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1. Introduction

Integral inequality is well recognized to be important in both pure and practical mathematics;
for examples, see [1-10]. The behavior of inequalities makes it clear that mathematical approaches
are useless in the absence of inequalities. For this reason, exact inequalities are now required in order
to demonstrate the validity and uniqueness of the mathematical procedures. Convexity also plays a
big part in the subject of inequalities, owing to the behavior of its definition.

Let K be a convex set. Then, a real valued function ®: K — R is named as convex on K if
the inequality

GGx+ (1—9)y) <s®(x)+ (1 —-9)6(y) (D

holds for allx,y € K,s € [0,1]. If ® is concave, then —® is convex. Over the years, convex sets
and convex functions have been modified to a remarkable variety of convexities, such as harmonic
convexity [11], quasi convexity [12], Schur convexity [13,14], strong convexity [15,16], p-convexity [17],
generalized convexity [18] and so on. For more information, see [ 19-34] and the references therein.
The Jensen inequality [35,36] is one of these inequalities for convex functions, and it can be
stated as follows.
Let w; €[0,1], a; € [a,B], ( =1,2,3,..k,k = 2) and ® be a convex function. Then,

6(Zjow%) < ( =1 Wj (5(351)) 2)

with Zlemj = 1. If ® is concave, then inequality (2) is reversed.

Research on the idea of convexity with integral problems is fascinating. As a result, several
writers have proved numerous equalities or inequalities as applications of convex functions. Among
the notable outcomes are the Gagliardo-Nirenberg inequality [37], the Hardy inequality [38], the
Ostrowski inequality [39], the Olsen inequality [40] and the Hermite-Hadamard inequality
(HH-inequality, in short) [41]. The HH-inequality is an interesting outcome in convex analysis
which is formulated for convex function ®: K - R* on an interval K = [a,b] by

6(2) < L [Pe@d: < X220, 3)

2

forall a,b € K. If ® is concave, then inequality (3) is reversed.

Fejér created the Hermite-Hadamard-Fejér inequality (HH-Fejér inequality), which is the most
significant weighted extension of the HH-inequality, in [42].

Let ®:[a,b] » R™ be a convex function on a convex set K and a,b € K with a < b. Then,

(ﬁ(a)+ ®(b)

a+b

6 (%) = s o G0@dx < X2 La@)dr 4)

If 2(x) =1, then we obtain (3) from (4). With the assistance of inequality (4), many
inequalities can be obtained through special symmetric function 02(x) for convex functions.

Meanwhile, to increase the accuracy of measurement findings and to carry out error analysis
automatically, interval analysis has been proposed and researched by Moore [43], Kulish and
Miranker [44], and they have substituted interval operations with real operations. In this field, an
interval of real numbers is used to represent an uncertain variable. Following their research,
numerous authors concentrated on the literature and employed this idea in various contexts. An
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h-convex interval-valued function (h-convex /VF) was first proposed in 2018 by Zhao et al. [45],
who demonstrated that convex /VF is a specific example of the HH-inequality.

Let ®:[a,6] € R - K" be a convex IVF given by G(x) = [6,(x), ®*(x)] for all x € [a,b],
where ®,(x) is a convex function, and ®*(x) is a concave function. If ® is Riemann integrable,
then

6 () 2 = (R) [ 6(x)dx 2 X0 (5)
We refer readers to [46—63] and the references therein for more examination of the literature on the
uses and characteristics of generalized convex functions and HH-integral inequalities.

Operation research, computer science, management sciences, artificial intelligence, control
engineering and decision sciences are just a few of the applied sciences and pure mathematics
problems that are studied in [64], where a large amount of research on fuzzy sets and systems has
been devoted to the development of various fields. Similar to this, the concepts of convexity and
non-convexity are crucial in optimization in the fuzzy domain because they allow us to distinguish
the optimality condition of convexity and produce fuzzy variational inequalities. As a result, the
theories of variational inequality and fuzzy complementary problems have powerful mechanisms of
mathematical problems and a cordial relationship. This field is fascinating and has produced many
writers. Additionally, the concepts of convex fuzzy mapping and finding its optimality condition with
the aid of fuzzy variational inequality were studied by Nanda and Kar [65] and Chang [66]. Fuzzy
convexity’s generalization and extension are crucial to its application in a variety of contexts. Let's
remark that preinvex fuzzy mapping is one of the most often discussed kinds of nonconvex fuzzy
mapping. This concept was first proposed by Noor [67], who also demonstrated some findings that
show how fuzzy variational-like inequality distinguishes the fuzzy optimality condition of
differentiable fuzzy preinvex mappings. For a more in-depth review of the literature on the uses and
characterization of generalized convex fuzzy mappings and variational-like inequalities, see [68—85]
and the references therein.

Fuzzy-interval-valued functions are the fuzzy mappings. There are certain integrals that deal with
FIVFs and have FIVFs as their integrands. For instance, Oseuna-Gomez et al. [86] and Costa et al. [87]
created the Kulisch-Miranker order relation to establish Jensen's integral inequality for FIVFs. Costa and
Floures provided Minkowski and Beckenbach's inequalities, where the integrands are F/VFs, using
the same methodology. Because Costa et al. [88] established a relationship between the components
of fuzzy-interval space and interval space and introduced a level-wise fuzzy order relation on
fuzzy-interval space through the Kulisch-Miranker order relation defined on interval space, these
authors were particularly inspired by their work. By creating a fuzzy-interval integral inequality for
extended convex FIVF, where the integrands are (p,J)-convex FIVF, we generalize the integral
inequalities (2)—(4). For more information related to fuzzy sets, fuzzy functions and inequalities,
see [89—101] and the references therein.

The structure of this study is as follows: Preliminary ideas and findings in interval space, the
space of fuzzy intervals and convex analysis are presented in Section 2. Additionally, the brand-new
idea of (p,J)-convex FIVFs is also presented. For (p,J)-convex FIVFs, Section 3 derives discrete
Jensen and Schur type inequalities. Using fuzzy Riemann integrals, Section 4 derives fuzzy-interval
HH-inequalities for (p, ¥)-convex FIVFs. To support our findings, some compelling instances are
also provided. Section 5 gives conclusions and future plans.
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2. Definitions and basic results

In this section, we first provide a few definitions, rough notations and findings that will be
beneficial for future research. Then, we give new (p, J)-convex FIVFs definitions and properties.
Let K be the space of all closed and bounded intervals of R and o € K be defined by

o =[o,,0"] ={x€R|o, <x<0"}, (0,,0" ER).
If o, = 0", then o is named as degenerate. In this article, all intervals will be non-degenerate
intervals. If o, > 0, then [o,,0"] is named as a positive interval. The set of all positive intervals is
denoted by K7 and defined as K7 = {[o,,0"]: [0,,0*] € R; and o, = 0}.
Let p € R and po be defined by

p.o= {[po*,po*] ifp =0,
[po*, po,]if p < 0.

Then, the Minkowski difference q — o, addition o + g and o X q for o,q € K are defined by
[q.,4"] = [0, 0] =[q.—0.,,  q*—0%],
[q.,q"] + [0.,,0] =[q.+0.,,  q*+0°],

b

and [q.,q%] X [0,,0%] = [min{q.0,,q"0,,q.0", q"0*}, max{q,0,,q"0,,q.0%,q"0*}]. The inclusion “S’
means that ¢ € o Ifand only if, [q,,q"] € [o,,0%], if and only if o, < gq,, q° < 0"
Remark 2.1. [44] The relation " <; " is defined on K by
[a.,9*] <; [0.,0*] ifand only if g, < 0,, q* < 0%

for all [q,,q*], [0,,0"] € K¢, and it is an order relation. For given [q.,q"], [0,, 0] € K, we say
that [q,,q"] <; [0,,0%] ifand only if q, <o,, g <0* or g, <0p,, g <0".

