 0
l s 0 0 -6 — ,uJ

Furthermore, the general form of third additive compound matrix J " is given by
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J11 +]:22 +Jj33 . ]:34 _ __j24 ]'1.4
it = Jas J11 +].22 + Jaa . Jas 13 ' (10)
_.142 ]3_2 J11 +]_33 Tt Jaa _ J_12 _
Ja1 —J31 J21 J22 T J33 1 Jas

where

J11 Y22 33

, 1 RXHRL) | RS:
—T—&—=— )
# TS+ Si+L:

P—m—6—= +
p—r i Sr+1) TSI+l

J11 tJ22 +jaa

J11 tJz3 tJaa = 2u—6—e—m—

< 1 (ReXc +RIE) Rc5§>

(RxXc + RcI2) N (R X: + Rclé‘)52‘>
(S¢ +12) Se+1* )

1 (R, X} + R.I})S; R.S;
vy +jas +jas = (—2u———6—¢— .
J22 +]33 +]44- < u i € (Sg + 12)2 +S£~k + I;

From matrices (9) and (10) implies that

-_jll O 0 6
0 . RxSE RxS¢
N J22 Se+z G
= » (RyXE+RCIE)S: _ ReSE | (11)
0 o J33 (Se+12)? e+l
_ (RyXE+RAIESE | (RyXE+RcI”) .
| 0 (Sa+IE)? SiHI: Ja4
where
1 (RX:+RI)  RS:
—ju=—(2u+mre+r—+ - ,
J11 ( # A I 7 B Ty
1 (RX:+RI) RS:
o= — (BT + - ,
J22 ( # N (T 7S B Ty 2
(RyXe + RIZ)  (ReXZ + R.IZ)SE
sz = —2u+e+m+8+ - ,
= ( 3 S +1D) (e +1)?

1 R, X;+ R.I})S; R.S;
—j44=—(2,u+?+5+€+(xc A2)Se cc>.

S:+1D2  Si+1I;

Consider P(y) = diag{P(t), X(t),1(t),S(t)}, the inverse of P(x)is given as

1 1 1 1
P’ X)) 1(t)’ S(t)}'

P~(y) = diag {
the derivative with respect to time is
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Pr(0) = diag {P(®), X(0),1(®), ()},

while
P.P-1 = diag P() X(t) I(t) S(t)
f P’ X®)'1®)’'S®)(
and
[_; 0 0 il
_] "
. XeR,Se XeR,S;
0 —Ja Tifor L o L
plilpot HGEIR Se(Sz +10)
R, ek p I¢ ((ReX: +RIDSE  RSE\|
X: J33 s\ Sr +1p)? Si+ 1z
TSe Se [(RyXZ + R .
* O _* * *\2 _]4‘4
| P I; (Se+1%)
So that
M = pp~1 + pjltlp=1,
[P(t) SF;
— 0 0
P(D) J11 5:
N (ORI X:R,S; X:R,S;
. X@ % HOEID) HOEID)
0 ol; i . Iz ((ReXe+ RIDS: — ReS: |
X O S:\ Si+I02 Si+I
nS; 0 S¢ [(ReXZ + ReADIE NGO
[ A ECTIRE s@

From the system of equation, we obtain

SP:  S(t) «x (R X+ R.I}) al;  X(t) nS;  P(t)

= + S~ = te——= +
st s@® ST T+l T Hx Tx® TR T PO

6+ W

Now, consequently we are to find i_zi (t),i = 1,2,3,4, by assuming that M ; are the entries of matrix
M, such that

4
hi(t) = My, + z |M1j|:

