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Abstract: In the present paper, we focus on the reducibility of an almost-periodic linear Hamiltonian

system

% = J[A + eQ()]X, X € R¥,

where J is an anti-symmetric symplectic matrix, A is a symmetric matrix, Q(¢) is an analytic almost-
periodic matrix with respect to ¢, and € is a parameter which is sufficiently small. Using some non-
resonant and non-degeneracy conditions, rapidly convergent methods prove that, for most sufficiently
small &, the Hamiltonian system is reducible to a constant coefficients Hamiltonian system through an
almost-periodic symplectic transformation with similar frequencies as Q(¢). At the end, an application
to Schrodinger equation is given.
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1. Introduction

In this paper, we will focus on the reducibility of an almost-periodic linear Hamiltonian system

10,4
dt

where A is a symmetric 2d X 2d constant matrix with possible multiple proper-values, Q(¢) is an almost-

=J[A+e0()]X, XeR¥, (1.1)

I, . . . .
I 61 ) , where 1, is an identity matrix of
—lq

periodic analytic symmetric matrix with respect to ¢, J = (
order d, and ¢ is a sufficiently small parameter.
Let A(7) be a quasi-periodic matrix of order d, and the differential equation
dX
— = A(DX, XeRY, (1.2)
dt
is known as reducible if there exists a nonsingular quasi-periodic (q-p) Lyapunov-Perron (L-P) change
of variables X = ¢(f)Y, where ¢(¢) and ¢~'(¢) are quasi-periodic and bounded, which transforms (1.2)

into
ay

i BY, (1.3)
where B is a constant matrix.

Over recent years, the reducibility of differential systems has been studied widely by a lot of
researchers [1-12]. The earliest result in this field is the well known Floquet Theory, which states that
every periodic differential equation (1.2) can be reduced to a constant coefficient differential
equation (1.3) by means of a periodic change of variables with the same period as A(¢). However, the
result is no longer always true for quasi-periodic systems. A counterexample was provided by
Palmer [2].

For example, the quasi-periodic linear systems which come from the quasi-periodic Schrodinger
operators, which are defined on L?(R) as

2

dy
(LY)(®) = 7 +q(0 + W)Y (1), (1.4)

where 6 € T" is known as phase, and ¢ : T" — R is known as the potential. It is notable that the
spectrum of L does not depend on the phase when w is rationally independent, yet it is closely related
to the dynamics of Schrédinger equation

d’y
(LY)(1) = I +q(0 + w)Y(t) = EY(2), (1.5)
or, on the other hand, the dynamics of the linear differential systems
dX do
— =V (00X, — =uw, 1.6
7 £4(0) 7 (1.6)
where
Vi (0) = 0 ! € sl(2,R) (1.7)
A VORY AN A '
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Dinaburg and Sinai [10] showed that linear system (1.6) is reducible for most E > E*(q, @, T), which
are sufficiently large, if w is fixed and fulfills the non-resonance condition

a

Kk, w)| > —,
IkI”

k € Z"\{0},
where @ > 0,7 > 0. The result of [10] was generalized by Riissmann [7], in which w satisfied the
Brjuno condition.

Eliasson [11] showed the full measure reducibility result for quasi-periodic linear Schrodinger
equations. Specifically, he showed that (1.6) is reducible for almost all £ > E*(g, w) in the Lebesgue
measure sense, where w is the Diophantine vector which is fixed.

Jorba and Sim¢ [1] considered the differential equations

Cil—f =[A+e00]X, XeR? (1.8)
where A is a constant matrix of order d with d distinct proper-values. They showed that under the non-
resonant conditions and non-degeneracy conditions, there exists a non-empty Cantor subset E, such
that for € € E, the system (1.8) is reducible.

Xu [3] considered the case that A has multiple eigenvalues and showed the system (1.8) is reducible
fore € E.

Recently, Xue and Zhao [9] considered the linear g-p Hamiltonian system

ax =[A + Q)] X, (1.9)
dt

where A is a constant matrix with possible multiple proper-values, and Q(¢) is an analytic matrix
with respect to ¢ and with frequencies w = (w;,w>,...,w,). Under some nonresonant conditions,
using KAM iterations and for most sufficiently small parameters & they proved that the system (1.9) is
reducible by means of a quasi-periodic symplectic change of variables with the same basic frequencies
as QO(1).

Rather than the reducibility of a g-p system to a constant coefficient system, Xu and You [5]
investigated the reducibility of the following almost-periodic linear differential equations:

‘Z—f =[A+e0()]X, XeRY (1.10)
where A is a constant matrix with distinct proper-values, and Q(¢) is an almost periodic analytic matrix
of order d with frequencies w = (w;,w,,...). Under some small divisor conditions, using KAM
iterations and the “spatial structure” of almost periodic functions, they proved that for most sufficiently
small €, Eq (1.10) is reducible.