For [q.,q"], [0,,0"] € R;, the Hausdorff-Pompeiu distance between intervals [q,,q*] and
[0,,0%] is defined by

d([a., 9], [0,,0"]) = max{[q.,q"], [0.,07]}.

It is a familiar fact that (R;,d) is a complete metric space.

The concept of a Riemann integral for /VF first introduced by Moore [43] is defined as follows:
Theorem 2.2. [43] If ®:[a,b] € R —> R; is an /VF such that G(x) = [®,(x), ®"(x)], then & is
Riemann integrable over [a,b] if and only if ®,(x) and &*(x) both are Riemann integrable over
[a,b] such that

(UR) [ 6()dx = |(R) [} 6.(x)dx, (R) [} 6" (x)dx|.

The collections of all Riemann integrable real valued functions and Riemann integrable /VFs are
denoted by Rpqp; and IR[.y), respectively.
Let R be the set of real numbers. A fuzzy subset set A of R is distinguished by a function
g: R — [0,1] called the membership function. In this study, this depiction is approved. Moreover, the
collection of all fuzzy subsets of R is denoted by F(R).
A real fuzzy-interval g is a fuzzy setin R with the following properties:
(1) g is normal, i.e., there exists ¥ € R such that g(x) = 1.
(2) g is upper semi continuous, i.e., for given ¥ € R, and for every x € R there exist € >0
there exist & > 0 such that g(x) — g(y) < & forall y € R with |x—y| <.
(3) g is fuzzy convex, i.e., g((1 —9)x + sy) = min(g(x),g(y)), ¥V £y € R and s € [0, 1].
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(4) g is compactly supported, i.e., cl{x € R| g(x) > 0} is compact.
The collection of all real fuzzy-intervals is denoted by [F.(R).
Since F;(R) denotes the set of all real fuzzy-intervals and let g € F-(R) be real fuzzy-interval, if
and only if, j-levels [g]? is a nonempty compact convex set of R. This is represented by

[a]’ = {x € R| g(x) = 4},

and from these definitions, we have

[a]? = [3.(7), 8" (D],

where

8.(7) = inf{x € Rl a(x) = 7}, a"(4) = sup{x € R| g(x) = 7}.

Proposition 2.3. [88] Let g,d € F.(R). Then, relation “<” given on F;(R) by
g < b ifand only if [g]? <; [0]? forall 4 € [0,1]
is a partial order relation.
We now discuss some properties of real fuzzy-intervals under addition, scalar multiplication,
multiplication and division. If g,d € F:(R) and p € R, then arithmetic operations are defined by

[sFb]? = [g]? + [0]7, (6)
[g X b]7 = [g]? x [ 0], (7
[p.g]? = p.[g]’. )

Remark 2.4. Obviously, F.(R) is closed under addition and nonnegative scalar multiplication, and
the above defined properties on F-(R) are equivalent to those derived from the usual extension
principle. Furthermore, for each scalar number p € R,

[pF o)’ = p + [g]. 9)
Theorem 2.5. [71,74] The space F-(R) dealing with a supremum metric, i.e., for ¥,d € F-(R)
O(,d) = Osule([g]"", [2]%), (10)
<j<

is a complete metric space, where H denotes the well-known Hausdorff metric on the space of intervals.
Definition 2.6. [88] A mapping : K € R — F-(R) is named as FIVF. For each j € [0,1], whose
F-levels define the family of /VFs G;: K € R - K are given by 6,(x) = [6.(x,7), 6 (x,7)] for
all x € K. Here, for each 4 € [0,1], the end point real functions ®,(x,7),®*(x,7):K -» R are
called lower and upper functions of ©®.

Remark 2.7. Let : K c R - F-(R) be a FIVF. Then, G(x) is named as continuous at x € K if
for each 7 € [0, 1], both end point functions ®,(x,7) and &*(x,#) are continuous at x € K.

From the above literature review, the following results can be concluded (see [88,44,43,86]):
Definition 2.8. Let ®:[c,d] € R - F-(R) be a FIVF. The fuzzy Riemann integral of ® over

[c,d], denoted by (FR) fcd ®(x)dx, is defined level-wise by

[(FR) [* 6] = (R) [ 6,z = {[* 6, )dx: 6. 5) € Ry, (11)

for all 7 €[0,1], where R4 is the collection of end point functions of /VFs. G is
(FR)-integrable over [c,d] if (FR) fcd ®(x)dx € F-(R). Note that if both end point functions are
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Lebesgue-integrable, then ® is fuzzy Aumann-integrable, see [81].

Theorem 2.9. Let ®:[c,d] € R — F(R) be a FIVF, whose j-levels define the family of /VFs
®,:[c,d] € R - K are given by 6,(x) = [6.(x,7),6"(x,7)] for all x € [c,d] and for all 7 €
[0,1]. Then, & is (FR)-integrable over [c,d] if and only if, ®,(x,7) and &*(x,7) both are
R-integrable over [c,d]. Moreover, if ® is (FR)-integrable over [c,d], then

(PR [ 6@dz]’ = [®) [16. G ez, (B) [ 6" (. )ds] = UR) [ 6,dx, (12)

for all 7 € [0, 1].

The families of all (FR)-integrable F/VFs and R-integrable functions over [c,d] are denoted
by FR([c.a1;) and Rca), forall 7 € [0,1].

Definition 2.10. [51] A function ®: [a,b] » R* is named as a P-convex function if

GGx+ (1—9)y) <6(x)+6(), (13)

forallx,y € [a,b],s € [0,1]. If (13) is reversed, then ® is named as P-concave.
Definition 2.11. [47] A function ®: K - R™ is named as an s-convex function in the second sense
if

G+ (1—9)y) <s°6(x) + (1 —9)°G(y), (14)

for all %,y € [a,b],5 € [0,1], where s € (0,1). If (14) is reversed, then ® is named as s-concave
in the second sense.

Definition 2.12. [55] A function ®: [a,b] - R* is named as a J-convex function if for allx,y €
[a,B],5 € [0,1], we have

Glsx+ (1 —9)y) <3(s) 6(x) +I(1 —5)G(y), (15)

where J: L - R* such that £ 0, [0,1] S L. If(15) is reversed, then & is named as J-concave
in the second sense.
A function §: L - R* is named as super multiplicative if for all %,y € £, we have

IGy) = IJ@EIO). (16)

If (16) is reversed, then J is known as sub multiplicative. If the equality holds in (16), then J is
named as multiplicative.
Definition 2.13. [17] Let p € R with p # 0. Then, the interval K, is named as p-convex if

1
[sx° + (1 — 5)y"]* €K, (17)
forall x,y € K,,s € [0,1], where p=2n+1 and n € N.

Definition 2.14. [17] Let p € R with p # 0 and K, = [a,b] & R. Then, the function ®: [a,b] —»
R*is named as a p-convex function if

G ([535” +(1- s)yv]%) < s6() + (1 — 9)6(), (18)

for allx,y € [q,b],5 € [0,1]. If the inequality (18) is reversed, then & is named as a p-concave
function.

Definition 2.15. [52] Let K, be a p-convex set and J:[0,1] € L > R* be a nonnegative
real-valued function such that I # 0, where £ S R. Then, function ®:K, - R is named as
(p, 3)-convex on K,, such that
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6 (1o + (1 - 9P ) <36 6() +3(1 -9 60), (19)

for all x,y € K, =[qa,b],5s €[0,1], where ®(x) >0 and J:L£ - R* such that %0 and
[0,1] € L. If (19) is reversed, then & is named as (p,J)-concave on [a,b]. ® is (p,J)-affine if
and only if it is both a (p, J)-convex and (p, F)-concave function.