jEIAj=2
i} P(t 1 (R.X:+R.I R.S* SpP*
hl(t)=ﬁ—<2u+n+s+—.+("f *”)— ) —,
P(t) i (S:+1) SE+ I St
_ P(t 1 R X+ R.I; R.S: &P
hl(t)=ﬁ—(2u+n+s+—.)—( T C)+ —t+—
P(t) i (S:+1) SE+ 1L Sk
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P(b) 1\ ((RX:+RI) RS SO « (R X:+R.IY)
hy(0) = (2u+ﬂ+€+—.)— e — ——t Tt i,
P(t) L (Se +17) Se+Ip S(t) S (Se+17)
7 P S ( 1 K) R,
) =——+———(pu+—-+ £+ —,
1 Pee) s \HTiTS R,
B} P S 1
hy(t s—+——( +—+e).
O OGO
hy(t) = My, + Z?:l/\thleZjla
, X(t 1 (RX:+R.I R.S: X'R.S: X:R.S:
hz(t)z ()_ 3‘u+77;+6+—+(x: *CC)_ *C C* + c rxvc c rxvc
Xx(t) i S:+17) Si+1I;
7y (6) = x(©) B (3u a4t 1) B (RxX;S + Iicli) i?CSZ* *XZf?xSZ* *Xif?xl’é* ,
X(t) i SE+ 1T S+ L(Si+) L(S:+1I)
_ Xx(t) 1\ (RX:+RI) RS I
hz(t)=——(3u+n+6+—.)— —= o ]
X(t) i St+ 1T SE+ I S:+12) (S:+n)
_ X(t 1 P+ R.I: R.S: X'R
hz(t)=£—<3ﬂ+”+5+—.)—( ),
X(t) i Si+ 1 SC +1; I
. 0Si(Ry — 1)
_ X 1\ (RX.+RI) RS. ——FR
hz(t)=——(3u+n+6+—,)— — — "
X(t) i Si+1I; Si+ 1 St(Ry— 1)
_ X(0) 1\ (R.X:+R.I: R.S: R.o(Si+1)
hz(t)=—( —(3y+n+6+—_>— ~— *”) —
X(t) i Si+1I; S+ e (Si+1)
_ X(0) 1\ (R.X:+R.I: R.S: R,0S: R oI’
hz(t)=(——(3u+n+6+—.)— — fC) At Y
X(t) i SE+ I SE+1 0 e(SE+1) e(Si+1I)
_ X(t) (R.X:+ R.I) R.ol: R.o+eR, 1
hy(t) =—=—-Qu+n+48)— +—— - c -y
X(t) SE+ I e(S:+17) R, i
B} X (R X: + R.IY) R.X:
h() === - Qu+m+6) ——o—— —
X(t) Sc+1; (Se +17)
B} X R.I:
hz(t)z——<2u+n+5+ *CC*>,
X(t) Sy + 17
hy(t) < —= X(© — Qu+m+9).
X(®)
4
h3(t) = Msz + Z |M3;],
j=1Aj#3
_ 1(t) (RX:+R.ID)  (RX:+RISE olfl |t ((RX:+R.I)S: RS
hg(t)=——<2u+€+ﬂ+5+ e [ (e e )
1(t) (S +12) (S +12) Xel Ise\ (Se+10) Se+ 1
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_ () (R X; + RIDI; ol [((RX:+RIDI; R
ha(t 2 5) — _
W=y~ Guternt )=y T T\ T ser)
) I(t) ol  RI: I(t)
hy(t) = I() - Qu+e+m+6)+ XZ_SZ+IZI(t)'
i 1® X() R.I;
hs(t) = I(t) (2,u+e+7r+6)+X(t) _Sz+IZ'
I(t) X(¢) R.I;
- 2 5
hy () = TORBT0) ( pEmrot ST 1:)'
I(t) (t)
2 5).
]jl4_(t) = M44 + 2 |M4.]|
j=1Aj#3
i (t) = S(t) ) 1 s (R.X: +RIDS: RS, S, Sy [(RX: + R.IDI
R Tes B G S0y RN Sar ) I o B U7 I s e |
Fa(E) = S(t) (2 1 5 ) (RX:+R.I})S: RS: nuSy Si|(RX:+RI)I;
PS5 BT ) T T sy s P | GirE |
_ S(t) 1 R.S; nS;
Ba(t) = 2 (2 gy ) ,
O R I G YTt
_ S(t) 1 R.S: P(t)
—_— 2 —
ha(0) G (“+i+5+£>+sg+Ig+P(t)+6+”'
_ S(t) P(b) 1 R,
0 -5 (o) e
O =35 BT et
NOINZO 1
ha(t) < so TrPE <” R 8)'