Inspired by [5, 8], in this paper, we extend the results of [9] to almost-periodic Hamiltonian systems
instead of quasi-periodic Hamiltonian systems. Here the related LP change of variables should not
only be almost-periodic but also be symplectic.

To state our problem, we should present some notations and definitions.

A function f(f) is said to be a quasi-periodic function with essential frequencies
w = (W,Wy,...,wy), if f(t) = F(6,,6,...,0;), where F is 2x periodic in all its arguments, and
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0; = witfori=1,2,...,d. f(¢r) will be known as an analytic g-p in a strip of width p if F' is analytical
on D, = {036 < o, = 1,2,...,n}. For the present case, we denote the norm of f(¢) as
Ifll, = Dezn [Frle®™. f(2) is almost-periodic, if f(r) = Yo, fu(?) where f,,(t) (m = 1,2,3,...) are all
quasi-periodic.

Definition 1.1. Let A(t) = (a;i(t)) be a quasi-periodic d X d matrix. If every a;i(t) is analytic in D,,
then we call A(t) analytic on D,. The norm of A(t) is defined as

AD|, = d X max ||a;:(?)l|,.
1AW, = d x max llay(ll

If A is a constant matrix, the norm of A is defined as:

lAll = d X max |ayl.
1<l,j<d

In [5], we have noticed that “spatial structure” and “approximation function” are valuable tools to
study the almost-periodic systems. To overcome the difficulties from infinite frequency which generate
the small divisors problems, we require much stronger norms. So, let’s introduce these notations
from [6,7].

Definition 1.2. [6] Suppose that N is the natural number set, T is the set of a few subsets of N. Then,
(t,[-]) is known as a finite spatial structure in N if T fulfills

(1)0 e,
(2) l:fA],Az €T, then A\ UA, €7,
(3) UrerA = N,

and a weight function [-] is defined on 7, such that [0] = 0, [A; U Ay] < [Aq] + [Az].
Consider k € Z". Indicate k as the support set, and, is defined as
supp k ={(l1, L, ..., [)k; #0, i =11, 1,...,1,; otherwise k; = 0}.

The weight value is denoted by [k], and [k] = infgypprca nec[Al. Write

k= Ikl
=1

Definition 1.3. [7] In the following, the non-resonance conditions are provided for the supposed
approximation functions. A is called an approximation function, if

® A:[0,00) = [1,00), is an increasing function, and fulfills A(0) = 1;
logA®) tA(t) is decreasing on [0, 0);
o [Prmang o

It is clear that if A(?) is an approximation function, then so is A3(z).

Definition 1.4. If OQ(t) = D rc; Oa(t), where Qa(t) are quasi-periodic matrices having frequencies
wp = {w|l € A}, then Q(¢) is called an almost-periodic matrix having the spatial structure (7, [-]) and
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frequency w of Q(t), which is the maximum subset of Uw, in the sense of integer modular. Denote
Q = (g,;) as the average of Q(t) = (q;;(1)), and

1 T
g = lim — f qi;(dt.
lj T—oo 2T _T J
For o > 0, m > 0, the weighted norm of Q(t) with spatial structure (7, [.]) is defined as:

NQWIllme = Z " MIQADo-

A€t

In our paper, the non-resonant condition is

@ .
4 — A, — V=-Kk,w)| = MDD L+,
V1<Ilj<2d,andk € ZM\{0}, where @, > 0 is the small constant A;, A, . .., Ay, are the proper-values

of JA, w = (wy,w»,...) 1s the frequency of Q(#), and A(¢) is an approximation function which fulfills
3 ez m < 4o00. From [6], it is assumed that

[A]=1+ ) log"(1+i),r > 2.

leA
So, we are in a position to state our main result.

Theorem 1.1. Consider the Hamiltonian system (1.1) in which JA is the Hamiltonian matrix with
possible multiple proper-values Ay, s, . .., dog, and JQ(t) = Y, JOA(?) is analytic almost-periodic on
D, with frequencies w = (w1, ws,...) and has spatial structure (7,[-]), which depends continuously
upon the small parameter €. Suppose that

A Am >0, s.t. |QO)lne < +o0.

A, (Non-resonant Conditions) Suppose that 1 = (4, ..., dy) and w = (w1, wy, .. .) fulfill

A= A — =1k, w)| > V1<1,j<2d,1# ]

@
A(IKD3A(TAD?
Y k € Z"\{0}, where ay > 0, and A(t) is an approximation function.