Definition 2.16. [65,66] Let K be a convex set. Then, FIVF ®:K — F.(R) is named as convex
on K if

GGx+ (1—95)y) <sG@E)F( —56(), (20)

for all x,y € K,s € [0,1], where ®(x) > 0. If (20) is reversed, then ® is named as concave on
[a,b]. ® is affine if and only if it is both a convex and concave function.
Definition 2.17. Let K, be a p-convex set and J:[0,1] & £ - R* be a nonnegative real-valued

function such that J # 0, where £ € R. Then, FIVF G:K, - Fc(R) is named as (p, J)-convex
on K, such that

6 (1o + (1 -9y ) < 36 6T (1 -9 60), e

forallx,y € K,,5 € [0,1], where G(x) > 0 and J: £ - R* such that J # 0 and [0,1] S L. If (21)
is reversed, then ® is named as (p,J)-concave on [a,b]. ® is (p,J)-affine if and only if it is both
(p, 3)-convex and (p,J)-concave FIVF.

Remark 2.18. The (p, J)-convex FIVFs have some very nice properties similar to convex FIVF:

If ® is (p,J)-convex FIVF, then Y® is also (p,)-convex for ¥ = 0.

If F and ® both are (p,J)-convex FIVFs, then max(T(x), (ﬁ(x)) is also (p, J)-convex FIVF.

We now discuss some new and known special cases of (p, J)-convex FIVFs:
If 3(s) =s° with s € (0,1), then (p,J)-convex FIVF becomes (p,s)-convex FIVF, that is,

6 ([ +(1- s)yv]%) < SBEOF(L-9)6O), vy eK,se01. (22

If 3(s) =5, then (p,J)-convex FIVF becomes p-convex FIVF, that is,

1
v

6([s + (1= 9y"F ) < sG@FA - )6(),Vxy €Ky €[0,1]. (23)

If p=1,then (p,J)-convex FIVF becomes J-convex FIVF, that is,
GG+ (1-5)Y)<IJ6)6E)FIA—35)6((y),Vxy€EK,se[0,1]. (24)
If J(s) =s° with s € (0,1) and p = 1, then (p,J)-convex FIVF becomes s-convex FIVF, that is,
G(sx+ (1 —95)y) <s°G)F(1 —5)6G(y),Vx,y €K,s € [0,1]. (25)
If p=1 and J(s) = s, then (p,F)-convex FIVF becomes convex FIVF, see [65,66], that is,
G(sx+ (1—35)y) <sO®E)F(A —3)6(y),Vxy €EK,s €[0,1]. (26)

Theorem 2.19. Let K, be a p-convex set, non-negative real valued function J:[0,1] € K, » R
such that 3 # 0, and let ®:K, » F-(R) be a FIVF, whose j-levels define the family of /VFs
G K, cR- K" © K, are given by
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for all x € K,, and for all 7 € [0,1]. Then, ® is (p,J)-convex on K, if and only if, for all 7 €

[0,1], ®.(x,7) and &*(x,#) both are (p,T)-convex functions.
Proof. Assume that for each 7 € [0,1], ©.(x,7) and G*(z,7) are (p,J)-convex on K,. Then,

from (19), we have
®. ([saaep +(1- 5)yp]5,;'> <3(6)6.(x,7) +I(1—-9)6.(y,7), Vxy €K, s €[0,1],

and

1
®" ([sx" + (1 —3s)y*J», 7’) <366 (x4)+31-9)6"(y,7),Vxy€K,s€[0,1].

Then, by (27), (6) and (8), we obtain
®, ([sx" +1- s)y"]%) = [6* ([sx" +(1- S)y"]%, 4’) , ® ([sx" +(1- S)y"]%, 7’)],

< [3(9) 6.(24), 3() 6" (Al + [S(1 = 9) 6.(y,7), 31 —9) 6" (v, /)],
that is,

5 ([sx" +(1- 5)y"]%) <3S EOIIL-9)6H), Yy ek, se[0,1].

Hence, ® is (p,J)-convex FIVF on K,.
Conversely, let ® be (p,J)-convex FIVF on K,. Then, for all x,y € K, and s € [0,1], we have

1
® <[sx‘° +(1- s)y"]5> < 3(s) G()F I(1 — 3) ®(y). Therefore, from (27), we have

®, ([sx" +(1- s)yv]%) - [05* ([sx" £ -9y, ;) & ([sx" £ -9y, 4)]
Again, from (27), (6) and (8), we obtain
3() 6,(x)+I(1 —5) 6,(x)
= [3(5) 6.(x,4),3(6) 6" D] + [F(1 = 9) 6.(y,4),I(1 — ) 6" (¥, /)],

Then by (p, J)-convexity of ®, we have

6. (s + (1 = 9y"F.3) < 36 6.0 ) + 30 -9 6.0,

and

6 ([ + (1 - 9y"F.4) < IO G @) + 31 -9 6 (),

for each 7 € [0,1]. Hence, the result follows.

Remark 2.20. If ©,(x,7) = 6"(x,7) with 4 =1, then (p,J)-convex FIVF reduces to the classical
(p, I)-convex function (see [52]).

If ®.(x,7) =06"(x,7) with =1 and J(s) =s° with s € (0,1), then (p,J)-convex FIVF
reduces to the classical (p,s)-convex function (see [47]).

If ®,(x,7) =®"(x,7) with 7 =1 and J(s) = s, then (p,J)-convex FIVF reduces to the classical
p-convex function (see [17]).

If ®,(x,7) =®*(x,4) with 4 =1 and p =1, then (p,J)-convex FIVF reduces to the classical
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J-convex function (see [55]).
Example 2.21. We consider J(s) = s, for s € [0,1], and the FIVF ®:[0,1] - F(R) defined by

— € [0, 2xP]
2xP

6@ =122 5 e (22, 427] (28)
0 otherwise,

Then, for each 7 € [0,1], we have ©,(x) = [27xP, (4 — 24)z" ]. Since end point functions ®, (x,7)

and ®*(x,7) both are (p,J)-convex functions for each 7 € [0,1]. Hence, G(x) is (p,J)-convex
FIVF.

3. Discrete Jensen and Schur type inequalities

We introduce the idea of discrete Jensen and Schur type inequality for (p, J)-convex FIVFs in
this section. The discrete Jensen type inequality is further refined in several ways. The discrete
Jensen type inequality for (p,J)-convex FIVF is shown first in the following result.

Theorem 3.1. (Discrete Jensen type inequality for (p,J)-convex FIVF) Let w; € R*, ¥; € [a,b],
(G=123,..k,k=>2) and G:[a,b] » F:(R) be a (p,J)-convex fuzzy FIVF with non-negative
real valued function J:[0,1] - R, whose j-levels define the family of /VFs ®;:[a,b] € R — Kt
are given by 6;(zx) = [0,(x,7),6"(x,7)] for all x € [a,b] and for all 7 €[0,1]. If J is a

super-multiplicative function on £, then

® ([Wi ¥ w; xﬂ%) <XES (%) ®(x;), (29)

where W, = X7, w;. If function J is sub-multiplicative and & is (p,J)-concave, then

inequality (29) is reversed.
Proof. When k = 2, inequality (29) is true. Consider that inequality (19) is true for k =n — 1, and
then

® <[W§_1 11w % ]_> PN/ (Wn 1) ®(x).

Now, let us prove that inequality (29) holds for k = n.

) 1
P Wp—1+wn Wn—1 On »
0; ¥; w; x,° + L x p] :
<[W =19 % ] > <[ s wj % T e M e ———

Therefore, for each 7 € [0, 1], we have
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Wn Wyp—1+Wp Wp—1+wn

1 Wp—1+W Wp—1 W o
=(5*<W w4 T (e, P — xn"] ,y),
n

1 Wyp_q1+Wy Wn—1 wn .
Zw; %P + 1" + 3 "]
([Wn 1 7 Wn (mn_l +wy, n-1 n 7

< 573 (2)0.0) 3 (222 25 m s 2 )

< T30 () + 3 (50 ([ nr + 2 xnp]%'f)
Sy=R{CIACHER
< W23 (50 67 (5.4) + 3 (223
<723 (52) 6.(5.4) + [ (32) 6.t ) + 3 (52) 6. )]
<2223 () 67 (5.4) + [\s (‘”;;nl) 6 Gnon )+ 3 (52) 6" G )

) 6.(x,7),

-3
S3(5) 6 6 d).