Now, in R*we assume a vector (my, m,, ms, m,). The Lozinskii measure ¢(M) is defined as
{(M) = h;(t), i = 1,2,3,4. The integration of the Lozinskii measure ¢(M) and taking the limits as
t — oo lead to the following equations.

g1 = llm SUp sup - f hy (t)dt <= llm Sup sup - fotig ;Eg — (u + % + e) dt < — (u + % + e),(12)

gz = llm sup sup - f h, (H)dt < —llm Sup sup - fot igg Qu+m+6)dt<—-Qu+m+96), (13)
tie) | X(t)
gz = llm Sup sup - f hs (£)dt < —le Sup sup - fo o T e Qutm+686)dt < —-Qu+m+6),(14)

Ja = le Sup sup - f hy (t)dt < —llm sup sup - fotigg iEg (u + % + s) dt < — (/,L + % + s). (15)

Now, the combination of inequalities from Eqs (12)-(15) and by the assumption &> R, we can
assert that
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t

1
g = limsup sup—j t{((M)dt < 0.
t—-0 t 0

The system containing only four non-linear equations of model Eqs (1)-(4) is globally
asymptotically stable around its interior equilibrium(S;, I, Xz, P.").

2.3. Sensitivity analysis

The basic parameters are carried on the sensitivity analysis. They are checked and identified the
parameter that can impact the basic reproduction number. The sensitivity analysis is informed that each
parameter's significance is disease transmission for control the spread of brown disease on leaf brown
disease. The explicit expression of R is given by

_ (Reoi + R el)
07 e(1 4 w)

Definition 2.1. The normalized forward sensitivity index of a variable, u, that depends differentiable

on a parameter, p, is defined as:
ou\ (p
u _ (ZZ) (E
Yo = (6;9) (u)

The sensitivity indices of the basic reproductive number calculate by used parameters of endemic
equilibrium point that are shown in Table 2 [2].

Table 2. Sensitivity indices table.

Notation Biological meaning Value
Ry Rate of primary infection 0.1890
R, Rate of secondary infection 0.8110
H Natural death rate -0.1362
[ Death rate of infect 0.8638
c Growth rate of the pathogen population 0.1890
& Death rate of pathogen -0.1890

To consider the relationship between the primary infection (Rx) and the rate of and death rate of
pathogen (¢ ), it was found that the basic reproductive number will increase when R» increased at the
tiny ¢ as shown in Figure 2a.

To consider the relationship between the rate of secondary infection (Rc) and the growth rate of
pathogen (o), it was found that the basic reproductive number will increase when R. and ¢ increased
as shown in Figure 2b.

To consider the relationship between the rate of secondary infection (R.) and the primary infection
(Rx), it was found that the basic reproductive number will increase when R. increases. Despite the
increase of Ry, the value of Ry marginally increased as shown in Figure 2c.

To consider the relationship between the natural death rate (1) and rate of secondary infection
(Rc), it was found that the basic reproductive number will increase when R. and increased at the tiny u
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as shown in Figure 2d.

a) R, versus sensitive parameter R _and ¢ b) R, versus sensitive parameter ¢ and R,

¢) R,versus sensitive parameter R,and R, d) R, versus sensitive parameter x4 and R,

Figure 2. Sensitivity analysis of different parameters.

2.4. Optimal control proble

The spreading of leaf brown spot disease is controlled by using the botanical fungicide. The goal
is to decrease the amount of infected rice. Therefore, Pontryagin’s principle, shown below, is used to
control the number of rice [5,8,10]:

ty
J) = f [l (€) + A2 (0)] dt.
t

0

Where t; is the final time, A, is balancing constant coefficients of the infected plant while 4, is
weight coefficients for control measure and variable u(t) is the control variable of the preventive
treatment. With the objective function J(u). The goal is to find the optimal control u*(t) such that:

J@W*) = min{j (w)}.

The state variable for the model
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S(t)
I(¢)
X@®Of
P(t)

x(t) =

and the constraint:

ds S

E: K—UTCS+6P—(RXX+RCI)S—+I—,US,
dl S I

az (RxX-I_RCI)S_-l-I_MI_?

dX

E: ol —&X,

dp

E=U7TS—6P—/,LP.