As. (Non-degeneracy Conditions) Let /lll (&) (1 <1 <£2d) be 2d distinct proper-values of J(A + g_@) with
I/ > 2ne, |4 — /l}l >2ne, L+ jO <[, j<2d aconstant n > 0 independent from &, and Q is the
average of Q(t) which is given in definition 1.4.

Then, there exists some sufficiently small €, > 0 and a positive measure non-empty Cantor subset
E. C (0,¢.), s.t. for € € E,, there is an analytic almost-periodic symplectic change X = ()Y with
the same frequencies and finite spatial structure like Q(t), which changes (1.1) into the Hamiltonian
system Y = BY, where B is a constant matrix. Additionally, means ((01’5—8*)) approaches 1 as g, goes to Q.

5

Remark 1.1. Here, as we are dealing with the Hamiltonian system, we need to find the symplectic
change, which is not the same as that in [1].
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Remark 1.2. We allow matrix JA to have multiple eigen-values. Obviously, if the eigen-values of JA
are distinct, the non-degeneracy condition holds naturally.

As an example, we apply the Theorem 1.1 to the following Schrédinger equation:

d*X

W+8Ja(t)X:O, (111)
where Ja(t) = ) Jax(?) is an almost-periodic function which is analytic on D, with frequencies w and
has spatial structure (7, [-]), which is persistently dependent on small parameter €. a is the average of
a(t). If a > 0 and the frequency w of Ja(t) = ) Jax(¢) fulfills the non-resonance condition

|k, w)| > k € Z'\{0}, (1.12)

@y
Ak A(TKD*
where @y > 0 is a small constant and A(¢) is an approximation function, then there exists some
sufficiently small &, > 0, the system (1.11) is reducible, and the equilibrium of (1.11) is stable in the
sense of Lyapunov for generally sufficiently small € € (0, £,). In addition, all solutions of Eq (1.11)
are quasi-periodic with the frequency Q = ( Vb, wy, ws, . ..) for generally sufficiently small & € (0, &,),
where b = as + O(&?) as € approaches 0. Here, we can see that if we rewrite the system (1.11) into the

system (1.1), we have
JA = (0 0)’

1 0

which has various proper-values 4; = 4, = 0. One can see Section 5 for much more details about this
example.
This paper is organized as follows:

In Section 2, some Lemmas are given.

In Section 3, we will prove the first KAM step.

In Section 4, we will prove the main Theorem 1.1.
Finally, in Section 5, we will analyze the Eq (1.11).

2. The Lemmas

Lemma 2.1. [5]. Assume that T and R are almost-periodic matrices with similar frequencies and
similar spatial structures. If |||T||lno < +00, [||R||lo < +00, then TR is an almost-periodic matrix with
similar frequencies and similar spatial structure like T and R,

T Rllmo < T [llmoll[Rlllmon

and for the average of T, we have Tl < 7|0

Lemma 2.2. []]. Assume that Cy is a 2d X 2d matrix with distinct non-zero proper-values u?, cees ,ug M
satisfying |,u?| >y, |,u? —,u?I >y, 1 # j,0<1,j < 2dand a regular matrix By s.t. 361C0B0 =
diag(l’, ..., p3,). Choose By = max{||Boll,||B;'ll}, and pick b s.t. 0 < b < If C, confirms
|IC1 — Col| < b, then, at that point, the accompanying conclusions hold:

y
6d-DB3"
(1) Cy has 2d distinct non-zero proper-values pij, . . . , j1) ,;
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(2) 3 the regular matrix By such that Bl‘lclBl = diag(,u%, . ,,u;d), which confirms ||B,||, ||B1‘1|| < By,
where B = 2.

The next lemma is the inductive lemma which is used for the inductive procedure in the proof of
Theorem 1.1.

Lemma 2.3. Consider the differential equation of the matrix

S =(JA)S -SJA) + 0, (2.1

where (JA)aax2q is a Hamiltonian matrix, the proper-values of JA are Ay, A, ..., Ayq with |A;| > { and
|4 = > { for j# 1, and { > Ois constant. Also, Q(t) = Y xe; Oa(?) is an almost-periodic Hamiltonian
matrix in t, is analytic on D, with frequencies w = (w;, w,, . ..) and has finite spatial structure (7, [-]).
0 =0, where Q is the average of Q(t). Let

Q N
1A — A — V=1(k, w)| = PR TD Y k € Z"\{0}, (2.2)

([k])°

with ay > 0 a constant and with the approximation function A(t). Consider 0 < 0 < o, 0 <m < m.
Then, A a unique analytic almost-periodic Hamiltonian matrix S (t) with similar finite spatial structure
and with similar frequency as Q(t), which gives the solution of Eq (2.1) and fulfills

I'(m)I'(o)
IS 705 < — 2 M Qlllm.0»
Qo

where I'(0) = sup,ZO[A3(t)e_9’], and ¢ > 0 is the constant.
Proof: Setting S such that S ' JAS = D = dia(A,, A,, . . ., A»;), making transformation S (f) = BV(t)B™!
and R(t) = B"'QB(1), Eq (2.1) becomes

V=DV -VD+R.

