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Abstract: A new generalization of classical topology, namely infra topology was introduced. The
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under a weaker condition than topology, and second, the possibility of applying infra-interior and infra-
closure operators to study rough-set concepts. Herein, we familiarize new concepts in this structure
and establish their master properties. First, we introduce the notions of infra-connected and locally
infra-connected spaces. Among some of the results we obtained, the finite product of infra-connected
spaces is infra-connected, and the property of being a locally infra-connected space is an infra-open
hereditary property. We successfully describe an infra-connected space using infra-open sets, which
helps to study concepts given in this section under certain functions. Then, we determine the condition
under which the number of infra-components is finite or countable. Second, we define the concepts
of infra-compact and infra-Lindelof spaces and study some of their basic properties. With the help of
a counterexample, we elucidate that the infra-compact subset of an infra-7, space is not infra-closed,
in general. We end this work by one of the interesting topics in mathematics “fixed point theorem”,
we show that when the infra-continuous function defined on an infra-compact space has a unique fixed
point. To elucidate the topological properties that are invalid in the frame of infra topology, we provide
some counterexamples.
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1. Introduction and preliminaries

In [1], the author introduced and analyzed infra-topological spaces, which are derived from
topological spaces. He studied the attributes of subsets of infra topological spaces such as infra
derived set, infra-interior set, infra-closure set, infra-exterior set, and infra-boundary set. Witczak [30]
investigated some applications of infra topologies and explained some shortcomings in [1].
Extensions of a topology are a popular area of topological studies, so there are several types of these
extensions in the published literature such as supra topology [4, 24], generalized topology [14, 15],
minimal structure [23], weak structures [16] and generalized weak structure [12].

Many researchers exploited topological structures and their main concepts to handle real-life issues
as investigated in [2,3,7,19,21,25-28]. Recently, some authors have applied some generalizations
of topology to information systems; for example, topology [11], supra topology [10,20] and minimal
structure [13, 18]. These studies motivate us to make a contribution to constructing the frame of infra
topologies because we anticipate that the environment of infra topology will be convenient to describe
some practical problems. In addition, we observe that many topological properties are still valid on
infra-topological spaces, which means we can dispense some topological stipulations. So, we aim
through this paper to conduct an exhaustive analysis of infra-topological spaces.

We organize this manuscript as follows. In Section 2, we define the concept of connectedness
via infra topologies. We show that the injective infra-continuous image of an infra-connected set is
infra-connected, and prove that the property of being infra-connectedness is preserved under the finite
product of spaces. Then, we give a brief overview of infra-locally connected spaces with its some basic
properties. We close this section by demonstrating that all distinct infra-components forms a partition
of a space and elucidating the infra-components are preserved under infra-homeomorphism functions.
In Section 3, we introduce the concept of infra-compact and infra-Lindel6f spaces and analyze some
properties of these two concepts. We note the validity of some properties of compact and Lindelof
spaces via infra topological structure. As an application of infra-compact spaces, we investigate some
properties of fixed point theorem. In Section 4, we mention the advantages of studying topological
concepts via the frame of infra topologies. Ultimately, conclusions, contributions, and upcoming work
are provided in Section 5.

The family ® € 2% is an infra topology on a non-empty W if ) € ® and O is closed under finite
intersection, the space (W, ©) is called an infra topological space(denoted by infra-7'S ). Every member
of O is called an infra-open set and its complement is called an infra-closed set and the infra-clopen
subset is a set which is both infra-open and infra-closed. The infra interior points of § € W, denoted
by iIn#(S), is the union of all infra-open sets that are contained in S and the infra closure points of
S, denoted by iCI(S), is the intersection of all infra-closed sets containing S [1]. The difference of
infra-closure and infra-interior of a subset S of (W, ®) is named infra-boundary points, symbolized by
iBd(S). A subset S is an infra neighborhood, denoted by infra-nbd, of x if there is an infra-open set S *
withxe S*CS.

In the rest of this section, we recall some basic concepts and results that we need through the content
of this manuscript.

Definition 1.1. [/] Let (W, ®) be an infra-TS and S C W. A point x € W is called an infra-limit
point of S if S (G — {x}) # ¢ for each G € O with x € G.
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Theorem 1.2. [30] Let (W, ©) be an infra-TS and S,G C W. Then:
(i) ilnt(S) C S and if S € O, then ilnt(S) = S;
(ii) x € ilnt(S) if there is G € O withx e G C S,
(iii) ilnt(G) C ilnt(S) if G C S;
(iv) ilnt(ilnt(S)) = ilnt(S);
(v) ilnt(S (N G) = ilnt(S) () ilnt(G).
Theorem 1.3. [30] Let (W, ©) be an infra-TS and S,G C W. Then:
(i) S CiCIU(S) and if S is infra-closed set, then iCI(S) = S;
(ii) x € iCI(S) iff S NG # 0 for each G € O with x € G,
(iii) iCI(G) CiClU(S) ifG C S;
(iv) iCIACKS)) = iCI(S),
(v) iCI(S U G) =iCI(S)JiCUG),
(vi) W —ilnt(S) = iCI(W - §) and W — iCI(S ) = ilnt(W - §).
Definition 1.4. [9] An infra-TS (W, ®) is called:
(i) Infra-T, if for each x #+ y € W, there are S,S* € Owithxe€ S,y¢ S andye S*,x ¢ S";
(ii) Infra-T, (or an infra Hausdorff) if for each x + y € W, there are S,S* € O withx € S,y € S* and
SNS*=0;
(iii) Infra-regular if for each infra-closed set G such that x ¢ G, there are §,5* € @ with G C S,
xeS*and S O S* =0,
(iv) Infra-Ts if it is infra-T, and infra-regular.

