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1. Introduction

Though periodic boundary conditions do not belong to three traditional boundary conditions
(Dirichlet, Neumann, and Robin boundary conditions), which are commonly used in mathematical
physics, they still can be found in the research of scientific and engineering problems, such as the
interaction between solutions of the nonlinear Schrodinger equation [1] or KdV equation [2],
isotropic uniform turbulence problem [3], and so on. In addition, under the polar, cylindrical, and
spherical coordinates, we note that they are also periodic [4,5] in the 8 direction. Thus, it’s obvious
that physical models with periodic boundary conditions also have significant application. As a model,
we first consider the following two dimensional fourth-order problem with periodic boundary
conditions and variable coeflicients:

A -VaVy) +By =f, XeQ, (1.1)
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OY(x) _ OY(x; + Ly, x2)

Y(X) = Y(x; + Ly, x2), 5 (1.2)
X1 le

Y(X) = Y(x1, x2 + Ly,), 6:;’()() G sz), (1.3)
%) axz

where « is a nonnegative bounded periodic function, 8 is a positive bounded function, x = (xy, xp),
Ly, = X1g = X115 Ly, = Xog — Xou, Q = (X1, X12) X (X2, X2z).

The fourth-order problems can be found in the applications to thin beams and plates [6, 7].
Besides, many complex nonlinear problems also need to solve a fourth order problem
repeatedly [8—13]. In the past decades, there have been many existing results for the theoretical
analysis and numerical research of the fourth-order problems, mainly including various finite element
methods [14—17], spectral methods and some high-order numerical methods [18-27]. However, to the
best of our knowledge, there are few report on the fourth-order problems with periodic boundary
conditions and variable coefficients [28]. As aforementioned, periodic boundary conditions have
significant applications in some science and engineering [29,30]. Thus, it is meaningful to construct
an efficient and high-order numerical scheme for the fourth-order problems with periodic boundary
conditions and variable coeflicients.

The aim of this paper is to propose an efficient algorithm based on the Fourier spectral-Galerkin
approximation for the fourth-order elliptic equation with periodic boundary conditions and variable
coefficients. First, by using the Lax-Milgram theorem, we prove the existence and uniqueness of
weak solution and its approximate solution. Then we define a high-dimensional L? projection
operator and prove its approximation properties. Combined with Céa lemma, we further prove the
error estimate of the approximate solution. In addition, from the Fourier basis function expansion and
the properties of the tensor, we establish the equivalent matrix form based on tensor product for the
discrete scheme. Finally, some numerical experiments are carried out to demonstrate the efficiency of
the algorithm and correctness of the theoretical analysis.

The rest of this paper is organized as follows. In next section, we derive the weak form and
associated discrete scheme. We give the error estimation of approximate solutions in section 3. In
section 4, we present an efficient implementation of the algorithm. In section 5, we extend the
algorithm to a three-dimensional case. In section 6, we carry out some numerical experiments.
Finally, we make some concluding remarks in section 7.

2. Weak form and discrete scheme
We shall derive the weak form and discrete scheme associated with problem (1.1)—(1.3). Denote

by H™(Q) the usual m-order Sobolev space, || - ||,, and | - |,, denote the norm and semi-norm in H"(L2),
respectively. In particular, we have

HOQ) = 1X(Q) = {¢ : f WPdx < oo}
Q

with the following inner product and norm
1
oo = [ weax. il =( [ whdx)"
Q Q
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where @ is the complex conjugate of ¢. Define
HYQ) = {:// € H*(Q) : y satisfies the periodic boundary conditions (1.2) and (1.3)}

with the following inner product, norm and semi-norm:

2
W.9na= fg Dy D gdx,

/=0
2 1
Wlho = ( D ID"WIP)’,
la]=0
1
Wha = (D ID"IP),
laj=2
where D = %, a = (a1, @), |a| = a; +a,. We further denote by H}(Q) the subspace of H™(Q)),

which consists of functions with derivatives of order up to m — 1 being 2r-periodic.
Then a weak form of problem (1.1)—(1.3) is: Find ¢ € H;(Q), such that

a(y, ) = F(p), Vg € Hy(Q), 2.1)

where
a, ) = f AYApdx + f aVyVedx + f Bu@dx,
Q Q Q
F) = [ fadx
Q

Define an approximation space of HI%(Q) as follows:

=ML

X)) = span{eim Ly

2L

B = 0,1, M, gl =0, 1,0+, M),

i2nq
e

Then the corresponding discrete scheme of the weak form (2.1) is: Find ¢,, € Xj,(€2), such that
aWus pu) = F(pu), You € Xp(Q). (2.2)

3. Error estimation of the approximation solution

In this section, we shall first prove the existence and uniqueness of weak solution and its
approximate solution, and then further prove the error estimate between them.

3.1. Existence and uniqueness

For the sake of brevity, we denote by a < b that a < ¢b, where c is a positive constant. Without loss
of generality, we shall confine our discussion to the following assumptions:

, = in(t;a(x) >0, @ :=supa(x) < oo, (3.1
Xe xeQ

B. = infA(x) > 0, B := supB(x) < oo, (3.2)
Xe xeQ

Q = (0,27) x (0, 2m). (3.3)
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Lemma 1. For any Y, ¢ € HIZ,(Q), the following equalities hold:
Py 0% Py ¢ Py 0*p
dx dx,
Q Q

= ——d = —_—
Q 3x16xz (9)C1(9X2 8xf 6x§ X 0x§ 6xf

2 2.7 2 2.7 2.7 A2
[0 0 g [PeP0y_ [0S,
Q

- 2 2
Q axl 6)62

(9x18x2 axlaxz - o) 6_)% (9)%

Proof. Using the integration by parts, we have

f 82,70 82¢ dX—fZﬂ 52W %
q 0x10x; 0x10x, B 0o 0x10x; 0x>

x1=2m1 o 0@
1 dx, — f d —()Ddx
x1=0 Q 8)%8)62 0xy

fzn 8217[/ (’)"_0 x1=2n1 fzn 621,// 69‘0 X=21
= o dx; — — X1
0 6x16x2 6x2 x1=0 0 0)5% axz x2=0
2 2~
+ f %6—(’003&
o 0x% 9x%

From (1.2) and (1.3), we derive that

PY(x) B 0" (xy, xp + 21) 8_¢(X) _ 0@(xy + 2m, x2)

(9X16X2 a 8X1(9x2 6)62 ﬁxz
PY(x)  OY((x) +2m,x0) 0p(X)  Op(xy, x; + 27)
6x16x2 B (9x1(9xz ’ axz B 8xz )
Then we have
21 02,7[/ 6_@ xo=21

X]IO.

x1=2m1 21 & O
dx, :f _w_(,o
0

0 6)(1(9)62 6x2 x1=0 0)6% ébcz x=0

It follows from the above equality that
iV ol f Vi
dx
Q

= — —dx.
o 0x10x, 0x,0x> dx? 0x3 X

We can obtain the following equalities in the same way

2 2~ 2 2~ 2 2~
TR N LN T
Q Q

o 0x10x, 0x,0x> dx? 0x3 dx% 0x3
o’y Y 0%y %y 0%y %y
dx= | ———=dx= | ——=dx.
Q (9x18x2 6x1c')xz o) 6xf 6x§ Q (9)6% (9)6%
Lemma 2. For any ¢ € Hf,(Q), the following inequalities hold:
o , 1o, 1 f ’v
—"dx < = + = —|"dx,
[ 15 < S + 5 o

o , |- 1f52%02
—Pdx < = — | |=5Pdx.
fg'a)@' x < Sl + 5 Q|ax§| X
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Proof. We derive from integration by parts that
2 p2n
I
YA o p2n
[l [ e
fﬂfﬂy/idw fg|l,//|2dx)2(fg|Z%’|2dx)é
<5loif+ 5 [ 15 |—|2d

