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Abstract: H-tensors play a key role in identifying the positive definiteness of even-order real
symmetric tensors. Some criteria have been given since it is difficult to judge whether a given tensor
is an H-tensor, and their range of judgment has been limited. In this paper, some new criteria, from
an increasing constant k to scale the elements of a given tensor can expand the range of judgment,
are obtained. Moreover, as an application of those new criteria, some sufficient conditions for judging
positive definiteness of even-order real symmetric tensors are proposed. In addition, some numerical
examples are presented to illustrate those new results.
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1. Introduction

Let n and m be integer numbers, N = {1, 2,...,n} and C(R) be the set of all complex (real) numbers.
A tensor A = (a;,j,.;,,) 1s called a complex (real) order m dimension n tensor, if a;;,..;,, € C(R), where
i;=1,2,...,nfor j=1,2,...,m. Let CI""l (R™") be the set of all complex (real) order m dimension
n tensors. A tensor 7 = (0;,4,..i,) € Clmnl (m,n > 2) is called the unit tensor [1], if its elements satisfy

5 _ L h=h= =iy,
ipipim

0, otherwise.
A tensor A = (aj,i,.;, ) € C"™" (m,n > 2) is called symmetric if
Vrell,,

ailiz'"im = ain(l)in(Z)"'iﬂ(m)’

where I1,, is the permutation group of m indices.
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At present, positive definite homogeneous polynomials play a critical role in the field of dynamics,
and its positive definiteness can be transformed to identify the positive definiteness of the symmetric
tensor associated with it [2]. However, for a given symmetric tensor, it is difficult to determine whether
it is positive definite or not because the problem is NP-hard [3]. Thus, finding effective criteria to
identify the positive definitiveness of a tensor is interesting.

H-tensor was showed, Li et al. [3], that is a special kind of tensors in 2014 and an even-order
symmetric H-tensors with positive diagonal entries is positive definite. After that, some methods
that judge the positive definiteness of a given tensor have been established [4-16]. Nevertheless, as
presented by their range of judgment was fixed for the given tensor whether it was positive definite or
not [14-16].

In this paper, some new criteria which only depend on elements of the given tensors are proposed
to judge H-tensors; they expand the range of judgment by an increasing constant k which scales the
elements of a given tensor. In addition, these criteria are used to judge the positive definiteness for
even-order real symmetric tensors.

For the convenience of discussion, we start with the following notations, definitions and lemmas.
The calligraphy letters A, B, - - - represent the tensors; the capital letters A, B, - - - denote the matrices;
the lowercase letters x, y, - - - refer to the vectors.

For a tensor A = (a;;,..;,) € C""(m,n > 2), we denote

ri(A) = > |aii2--~im| = 2 Iaii2-~-im| - laj...il,
ip-rip€N™! ip-eipeN™!
61-,-2.“,-,”:0

Ny ={i € N : |aji.;| > ri(A)}, Ny ={i € N : |aj..| £ ri(A)},
N = {igis - iy 1 i; € Ny, j = 2,3,....m),
N=\NT=V = (iiy iy : inis - iy € N" ) and iyiy - iy, & N™),

ro=1,r = max{—r’(ﬂ)}, e

|aji...il

iEN|
> (@it iy |+ T )y (@i iy |
ir--imeN"™\N iz+imeN}!
Siiyoiyy =0
Iy = Max — ’k:0,1’27'-'7
ieN; |ai...il
|a112«-‘im|+r/\' 2 |ai1'2“'im‘
ip--im €N \Np! ip--im €Ny
Sty eniyy =0 .
Oks1,i = T - ,IEN;, k=0,1,2,....
T
It is obvious that we obtain 041 ; < 1y <1y < -+~ <r <rog, I€ENy, k=0,1,2,....
Definition 1. [17] Let A = (@iip,) € C™I(m,n > 2). If there is a positive vector
x = (x, X%, ,x,)" €R"such that
m—1
laji..ilx] > Z iy, | Xi, + - X,
i..iyeN™!
iy i =

where |a| for the modulus of @ € C [17], then A is called an H-tensor.
Definition 2. [18] Let A = (a;,,..;,) € C"™"(m,n > 2). If

|aji...i| > ri(A), i €N,
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then A is called a strictly diagonally dominant tensor.
Definition 3. [8] Let A = (a;,j,..;,) € C"™"(m,n > 2) and X = diag(x;, x5, -+ , x,). If