Definition 1.5. [9] Let (W, Ow) and (W*, Ow-) be infra-TS s. A function  : (W, Ow) = (W*, Ow-) is
called:

(i) infra-continuous if ' (S*) € Ow for each S* € Oy-;
(ii) infra-open (resp. infra-closed) if y(S) € Oy for each S € Ow;
(iii) an infra-homeomorphism if ¥ is bijective, infra-open and infra-continuous.
Theorem 1.6. [9] Let {(Ws,05): 6 € A} be a family of infra-TS s. Then, ® = {[] S5 Ss € Os} is an

(=N
infra-TS on W = [| Ws.
0eA

Proposition 1.7. Let H,S be subsets of W and H*,S ™ be subsets of W*. Then
HXHYNS XS =HNS)XH" NSH).
Proof.
(x,y) € (HXH) [ (S x$*) & (x,y) € (Hx H')
and
y)elxS)Ve—= xeHANye H)YA(xeSAyeS) = xeHNS) Aye (H NS
(x,y) € (H(S) X (H"(S7).
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2. Infra-connected spaces

This section is divided into three subsection, as follows: infra-connected spaces and infra-cut points,
locally infra-connected spaces and components via infra topology. We shed light on the most important
properties and results related to these notions.

2.1. Infra-connected spaces and infra-cut points

Definition 2.1. Let (W, ©) be an infra-T'S. The subsets S,S* C W are called infra-separated if
s(icusm =icus)()s* =o.

Note that, if S,S* are infra-separated sets then they are disjoint but the converse is not true in
general. The next example validates this fact.

Example 2.2. Let
O={W,GCW:w ¢&Gand|G| <3}

be an infra topology on W = {wy, wy, w3, wy, ws}. Set S = {wi}and S* = {w,, w3, wy, ws}. Then, S and
S* are disjoint but they are not infra-separated sets because

S ﬂiCl(S*) =S ﬂW:S.

It is worthy to note that an infra-7'S (W, ®) given above is not a supra topological space because
{wo, w3} and {w4, ws} belong to ® but their union does not belong to ®. Hence, (W,0) is not a
topological space.

Proposition 2.3. Let (W, ®) be an infra-TS. If there are infra-closed sets Fs,Fs« C W with S C Fg,
S*CFsg-and Fs (\S* =Fgs- (S =0, then S,S* C W are infra-separated.

Proof. Since
iCI(S)C Fs cW-S7,

and
iICI(S")C Fg- CW -8,

we obtain

iCI(S) ﬂs* = iCI(S™) ﬂs = 0.

Definition 2.4. Let (W, ®) be an infra-TS. Then, (W, 0) is called infra-disconnected if W = S |JS*
where S and S* are non-empty infra-separated. Otherwise, (W, ®) is called infra-connected.

Example 2.5. It can be noted that the infra-TS (W, ®) given in Example 2.2 is infra-connected.

Example 2.6. Let (N, 0) be an infra-TS with ® = {N,G C N: 1 ¢ G or 3 ¢ G}. It is clear that
S ={1,2}and S* = {3,4,5, ...} are infra-separated subsets of (N,®) with S | JS* = N. So, (N, ) is
infra-disconnected.

Theorem 2.7. Let (W, ®) be an infra-connected TS. Then, the following statements are hold.
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(i) There do not exist two non-empty disjoint infra-open subsets such that their union is W;
(ii) There do not exist two non-empty disjoint infra-closed subsets such that their union is W;
(iii) If S is infra-clopen, then S is either O or W.

Proof. (i): Assume that W = S JS* where §,5* € ® and S (\S* = 0. Then, § € W - §* and
S* € W-S§ and hence by Proposition 2.3, S and S * are infra-separated. But (W, ©) is infra-connected;
therefore, either S =0 or $* = 0.

(i): Assume that W = S [ JS* where S,5* are infra-closed sets and S (| S* = 0. By (i) either
W-S=0orW-S5"=0.

(iii): Assume that S is a proper non-empty infra-clopen. Then, § J(W—-S5) =Wand S "(W-S) =
0. By (ii) either S =0 or W — § = 0, which is a contradiction.

The converse of the above theorem is false, in general, as it is shown in the next example.

Example 2.8. Let (R, ®) be an infra-TS with ® = {R,G C R : G is finite}. Note that ® does not
contain two non-empty disjoint infra-open (infra-closed) sets such that their union is W. Also, the
only infra-clopen sets in ® are the empty set and universal set. On the other hand, iCI({1}) = {1} and
iCI({1}) = {1} are infra-separated subsets of R; hence, (R, ) is infra-disconnected.

Remark 2.9. As it is well known that infra topology is a special case of infra soft topology and they
are equivalent if the set of parameters is singleton. So, according to the above theorem and example,
the directions (i) = (ii) = (iii) = (iv) of Proposition 3 of [8] is correct, but the converse is false, in
general.

In the next two results, we characterize infra-connected and infra-disconnected spaces with respect
to infra-open sets. This matter will help us to discuss the behavior of the main concepts presented in
this section under certain functions.

Theorem 2.10. An infra-TS (W, ©) is infra-connected iff there does not exist a family of infra-open
sets which their union is W and cannot be divided into two disjoint sets.