Consider V = Y zc; Va, R = Y per Ra, and

— (! VN b N=1¢k6
R/\—(FA, (rAk)_ Z rAke ¢ >,
SUppPkCA
— (] JN _ il N=1¢k,6
VA - (VA s (vAk) - Z vAke ¢ >7
SUppkCA

with 6 = wt.
Substituting above into V) = DV, — VoD + Rx and by comparing the coefficients on both sides, we
obtain vf\lo =0;orfork #0,
jl
i Tk

1% = .
ML= - VT, w)
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Since Q is analytic on D,, R = B"' QB is also analytic on D,. So, using Eq (2.2), we have

‘ A3 (ke 2 -
Mg < > ————A (kDI le™,

SUPpPkCA @o

')A (A ;
< Mllrf\lkllg.

Thus,

T(@A3(TA
Wallyy < “QAUAD o
Qo

Let V = ) scr Va. From Definition 1.2, we have
Vil oz = ) IVallp-ge™ ™™,
Aet
T(@)A([A]) mIA]-7
< ) = IRl N,
@
Aet
['()I'(m)
< ——lIRlllne-
Qo
Then, by utilizing Lemmas 2.1 and 2.2, we can write

-1
1S lllm-o— < IBINIVlln—r0-allB~"I,

and
IRllmg < 1B~ IQlImolIBII
So,
1505 < 1 Ql
To show that S = Y\, Sa is Hamiltonian, we simply need to make sure that S; = J~!S is

symmetric. Since we have that JA is Hamiltonian and Q = } ., Oa is Hamiltonian, using the
definition, A is symmetric, and we can denote Q = JQ,, where Q, is symmetric. Putting S = J§; and
Q = JQ,into Eq (2.1), we get

S;=AJS; - S JA+ Q. (2.3)
Taking the transpose on the two sides of Eq (2.3), we have
Si=AJS;—SIAJ + Q). (2.4)

Multiplying both sides of Eqs (2.3) and (2.4) by J, we get JS; = (JA)JS; — JS,(JA) + Q, and
JS; = (JA)JS| — JS)(AJ) + Q. This shows that JS; and JS; are solutions of Eq (2.1). As vi{o =,
1 <1,j<2d,wehave V =0, and so S =0. Thus, JS, = JS_§ = 0. As Eq (2.1) has unique solution with
S =0, we get JS; = JS!; and this implies that §; = S, which shows that S is the Hamiltonian.

O

AIMS Mathematics Volume 8, Issue 3, 7471-7489.
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3. The first KAM step

Choose Ay = JA, Qy(t) = JO(¢). By condition A3 of Theorem 1.1, (A + 8@0) is the Hamiltonian
matrix with 2d distinct proper-values /l,l, (1 <1 < 2d) with |/111| > 2ne, and (0 < [,j < 2d) with
|/111 - /l;.l > 2ne, where n7 > 0 is the constant independent from &. Thus, Hamiltonian system (1.1) can
be rewritten in the form:

dx ~ 2

— = |41 +20(0]X. X eR¥, (3.1
where A; = J(A + £0), Q(t) = J(O(1) — Q), 5 =0, and A; and Q(t) are the Hamiltonian matrices.
Let regular matrix B; be such that BIIAlBl = diag(A!, ..., /léd), which fulfills 8; = max{||Bi||, ||Bl‘1||}.
Using symplectic change of variables X = ¢*"X,, where S (¢) will be found later, the system (3.1) is
converted into

- , . d
e O(A +80(1) - £8)e™ D + V(8™ — —eP V)| X, (3.2)

dt

ax,
dr

By series expansion, we can indicate
e =I1+8&S+W,
and

eSS =-S5 +W,

where

_(S) | (e8)

W= _ (eS)? B (eS)?