The system should satisfy the condition:
O<su(®)<1,0<t=<t;S50)=5,>0,10)=1,=0,X(0)=X,=0,P0)=P, =0.

We define Hamiltonian function as H = f(x,u, t) + A'g(x, u, t), which equivalent to:

S
H = Al (t) + Aju?(t) + A4 (K —unS + 6P — (R, X + R.I) ST ﬂs)

S 1
+1, <(RXX + R.I) S+1- ul — ;) + A3(al — €X) + A,(unS — 6P — uP),
where 4, (t), A, (t), A5(t), 14(t) are the co-state variable or the Lagrange multiplier of the optimization
problem. The necessary conditions that an optimal control is archived, it must satisfy the following
Pontryagin’s principle:

*State equation:

- OH S
S=——=Kk—unS+6P— (R X+ R.I)———uS,
S+1
A
P2 RX R — =L
= = iy )V~ —-,
o1, S+1 [
* OH
X =——=o0l — &X,
023
- OJH
P =——=unS — 8P — uP.
0y

*Co-state equation:

OoH < (RyX+R.I) (R X+R.I)S ) <(RXX +R.I) (R X+ RCI)S>
um + - — 43 - — A4UT,

h=—gg=h S+1) (S+1)2 S+1) (S+1)2
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S _O0H _ (R,X+R.S R.S o (ReX +RDS RS AT
2= 7 T T T M T Dz T s+D) T\ ez S+ THTT) TR
. oH R,S

= =gz = Oa =) (57) + e

. oH

/14:__:/14(64_#)_/116.

aopP
*Transversality conditions:
M (tr) = 2:(tr) = A3(t) = A4(tf) = 0,

forty <t <tf
*Stationer condition

oH .
ou
then
(/11 - 14)7T5
u=——>
24,

Since 0 < u(t) < 1, then we get:

. 0(11—14)7'[5 1
u =min{max| 0, 24, 1

as the optimal control of the system.
3. Results

In this section, we present some numerical simulations to ensure the analytic results by
considering the pathogen-free and pathogen condition. For simulation that uses pathogen-free situation,
the initial conditions using for calculation are denoted as S(0)=200, /(0)=400, X(0)=400, P(0)=0 and
& >R.. Here, the proposed model is simulated from initial time to 140 days. The models were simulated
by RK4 method with step size 0.01 which guaranteed the stability of the numerical solutions. The
parameters and initial data in each case of simulation were shown in Table 3. There were two results
of the simulation. The first results showed the dynamic model for pathogen-free. The second results
showed dynamics model for the pathogen, was shown in Figures 3 and 4 respectively.

In case of the disease-free condition, the basic reproductive number is not greater than one that
gives the disease-free equilibrium (E,), which is local asymptotically stable. The model is used the
basic reproductive number about 0.8684. The simulation was shown the number of infectious,
pathogen and susceptible sites decreased but the protected plant increased. The solution converges to
the disease-free state, which means the infection and pathogen tend to zero when there is appropriate
time as shown in Figure 3.
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Table 3. Parameters values used in numerical simulation.

Notation  Biological meaning Valu Ry</ Value Rp>/ Unit References
K Planted rate of susceptible 10 10 NSites day! [2]
R, Rate of primary infection 0.05 0.4 day! 2]
R, Rate of secondary infection 0.05 0.1 day! [2]
H Natural death rate 0.0083 0.0083 day! [2]
1/i Death rate of infect 1/19 1/19 day’! [6]
c Growth rate of the pathogen 0.0072 0.0072 day! [3]
& Death rate of pathogen 0.1236 0.1236 day! [4]
T The effective of botanical fungicides 0.1 0.1 day’! [8]
The rate of damage to the botanical
o S 0.001 0.001 day! [8]
fungicide given to the plant host
Dynamics of population, Ru <1
600 T T
500 - b
Susceptible
= = =Infectious
----- Pathogen
400 r‘ e Protection | |
g
Yy 1Y
E 300 —',l ‘\‘ .
IS 1o
=z | % %

Time (days)

Figure 3. Brown spot disease dynamics model for pathogen-free condition R, =0.8684 .