®. (xn, 4’)],
©" (tn 9]

B ) )+ 3 (2

3G
[5G

e
) 6 (o) + S (5

)
)

Wp—1+Wn

From that, we have

A ——

that is,

[21 13(#)6 (lef) Y- 13(#)6 (35]'7)]

o (b 2rams T ) < 53 G2 o5

and the result follows.

If w; =w, =w3 =+ =w, =1, then Theorem 3.1 reduces to the following result:

Corollary 3.2. Let x; € [a,b], (j =1,2,3,...k,k = 2) and G:[a,b] > F-(R) be a (p,J)-convex
fuzzy FIVF with non-negative real valued function J:[0,1] = R, whose j-levels define the family
of IVFs G;:[a,b] c R - K. are given by 6, = [6.(x,7),6"(x,74)] for all x € [a,b] and for
all 7 € [0,1]. If J is a super-multiplicative function, then

([W Xj=1 % ]1> T3 (5) 6(x). (30)

If function J is sub-multiplicative, and ® isa (p,J)-concave, then inequality (30) is reversed.
Next, Theorem 3.3 gives the Schur-type inequality for (p, J)-convex FIVFs.

Theorem 3.3. (Discrete Schur-type inequality for (p, §)-convex FIVF) Let ®:[a,b] = F-(R) be a
(p, 3)-convex FIVF with non-negative real valued function J:[0,1] — R, whose j-levels define the
family of /VFs ®;:[a,b] € R » K " are given by 6,;(x) = [6.(x,7), 6" (x,/)] for all x € [a,b]
and for all 7€[0,1]. If J:£L—> R* is a nonnegative super-multiplicative function, then for
X1,%,,%3 € [a,b], such that ¥; < %, < x; and x3° — x,°, %3P — x,°, x,° —xP € L, we have
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I — 7)) 6(x2) < I3 —x2°) O(x) + I(x7 — %) B(x3). (31)
If the function  is a nonnegative sub-multiplicative function, and ® is a (p,J)-concave, then
inequality (31) is reversed.
Proof. Let %,,%,,%3 € [a,b] and J(x3” — x,7) > 0. Then, by hypothesis, we have
R (I3p—fzp) _ J(x3P—x2") and (%zp—ﬁp) _ 3(&”‘&")_

x3P—x,P J(x3P—x1P) x3P—x, P S(x3P—%1P)

I3U_
x3p—x p’

Consider s = and then x,” = sx,? + (1 —6)x3". Since ® is a (p,J)-convex FIVF, by

hypothesis, we have

~ x3p - xzp ~ Xy xlp
O(x) <3 (m) O +3 (W> ®(x3).

Therefore, for each 7 € [0, 1], we have

G.(27) < 3 (525) 6.0, + 3 (525) 6.6,

x3P—x4P

- _ (32)
6" (x2,4) < (:v ?v)(ﬁ (21, )+\s(ff,o fp)(ﬁ (x3,7),
_ JsP-xP) . I(x2P—x,P) .
T S(sP-xP) 6. (0, 7) + I(xzP—217) 6.6 (33)

X P_y P X Py P
— J(x3P—x, )(6*(x1,7) + J(x2P -1 )(5*(%3,1)

J(G3P—x1P) J(x3P—217)
From (33), we have

I3 — ") (5*@2'@ < J(x3 —x,7) @*(xl'f) + 3P — %,P) (5*(x3'f)'
I3 — ") (5*@2'@ < 3(x3? —x,7) @*(xl'f) + 3P — %,P) (5*(x3'f)'

that is,
[F(x3P — %,7) 6. (x2,7), I(E3" — %,7) B (x5, 7)]

<; [SG3? —%7) ©.(x1, 7) + I3 —%°) 0.(x3,7), IGz? —£,7) 6" (%1, 7) + I (7 —
") 6" (x5, 4]

Hence,

JIGs® —17) B(x2) < J(xs® — 127) O(x) + I(x2° — %,7) G(x3).

A refinement of a Jensen type inequality for (p, J)-convex FIVF is given in the following theorem.
Theorem 3.4. Let w; € R*, ¥ € [a,b], (j=1,23,...,6>2) and ®:[a,b] > Fc(R) be a
(p, 3)-convex FIVF with non-negative real valued function J:[0,1] — R, whose j-levels define the
family of /VFs ®;:[a,b] € R - K" are given by 6, = [6.(x,7),6"(x,7)] for all x € [q,b]
and for all 4 € [0,1]. If (L,U) S [a,b] and J is a nonnegative super-multiplicative function, then

213 (2) 00) < 21 (3 (203 () 0 + 3 (52)3 () owa), 69

where W, = ¥7_; w;. If J is a sub-multiplicative function and ® is (p, J)-concave, then inequality (34)

is reversed.
Proof. Consider L =x1,%j =%, (j =1,2,3,..k), U = x;. Then, by hypothesis and inequality (32),
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we have

(%) < 3 (5L) 6L ) + 3 (=) G W, .

Therefore, for each 4 € [0, 1], we have

u®

6.(x.4) <3 (5= Lp)(ﬁ (L, 7)+J(
6" (x.4) <3 (5 Lp)(ﬁ (L, 7)+J(

The above inequality can be written as
3(5)6.(5.0) = 3 (525) S () 0.0 + 3 (55) 3 (G) 0. 0.,
36 (w0 = 3(GE) G o +3(HER) 3G o w0,
Taking the sum of all inequalities (35) for j = 1,2, 3, ...k, we have
57 3(2)0.05) <3 (3 (EE)3(3) 0.0 +5)3 () 0.0,
13 () <35 (32D w0+ S )

That is,

)(6(U¢)
)(6(U¢)

Up LP

(35)

=l

3 () 65) = [25203 (2) 6.05.9). 25205 (2) 6 (5.7)]
- s (LL’,Z_?,D) R} (%i) 6.(L, /) - R} (l;z_?p) Ri (:/;K) ®*(L, 7)
T\ EE)sG s wn) T s E)() s wa )
< ?:ﬁ(ui D)3 (2) 6., 6 @il + 5503 (o) 3 (2) [6.0, 9,

& (U, )]
u® xj xj

j= 1S(Up Lp)“(%)@(L,j)+Z] 1S(U’; Lv)w( )®(U .
Thus,

13 66) < 31, (3 (52)3 () 0w + 3 (52) 5 () o)),

and this completes the proof.

We now consider some special cases of Theorems 3.1 and 3.4.

If ®,(x,7) = ®.(x,7), then Theorems 3.1 and 3.4 reduce to the following results:

Corollary 3.5. [52] (Jensen inequality for (p,J)-convex function) Let w; € R*, ¥; € [a,b],

(j=1,2,3,..k5,k = 2) and let ®:[a,b] > R* be a non-negative real-valued function. If ® is a
(p, J)-convex function, and J is a nonnegative super-multiplicative function on £, then

6([WLKZ']§=1mjx] ] ) Xj- 13( )6(351) (36)

where W, =Y jw;. If J is a sub-multiplicative function, and ® is (p,J)-concave function,
then inequality (36) is reversed.
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Corollary 3.6. Let w; € R, x €[q,b], (j=1,23,..k>2), J be a nonnegative
super-multiplicative function on £ and ®:[a,b] - R* be a non-negative real-valued function. If
® isa (p,J)-convex function, and xy,%,,...,% € (L, U) € [a,b], then