Wy L T
fg'a)@' < SlP + fg|62 d

This finishes our proof. O

Similarly, we can obtain

Lemma 3. Let a(x), B(x) € L>(Q) satisfy the assumptions (3.1) and (3.2). Then a(y, ¢) is a continuous
and coercive bilinear form in H,(Q) x Hy(Q), i.e.,

la@, o)l < O Wlh.allgll.o,
a@, ) = Q.15 o
where Q° = max{l, a",5"}, Q. = %min{l,ﬂ*}.
Proof. Employing Lemma 1, we obtain that
2 2 = 82 62 82 82 (92 62
Q a0 0x? 6x1 ax% 8x2 axg 8x1 6x§ 8x2
a%p 0*p 5 oy 0p . oMy 0*p

ovIe, %) ax.
o 0x7 Ox; 0x10x, 0x10x,  0x3 (9x2)

Then, using Cauchy-Schwarz inequality, we can derive that

W, 0] = | f AUAZdx + f AVYTdx + f Bugds]

< [B808 atl T Ch T
ox 2 ox 2 6x1(9x2 leaxz 6 (9 2

oy Oy o 0p f
— |+ |——\d * d
f(lﬁxl 0x1| 'ax2a 2|) X+p ngol X

< max{l,a", B }I¥lhallelhq.

On the other hand, using Lemma 2, we can derive that

*y *v ., Y,
- [1Z¥p 42 d
a9 L(l ox? * |6x16x2| * |(9x§| Jdx
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+fa(|a—¢’|2+Ia—wlz)dX+f,3ll//|2dX

Pv Py, Y, )
f(l 1P+ Txidx 2| Iazl)dX+B fgllﬁl dx
P 2 2
lﬁz Py, Y, 2
n{1 -
B} f (gt + g+ 5 o
1
2 5m in{1, B3 -
This finishes our proof. O

Lemma 4. If f(x) € L*(Q), then F(¢) is a bounded linear functions on HIZ,(Q), ie.,

IF(@)l < lI¢ll20-

Proof. In light of definition of F(¢) and Cauchy-Schwarz inequality, we have

IF(g)l = | fg fax
b [
<( [ vreax) ([ IoPax)
<llell.o-

The proof is completed. m|
From Lemma 3, Lemma 4 and Lax-Milgram theorem, we have following theorem:

Theorem 1. If f(x) € L*(Q), then problems (2.1) and (2.2) have unique solutions y(x) and y,,(X),
respectively.

3.2. Error estimation

Theorem 2. Let y(x) and yr,,(X) be the solutions of the variational form (2.1) and discrete scheme (2.2),
respectively. Then it holds that

o = Yulho < Inf [ — @ulho.
peXym
Proof. We obtain from (2.1) and (2.2) that

a, n) = Flou), You € Xu(),
aW, on) = F(oy), Yo, € Xy(Q).

Then we have

a@W = Y, ou) = 0, Yo, € Xy (). (3.4)
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Form Lemma 3 and (3.4), we arrive at

W = vull3.q S aW — ¥ — v
=a(y — Y, ¥ — Oy + Oy — Yy)
=aWy — Yy, — ou) + aly — Yy, oy — Yy
S W = Yulbolly — eulbo,

which is equivalent to the following form

I = dulla < W = @ullza, You € Xu(Q). (3.5)

From (3.5) and the arbitrariness of ¢,,, the desired result follows. O
LetIT,, : L*(Q) — X(Q) be a L?-orthogonal projection:

1wy =, ) =0, VYo e Xy(Q).
Theorem 3. For any y(x) € H(Q) and 0 < u < m, there is a constant C such that the following
inequality holds:
”HMl/’ - w”y,ﬂ < CMﬂ_mlwlm,Q‘
Proof. We first derive that
Da(w _ HMl,b) — Da Z l//tqeitxﬁiqxz — Z (it)‘” (l-q)(tz l//lqeitx1+iqx2.
ltl>M,Jql>M Itl>M.lql>M