B = (bi|i2"'im) = ﬂXm_l,

where
biliZ"'i))z = Aijiging Xy« + + Xiyys 1j € N, J= 2,3,...,m,

then we call 8 as the product of the tensor A and the matrix X.
Definition 4. [5] The product of A = (aj,;,.;,) € C"™"(m,n > 2) and an n-by-n matrrix X = (x;;) on
mode-k is defined by

(ﬂXkX)ir"jk'"im = Z Aj i Xig i+
i=1
Definition 5. [5] Let A = (a;;,..;,) € C"™" (m,n > 2). If there existsa @ # S C N such thata; ;,..;,, = 0,
VYijeSandiy,...,i, ¢ S, then A is called reducible. Otherwise, A is called irreducible.
Definition 6. [19] Let A = (a;,;,.;,) € C"™" (m,n > 2), fori,j € N and i # j, if there exists indices
k],kz, . ,kl with
D il £0, 5=0,1,..,1,

ir...ipeN™1
5)(‘?,*2...,'," =0

K1 €4izpeensim}
where ko = i, k;;; = j, we say that there is a nonzero element chain from i to j.
Definition 7. [8] Let A = (a;,;,..;,,) € C"™" (m,n > 2); if the homogeneous polynomical equations
satisfy:

A = "N A e Cand x = (x1, %2, , x,)" #(0,0,---,0)7,
then A is called an eigenvalue of A and x is its corresponding eigenvector, where Ax™~!' and Ax"~!!
are vectors, and whose i th components are

-1
(AX") = Z Ajiyvipy Xiy = * * X,
ir..imyeN™-1
and
-1 -1
(x[m ])i =x".

Definition 8. [20] For an mth degree homogeneous polynomial of n variables, f(x) can usually be
denoted as

fx) = § Ajiying Xiy Xiy = ** Xy
i102...€N™

where x = (x;, x2,- -+ , x,)T € R". The homogeneous polynomial f(x) can be represented as the tensor
product of a symmetric tensor A = (a;,;,..;,) € C™" and x™ denoted by

f(x) = ﬂxm = Z ailiZ"‘im‘xil'xiZ e 'xim’

i10...L,EN™
where x = (x1, X2, -+, x,)T € R"[18]. If m is even and

f(x) >0 forany x e R", x #0,
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then we say that f(x) is positive definite.
Lemma 1. [17] Let A = (a;,;,..;,) € C"™" (m,n > 2). A is an H-tensor if A is a strictly diagonally
dominant tensor.
Lemma 2. [3] Let A = (a;,,..;,) € C"™" (m,n > 2). Ais an H-tensor if
e (i) A is irreducible;
e (ii) |a;..;| = ri(A) for each i € N;
e (iii) For the inequality of (ii), strict inequality holds for at least one i.
Lemma 3. [8] Let A = (a;,,..;,) € C"™™" (m,n > 2). A is an H-tensor, if
e (i) laji.il 2 ri(A), i € N;
e (ii) Ny ={i € N : |aj..;| > ri(A)} + @;
e (iii) For any i € N,, there exists a nonzero element chain from i to j such that j € N;.
Lemma 4. [8, 10] Let A = (a;i,.;,) € C™" (m,n > 2). If there exists a positive diagonal matrix X
such that AX™ ! is an H-tensor, then A is an H-tensor.

2. Some criteria for judging nonsingular #{-tensors

In this section, some new criteria for judging H-tensors are proposed, and those new criteria only
depend on the elements of the given tensors.
Theorem 1. Let A = (a;j,.;,) € C"™" (m,n > 2). A is an H-tensor, if there exists a number
k=0,1,2,... such that

laji....| > 2 iyl + X Mr1l@iiyei,l, Vi€ No. (2.1)
ip-eipeN™ AN i2ipm €N
6ii2"'i771:0
Proof. First, let
1 .
&i = S lam ] laji...l — Z |ty | — Z Feetl@iiyoiy | ¢ 5 1 € No. (2.2)
l‘2"'im€Nlln_l . iz-..i’::)‘EN’N7l\()N;N71 1'2...1.""[61\,’|”171
iy i =

If > laiy.i,l =0, we define & = +oo. Obviously, it follows from Eq (2.2) that &; > 0, i € N,, and
i2"'im€N’1n71

we have r,; < ro = 1 by definition of r;,, thatis, 1 — r,; > 0. Hence, there exists a positive number

€ > 0, such that

0 < £ < min {ming,-, = rk+1}. 2.3)

iEN,

Construct a diagonal matrix X = diag{x;, x2, ..., x,} and denote B = (b;,;,..i,,) = AX"! where

i

| .
_JE+op )T €N,
1 ,I1 €N,.