Proof. Necessity: Assume that there is a collection G = {Gs: 6 € A} of infra-open sets such that
W = Usea Gs and G can be divided into two disjoint sets, say

s={]Ja,

JEATCA

S* = U G,

JEATCA

and

Since G; C § for each j € A}, then
icls)()$* =0.
Similarly, iCI(S*)()S = 0. Hence, S and S* are two infra-septated sets with W = S JS".

Therefore, (W, ®) is infra-disconnected which is a contradiction.
Sufficiency: Assume that (W, ©) is infra-disconnected. Then, there are S, S* with

S ﬂ iCI(S*) = iCK(S) ﬂs* =0,
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and W =S (JS*. Now, for each x € § thereis x € G, € ® with G, () S* = 0 and for each y € S* there
isy € H, € ©® with H, (S = 0. Therefore,

G, CW-S"cS,

and hence § = | J G,. Similarly, §* = J H, and so

(JeoJH =w,
with (U G,) (U Hy) = 0, which is a contradiction.

Corollary 2.11. An infra-TS (W, ©) is infra-disconnected if there exists a family of infra-open sets
which their union is W and can be divided into two disjoint sets.

Proposition 2.12. Let (W, Ow) and (W*, Ow-) be infra-TS s.
(i) If (W, ®w) is infra-connected and Oy C O, then (W*, Ow-) is infra-connected.
(ii) If (W, Ow) is infra-disconnected and Oy C Oy, then (W*, Oy ) is infra-disconnected.
Proof. The proof is obvious.
The converse of the above proposition is false, in general, as it is shown in the next example.

Example 2.13. As we illustrated that the infra-TS (R, ®) given in Example 2.8 is infra-disconnected.
Set ¥ = {0, R, {1}} as another infra topology on R. It is clear that an infra-TS (R, X) is infra-connected
in spite of X C O.

Definition 2.14. Let (G,®g) be a subspace of an infra-TS (W,0). Then, G C W is called infra-
disconnected if G = S |JS* where S and S* are non-empty infra-separated. Otherwise, G is called
infra-connected.

Proposition 2.15. Let (G, Og) be a subspace of an infra-TS (W, ®). Then,

iCl(S) = G[ )iClw(S)
foreach S C G where iClg and iCly are infra closure operators in (G, ®g) and (W, ©®), respectively.

Proof. iClg(S)=F:S CF,G-F € 0
=M{F"NG:S CF'NGW-F*c0)
= {F*NG:S CF",W-F* €0}
=GN({F*:S CF,W-F*e0)
= G N iClu(S)

Corollary 2.16. A subset G of (W, ®) is infra-connected iff (G, ©c) is infra-connected.

Proof. For
S,8" CG,

we find

“(8 (iClus [ ictu(s) =0,
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if
@(ﬁwkmejV{]wkw»:WE=“wfﬁaMy»:@ﬁWm@w»:&
if
@fﬁady»:@ﬁka@»:W.
This ends the proof.

Lemma 2.17. Let G be an infra-connected subset of an infra-TS (W,0). If G € S |JS™* where S and
S* are infra-separated, then either G C S or G C S™.

Proof. Since the infra-connected set G can be written as

G:GHSUGHWL

where G (S and G () S* are infra-separated, then either G (S = 0 or G (| S* = 0. Therefore, either
GCS*orGCS.

Theorem 2.18. Let (W, ©) be an infra-TS. If G C W is infra-connected with G C€ H C iCI(G), then H
is infra-connected.

Proof. Suppose that H = S | JS* where S and S* are infra-separated. Then, G C S |JS™* and so by
Lemma 2.17, either GC S orGC S*. If G C S, then

HCiClG)CiCl(S)cW-S87,

similarly, if G € S, then H € W — §. Therefore, either S* = @ or § = (), which is a contradiction.
Hence, H is infra-connected.
Directly from Theorem 2.18, we can prove the following corollary.

Corollary 2.19. If G C W is infra-connected, then iCI(G) is infra-connected.
Proposition 2.20. Let (W, ®) be an infra-connected TS. If 0 # S # W, then iBd(S) # 0.

Proof. Assume that iBd(S) = 0. Then, iCI(S) = iInt(S) = S. This implies that iCI(S¢) = S€. Thus, S
and S © are infra-separated sets, which is a contradiction. Hence, iBd(S) # 0.

Theorem 2.21. A subset G of an infra-TS (W, ®) is infra-connected iff for each x,y € G there is an
infra-connected set H with x,y € H C G.

Proof. Necessity: Take H = G.

Sufficiency: Assume that G = § |JS* where § and S* are infra-separated, so there are two points x, y
with x € § andy € §*. Since x,y € G, it follows from hypothesis that there is an infra-connected set H
withx,ye HC G =S |JS*. By Lemma 2.17, either H C S or H C §*. This leads to that S (| S* # 0,
which is a contradiction. Hence, G is infra-connected.

Corollary 2.22. Let (W,0) be an infra-TS. If G = |Jsea Hs where Hg is infra-connected and
Nsea Hs # 0, then G is infra-connected.

Proof. Assume that G = S JS* where S and S* are infra-separated. Since (\scp Hs # 0, there is
x € Hs for each 0 € A. Now, either x € S or x € §*, say x € §. Then, by Lemma 2.17, Hs C S for each
0 € Aand so G C S, which is a contradiction. Hence, G is infra-connected.
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Proposition 2.23. Let ¢ : (W, Qw) — (W*, Ow-) be an injective infra-continuous function. If G is
infra-connected, then y(G) is infra-connected.