TR T 21 31

=

Then, the Hamiltonian system (3.2) can be rewritten as

dx — — . . d
d—tl =[(I-€S +W)A, +&0(t) —eS)I + €S + W) + e 5D (e8 550 — d—te85<’))]xl,

= [A; +£0 — &S + eA,S —eSA, + £€0,1X,, (3.3)
where

0,=-SO0-S)+(Q-5)S —S(A, +&0 - &$)S
- W W ~
+(I - €S)A +£0 - &S)— + (A + €0 — 5)e™
& &

1 i d
bSO S0 _ L esy
&2 ( dt )

We would like to have
O-S+A,S -SA, =0,
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or, we have
S=AS-SA, +0. (3.4)

By the condition Az of Theorem 1.1, it is not difficult to see that the inequalities
Al =ne, |4 —Al=ns, 1#j 0<Ij<2d,
hold. By using Lemma 2.3, if

A =2 = V-1k, w)| > 1+ j,k e Z"\{0}, (3.5)

ag
A3 (kA3 ([K])’

also holds, where a; = 3, then Eq (3.4) can be solved for a unique almost-periodic Hamiltonian

matrix § = ) S, on D, ; with similar frequencies and similar spatial structure(r, [-]) as Q , which
fulfills § = 0 and

I'm)I'(o
S - 0-5 < CWIIIQ(QIIIW- (3.6)

Therefore, by using (3.4), the system (3.3) can be written as

dx
d—tl = A +£201| X1, 3.7)

where,
01 =SAS-SA)+SA —AS)S —SA; +e(SA —A5))S
w W o
+ (I —-€eS)A; +&(SA, —AIS))—2 + —2(A1 +e(SA; —A18))e
& P>

1 . d
b S0 S0 _ L esy
g2 ( dt )

Consequently, under the symplectic transformation X = ¢®®@X;, system (3.1) is converted into
system (3.7).
For sufficiently small &, we have |||eS |||,n-m0-5 < 1; thus, from

(eS) _ (eS)

_ (&S (eS) W=

[ T T TR TR
we have
WeSIE, 70z NeSUE s
WWlln-m o5 < o + 3 tees
L leSlln-mo-g

) m—m,0—0

= S,y + —37 * -
2

< LIeSIE o
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where L = 5, + —Ilasm’;’!'m’g'E +....
In the same way, we can get [|W|ll,—m -5 < LllleS |||’2n_mg_§.
Thus, for sufficiently small &
I'(m)T(0)°
2 * 2
NQ1llln-r0-z < CollleS I, 70— < COTIIIQ(I)IIIm,Q,

0
where Cy > 0, C; > 0 are constants. That is the end of the first KAM step.

4. Proof of Theorem 1.1

Now, we consider the iteration step. At the n* step, suppose the Hamiltonian system

dX,

dt
where A, is the Hamiltonian matrix, and Q,(¢) is an analytic almost-periodic Hamiltonian matrix on
D,, with basic frequencies w = (w1, wa, . ..) and has spatial structure (7, [-]). 4] are eigenvalues of A,
with |A]] > ne, |/17“ — /l?“l >ne, 1 # j, 0<1,j<2d, wheren > 0 is independent from &. By
defining the average of Q,(¢) as @n the system (4.1) is rewritten as

=4, + & 0u0)| X 2 1, (4.1)

aXx,
dt
where A, = (A, +&2°Q,) 0.(t) = Q,(t) = O,
Presently, by making the symplectic change X, = ¢° $"0X,,,, where S ,(¢) will be found later, the
system (4.2) becomes

=4+ 0u0] X, n21, (4.2)

an+1
dt

_2n n - n e 2on
:[e ‘ Sn(An+1 + 82 Qn - 82 Sn)eg Sn
-8, 2" &S d g ®
+e e Spet 0 — —e® PN X, 4.3)
dt
By series expansion, we can indicate

2n n
€S =T+€"'S,+W,,
_on n -~
e € Si=1-€¥S,,+ W,

where
(€85 (€8S,
W, = X + 3 +...,
7o €S (@S
"2l 3!

Then, the system (4.3) can be rewritten as

an+l
dt

= [An+1 + 82" éﬂ - 82"Sn + 82"An+1Sn - 82"SnAn+l + 82”+1 Qn+1(t)] Xn+1a (44)

AIMS Mathematics Volume 8, Issue 3, 7471-7489.
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where

Oni1(1) = =S (0 = S) + (O = S)S 0w = S u(Anet + € (0n =SS m
] - W, W, L - ]
+(I - €S A + (0, - P + e (A + &' (O — S p))e S

_on n . on d o»
e & Sn(gz Smes S _ _es S,,(t)).