The model is used the basic reproductive number about 2.0236 in case of endemic condition,
which is greater than one. So, it leads to the endemic equilibrium (E;) giving the global asymptotically
stable when R, is greater than 1. The simulation was shown that the infectious, pathogen and
susceptible sites converged to the endemic equilibrium steady state when there is a suitable long time

while the number of the protected plant increased. The solution curve tends to the endemic equilibrium
as shown in Figure 4.
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Dynamics of population, Ro >1
600 T T T T T

500 “"...«' =t

a00 |
Susceptible

1 \ = = =Infectious
X ‘ e Pathogen
\ “_-"' e Protaction

300

Number of sites

Time (days)
Figure 4. Brown spot disease dynamics model for pathogen condition R, =2.0236.

In Figures 5 and 6, the result of susceptible plant with control is lower than that without control
because the susceptible site is moved to the protected site as shown in Figure 5. In the same way, the
result of infected plant with control is lower than in case of without control because the infected site
was protected by botanical fungicide as shown in Figure 6. Therefore, these results can be interpreted
that the botanical fungicide can reduce the spread of leaf brown spot disease.

300 T T T T T T

—without control
= = =with control

Susceptible (Nsites)
g g

-
=]
=

Time (days)

Figure 5. Variation in susceptible plant with control and without control.
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500 T T T T T T
—without control 7
= = =with control

—
%)
2 J
@
=
<
w <
=
i=]
=
(&}
Rl ]
£

50 4

o L I | L | L
0 20 40 60 80 100 120 140

Time (days)
Figure 6. Variation in infected plant with control and without control.

In Figure 7 show the proportion of fungicide used to protect plant from fungi. Here we choose
Ay = 2,A; = 5 using optimal control requires to maintain the control at 100% for 119 days before
dropping to its lower bound. it appears that in the presence of fungicide control, susceptible plant and
protected plant will grow more than without fungicide control.

09 M

08 i

06

05

04

03

w

) L L ! L !
o 20 40 60 80 100 120

Time (days)

Figure 7. Variation of control fungicide with respect to time.
4. Discussion

In this paper, we have presented and analyzed a differential system of the SIXP model. The model
has two equilibrium points. The disease-free equilibrium (E,) and endemic equilibrium (E; ). It is found
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that Ry < 1the disease-free equilibrium is locally asymptotically stable as guaranteed by Theorem 2.1.
The Lyapunov function theory is used for disease-free equilibrium that is globally asymptotically stable
if Ry < 1the as guaranteed by Theorem 2.2. The epidemic equilibrium of the model is locally
asymptotically stable when Ry, > 1 as guaranteed by Theorem 2.3. The Lozinskii measure and additive
compound Metrix Theorem is used to address dynamics stability issues that arose from the solution of
nonlinear differential equations. If Ry > 1, the endemic equilibrium is globally asymptotic stable as
guaranteed by Theorem 2.4.

5. Conclusions

As a result, we discovered that the numerical simulation results verified the analytical findings of
the propagation of the leaf brown spot disease in rice with standard incidence rate. The occurrence of
brown spot illnesses in rice can be represented by the developed model. The endemic equilibrium and
the disease-free equilibrium are the two equilibrium points in the SIXP models. Constructing a suitable
Lyapunov function is observed that the global asymptotic stability of the disease-free equilibrium
depends on the basic reproduction number (R,). If Ry < 1the, then the endemic equilibrium is globally
asymptotically stable by using the estimate of the Lozinskii measure applied to the systems. The
sensitivity indices of the reproductive number and endemic equilibrium are determined and optimal
control strategy. Parameters in the model illustrate that to reduce the spreading of leaf brown spot
disease, the parameters Rc, Rx, i, ¢ must be reduced. In practice, botanical fungicide is one factor that
can reduce the value of R, Ry, i, 6. The control plots we developed indicate that the site of susceptible
and infected decreased in the optimality system. The results show that the modified model by
considering the botanical fungicide can reduce the spreading of leaf brown spot disease. In addition,
the numerical simulations were also to support the theoretical hypothesis and approach epidemic
control. The study results suggest that the botanical fungicide can reduce the spreading of leaf brown
spot disease.
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