For any |a| : 0 < || < u < m, taking @y < m;, a, < m — my, we have

D" - TL)IP = 2o > 21y,

[t|>M,|g|>M

_ (2ﬂ)2 Z (2lr-m1) qZ[QQ—(m—ml)]lthZth] q2(m—m1)
[t]>M,|g|>M

< (27T)2M2(a1—m1)MZ[az—(m—ml)] Z |lﬁrq|2t2mlq2(m_ml)
[t1>M,|ql>M

< pp2led=m) Z (27T)2|l/'fq|212m1 q2(m—m1)
|£/=0,|¢1>0

< MYl o,
by making a summation for || from O to i, we can obtain the expected results. O

Theorem 4. Let 1, (X) be the approximation solution of Y(X). If y(x) € H}}(Q), the following inequality
holds

I = Yulha S M Wno-

Proof. According to Theorem 2, we have
W = Yullao < inf Y — @ullo-
peXy
We derive form Theorem 3 that

W = Yuloa < W = Tloa € M Wlna
The proof is completed. O
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4. Efficient implementation of the algorithm

In this section, we will describe the implementation process of the algorithm in detail, and give a
brief pseudo code. To solve (2.2) by Fourier spectral method, we shall look for

M M
=3 Y getenn, @.1)

[71=0 lg|=0

Let
w—M,—M T ‘W—M,O e wa,M

Y = wO,—M ‘e l//0,0 e l//O,M

I!’Mﬁ—M ‘e lr//M,O ‘e wM‘M

We denote by ¥ a column vectors with (2M + 1)? elements, which consist of 2M + 1 columns of V.
Let g, (x) = e”*e72 (||, ][] = 0,1,---, M), then we have

f Ay, AG, dx

2 2
— Z Z qu f f A(ettxl thz)A(e—thl e—tlxz)dx

lt|= 0|q| 0

= Z Z l//zq(skzmlq + 081 + 801y + mktslq)
[71=0 |g|=0

=S (k, ) UM, )T + Ok, ) UG, )" + Gk, YUO(, )T + M(k, )US (I, )"
=M :)®SKk,:)+G(,)®O0Kk,:)+ 01 :)RG(k,:)+SU,:)® Mk, )P,

where

_ 2.2 _ 2M+1 _ 2M+1
Su =21kt 0k, S = (skt)|k\ lt=0> Mkt = 276, M = (mkz)|k|,|t|:0,
— 2 _ 2M+1 _ 2M+1
O = 2mk"6y, O = (0A1)|k| l=0> 8x = 2nt* 0w, G = (dkx)|k|,|t|:0a

S (k, ;) indicates the k-th row of the matrix S, M(k,:), O(k,:) and G(k, :) are similar to S (k, :).

® represents the tensor product of matrix, i.e. M ® S = (m,,S )i

\Y MV_Md = » \v} itxy ,igxs \V/ —ikx) —ilxy d
fgoz(x)l/’<ﬁxzzwfa(x)(ee)(ee)X

lt|= 0|q| 0

= Z Z l/l,q(tk + ql) f G’(X)e”xl thze—lk)q €_llx2dX

[71=0 |g=0
A+ M+ 1)+ 2M + Dk + M), )¥,

AIMS Mathematics Volume 8, Issue 4, 9585-9601.
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M M
M_M dx = u itxy Jiqxy —ikxy —ilxa d
Lﬁ(x)ﬁl’ ¢,4X Zzlﬁ L,B(X)e e e™ e X

71=0 |g1=0
=B((l+ M + 1)+ M + D(k + M), ¥,

where

_ 2M+1 _ itxy igxy —ikxy —ilx
A= (ak’lq)lkl,ltl,lll,lqlzo’ak’l‘l = (tk + ql) f a(x)e™ e e 2 dx
Q

itx1 iqxa ,—ikxi =il
B = (brtg)iji g0 Diatg = Lﬁ(X)e”x‘e’q"ze e gy
Then the equivalent matrix form based on tensor product for the discrete scheme (2.2) is as follows:

M®S +G®0+00G+S®M+A+BVY =F, (4.2)

where
F = (fidiido fir = f fx)e e dx.
Q

Note that when «, 8 are constants, we know from the orthogonal property of Fourier basis functions
that the stiffness matrix and mass matrix in (4.2) are all sparse, so we can solve (4.2) efficiently.
However, for general variable coeflicients «, 3, the stiffness matrix and mass matrix are usually full. In
that case, we can use the preconditioned iteration method or Schur-complement approach, i.e., block
Gaussian elimination to solve (4.2).

5. Extension to three-dimensional case

In this section, we shall extend our algorithm to three-dimensional case. As a model, we consider
the following three dimensional fourth-order problem with periodic boundary conditions:

A —VVy) +By = f, xeQ, (5.1)

W(x) = Y(x, + Ly, X0, X3), ‘98‘”(") _ oln Ly, 3o, x3), (5.2)
X1 (9)61

W(x) = Y(x1, X2 + Loy, x3), (9;/()() _ W+ L, x3), (5.3)
X 0x>

V0 = x5+ L), o = O, X0 %+ by), (5.4)
X3 0x;3

where a and S are constant coefficients, Ly, = X1z — X1, Ly, = Xox — X2, Ly = X3, — X3, X = (X1, X2, X3),
Q = (X1, X12) X (X1, X2z) X (X31, X34).

Similar to two-dimensional case, we can derive the weak form and discrete scheme for the three-
dimensional case. Define a Sobolev space:

HIZ,(Q) = {W e H(Q) : Y satisfies the periodic boundary conditions (5.2) — (5.4)}.

AIMS Mathematics Volume 8, Issue 4, 9585-9601.
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Then a weak form of (5.1)—(5.4) is to find ¥ € H?,(Q), such that
ay, ) = F(p), Yo € Hy(Q). (5.5)
Define an approximation space:

X1 =X1 .

i 2 =L i < X3—X3], .
Xu(Q) =span{e " ™ e T ¢ ) gl 1jl = 0,1, -+, M),

Then the corresponding discrete scheme for the weak form (5.5) is to find ¢, € X3,(Q2), such that

aWu, o) = F(oy), Yo, € Xy(Q). (5.6)

We shall derive the equivalent matrix form based on tensor product for the discrete scheme (5.6).
Let

M M M

wM = Z Z Z wl itxy quzezm (5_7)

[1=0 lg|=01,1=0

J J J
l/I—M,—M T l//—M,O o l/’—MA,M

le = lﬁ({,_M o W({,o o lp({,M

View = o Wl
We denote by ¥/ a column vectors with (2M + 1)? elements consisting of 2M + 1 columns of /. Let

= (P, P ... P") and denote by ¥ a column vectors with (2M + 1)° elements consisting of
2M + 1 columns of V. Taking ¢, (x) = e~ *1e=ib2e=ipxs (k| |l),|p| = 0,1,--- , M), then we have

f AwMASDMdX Z Z Z lp”] f A(eitxleiqxzein3)A(e—ikx1 e—ilxze—ipX3)dX

1=0 l¢1=0 |j1=0
M M M

— § § § J
- lr//lq(sktmlqmpj + Oktolqmpj + Oktmlqopj + Oktolqmpj

[11=0 |g|=0 11=0
+ my,s,,m,; + m,0,0,; + 0,,m,0,; + N,,0,,0,;
+ m,my,s,;)
=[M(p,)@M(,:)®S(k,:)+ M(p,:)® O(,:)® Ok, )
+O0(p,)®M(,:)®O(k,:) + M(p,:) ® O(,:) @ Ok, :)
+M(p,)S(,:))®M(k,:) + O(p,:)® O(l,:) ® M(k,:)
+O0(p,)dM(,:)®0(k,:)+ O(p,:)®O(,:) ® M(k, :)