By the inequality of (2.3), we obtain X as a positive diagonal matrix.
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Next, we prove the > laii..i,| # 0 for any i € N,. Suppose on the contrary that
iz i €N}

>, lai,..i,| = 0 for any i € N,; thus, by the inequality of (2.1), we have

i im N
|aii....| > Z |aiiy...i,| + Z Fiea |Gty i |

iy N\ N1 i2im €N}
6,’,'2“.,’”120
= |@ity |
iy igeNM I\ N1
(5,’,‘2.4.,",”:0
=ri(A),
which contradicts with |a;;..| < ri(A), i € N; hence, >, |aj,.;,| # 0 for any i € N;.
i N

Finally, we prove that B is a strictly diagonally dominant tensor, and we divide it into two cases
as follows:
Case 1: Forany i € N, from .  l|ajj,.;,| # 0 and the inequality of (2.1), we have

i imeNT!

B = > i+ D i,

iy imeN™ T\ N1 i i €N
5ii2.,.,’m=0
= § |ty | Xy - - - i, + E | ity | Xy - - - i,
i €N™ N\ ip--ipm €N
(5,’[2...,'m=0
L L
< § \@iiy-wi,, | + E |tity-wiy | (€ + Ths1,i)" T - (€ + T, )™
iy €N\~ ip-eip €N
(5;;2“.;’":0
< \@iiy-.i,, | + § |tiiy-i,, |(€ + Ties1)
iy N\ N i2-imENY'!
(5,’,‘2“.,’”,:0

<laii..il = bii__il-

Case 2: For any i € N;, we obtain that |a;..;| > ri(A); then, |a;..,| — > laiyi,| > 0, and it
i2im €N}
Biigyipy =0
follows from ry,; < r; that

Tks1 Z |Gity...iy,| = T Z |aiiy...i,,] < 05

iZ"'imEN;n_l iz"'imENi’I_l
(5;[2“.;”1:0 (5,‘,'2“,,‘,” =0

thus, we get

1
e>02> it Z |Gity...ip, | — T Z |Giiy...ip| {5
|aii....| — 2 |aii2~~-im| 2 i

i Ny D2l NI

P ad -1
i imENY'
1 (5,‘,‘2.“1'," =0 (5,'[2“.,'," =0

Giigerim=0
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so, we have
|bii...i| — ri(B) =la;...|(e + 0'k+1,i) - Z |aii2~--im|xi2 e X, T Z |aii2'-~im|xi2 cc Xy,
iy im€N™ \NP! i igeN!
6,’,’2.“,"":0
1 o
>|aji...il(& + Ore1,i) — Z |Giiy...i), (€ + Tha1,i,) ™1 =+ (€ + O ,) ™!
l.2'"im€N?171
(5,‘,‘2“,,‘"1:0

- Z |@iiy i,

i i NI\ N1

>|aji...il(& + Ore1,i) — Z |aiiy...i,| — Z |@iiy...ip, | (€ + Ths1)

i iy €N AN ip-eip €N
(5,','2.“,',”:0
=&(laji....| — § |aii2---im|) + |Clii---i|0'k+1,i - E |aii2---im|
i2--imENT ipimeN"\NP!
(5,‘,‘24..,'m:0
— Fk+1 E |aii2-~im|
i i €N
5,‘,’2,4.,',”:0
>Ti+1 § |aii2---i,,,| — Ik § |aiz‘2---im| + E |az‘i2---im|
i imeNT! i i €N iy igeNM I\ N1
6,-,-2.”,-,”:0 6,-,-2,“,-,,,:0
+ 1 E |aiiy...i,,| — E |iiy...ip,| = Tt E |aiiy...i,|
i i N i imeN™ T\ N1 i i €N
6ii2»~im:0 6ii2“'im:0

=0.