Proof. Assume that ¥(G) is infra-disconnected. By Theorem 2.10, there is a collection H = {Hj:
0 € A} of infra-open sets such that Y/(G) = |Jsea Hs and H can be divided into two disjoint sets, say

and

Since ¥ is injective,

G =y ' wG) =y JHs = Ju ' Hy.

oeA deA
Now, the collection

W (H) = (Y~ (Hs) : 6 € A)
can be divided in two disjoint sets, say |J ¢~ '(H,), U ¢ '(H,) and by Definition 1.5, ' (H;) €
JEATCA JEALCA
Oy for each 6 € A. Therefore, G is infra-disconnected which is a contradiction. Hence, ¥(G) is
infra-connected.

Corollary 2.24. An infra-connected space is an infra topological property.

Lemma 2.25. Let H and H* be subsets of infra-TS s (W, Ow) and (W*, Oy-), respectively. Then,
iCI(H x H*) = iCI(H) x iCI(H").

Proof. Suppose that (x,y) € iCI(H x H"). For any arbitrary infra-open subsets V and V* of W and W*,
respectively, such that x € V and y € V*, we have V X V* is an infra-open subset of W X W* contains

(x, ).
By assumption,
(VX V¥ ﬂ(H x H*) # 0.

We directly obtain that V(Y H # 0 and V* () H* # (. Thus, x € iCI(H) and y € iCI(H"). Hence,
iCI(H x H*) CiCI(H) x iCI(H").
Following similar arguments, we prove that iCI(H) X iCI(H*) C iCI(H x H").

Theorem 2.26. Let (W,Qw) and (W*,@w-) be infra-TSs. If (W,0w) and (W*,Qw-) are
infra-connected spaces, then (W X W*, Ow X Ow-) is infra-connected.

Proof. Assume that
W x W* = (HxH*)U(S X S%),
where (H X H*) and (S X S*) are infra-separated subsets of W x W*. Then, W = H|JS and W* =
H*|JS*. Since
iCI(H x H") (S x $") =0,
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or
(H x H*) ﬂ iCI(S x S*) = 0.

Say,
iCI(H x H*) ﬂ(s xS*) =0,

it follows from the above lemma that
(iCI(H) x iCI(H")) ﬂ(S xS§%)=0.
According to Proposition 1.7 we obtain
GCICH) () $) x (CUH" () S™) = 0.

Thus,
iCI(H) ﬂ S = 0 or iCI(H") ﬂ S* =0,

which means that (W, Ow) is infra-disconnected or (W*, Ow-) is infra-disconnected. But this
contradicts the hypothesis. Hence, W X W* is infra-connected.

Definition 2.27. A point x € W is called an infra-cut point of an infra-connected space (W, 0®) if
W — {x} is infra-disconnected.

Example 2.28. It is clear that an infra-TS (W, ®) given in Example 2.2 is infra-connected. Note that
{wa, ws} and {wa, ws} are disjoint infra open subsets of (W — {w;}, Ow_,,)) such that their union is
W —{w,}. It follows from (ii) of Theorem 2.7 that (W — {w}, Ow_(,,}) is infra-disconnected. According
to Corollary 2.16, W — {w} is an infra-disconnected set. Hence, {w} is an infra-cut point of W.

Theorem 2.29. Let (W, ®) be infra-TS. If (W, ®) is infra-connected with an infra-cut point x and
W —{x} =S US*, where S and S* are infra-separated, then S | J{x} and S* | J{x} are infra-connected.

Proof. Assume that S | J{x} is infra-disconnected. Then,

SU{x}:GUH,

where G and H are infra-separated. If x € G, then H C S and so

iCI(S* U G) ﬂ H = (iCI(S™) ﬂ H) U(iCl(G) ﬂ H) = (iCI(S™) ﬂ H) C (iCI(S™) ﬂ S) = ¢.

(S U G) ﬂ iCI(H) = &.

Therefore, W = (§* | G) |J H, which is a contradiction. Hence, S | J{x} is infra-connected.
Following similar arguments, one can prove that S *  J{x} is infra-connected.

Similarly

Theorem 2.30. Let (W,0) be infra-TS. If (W,0) is infra-connected with infra-cut points x,y and
W—-{x}=SUS* W-{y} = HJ H*, where S with S *and H with H* are infra-separated. If x € H
andy € S, then H* C S and S* C H.
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Proof. Since

H | Jmew-=sJs,
and by Theorem 2.29, H*  J{y} is infra-connected. Then, by Lemma 2.17, H* [ J{y} € S or H* |J{y} C
S*. Buty € S and hence H* C §. Similarly, we prove §* C H.
Theorem 2.31. Let y : (W, OQw) — (W*, Ow-) be an infra homeomorphism function. If x is an infra-cut
point of W, then y(x) is an infra-cut point of W*.

Proof. Assume that y¥(x) is not an infra-cut point of W*, then W* — {(x)} is infra-connected. By
Proposition 2.23, ¢~ '(W* — {iy(x)}) = W — {x} is infra-connected, which is a contradiction. Hence, y(x)
is an infra-cut point of W*.

Corollary 2.32. An infra-cut point is an infra topological property.

2.2. Locally infra-connected spaces

Definition 2.33. Let (W, ®) be an infra-TS. Then, the two points x,y are called infra-connected in W
if there is an infra-connected set G C W with x,y € G.

Proposition 2.34. Let (W, ®) be an infra-TS. If for each two points are infra-connected in W, then
(W, ®) is infra-connected.