+S(p, )@ M, M(k,)]|?,
M M M

f VwMVSOMdX — Z Z Z ,7[1 f V(eitxleiqxzein3)V(e—ikx1 e—ilxze—ipx3)dx

[11=0 14|=01,1=0

AIMS Mathematics Volume 8, Issue 4, 9585-9601.
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M M M
— § § § J
- lr//lq(oktmlqmpj + Oktmlqopj + mktmlqopj

11=0 1¢1=0 |j1=0
=[M(p,:)®@ M(l,:) ® O(k,:) + O(p,:) ® M(l,:) ® O(k,:)

+M(p,:)® M(l,:) ® Ok, )]P,
M M M

[pan=33 5w |

itx ethz etjx3e—th1 e—llxz e—th3 dx

e
11=0 1¢1=0 | /1=0 Q
M M M
- 'ﬁzqutmlqmn/’
111=0 Igl=0 [j1=0

=[M(p,:)® M(l,:) ® M(k,:)]¥.
Then the equivalent matrix form based on tensor product for the discrete scheme (5.6) is as follows:
A+B+0O)V¥ =7,
where

A=MIMRSS +MRAORO0+0MIO0+M0&0
+MRISOIM+0QQ0IM+0IMRIOVD+0R30IM+S MM,
B=MIMRIOD+O0OIMOIV+MIMSIO, C=MeMQM,

2M+1 _ikxt —ilt i
F = Uidiipizo Sitp = f f(x)e™ e e X,
Q
6. Numerical experiments

In this section, we shall perform some numerical experiments to confirm the correctness of

theoretical analysis and the effectiveness of our algorithm. The programs are compiled and operated
in MATLAB 2018b.

6.1. Two dimensional case

Example 1. We take @ = 1, 8 = 10 and choose the exact solution ¢ = sin4x; sin 8x,. Then f can be
obtained by plugging ¢ into the Eq (1.1). We shall solve (1.1)—(1.3) by using the algorithm proposed in
section 4. We list in Table 1 the errors between the exact solution and the approximate solution under
H? norm, H? seminorm and L? norm respectively for different M. In addition, we also present their
comparison figures and absolute error figures for different M in Figures 1 and 2.

We observe from Table 1 that the approximate solution i,,(x) reaches about 10~!? accuracy when
M > 8. Besides, we also see from Figures 1 and 2 that the approximation solution converges to the
exact solution.

Remark 1. Though the proof of well-posedness of weak solution requires a to be a nonnegative
bounded periodic function and B to be a positive bounded function, our algorithm is still valid for
some large and negative a and 3, and the corresponding numerical results are listed in Table 2.

AIMS Mathematics Volume 8, Issue 4, 9585-9601.
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Table 1. The error between exact solution and approximation solution.

Iy =yl 153.4243 153.4243 8.8628e-13 8.9344e-13
|l — rylo 150.7964 150.7964 8.682%¢-13 8.7548e-13

Il =l

3.1416

12.9165¢e-14

2.9192e-14

Figure 1. Comparison figures between

(right) with M = 10.

o x1

exact solution (left) and approximation solution

Figure 2. Error figures between exact solution and approximation solution with M = 10

(left) and M = 15 (right).

Table 2. The error ||y — ||, between exact solution and approximation solution for different

a and B.

a, B M=4 M=6 M=38 M=10
a=1,=-10 153.4243 153.4243 1.2239¢-12 1.2306e-12
a=1, =-100 153.4243 153.4243 1.7578e-12 1.7625e-12
a=1, g=-1000 153.4243 153.4243 6.2198e-12 6.2216e-12
a=-10,6=1 153.4243 153.4243 2.7402e-12 2.7431e-12
a=-100, B=1 153.4243 153.4243 6.1361e-10 6.1371e-10
a=-1000, g =1 153.4243 153.4243 9.3114e-13 9.6030e-13
a=-10, 8=-10 153.4243 153.4243 2.7778e-12 2.7800e-12
a =-100, g =-100 153.4243 153.4243 6.7819e-12 1.4656e-11
a =—-1000, g = -1000 153.4243 153.4243 3.3564e-13 4.1513e-13