From Cases 1 and 2, we obtain that |b;;..;| > ry(8B) for all i € N, that is, B is a strictly diagonally
dominant tensor; thus, from Lemmas 1 and 4, A is an 9{-tensor.
Theorem 2. Let A = (a;,;,..;,) € C"™" (m,n > 2). A is an H-tensor if the following are true:

e (i) A is irreducible.

e (ii) There exists k =0, 1,2,... such that

|ai...i| > E |aii,...i, | + § i1l @iiy-vi |, Vi € Np.
i2-im N\ N i2--imENY'!

6,',’2u.,'m =0

e (iii) For the inequality of (i7), strict inequality holds for at least one i € N,.
Proof. First, let the diagonal matrix X = diag{x,, x2, ..., x,} and B = (b;,;,...,) = AX"1 where

(0'1<+1,i)ﬁ ,1 €Ny,
1 ,jENz.

Obviously, X is the positive diagonal matrix.
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Next, we prove that |b; ;| > r/(B) for all i € N, and strict inequality holds for at least one i € N; we

have divided it into three cases as follows:
Case 1: For any i € N,, we obtain

ri(8) = Z Biiy iy | + Z 1Biiy iy |

i imeN™ I\ N1 i imeN!
6ii2~~im =0
= E |ty X - X, + E |ty | Xy - - - i,
i i N \NI! iy im €N
(5,‘,‘2..,1‘,,, =0
L L
< |tiiy-.iy, | + § |ty (T ks 1,0) 7T (O k1,,) ™
i i N \NI! i imeN!
Biiy iy =0
= E |ty | + E |ty iy | P
i imeN™ \N=! iy i €N
(51','2mi,n =0

<laii..il = bii__il.

Case 2: For any i € Ny, we obtain

|bii...i| — ri(B) :laii~-~i|0-k+1,i - E |aii2~~-im|xi2 X, T Z |aii2~-~im|xi2 ct Xy,
i i N\ NI iy im €Ny
6ii2"'im=0
= Z |@iiy...i,,| + T E |aiiy...i,,] — Z |aiiy...i, |
iy iy eN™ T\ NI i i eNT! i i €N \NI!
5,‘,‘2...,'”1 =0
— Fk+1 E |aii2-~~im|
i N
(5,’,’2.“,',7[:0
>0.

Case 3: From the condition (iii), without loss of generality, we suppose that

@ > > i D el

i im N\ N1 i i NP
5,,‘2..,1‘," =0

similar to the proof for Case 1 of Theorem 2, we obtain that r(B) < |by...|, t € N,.

Finally, since X is a positive diagonal matrix and (A is irreducible, B is also irreducible; thus, by

Lemmas 2 and 4, A is an H-tensor.

Theorem 3. Let A = (a;,;,..;,) € C"™" (m,n > 2). Ais an H-tensor, if the following are true:

e (i) There exists k = 0,1,2,... such that

|aii....| > Z |aiiy...i,| + Z Tis1|@iiyriy |, Vi € Np.

ip--im €N T\Ny! ip-+im €N
5,’;2“.1,” =0

AIMS Mathematics Volume 8, Issue 4, 7606-7617.
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e (ii) J # @, where J = {j:lajj.;| > ) @jiyeoinl ¥ 2 Tertl@iyei, s J € No
l-zml-meNm—l\ern—l [2...[’”6[\/1”‘_1
6jl'2"'im:0

e (iii) For any i € (N\J), there exists a nonzero element chain from i to j such that j € J.
Proof. First, construct a diagonal matrix X = diag{x;, x2, ..., x,} and denote B = (b, j,..;,) = AX1
where

= ()™ i€ N,
ol ,j €Ns.

Obviously, X is a positive diagonal matrix.

Second, similar to the proof of Theorem 2, we conclude that |b;;..;| > r;(8) for all i € N. From the
condition J # @, we obtain that there exists at least a ¢t € N such that |b;..,| > r/(8B). On the other
hand, if |b;;..;| = ri(B), then i € N\J, and from the condition that for any i € N\J, A has a nonzero
element chain from i to j such that j € J, we obtain that 8 has a nonzero elements chain from i to j
with |bj;...;| > ri(B).

Finally, based on the above analysis, we draw a conclusion that $ satisfies the conditions of
Lemma 3; hence, by Lemmas 3 and 4, ‘A is an H-tensor.