Proof. Assume that x € W. Then, for each y € W different than x, there is infra-connected G, € W
with x,y € G,. Since x € () Gy, it comes from Corollary 2.22 that W =  J G, is infra-connected.

Definition 2.35. Let (W, ®) be an infra-TS. Then, (W, ©) is called:

(i) Locally infra-connected at x € W, if for each infra-nbd G of x there is an infra-nbd H C G of x
such that each two points in H are infra-connected in G.

(ii) Locally infra-connected if (W, ®) is locally infra-connected for each x € W. Otherwise, (W, ©) is
called locally infra-disconnected.

The next examples illustrate that infra-connected and locally infra-connected spaces are
independent of each other.

Example 2.36. The topologist’s sine curve is an example of an infra-connected space which is not
locally infra-connected.

Example 2.37. We elucidated that the infra-TS (R, ®) given in Example 2.8 is infra-disconnected. On
the other hand, this infra-TS is locally infra-connected because every singleton set is an infra-open
and infra-connected set.

Theorem 2.38. Let (W, ®) be an infra-T'S. Then, (W, ®) is locally infra-connected at x € W iff every
infra-nbd of x containing an infra-connected neighborhood (i.e. infra-nbd is infra-connected) of it.

Proof. Necessity: Assume that (W, ®) is locally infra-connected at x € W. If G is an infra-nbd of x,
then there is an infra-nbd H C G of x such that each two points in H are infra-connected in G. This
leads to that there is an infra-connected set S | with x,y € S7 € G for each point y # x € H. Set

s=Js;,

yeH
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by Corollary 2.22 and since H € § C G, we obtain § is an infra-connected neighborhood of x.
Sufficiency: It follows from Definition 2.35.

Theorem 2.39. The property of being a locally infra-connected space is an infra-open hereditary
property.
Proof. Let (W, ®) be locally infra-connected space with an infra-open subspace (S,Q®s). If G is an
infra-nbd of x in (S, ®g), then there is §* € ® with S (1 S* € G. Since § € O, then S (S* € O;
consequently, G is an infra-nbd of x in (W, ©®).

Therefore, there is an infra-nbd H of x in (W, ®) such that each two points in H are infra-connected
in G. Now, H () G is an infra-nbd of x in (S, ®y) such that each two points of H () G are infra-connected
in G. Thus, (S, Q) is locally infra-connected.

Proposition 2.40. A locally infra-connected space is an infra topological property.

Proof. Let ¥ : (W,0w) — (W*,Oy:) be an infra-homeomorphism function where (W, ®y) and
(W*, Ow-) are infra-T'S s. If (W, @) is locally infra-connected space and G is an infra-nbd of y € W,
then ¥~'(y) = x and ¥!(G) is an infra-nbd of x and so there is an infra-connected neighborhood
HCy (G)of W.

By Proposition 2.23, ¥/(H) is an infra-connected neighborhood of y with ¥(H) C G. Therefore,
(W™, Ow-) is locally infra-connected.

Theorem 2.41. If (W, Ow) and (W*, ®w-) are locally infra-connected spaces, then (WX W*, Ow X Q)
is locally infra-connected.

Proof. Let S x S* be an infra-nbd of (x,y) € W X W*, where S and S§* are infra-nbds of x € W and
y € W*, respectively. Then, there are infra-connected neighborhoods G of x and H of y with G C § and
H C §*. By Theorem 2.26, G X H is an infra-connected neighborhood of (x,y) withG X H C S X §*.
Therefore, W X W* is locally infra-connected.

2.3. Components via infra topology

Definition 2.42. Let (W, ®) be infra-TS and x € W. The infra-component of W containing x, denoted
by iC(x), is defined by:

iC(x) =U{S CW: xeS andS is infra-connected}.

Remark 2.43. (i) For each x € W, from Corollary 2.22, we can conclude iC(x) is the largest infra-
connected of W containing x.

(ii) If (W, ®) is infra-connected, then iC(x) = W for each x € W.
(i) W = | ey iC(2).

Theorem 2.44. Let (W, ®) be an infra-TS. Then, the collection of all distinct infra-components forms
a partition of W.

Proof. Let {iC(x): x € W} be the collection of all infra-components of infra-7'S (W, ®). Assume that
iC(o [ iCk) # 0,
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for x # y € W. By Corollary 2.22, iC(x) | J iC(y) is an infra-connected set with
iC(x) CiC|_Jick)

and
iC(y) C iC(x) U iC().

Therefore, iC(x) and iC(y) are not the largest infra-connected sets, which is a contradiction. Hence
iC(x) (N iC(y) = 0 and so by Remark 2.43, the infra-components is a partition of W.

Corollary 2.45. Let (W, Q) be an infra-TS. If the collection of infra-components consists of finite
number of infra-closed sets, then the infra-components are infra-open set.

Proof. Assume that for xi,x,,..,x, € W, we have the finite collection of infra-components
{iC(x1),iC(xy), ...iIC(x)}. By Theorem 2.44 we can express

k
iC(x)) = W — U iC(xp).

n=2

Since the infra-components are infra-closed then iC(x;) is an infra-open set.

Theorem 2.46. Let (W, ®) be an infra-TS. Then:
(i) Each infra-connected G C W is contained in exactly one infra-component of W;
(ii) A non-empty infra-clopen set G C W which is infra-connected is infra-component;
(iii) iC(x) = iCl(iC(x)) for each x € W.