M dr

82n+1
We would like to have
én _Sn + A8, = SpAn =0,

or we have

Sn = An+1Sn - SnAn+1 + én- (45)

Since A, + &2'0, and Q,(f) — 0, are Hamiltonian, A, and Q,(f) are Hamiltonian. If

g+t = 2 = V=1 w)l 2 L#j.  keZ'\{0},

ay
A3(KDA3 (kD)
and A, has 2d distinct proper-values A7*', ..., 433! with []*!| > e, |4 =41 2 ne, [ # jO< 1, j <
2d, by Lemma 2.3, there is a unique almost-periodic matrix S,(f) on Dy, 3, ., having frequencies w and
with finite spatial structure (7, [-]), which fulfills §,, = 0 and

I'(m)I(0,)
WS wllli, 71,1100, < €—————M1Qnlllm, 0,- (4.6)
Then, the Hamiltonian system (4.4) becomes
an n+
o = (A + &7 0 (0] X, (4.7

where,

Qn+l(t) :Sn(An+1Sn - SnAn+1) + (SnAn+1 - An+1Sn)Sn
- Sn(An+l + 82"(SnAn+l - An+lSn))Sn

n " Wn
+ (I - 62 S)(Ap + 82 (SnAn — An_,.]Sn))ﬁ

W, n n
+ = (Ape1 + € (S wApet — Ap1Sp))e S

82n+1
1 _an n . on d on
e’ Sn(”'S e S — yrd 520y, (4.8)

Thus, under the symplectic change X, = e s "0X,,1, system (4.1) is transformed into system (4.7).
Let regular matrix B, be such that B A, B, = diag(A}*, ..., A% and
Bur1 = max{||Bu1ll, 1B, !, II}. Then, from Lemma 2.2, we can suppose 3,41 = 23,, and s0 3, = 2"7'B,.

n+
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Iteration:
Now, by the KAM iteration, we prove that the iteration is convergent as n — oo.

From Lemma 2.3, m and p are taken to be arbitrary, so we can set m, and g, as follows: Let

ny, :m—zn:% and o, :Q—znlﬁ_)w
y=1 v=1

where m, — 0 and g, — 0 fulfill 3};2 7, = 1mg and Y320, = 300.
Consider that

()0 d) - .“f | | l E)V Z_V_l.
( ) Q1+£1)2+...<Q vl [ ( )]
Then, from [6], we see

1 =
emo) = | |ram)P

v=1

and

1 = el
q@m=DMWF.

In system (4.2), as A,,; has 2d distinct proper-values which fulfills the states of the hypothesis,
then by using Lemma 2.3, 9 a symplectic change X,, = e Sn wil> SO that S,(1) = X acr San(?) 1s the
unique almost-periodic matrix having similar frequencies and similar finite spatial structure like Q,(¢),
which fulfills (4.5) and so that the system (4.2) is converted into the system (4.7). Before estimating

. L
11Q41 11l ~7ins 1 00-5,..,» We should see that if [l€*S ulllm, ~7i,e1.00-5,., < 3 it follows that
[T —
+2" on MW,y 1,0n—0
|||e+5 "”lmn—%ﬂ,gn—?nﬂ S 1 + |||8 Snl“m,,—ﬁn_,,l,gn—@nﬂ + ;' e DEn Sntl

From the representation of W, and W,, we get

X7 2" 2
”an”lmn—ﬁnH,Qn—EnHa ”anl”mn—ﬁnH,Q,,—E,H, < Cn|||8 Snlll,nn_anrl,Qn_EnH’

where 0 < C, < 1. By Egs (4.7) and (4.8), if £ > 0 is small enough, we get

2
|||Qn+l|||mn_ﬁn+lﬁgn_§n+l S C”|Sn|||mn_mn+lvgn_§n+l ’
So, by Eq (4.6), we get

l—‘(Z)n+ 1 )r(mnﬂ )

n

2)L+1
Qe llby 5101003, < CE™(

2 2
) |||Qn|||men’

where C is a constant. Pick

C —(n+ -n = -
C = max{l,—z}, Co=[n+ 12w 227
@
n+l B n+1 B
o,0m) = [ | [F@)T", oue) = [r@)l
y=1 v=1

4.9)

(4.10)
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From [7], C,, ®,(m), ®,(p) are all convergent when n — +oco.
Consider

N = max {l, sup(ClCnCDn(m)‘Dn(Q))} {701 [

Then, we have [|Qy+1llm,-7,.1.00-5,,, < N?"?. From Equation (4.6), it follows that

2” 2 2"
€™ S ulllm, -, 0,-3, < (ENT)".

Thus, if eN? < %, then

2)1
e S alllm, > 0n < 2.

Since

2)1_ 271 2 2}1
n+l = Anll — nll = nlllm,» Yn ’
llA Aull = lle” Oull < llle™ Qnlllm,»0n < (eN7)

if
N < ne _ ne ’
N < Gd— DB = 6d— 1B

it follows from Eq (4.13) that

ne

A1 — Al £ =———.,
IAnst = A < S

for all n > 1. From Lemma 2.2, we notice that A,,,; has 2d distinct proper values /1'1’“, .