AIMS Mathematics
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Example 2. We take @ = sin(x; + x») + 2, 8 = €% and choose the exact solution y = ¢Sn¥1+x2),
We list in Table 3 the errors between the exact solution and the approximate solution under H? norm,
H? seminorm and L? norm respectively for different M. Similarly, we also present their comparison
figures and absolute error figures for different M in Figures 3 and 4. In order to further show the
spectral accuracy of our algorithm, we present in Figure 5 error figures between exact solution and
approximation solutions under L? and H? norms for different M.

We observe from Table 3 that the approximate solution i,,(x) reach about 10~!! accuracy when
M > 12. We see from Figures 3-5 that the approximation solution exponentially converges to the exact
solution.

Table 3. The error between exact solution and approximation solution.

M M =38 M =10 M=12 M=14
[l = Wull2 6.9210e-06 2.3352e-08 5.2053e-11 3.7072e-14
|l — Yl 6.8925e-06 2.3288e-08 5.1950e-11 3.1910e-14
Iy = ull 4.9097e-08 1.1108e-10 1.7815e-13 9.4959e-15

Figure 3. Comparison figures between exact solution (left) and approximation solution
(right) with M = 14.

Figure 4. The error figures between exact solution and approximation solution with M = 12
(left) and M = 14 (right).
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Figure 5. The error figures between exact solution and approximation solutions under L?
(left) and H? (right) norms for different M.

6.2. Three dimensional case

Example 3. We take @ = 1, 8 = 1 and choose the exact solution ¥y = cos 3x; cos4x, cos 5x;. We
list in Table 4 the errors between the exact solution and the approximate solution under H> norm, H?
seminorm and L? norm respectively for different M.

We observe from Table 4 that the approximate solution reach about 10~'* accuracy when M > 8.
That is to say, even in the three-dimensional case, our algorithm still has spectral accuracy.

Table 4. The error between exact solution and approximation solution.

M M=4 M=6 M=38 M =10
I — ¢yl 281.2419 7.5429¢-13 7.8632e-13 7.9945e-13
W — Wl 278.4164 7.4226e-13 7.7431e-13 7.8757e-13
Iy — yull 0.0512 2.2170e-16 2.2428e-16 2.2440e-16

Example 4. We take @ = 1, 8 = 1 and choose the exact solution ¢y = ¢®°*17¢052+¢9555 We list in Table 5
the errors between the exact solution and the approximate solution under H? norm, H* seminorm and
L? norm respectively for different M.

We observe from Table 5 that the approximate solution reach about 10~'° accuracy when M > 12.
Again, our algorithm has spectral accuracy.

Table 5. The error between exact solution and approximation solution.

M M=6 M=38 M=10 M=12
ly — ¥l 0.0071 3.9971e-05 1.3439e-07 2.9897e-10
lyr — Wyl 0.0070 3.9726e-05 1.3384e-07 2.9809e-10
Il — rull 1.2946e-06 4.4641e-09 1.0100e-11 1.6372e-14

AIMS Mathematics Volume 8, Issue 4, 9585-9601.
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7. Conclusions

We have developed an efficient Fourier spectral-Galerkin method to solve the fourth-order elliptic
equation with periodic boundary conditions and variable coefficients. Firstly, we prove the error
estimations between the weak solutions and approximation solutions. Then we derive the equivalent
matrix form based on tensor product for the discrete scheme. Numerical experiments validate the
theoretical analysis and algorithm. Besides, the method proposed in this paper can be extended to
some more complex linear and nonlinear equations, such as fourth-order parabolic equation [31],
Cahn-Hiliard equation, Gross Pitaevskii equation, which is our future research goal.
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