Proof. (i) Assume that G in not an infra-component of W and G C S ()S* where §,S* are
infra-components of W. By Corollary 2.22, § J S~ is infra-connected which contains S and S*, this
contradicts with S, S* are infra-components.

(if) By (i), there is an infra-connected set H with G C H. If G is a proper subset of H, then

H:GU((W—G)ﬂH).

Since G is a non-empty infra-clopen set, then
iCUG) [ (W = G)( | H) =G )iCl(W - G)[ H) =0.

Therefore, G and (W — G) () H are infra-separated, which is a contradiction. Hence, G is an infra-
component.

(iii) By Corollary 2.19, iCI(iC(x)) is an infra-connected set containing x and since iC(x) is the largest
infra-connected containing x, then iCI(iC(x)) C iC(x). Therefore, iC(x) = iCI(iC(x)).

Proposition 2.47. Let ¢ : (W,0w) — (W*, Oyw-) be an infra homeomorphism function. If G C W is
an infra-component, then Yy(G) is also an infra-component.

Proof. Assume that ¥(G) is not an infra-component of (W*, ®y-). So, there is an infra-connected
H C W* with ¥(G) C H.

By Proposition 2.23, ¥~!(H) is an infra-connected with G C ~'(H), which is a contradiction.
Hence, ¥/(G) is an infra-component.
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3. Compactness and Lindelofness vis infra topology

We allocate this section to present the concepts of infra-compact and infra-Lindel6f spaces and
study some basic properties of them. Then, we define an infra-fixed point and show when the infra-
continuous function defined on infra-compact space has a unique fixed point.

3.1. Infra-compact and infra-Lindelof spaces
Definition 3.1. Let (W, ©) be an infra-TS and S C W. Then:

(i) A collection {Gs : 6 € A} is an infra-open cover of (W, 0) if W = | Jsep Gs and Gs € ©;

(ii) (W, ®) is called infra-compact (resp. infra-Lindelof) if every infra-open cover of (W,®) has a
finite (resp. countable) sub-cover;

(iii) A subset S of (W, ®) is called infra-compact (resp. infra-Lindelof) if for every infra-open cover
{Gs: 0 € Ay with S C Ugsen Gs, there is a finite (resp. countable) set A* C A such that S C
UéeA* G(S-

Note that (W, ©®) displayed in Example 2.2 is infra-compact, whereas (R, ®) displayed in Example
2.8 1s not infra-Lindelof.

Proposition 3.2. Every infra-compact space is infra-Lindelof.
Proof. It follows directly from Definition 3.1.

The following example shows that the converse of Proposition 3.2 is false, in general.
Example 3.3. An infra-TS (N, ®) given in Example 2.6 is infra-Lindelof, but not infra-compact.

Proposition 3.4. A collection of infra-compact (resp. infra-Lindelof) sets is closed under a finite (resp.
countable) union.

Proof. It is obvious.

Proposition 3.5. Let (W, ®) be an infra-TS and S C W. If (W, ©) is an infra-compact (resp. infra-
Lindeldf) and S is infra-closed, then S is infra-compact (resp. infra-Lindelof).

Proof. Assume that S C ( Jscp Gs Where Gs € ©. Then, (| sea Gs) (W — S) is an infra-open cover of
(W, ©®). By hypothesis, there is a finite (resp. countable) set A* C A such that

W= (6o | Jw -5).

OEA*
Therefore, S C (sea- Gs- Hence, the proof is complete.

Corollary 3.6. The intersection of infra-closed and infra-compact (resp. infra-Lindelof) sets is infra-
compact (resp. infra-Lindelof).

Note that, the converse of Proposition 3.5 need not be true in general. In Example 2.8, if § = {1, 2},
then S is an infra-compact set but it is not infra-closed.
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Theorem 3.7. Let (W, ®) be an infra-TS. Then, (W, 0) is an infra-compact (resp. infra-Lindelof) iff
(sea Fs # 0 for every collection {Fs: 6 € A} of infra-closed subsets of (W, ©) that satisfy the finite
(resp. countable) intersection property.

Proof. Necessity: Suppose that (sep F's = 0. Then,

W = U(W — Fy).

oeA

By hypothesis, there is a finite set A* € A such that

W = U(W — Fy).

SeA*

Therefore, (\sea- Fs = 0, which is a contradiction. Hence, (sep Fs # 0.
Sufficiency: Let {Gs: 6 € A} be an infra-open cover of (W, Q). If

W ()G =0,

for any finite set A* C A, then (sep (W — Gs) # 0. Therefore, {(W — Gs): 6 € A} is a collection of
infra-closed subsets of (W, ®) that has a finite intersection property. Hence, W # | Jsca Gs, which is a
contradiction. Hence, (W, ®) is infra-compact.

The case between parentheses can be proved by similar technique.

In the infra-7'S, we now analyze under which conditions the well-known relation between infra-
closed sets and infra-7’, spaces is satisfied.

First, note that § = {1,2} in Example 2.8 is not infra-closed set even though it is an infra-compact
subset of infra-T, space.

We need the following definition

Definition 3.8. A subset H of an infra-TS (W, 0) is said to be ®-infra-open if for each x € H there
exists an infra-open set G such that x € G C H. The complement of a O-infra-open set is called
®-infra-closed.

It is clear that every infra-open set is ®@-infra-open but the converse need not be true in general. It
can be seen that any proper infinite subset of an infra-7'S (W, ®) given in Example 2.8 is ®@-infra-open
but not infra-open.