13500 = 254 (3G 3G sw + 3 (523G w).  on

where W, =¥, w;. If J is a sub-multiplicative function, and & is a (p,J)-concave function,

then inequality (37) is reversed.
4. Hermite-Hadamard type inequalities

In view of the HH-inequality in Eq (3) and HH-inequality in Eq (4), we can deduce the
following version of the HH-inequalities for (p, J)-concave FIVFs.
Theorem 4.1. Let ®:[a,b] » F-(R) be a (p,J)-convex FIVF with non-negative real valued

function J:[0,1] » R* and \s( ) # 0, whose j-levels define the family of /IVFs ®,:[a,b] c R —
K" are given by 6, = [06.(x,7),6"(x,7)] for all x € [a,b] and for all 7€ [0, 1]. If ® €
fFfR([ab 14)> then

2;@ csa([“";""F) I (FR) [{ ¥ 6()dx <, [6(FC®)] [) 3()ds. (38

If ® isa (p,J)-concave FIVF, then

231(1) (ﬁ([av;va) o (FR) f P 1G(x)dx = [6(a) F6(D)] f 3(s) ds. (39)

Proof. Let ® be a (p,J)-convex FIVF. Then, by hypothesis, we have

ﬁ@ ([i]”> <6 ([sap +(1— )b ) ([(1 —5)aP + sbP]r )

2

Therefore, for each
7 € [0,1], we have

S(1%) . <[av+bv p4> <0, ([sap +(1- s)bp] ) + ®, ((1 —5)aP + sbP, f)

a
]n

4) < 6 ([s0” + (1 - 5)b]s, #)+6°((1 =9 + 587, 7).

%)fol ®, <[ap;bp]%,j> ds < [, ( sa’ + (1 — s)b"] )d5 + [, 6.((1 = s)a® + sbP, ) ds,
( )f G* ([av-;-bv] >

It follows that

ds < fol G ( sa® + (1 — s)b"] )ds + f ®*((1 — s)aP + b, 7)ds.
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1
o b ,_ ,
1) <5 L.,

1
P+ .
[ ) < 2 e aas

That is,

231@) l(f)* <[a":b”]%,j.>'(5* <[a”:bp]%,j,>l S [f P16, @z, /) dx, f P16 (%, ;)dx]

L Ty © ([“p;bp];> < == (FR) [ ¥ '6()dx. (40)

23(3

In a similar way as above, we have

(FR)f P16(x)dx < [®(a)+(ﬁ(b)]f 3(s) ds. (41)

b" ab

Combining (40) and (41), we have

231@) ®<[a";b"]3> BP—aP (FR)f F16E)dx < [6(a) F6(D)] f 3(s) ds.

Hence, we have the required result.
Remark 4.2. If J(s) = s°, then Theorem 4.1 reduces to the result for (p,s)-convex FIVF (see [85]):

o[£ ) < 2

If J(s) = s, then Theorem 4.1 reduces to the result for p-convex FIVF (see [85]):

[®(a) +6(0)]. (42)

2

(ﬁ([“pzﬂ];) 2 (FR) [ #'6(x)dz < T2 (43)

If ®.(a,7) =6"(b,7) with 7 =1, then Theorem 4.1 reduces to the result for classical
(p, J)-convex function (see [52]):

1 a*’+b"% P
amo(5T) 5

If ®,(a,7) =6"(b,7) with =1 and J(s) = s, then Theorem 4.1 reduces to the result for
classical p-convex function (see [17]):

< [6(a) + G(®)] [, 3(s) ds. (44)

2

o[22F) 525 @ 00 s 222 w

If ®,(a,7) =6"(b,f) with 4 =1, p=1 and J(s) = s, then Theorem 4.1 reduces to the result
for classical convex function (see [41]):

6(22) <= (R) [ G(x)dx <

(6(a)+(§(b)
2 2 )

(46)
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Example 4.3. Let p be an odd number and J(s) = s for s € [0,1], and the FIVF ®:[qa,b] =
[2,3] = Fc(R) is defined by

e o

()
®(x)(0) = { z(z_x%)_a

\ 0 otherwise.

o€ [O,Z—xg]

ce@-x2(2-x) 47

Then, for each 7 € [0,1], we have 6;(z) = [;’ (2 - xg), 2-5 (2 - xg)] Since end point

functions ®,(x,7) =7 (2 — xg), 6" (x,7)=2—4) (2 — xg) are (p,J)-convex functions for each
7 €10,1]. Then, ®(x) isa (p,J)-convex FIVF. We now compute the following:

1
1 aP+bP1p .\ _ 4-V10 .
mo (5T 4) =55
LI

N [a"+b"]% .\ 4—V10
5@\ 2 177

L P06, dx = 47 (2- %) dx =2,
L P A= -4 )5 (2-2)di=2@2-p),
[6.(0,) + 6.(6,7)] flﬁ(s)ds— s,
[6°(0,/) + 6" (0, )] [, I(s) ds = L))
forall j € [o 1]. That means
22,200 -p] < [Bi2e-p) s [F2E5 220 2 - ), for all j€[0,1], and

the Theorem has been demonstrated.
Theorem 4.4. Let ®:[a,b] - F-(R) be a (p,J)-convex FIVF with non-negative real valued

function J:[0,1] » R and SG) # 0, whose j-levels define the family of /VFs ®;:[a,b] c
R - K. are given by 6, =[06,.(x,7),6"(x,7)] forall x € [q,b] and forall 7€ [0,1].If G €
?R([a’b]’;‘), then

T @([“”;"”]%) <0< s (FR) [ 2 16()dz <0< @F6®I 2 +3 (2)] 156 ds
N}

2

(48)

where

>y= [—““‘”j@“” 6 <[°"“’"] )] [y 36 ds,
=rpe(FeT) ()
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and Dlz [Dl*' Dl*]ﬂ DZZ [DZ*, Dz*].
PLpP
Proof. Take [ap, %], and we have

1
1 saP+(1— s)a P +bP (1-5) *’+sa P +bPTy
) ® I 2 + 2

<6 ([sa” +(1-y9) ap;bp]%> 6 ([(1 —s)a’ + - +bp]1>.

Therefore, for each 4 € [0, 1], we have

1
1 saP+(1— g)a P+oP + (1-5) "+5a imald B .
e 2 N

<G, <[ av+(1—5)“”’]1 >+G§*<[(1—5)a"+5 ”’”] ;),

P+ (1— )u+bp (1- )p+a+bpp
1 (ﬁ* [S -s n S——— ’f

36 2 2

<o ([w+ -9 5) o |

In consequence, we obtain

1
a?+6PTp .
2 7
aP+pP

1
e ([M <5is i PTe.E s,

1 * 3ap+bp% . P aP +pP —— ‘
1)(5 [ p ];7 pr_ap faz P16 (x, 7)dx.

That is,

aP+pP

1 1 aP+pP
4;(1) I&([“pjbp]”,;‘),cﬁ*([3“’°4+"’°]”,;‘>l < o= |7 PTG dx, [ 2 P TI6 (i) dx .
2

It follows that

: aP+pP
1 3aP+bP]p ot
43(%)(5<[ o ) oo Jo 2 ¥TI6()dx. .
In a similar way as above, we have
1
1 aP+3b7]p » b -
43(%)®<[ 4 ] > S oo f@f ®(x)dx. (50)

Combining (49) and (50), we have
1 3aP+bP % ~ aP+3pP % P b 1
43(3) l® ([ 4 ] >+(ﬁ ([ 4 ] >l S olw J, #T6(x)dx.
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By using Theorem 4.1, we have

) (5([““5”1%) - o)

1 1
1 a"+b" » 1 1 3aP+b? 1 aP+3b7]p .
] ,f 2 (ﬁ* [_- +-. ] )j’ )
4[3(1) T AB0) 2or e
2 2
1
1 3aP+b? 1 aP+3bP]p .
( ELE A ,,),
4 2 4

9)-%
a[;%)r :@*(F“"“’"F i)+ 3@ (2.0
o 1

S4[3(15)]2 9 Baw_ ) (l)(ﬁ*([ap:w] ’ >l

< [(5*(a,j)-;®*(b,j) + G, (ap+bp,f)] f015(s) ds,

< [FeD106n | (0 ) iy g

<[22 00D 1 5 (2) (6.(0 ) + 6.00.0)] [ () ds,

< [Fe22 0D 1 5 (3) (67 () + 6°0.1)] [y 3 ds,
=[6.(0,1) + 6.0, [;+3 ()] f, 3 s,
=[6"(0 1) + 6" O[5 +3 ()| f; 36 ds,

that is,

1
- Skt P b
3@ (5([ 2 ]><‘>2<w m 16 (x)dx

<1< [B@FE®I[5+3(3)] f; 3@ ds,

and hence, the result follows.