So, we get
= > el # j 1 <1, j<2d,
and
A > e, l=1,...,2d.
Actually, we have

= 2 = = YA = 4+ 15 = 2D,

s=1

> 12, = A= 2 > IAg — Al

s=1
> 2ne — 2(eN*)?,
> 2ne — 4(eN?)>.

So,ife < #, then we obtain 2ne — 4(eN?)? > ne, and thus, we get

= >me, 1# ), 1<1j<2d.

n+1
LA

(4.11)

(4.12)

(4.13)
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Similarly, we can prove
I > e, 1<1<2d

Let Dy, 1, = N, Dm, o, Using the condition A; of Theorem 1.1, Eqs (4.6) and (4.11), the composition

of all the transformations esann is convergent to /(f) as n — oo.
In this way, we get
g™ Qulll . 10y < (BN (4.14)

If 0 < eN? < 1, we have that

lim(eN?)*" = 0.
n—oo
Moreover, it follows from (4.12) that A,, converges always as n — oo. Define B = lim,,_,, A,,. Then,
at that point, using symplectic change X = (7)Y, the Hamiltonian system (1.1) is transformed into
Y = BY with constant coefficient matrix B.
Measure Estimate:
Using the iteration above, we currently demonstrate that when & is sufficiently small, non-resonant
conditions

n+l _ gn+l _ _ @y
A = 47 = VL o)l 2 s

VkeZ\{0}and 1 <I,j < 2d, where n = 0,1,2,... and A is an approximation function, hold for
some sufficiently small € € (0, €,).

In [5], using Theorem B, Eq (4.15) holds for n = 0, and see that 4, and a non empty set E, € (0, €.)
s.t. for each € € E,, we get

(4.15)

(0%

n+l _ gn+l _ L/ S —
=4 = V=K )l 2 S5 s

and limg, o "= = 1. Clearly, (4.15) holds.

Thus, E. is a non-empty subset of (0, ,). Hence, for € € E., 4 an almost-periodic symplectic change
X = y(1)Y, s.t. system (1.1) is transformed into system ¥ = BY. Thus, the proof of Theorem 1.1 is
finished. |

5. Application (Schrodinger equation)

For instance, we apply Theorem 1.1 to the following almost-periodic Schrodinger equation:

d’X
ﬁ +eJa(n)X =0, (5.1
in which Ja(?) = }, Jax(t) is an almost-periodic function which is analytic on D, with frequencies w =
(w1, Wy, ...) and has finite spatial structure (7, [-]), which depends continuously upon small parameter
e. a denotes average of a(t), and suppose a > 0. Consider % =y, and then at that point (5.1) can be
rewritten in the same structure as

X dy

E = Y, E = —8Ja(t). (52)
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To apply Theorem 1.1, (5.2) can be revised in the form as

dv
o = J[A +Q(0))v, (5.3)
where
(X (00 (0 —a(D)
T L )

It is not difficult to see that JA has multiple prclaer—values Ay =4, =0,and J(A + 8@) has two distinct
proper values u; = ¢ Vae, u, = — Vae, where Q denotes the average of Q(r) and ¢ = V—1. Obviously,
we have

il = Vae =ns, i=1,2, (5.5)
) — ol = 2 Vae = ne. (5.6)

We choose 7 = Va > 0 as a constant which is independent from &. Applying Theorem 1.1, the
following result holds.

Theorem 5.1. Suppose Ja(t) = ) Jax(t) is an almost-periodic function which is an analytic on D,
with frequencies w = (w1, Wy, ...) and has finite spatial structure (7, [-]), which relies upon the small
parameter € and Ja > 0.

Suppose the frequencies w = (w1, Wy, ...) of Ja(t) = 3 Jax(t) fulfill non-resonance conditions

[k, w)| > k € Z"\{0}, (5.7)

o
A(KDAKD?
where ay > 0 is the small constant, T > N — 1, and A(t) is the approximation function.

Then, 9 some sufficiently small €, > 0, and E, # ¢ is the positive measure Cantor subset of (0, €.)

s.t. for e € E,, Eq (5.1) is always reducible. Also, if &, is sufficiently small, meas((ol’i:)) is nearly 1.

Note: From Theorem 5.1, it is clear that Eq (5.1) is transformed into the constant coeflicient system
for generally sufficiently small € > 0.