Proposition 3.9. Let (W, ®) be an infra-T, space. Then, every infra-compact subset of (W, ®) is
®-infra-closed.

Proof. Let S be an infra-compact subset of (W, ®). If x ¢ §, then x # x; for each x; € S. So there are
Gs, Hs € ©® with x € G, xs € Hs and G5 () Hs = 0. Since S C | Jscp Hs, there is a finite set A* C A such
that S € Ugea+ Hs.

Therefore,

xe ﬂG5Q(W—S).

deA*

Hence, S is O-infra-closed.
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Theorem 3.10. Let (W, ®) be an infra-T, space. If S is an infra-compact subset of (W, ©), then for
each x ¢ S there are G,H € ® with x € G, S C H and G\ H = 0 provided that © is closed under a
finite union.

Proof. Let x ¢ S. Then, there are G5, Hs € ® with x € G, x5 € Hs and G5 Hs = () for each x5 € §.
Since § C Jgsep Hs, there is a finite set A* C A such that § C ( Jsea- Hs. Therefore, G = (s Gs and
H = | Jsca- Hs are the required sets.

Theorem 3.11. Let (W, ®) be an infra-T, space. If (W, ®) is infra-compact, then it is infra-regular
provided that © is closed under a finite union.

Proof. Assume that S is an infra-closed set with x ¢ S. By Proposition 3.5, S is infra-compact set
and so by Theorem 3.10, there are G,H € ® with x € G, S € H and G\ H = 0. Hence, (W,0) is
infra-regular.

The proof of the following corollary follows from Theorem 3.11.

Corollary 3.12. Let (W, ©) be an infra-T, space. If (W, ©) is infra-compact, then it is infra-T5 provided
that © is closed under a finite union.

Proposition 3.13. Let ¢ : (W,0yw) — (W*, Ow-) be an infra-continuous function. If S is an infra-
compact (resp. infra-Lindelof) set, then Y(S) is infra-compact (resp. infra-Lindelof).

Proof. Assume that ¢(S) C | Jscp Gs where G5 € Ow-. Then, S C Usep ¥ 1(Gy) and ¢ 1(Gs) € Oy for
each 6 € A. Since § is infra-compact (resp. infra-Lindelof), there is a finite (countable) set A* C A

such that S C Jsep- ¥ (Gy).
Therefore,

v | Juvw ' Gy c| G

OEN* OEN*
This ends the proof.

Corollary 3.14. An infra-compact (infra-Lindelof) space is an infra topological property.

Theorem 3.15. Let (W, ) be an infra-TS. A subset S is infra-compact (resp. infra-Lindelof) set in
(W, 0) iff (S, Og) is infra-compact (resp. infra-Lindelof).

Proof. Necessity: Consider S C | Jsep Gs With G5 € Og. Then, there is Hs € ® with Gs = Hs () S for
each G5 € Og. Now, S C (Jsea Hs s0 there is a finite set A* € A such that S C (Jsea- Hs.

Therefore,
sclJas( )= 6.

oeA* deA*
Hence, (S, Oy) is infra-compact.
Sufficiency: Consider S C (Jsea Gs With G € ©. Since

then there is a finite set A* C A, such that
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and so

SQUG(;.

SEA*

Therefore, S is infra-compact in (W, ©).
The case between parentheses can be proved by similar technique.

Theorem 3.16. Let (W, Oyw) and (W*, Ow-) be infra-TS. If (W, Ow) and (W*, Ow-) are infra-compact
(resp. infra-Lindelof) spaces, then (W X W*, Ow X Ow-) is infra-compact (resp. infra-Lindelof).

Proof. We prove the theorem in case of infra-Lindelof. The case of infra-compact can be proved using
similar technique.
Assume that {G; : 6 € A} is an infra-open cover of (W X W*, ® X ®*). Then, by Theorem 1.6,

W x W* = U(H5 x H}),

o€

where Hs € © and H; € ©". By hypothesis, there are two countable sets A}, A5 C A such that

W = H5,
§€AT
and
w = ;.
6EA§

Since A} [J A% is a countable set and

wxw = )< Jp= | G

Sl el SeATUAS
we finish the proof that (W X W*, @y X Ow-) is infra-Lindel6f.

Theorem 3.17. Let (W,0) be an infra-TS and S € W. If (W,0) is infra-Lindeldf (resp. infra-
compact) and S is uncountable (resp. infinite), then S has an infra-limit point.

Proof. Let (W, ©) be infra-Lindel6f with uncountable subset S. If there is no point of W is an infra-
limit point of S. Then, for each x € W, there is x € G, € ® with G, (S —{x}) = 0. Since the collection
{G, : x € W} is an infra-open cover of (W, ®), then there is a countable set say {xy, x5, ...} such that
W = U,en G, Therefore, S is countable which is a contradiction. Hence, S has an infra-limit point.
The case between parentheses can be proved by similar technique.

Theorem 3.18. Let (W, ®) be infra-TS. If the infra-components of an infra-compact (resp. infra-
Lindelof) space are infra-open, then the number of them is finite (resp. countable).

Proof. Assume that the family of components {iC(xs) : 6 € A} is infinite. Since {iC(x;) : 6 € A} forms
an infra-open cover of W, there is a finite set A* C A with W = | Jsca- iC(x5). This implies that there are
some members of the cover have a nonempty intersection, which contradicts Theorem 2.44. Hence,
(W, ©) has a finite number of components.