Example 4.5. Let p be an odd number and J(s) =, for s € [0,1], and the FIVF ®:[a,b]

[2,3] = Fc(R) defined by, 6,(x) = [j (2 - xg) ,(2—-4) (2 - xg)], as in Example 4.3, then G(x)
is (p,J) -convex FIVF and satisfying (38). We have ©,.(x,7) =7 (2 - xg) and ®*(x,7) =

2-5 (2 - é) We now compute the following
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6.0, + 6.1 [3+3()] [y 3 ds = 22255,
6°(0)+ 6 @[ +3C)|fy 3@ ds = 2222 - p,

oy,= [_(5*(04')-;(5*(b.7)+ . <a"+b*’ 4)] _ 8-V2- ;/_ «/_#,
o= l(ﬁ*(a'ﬂ;‘@*(b,ﬁ <ap+bv y l S(s) ds = &= V2- \/— \/_(2_ ),

1 1
oo [0 ([ ) v ([ )| = 22
2
w1 N 3ap+bp%. " ap+3b*’%. _ 5—v11
o= o (B ) v o (57 -5

1
1 aP+b6P1p .\ _ 4—V10 .
o (5 4) =2

1
1 « [ [P+0°Tp .\ _ 4—V10 .
o (27 1) - =P e -p

Then, we obtain that

4J_ 5F< 8\/_\/_\/_ 4ff
7 41 /= 7= 4

—(2 #) <

sffr( 4ff(2_)

2-§) <

Hence, Theorem 4.4 is verified.

Next, Theorems 4.6 and 4.7 obtain the fuzzy interval integral inequalities for the product of
(p, 3)-convex FIVFs

Theorem 4.6. Let ®,J : [a,b] » F-(R) be two (p,J;)-convex and (p,J,)-convex FIVFs with
non-negative real valued functions Jq,3,:[0,1] = R, respectively, whose j-levels define the
family of IVFs ©;, J;:[a,b] c R - K" are, respectively, given by 6, = [6.(x,7),6"(x,7)]
and J;(x) = [J.(x,7),J"(x,#)] forall x € [a,b] and forall 7 € [0,1].If & X J € FR([4p],), then

< M(0,0) [, 31(5) F2(8) ds TV (0,0) [, 1(5) 3o(1 — ) ds,

(1)

where M (a,b) = G(a) X J(a)F6(b) X J(b), N(a,b) = 6G(a) X J(B)FG() X J(a), and
M (a,b) = [M.((a,0),7), M*((a,b),7)] and N (a,b) = [M.((a,0),7), NV*((a,b),7)]-

Proof. Since ® isa (p,J;)-convex FIVF and J isa (p,J,)-convex FIVF then, for each 4 € [0, 1],
we have
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(5* ap + (1 - S)bp ; f 1(5)65,.(0,?) + 31(1 - 5)(5*([))#);

0 ) 3,96 (0,7) + 3. (1 — )6 (b, 7),

[saP + (1 — 5)bP]», 4

and

[sa? + (1 — )] ;) < 3,(8)3.(0,) + 32(1 — 3. (5,7,

A/—\ A/—\

fs0? + (1= 0%, ) < 3, ()" (0.9) + Tl = )T, 1)
From the definition of (p,J)-convex FIVFs it follows that ®(x) = 0 and J(x) =

®. <[5ap +(1- 5)b‘°]%, 1’) X J. <[Sap +(1- 5)5"]%: 7')

31(5)(5*(& f) SZ(S)J*(GJ f)
= (+51(1 - 5)(5*(5,1')) 8 (+Sz(1 - 5)3*(5,;))
= 0.(a,7) X J.(6, H[I1(5) J2(9)]
+6.(b,7) X J.(0,/)[I1(1 —5) J(1 — 9)]
+6.(a,7) X J.(b,7) J1(s) J2(1 — )
+6.(6,7) X J.(a,7) J1(1 — 5) I (s),
®* ([5(1*’ + (1 — 5)b*], j) x J* ([sap + (1 — 5)b*]», j)
31()6(a,4) 3208) I (a, )
= <+31(1 —5)®" (b, f)) % (+ J2(1—9) J*(b;f)>
=6"(a,7) X J"(a, /)[I1(s) J2(5)]
+67(b,7) X J* (6, H[I1(1 — ) Jo(1 — 9)]
+67(a,7) X J*(6,7) J1(s) J2(1 —5)
+67(0,7) X J*(a,7) J1(1 — 5) J2(9),

Integrating both sides of above inequality over [0, 1] we get

fol ®, ([sap +(1 - s)b"]%, ;’) X J. ([5(1" +(1- s)b"]%, j)
= W%pfab 2710, (x,7) X J.(x,7) dx
< (6.(0,4) X J.(0, ) + 6.(6,7) X 7.(6,)) J, 31(5) T2(5) ds
+(6,(0,4) X .(0,/) + 6,(0,7) x J.(0, 1)) [ J1(s) Jo(1 — ) ds,
fol G <[§ap + (1 - 5)bp]%, ;’) x J ([5&p +(1- s)b"]%, j)
= o5 [ 276 () x T () ds
< (6*(0, /) X J'@H + 6" (0,1) X I* (0, 1) f; 31(5) Jo(s) ds
+H(6°(0,7) X J*(6,) + 6°(6,7) X I* (0, 1)) [} 31(5) 3o (1 — 5) ds.

It follows that
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Lf 716, (%, 4) X J.(x,7) dx

BP—qaP
< M.((0,).7) [ 31(5) 32(5) ds + N ((a,5),7) f, 31(5) To(1 —5) ds,
S PTG () X T @) d

< M ((0,),4) [, 31(5) F2(8) ds + N ((a,0),7) [, 31() 3o(1 — 8) ds,

that is,
S| 916, ) X A Ddx, [ 0716" (5,4) X I (6 4) da
< [M.((0,5), ), M ((0,0), /)] f, F1(5) F2(5) s
M ((0,9),4), 7 ((0,0), /)] f; 31(5) F2(1 — ) ds.
Thus,

(FR)f P16() X J@)dx < M(0,b) [ 31(5) Jo(8) ds FN(a,b) [] 31(s) 3o(1 — 5) ds,

b" ab

and the theorem has been established.

Theorem 4.7. Let ®,J : [a,b] = F-(R) be two (p,J;)-convex and (p,T,)-convex FIVFs with
non-negative real valued functions 5, J,:[0,1] » R* such that J;,J, # 0 and J; ( )Jz ( ) * 0,
respectively, whose j-levels define the family of IVFs ©;, J;:[a,b] c R - K" are, respectively,
given by 6,(x) = [0,(x,7),6"(x,7)] and J;() = [J.(x,4),T"(x,#)] for all x € [a,b] and for all
7€[0,1].If ® X JeE TR([ab 17 then

SO0 (5([“”25”]%) xJ (Fp?’”]%) = PR 7716 % J@)ds

FM(a,0) [ 31(5) 35(1 — ) ds FNV(a,b) [ F1(5) F2(5) ds, (52)

where M (a,b) = G(a) X J(0)FG((D) X J(b), N(a,b) = G(a) X JO)FG(D) X J(a), and
M (a,b) = [M.((a,b),7), M*((a,6),7)] and N(a,b) = [M.((a,b),7), N*((a,b),7)].