Stability criterion: Presently we need to study the Lyapunov stability of the equilibrium of (5.1),
using the results obtained in previous Section. If a(f) is periodic in time, one well known stability
criterion was discussed by Magnus and Winkler in [13] for Hills equation

d’X
v +a(H)X =0, (5.8)
1.e., Eq (5.8) is stable if
T
4
a(t) > O,f a(hdt < —, (5.9)
0 T

which can be proven using a Poincare’ inequality. In [14], Zhang and Li generalized and improved the
stability criteria which are known as L? criteria. In [15] Zhang discussed the L? criteria to the linear

planar Hamiltonian system
dX dy
Lo Y, — = —9(DX, 5.10
AL o7 = 80 (5.10)
where f(7), g(¢) are continuous and T -periodic functions.
For quasi-periodic systems, Xue and Zhao in [9] proved the stability of the equilibrium of Eq (5.1).
However, for almost-periodic Eq (5.1), the above results can not be applied straightforwardly. Then,

we get an outcome about the stability of the equilibrium of (5.1).
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Theorem 5.2. Using the conditions of Theorem 5.1, in the sense of Lyapunov, the equilibrium of
Eq (5.1) is stable for generally sufficiently small & > 0.

Proof: We know that from Theorem 5.1, for generally sufficiently small & > 0,& € (0, &), 4 an
analytic symplectic change v = ¥(f)vy, in which ¥(f) = > ¥ () has similar frequencies and finite
spatial structure (7, [-]) like Q(#), which converts Eq (5.3) into the equation

E :Bvl, (511)

where B is the constant matrix. In addition, from proof of Theorem 1.1, it follows that B has two
distinct proper values A}, A, fulfilling

I =nei=1,2, |4 — 4] > ne. (5.12)
Moreover, from the proof of Theorem 1.1, we get
1B - J(A+ Q)| < (eN*)* = O(&). (5.13)
Subsequently, the matrix B has two distinct pure imaginary proper values and can be written as:
Al =+Vb, i=1,2, (5.14)
where b can be written in the following form:
b =ae + O(&), (5.15)
which relies upon a and € only. Hence, 3 a particular symplectic matrix S such that
S~'BS = diag(t Vb, - Vb). (5.16)
Let ve, = SV, and using the symplectic change v., = SV, system (5.11) is changed as

dv., o Vb 0 \_
—2 =S'BSV, = .
dt Y (O —L\/B)V

Subsequently, by an analytic almost-periodic symplectic change, Eq (5.1) is transformed into

(5.17)

d*X.,
dr?

+ bX. = 0. (5.18)

It is not difficult to see that (5.18) is elliptic. Accordingly, equilibrium of (5.1) is stable in the sense of
Lyapunov for generally sufficiently small € > 0. m|

See the quasi-periodic solution of equation of (5.1) in [9]. Lastly, for the presence of almost-periodic
solution of Eq (5.1), we have the following result:

Theorem 5.3. Using the conditions of Theorem 5.1, all solutions of equation (5.1) are almost-periodic
with frequencies Q = (Vb, w1, ws, ...) for generally sufficiently small & > 0, where b can be seen
in (5.15).
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Proof: Using Theorem 5.1, we know that, for generally sufficiently small € € (0, &,), 3 an analytic
almost-periodic symplectic change having similar frequencies and finite spatial structure like Ja(¢), by
this change, Eq (5.1) is converted into (5.18). Then again, it is not difficult to see that all solutions of
Eq (5.18) are periodic, and the frequency of these solutions is Vb.

Now, we just have to show that, for generally sufficiently small ¢ € (0, ¢,), the accompanying
non-resonant condition

(03]

D) > A3ENA3(TETY
kiwi + kows + ... + kywy + ki VB > A3([kDA3([K])

(5.19)

holds for all k € Z"*1\{0} and for generally sufficiently small & € (0, &,), where a; = “70, A(?) is an
approximation function, and ( Vb, wi, w,, .. .) are basic frequencies of Ja(t). If ky,1 = 0, then from the
non-resonance condition (5.7), it follows that (5.19) holds.

If kyy1 # 0, from Theorem B in [5], Eq (5.19) holds; and it can be seen that 3 €, and a non empty

set E, € (0,&,) s.t. foreach € € E,, we get

kiw) + kyw, + ... +k +k bl >
lkiwy + kaw, NN + ki \/_|_4A3

@o
(DA (kD)
and limg, o ““2% = 1. Clearly, (5.19) holds.

Hence, all solutions of Equation (5.1) are almost-periodic with frequencies Q = (\/E, w1y, Wy, ...)
for generally sufficiently small & > 0.

6. Conclusions

In this research work, we discussed the reducibility of almost-periodic Hamiltonian systems and
proved that the almost-periodic linear Hamiltonian system (1.1) is reduced to a constant coeflicients
Hamiltonian system by means of an almost-periodic symplectic transformation. The result was
proved for sufficiently small parameter £ by using some non-resonant conditions, non-degeneracy
conditions and the rapidly convergent method that is KAM iterations. The result was also verified for
Schrodinger equation.
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