3. Some numerical examples
In this section, based on the new criteria for judging 7 -tensors in section 2, some numerical

examples are presented to illustrate those new criteria.
Example 1. Let us consider the tensor A = (a;,;,i;) = [A(1,:,:),A2,:,:),A(3,:,:)] € CB31, where

20 2 0 200 20 0
A(l,,;)=1 2 5 0|, AQ2,;,)=10 8 0 |,AG,.,)=101 1
2 05 0 0 2 0 2 52

Obviously,
laiii] = 20, ri(A) = 16, laxns| =8, r(A) =4, |azs| = 5.2 and r3(A) = 6,

so Ny = {1,2} and N, = {3}. By simple calculation, we obtain

rn(A) 0.8 r(A)

lainl 7 Jax]

= 05, 021 = 071, 022 = 0.45 and r, = 071,

when k=1, we get

sl =52>5.03 = > lasgl+ 12 D lasiil;
ii3eN*\N? irizeN?

03i5i5 =0

hence, A satisfies the conditions of Theorem 1 and & = 1; it follows from Theorem 1 that A is an
FH-tensor.
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Example 2. Let us consider the irreducible tensor A = (a;,,,i;) = [A(1,:,:),A2,:,:),AQ3,:,:)] € C331,

where
13 0 O 0O 0 O
,A2,:,,)=1 0 10 0 |, AG3,:;,)=]0 16 0 |.

1 0 1 0 0 16

13
A(l,:, ) = [ 0
1

[ G g w—y
—_— O

Obviously,
laii]l =13, ri(A) =6, layn| = 10, ry(A) = 15, |asszs| = 16 and r3(A) = 16,

so Ny = {1} and N, = {2, 3}. By simple calculation, we obtain

r ﬂ
( ) =r = 046,
@il
when k=0, we get
lacyn| =10>8 = 3 |aopil +711 X il
ihizeN*\N? hi3eN?
6213 =0

and

lasssl =16 >7.38 = 3 laspul+11 X laziils
iizeN*\N} hi3eN?

03ipi3 =0

hence, A satisfies the conditions of Theorem 2 and & = 0; it follows from Theorem 2 that A is an
FH-tensor.

4. Application

In this section, based on the new criteria for judging #{-tensors in section 2, some new criteria for
identifying the positive definiteness of an even-order real symmetric tensor are presented.

From Theorems 1-3, we get the following result.
Theorem 4. Let A = (a;,;,..i,) be an even-order real symmetric tensor of order m and n dimensions. If
Ak > 0 for all k € N, A is symmetric and satisfies one of the following conditions and A is positive
definite:

e (i) All conditions of Theorem 1;

e (ii) All conditions of Theorem 2;

e (iii) All conditions of Theorem 3.

The following example is given to show this result.
Example 3. Consider the following 4th-degree homogeneous polynomial

f(x) = 20x}+15x3 + 10x] + 8xjx, + 4xjx; + 12233,

AIMS Mathematics Volume 8, Issue 4, 7606-7617.
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where x = (xy, X2, x3)7. Then we can obtain a symmetric tensor A = (a;;,i,;,) € R*3), where

20 2 2 2 00 2 00
A(l,1,:;,)=| 2 0 0|, A(1,2,;,)={0 O 1|, A(1,3,;,)=]10 1 0],

2 00 010 000

2 00 0 0 1 010
A,1,;,)=10 0 1|, A2,2,:;,)=]0 15 0|, A2,3,;,)=]1 0 2],

010 1 0 2 020

2 00 010 0 0 O
AG,1,:;,)=10 1 0|, A3,2,;,)=]1 0 2|, AGB,3,;,)=]10 2 0 |.

000 020 0 0 10

Obviously,

larinl =20, r(A) =15, laxn| = 15, rn(A) = 14, |azss| = 10 and r3(A) = 11,
so Ny = {1,2} and N, = {3}. By simple calculation, we obtain
ry = 0.93.
Thus, we get

sl = 10> 738 = > asgal + 1 Y lasyil;
ii3is€N>\N} ipi3is€N?
03iiziy =0
hence, A satisfies the conditions of Theorem 1 and k& = 0; thus, it also satisfies the conditions of
Theorem 4. Hence, f(x) is positive definite.

S. Conclusions

In this paper, some new criteria have been proposed for the judgment of H-tensors, which they via
an increasing constant k to scale the elements of a given tensor and only depend on elements of the
given tensors. As an application, some sufficient conditions of the positive definiteness for even-order
real symmetric tensors have been obtained. In addition, some numerical examples have been presented
to illustrate those new results.
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