Proof. By hypothesis, for each 7 € [0, 1], we have
P4pP 2 P 2
a’+bPlp . a’+b"lp .
6*([ > ] ,;>><J*([ ] ,;>

" ({av;b”]i,a ([a”+b"]% )
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®, ([sap +(1 - S)bp]%, f) X Js ([wp +(1 - S)bp]% 7) ‘

+6, ([sap £ - 98P, 4') x J. ([(1 —5)aP + 5B, y]%)

G, ([(1 —$)a? + 5675, ;) x J. ([sap + (1 - 8)bPT7, 7)

#)x3 )]
;) X J ([mv + (1= )b,/

% ;) ([(1 s)aP + sb"]% y)]
;) X J ([sap +(1- s)bp]% ) \

([(1 s)aP + sb?] % ;) X J

+, ([(1 — $)aP + b7,

1
P ([(1 s)aP + sb?]
1
P

'UIH Rl

" ([sav +(1—9)b°]F

([sap + (1 —-9)b?

[ S—

BlR

([(1 s)aP + sb?]

[(1 —s)aP + sbP, 4 ;>

i
([sap+(1 )b f) % J. ( [sa® + (1 — 8)b°]5, ;)‘

+6, ([(1 —)a" + b7, 7) X J. ([(1 —)a” + b7, 4)

(31(5) (5*(a' f) + 31(1 - 5) (Yh(b, f))
1) ~ (1) X (32(1 —5) J.(a,7) + J2(s) J.(b, 7))

22 4(3,(1 - 9) 6. (0, 7) + 31(8) 6.5, 1)) |
X (32(5) J*(aif) + 32(1 - 5) J*(bif))

®* ([sap +(1- 9B, ;‘) X J" ([sap +(1-9pT, f)
+G* ([(1 —s)a’ + sb"]%, j) X J* ([(1 —s)a’ + sb"]%, ;’)

(31(5) 6" (a,7) + 31(1 — 5) 6" (b, 7))
o (1) o (l) X (321 —9)J*(a,4) + I2(5) I*(6, 7))

2/ 22 (31 (1 = 9) 6* (0, 4) + 31.(5) 6° (b, 1) |
X (32(8) I (0, ) + 32(1 — ) J* (6, 7))

6. (Ise® + (1 = 907F5,7) x . ([s0” + (1 = °Ts, )
+®, ([(1 —s)a’ + sb"]%, ;’) X J. ([(1 —s)aP + sb"]%, ;’)

95, () {31(5) F2(5) + 31 (1 — ) 3 (1 — )M, ((a,b),7)
2/ 22 [ 4{31(5) 32(1 — 8) + 31(1 — 9) 3 ()IM. ((a,8), 7) [
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AN <[sap +(- 5)5’3]%4') xJ: ([saap +(1- 5)bp]%, 1’)
=3 (E) 32 (E) +6* ([(1 —9)a® + 5bp]%, 1’) x J° <[(1 _ 9+ pr]%’ j)

25, (1), (2 $1® 36 +31(1 -9 F1 -V ((@0)7) |
+25.(3)% ) () 31— ) + (1 — ) 3N ((,5), 7)

Integrating over [0, 1], we have

gy & (21 ) <. (11 1) < e

+ M. ((0,5),7) [ 31(5) To(1 — 9 ds + N, ((a,0),7) [, 31(5) 3,(5) ds,

s o ([ ) (1525 ) =5

+ M ((0,9),7) [] 31(5) J2(1 — 8) ds + N*((a,0),7) [, 31(5) 32(5) ds,

that is,

5050 (5([“ a T’)QJ([%]") 2 (FR) [*#716() X ()
FM(a,0) [, 31(5) Jo(1 — 5) ds TN (,) [ 31(5) 32(5) ds.

Hence, we have the required result.
Example 4.8. Let p be an odd number and J;(s) =3, J,(s) =1, for s €[0,1], and the
(p,J1)-convex and (p,J,)-convex FIVFs ®,J:[a,b] =[2,3] = F-(R) are, respectively, defined

by 6,(z) = [} (2 - xg) 2= (2 — xg)] as in Example 4.3, and J;(x) = [#%", (2 — #)x” ]. Since
®(x) and J(x) both are (p,J)-convex FIVFs, ®,(x,7) =7 <2 — é), 6" (x,7) =2—4) (2 —
%2), and J,(x,7) = 7x*, J*(x,7) = (2 — §)z°, we compute the following.

- = [1P716,(5,4) X J.(x, f)dx = 47,
= [ 27167 (5,) X I° (6 )dx = (2 = /)%,

M.((0,0),7) [ 31(5) J2(s) ds = (10 — 2v2 — 3V3) é
M*((0,5),7) [, 31(8) Ja(s) ds = (10 — 2vZ — 3&)@,

N, ((0,8),7) f; 31(5) o (1 —9) ds = (10 — 3v2 — 2\/§)§
N*((@,5),7) f 31(5) 32(1 — ) ds = (10 — 3vZ — 2v3) &2,

for each 4 € [0, 1], which means
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72 < (20-5v2 - 5x/§)§,
2-4)?2< (20—5&—5%}%.

Hence, Theorem 4.6 is demonstrated.
For Theorem 4.7, we have

1 1
1 a?+bPTp . aP+b°Tp .\ _ 20-5v10 .,
e O (2T ) o (2] ) - 25
1 « [ [aP+BP % , « [ [aP+bP % .\ _ 20-5V10 ,
TNOETEN ([7] 4)” <[ 2 ]4)— @=27

4
M.((@5),7) f; 31(5) J(1 — ) ds = (10 - 2vZ - 3V3) %,
M ((@5),7) fy 315 J(1 —5)ds = (10 - 2vZ - 3V3) 2,

M((@5),7) [y 31(9) 3a(9) ds = (10— 3vZ - 2v3) L,
N ((@),4) fy 319 () ds = (10 - 3vZ — 2v3) L2,

for each 4 € [0, 1], which means

20-5v10 , 20-5vV2-5V3) ,
4 72 = (1 + 2 )72‘
20— 5\/_ 20—5«/5—5«/5 ,
@-?< 1+ 2 - )2

Hence, Theorem 4.7 is verified.

Next, Theorems 4.9 and 4.10 give the second HH-Fejér inequality and the first HH-Fejér inequality
for (p,J)-convex FIVF, respectively.

Theorem 4.9. (Second HH-Fejér inequality for J-convex FIVF) Let ®:[a,b] - F-(R) be a
(p,3)-convex FIVF with a < b and J:[0,1] » R*, whose j-levels define the family of /VFs
®,:[a,b] cR - K" are given by 6,x) = [06.(x,7),6"(x,74)] for all x € [a,b] and for all j €

1
[0,1].If ® € FR((op), and 2:[a,b] » R,2(x) = 0, p-symmetric with respect to [apsz]p, then

(FR) [* #1602 dx < [6(@)TG®)] . J(S)!)([(l—s)ap+sbp]i) ds.  (53)

bp aP

If ® is (p,J)-concave FIVF, then inequality (53) is reversed.
Proof. Let ® bea (p,J)-convex FIVF. Then, for each 7 € [0, 1], we have

6. ([s0* + (1 - 5)b¥]s, 7)o (lse” +(1- s)bv]%)
< (366.(0.9) + 3(1 — 6.6, )2 [sa? + (1 - s)bv]%),
<sav+(1—5)bv]v ) ([sav+(1—s)bv]%)

< (36" (0,7) + I — )6 (6, )2 ([5a" +(1- s)bv]%).

(54)

Also,
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((1—5)a"+5bp]v /)0 ([(1—s)av+sbv]%)
< (301 - 96.0.) + 6.0, 9)2 ([ - e + sbv]%),
((1—s)av+sbv]n /)0 ([(1—s)av+sbv]§)

< (3(1 - 96" (@ 1) + 36 (6,))2 ([(1 —9)aP + sbp]%).