The case between parentheses can be proved by similar technique.
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3.2. Infra-fixed point

Proposition 3.19. Let (W, ©) be infra-TS. If (W, ®) is an infra-compact with a collection of sets {J,:
n € N}, then (a0 In # 0 provided that the following conditions are satisfied for each n € N:

(i) I #0;
(ii) I, is an infra-closed set;

(iii) Jps1 is a subset of .

Proof. Assume that (), 9, = 0. By (ii) the collection {W — 7,: n € N} is an infra-open cover of
(W, ®). Then, there are ny,ny,...,n; € N, ny < ny < ... < n with

W =W -T.) | W - Jw -0,
It comes from (ii7) that

T €W =W-T) | JW - - JW =T =W =T, (VT [ [ | Tn) =W = T

which is a contradiction. Hence, (), . # 0.

Definition 3.20. Let (W, ®) be an infra-TS. If every infra-continuous function ¢ : (W, 0) — (W, ®)
has a fixed point, then (W, ®) is said to have a fixed point property.

Proposition 3.21. Let ¢y : (W, Ow) — (W*, Ow-) be an infra-homeomorphism function. If (W, Ow) has
a fixed point property, then (W*, Ow-) has a fixed point property, which means the fixed point property
is an infra topological property.

Proof. Lety : (W, B®w) — (W*, Oy-) be an infra-homeomorphism function.
Then,  and ! are infra-continuous. Consider £ : (W*, @) — (W*, @w-) is infra-continuous. It
is clear that

Loy (W, 0w) - (W, Oy)

is an infra-continuous function. Also,
Yooy (W,0y) — (W,0y)

is an infra-continuous. By hypothesis, (W, @) has a fixed point property, so there exists x € W such
that

YW (LW(x)) = Y(x),

which means that {(¥(x)) = ¥(x).
Hence, ¥(x) is a fixed soft point of £, which proves that (W*, ®y-) has a fixed point property.
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4. Discussion and analysis

The present paper discusses the well-known topological concepts via one of the generalizations of
topological spaces called infra topological spaces. It is known that infra topology does not satisfy the
condition of arbitrary unions imposed in topological structures. One of the celebrated infra topologies,
that is not a topology, is the family consisting of an infinite set W and all finite subsets of W. Herein,
we discover how the topological concepts of connectedness and compactness behave under the frame
of infra topology and explore which one of their classical topological properties and characterizations
is still valid or evaporated.

The merits of investigation the topological concepts herein are that to exploit the obtained results to
the application areas of topology like rough approximation spaces generated from information systems.
To our best knowledge, it is applied the topological operators of interior and closure to initiate the lower
and upper approximation operators of subsets of data under study and then measure the accuracy, which
helps the decision makers to made an accurate decision. From this point of view, it can be seen that
relaxing a condition of topology is preferable to create more appropriate environment to address real-
life problems as illustrated in the recent two published manuscripts [10, 11] which applied the current
frame “infra topology” as well as “supra topology” to handle medical problems. To well understand
this line of application, we give here an example of how we can benefit from infra topological structures
in this area as follows; we proved that the main four characterizations of interior operators are still valid
in the frame of infra topology; especially; ilnt(A (| B) = ilnt(A) () ilnt(B); it can be noted this property
is missing in the other generalizations of topology like supra topology. The validity of this property in
the frame of infra topology leads to keep its counterparts in generalized rough approximation spaces
generated by infra topology as investigated in the manuscript [11].

As a matter of fact, the current contribution paved the road for these types of applications by
encouraging us and the other researchers to debate the existing applications of topological concepts
like separation axioms [5] and compactness [6] in the frame of infra topological spaces. In addition,
we draw the reader’s attention to that the different types of generalizations of the topology, including
infra-topology, ease the way of constructing examples and counterexamples that are required to show
the obtained results; especially, those related to the strong topological concepts as explained in [4].

On the other hand, we evince that some topological properties are evaporated in the infra topological
structures such as the property reports that “an infra topological space is infra-connected iff the empty
and universal sets are the only infra-clopen sets”, see Example 2.8.

5. Conclusions and future work

In the last two decades, study generalizations of topology have flourished, which can be useful in
computer science and its applications, see [10, 11, 17, 29]. These structures are equipped with
concepts analogous to those of continuity, connectedness, and compactness. To contribute to this line
of research, this manuscript is writing.

The main achievements of this work are:

(i) Introduce the concepts of infra-connected and locally infra-connected spaces as well as infra-
compact and infra-Lindelof spaces.

(ii) Study the notions of cut point, components and fixed point via the infra topological frames.
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(ii1)) Demonstrate that the finite product of infra-connected (resp., locally infra-connected) spaces is
infra-connected (resp., locally infra-connected).

(iv) Show that the properties of being a locally infra-connected and locally infra-connected spaces are
an infra-open hereditary property.

(v) Prove that the property of infra-compact (resp., infra-Lindel6f) spaces is kept under the finite
product of infra topological spaces.

(vi) Investigate some topological properties of these concepts that are invalid in the frame of infra
topology such as the infra-compact subset of an infra-7’, space need not be an infra-closed set.

(vii) Determine under which conditions the infra-continuous function has a unique fixed point.

In upcoming papers, we plan to define a generalization of infra-open sets such as semi-infra-open
and S-infra-open sets, also, we will use the infra-open sets to define the concept of infra-paracompact
spaces and examine the properties of functionally separation axioms [22]. Moreover, we investigate
how rough-set concepts can be described using infra-interior and infra-closure operators.
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