(35)

After adding (54) and (55) and integrating over [0, 1], we get

N ([sap + (1 -9, ;‘) 0 ([gap +(1- s)bp]%) ds
+076.(10 - 907 +0°F,7) 2 (10 — 9)a® + 67T ) ds
. 6.0/ {350 (s + (1 - 907 ) + 30-90 (11 - a7 + 507) )} \
+6.(0,7) {301 - 90 [s0” + (1 - 9P ) + 32 ([ - )@ + 507 )}
= 26.(0.9) [} 3 ([s0® + (1~ 0°F ) ds + 26,0, 9) J; 32 ([(1 - )a? + 50T ) ds
INGS ([sap + (1= )b, ;‘) 0 ([5ap +(1- 5)bp]%> ds
+ 176 (10 - 907 +07F,7) 2 (101 - 9)a® + 07T ) s
[ o @afs@a(ise + a-9wr) + 30 -92(10 - 90 + 5577 ) \
"|+6 0.0 {30 - 90 (s + @ - 9071) + 5002 (10 - 9o + 7))}

=26"(a,#) folﬁ(s)ﬂ ([sap +(1- 5)bp]%> ds + 26" (b, 7) fO S(s)12 ([(1 —s)aP + qu;) ds

Since {2 is symmetric,

= 2[6,(a,7) + 6.(b,7)] fol J(s)2 ([(1 —s)aP + 5bp]%> ds

) (56)
= 2[6"(0, /) + 6" (6, )] J, 3(5)2 ([(1 —9ab + 5b"]5> ds
Since
fol 0N ([sa" +(1- s)b"]%, ;‘) [0) ([sa" +(1- s)bp]%) ds
=[] 6. ([(1 —5)a® + 567, ;‘) 0 ([(1 — o) + sbv]%) ds
P (Pt ;
= J. ¥ 716, N (x)dx, 57

f01 ®* ([sap +(1- 5)bp]%, ;’) K0) ([5(1*’ +(1- s)bp]%) ds
= fol G ([(1 —s)a’ + sbp]%, ;‘) 0] ([(1 —s)a® + 5b”]%> ds

__PF b 1 .
) fa PO (%, )2 (x)dx.
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From (57) and integrating with respect to s over [0, 1], we have

[ 716, (1, AR < [6.(0, /) + 6.(0, )] [ 360 ([(1 —9)a’ + sbv]%)d

bp aP

[#716" (5, H2®dx < [67(a,4) + 6" (0, 7)] [ 3(5)0 ([(1 —s)a’ + 55"]%> ds

b" aP

that is,

| L2716, Ho@dx, [ P16 (6 /)0 d]

pP—qaP
</ [6.(a,#) + 6.(5,7),6"(a,4) + 67(b,7)] fol 3(s)2 ([(1 —s)aP + wﬁ) ds,

and hence,

(FR) [* #1602 dx < [6(@)TG®)] [ J(S)!)([(l—s)ap+sbp]i) ds.

bp aP

Theorem 4.10. (First HH-Fejér inequality for J-convex FIVF) Let ®:[a,b] = F-(R) be a
(p, J)-convex FIVF with a < b and J:[0,1] - R*such that J( ) # 0, whose j-levels define the

family of /VFs ®;:[a,b] c R - K" are given by 6, = [0.(x,7),6"(x,7)] for all x € [q,b]
and for all 7 € [0, 1]. If ®€ FR(qp) and £2:[a,b] > R, 2(x) = 0, p-symmetric with respect to

[apsz]g' and fabﬂ(%)dx > 0, then
1
1 a?+bPp ; b ot
24(3) (5([ o )sffxv—m@ax (FR) J, #1602 (x)dx. (58)

If ® is (p,J)-concave FIVF, then inequality (58) is reversed.
Proof. Since ® isa (p,J)-convex FIVF, for each 4 € [0,1] we have

(2] 2o et - )

5 ({a‘%"]ﬁ, ¢> <3(2) <05* (150 + 1 = 99F,4) + 6 (I~ )a + z)) -

2

(39)

1
By multiplying (59) by 2| [sa® + (1 — s)b?]» ) ([(1 —s)aP + pr];) and integrating it by s

over [0, 1], we obtain

(
®*< “"*b"]; > ([(1 — 9)ab + b7, )
( 01 . <[SGp + (1 — 5)b*), ;) ([5(1p + (1 - s)b*Jr )

1

ds
+ [ 6, ([(1 —s)aP + sbP]», ;).(2 [(1 —s)aP + sbP] ) s ’
’ (60)

6" ([sa" + (1 - 5)bP]p, 7) 0 ([5a" (- 5)bv]§) ds

([apsz]i,; 01 [(1—9)a® + sbp]%> ds
) + 16" (11 = 9)a® + s6°Tr, 7) ([(1 — ) +sbv]%) ds

=3(;

AIMS Mathematics Volume 8, Issue 3, 7437-7470.



7462

Since

fol 6. ([5(1p +(1- s)bp]%, j) n ([sap + (1 - 5)bp]%> ds
= fol ®. ([(1 —s)a’ + sb"]%, ;‘) [0) ([(1 —s)a’ + sbp]%) ds

= 2 [P 9716,( HO)dx,

bP—aP

(61)
J; 6 (1s0” + (1~ 98°F,5) 2 (Ise® + (1~ 67T ) s
= fol ®* ( 1—s5)a” + sb"]%, ’).(2 ([(1 —s)a’ + sb"]%) ds
f P10 (x, /)N (x)dx,

b" aP

from (61), (60) we have

P 10(x)d

0 05*([a - ]"4’> < o b P06 NA@s,
] f P16 (x, /)N (x)dx.

) <1
’ 7) fb xP- 1.(2(35)(135

From that, we have

il (E2T ) o (1)

=y DO LG A CHTOT

that is,

([T < s (RO L 6 0

fa P 10(x)dx

This completes the proof.

Remark 4.11. If in the Theorems 4.9 and 4.10 J(s) = s°, then we obtain the appropriate theorems
for (p,s)-convex FIVFs on the second sense (see [85]):

If in the Theorems 4.9 and 10 J(s) = s, then we obtain the appropriate theorems for p-convex
FIVFs (see [85]).

If ®,(a,7) = ®*(a,7) with 4 =1, then Theorems 4.9 and 4.10 reduce to classical first and second
HH-Fejér inequality for (p, J)-convex function.

If in the Theorems 4.9 and 4.10, ®,(qa,7) = *(a,7) with7 =1 and J(s) = s, then we obtain the
appropriate theorems for p-convex function (see [53]).

If in the Theorems 4.9 and 4.10, ®,(a,7) = 6*(a,7) withj =1, J(s) =s and p = 1, then we
obtain the appropriate theorems for convex function, [42].

If 2(x) =1, then combining Theorems 4.9 and 4.10, we get Theorem 4.1.

Example 4.12. We consider J(s) = s, for s € [0,1], and the FIVF ®:[1,4] - F-(R) defined by,

AIMS Mathematics Volume 8, Issue 3, 7437-7470.



7463

(U;:: , o€le”,2e7],
= ip_
(95(35)(0) 462‘235330' g E (Zexp,4exp], (62)
0, otherwise,

Then, for each 7 € [0,1], we have ;(z) = [(1 + Hev,2(2 - j)e‘p]. Since end point functions

®.(x,7), ©*(x,7) are (p,J)-convex functions, for each 7 € [0,1], G(x) is (p, J)-convex FIVF.If

-1 o€ [1,3],
Nk = (63)

4—¥ g€ (3,4],

where p = 1, then we have

[T, (6 DO dx = S [ 9716, (6 N0 () dx

bP—qaP
5
= 2 [29716. (5 NO@dx +5 [ 716, (5 )0 ()dx,
2

5
=21+ [ - Ddr+:(1+4) [5 e*(4 — )dx ~ 11(1 + 4),
2

3

(64)

P ff P16 (x, )N G)dx = gff P16 (x, /)N (x)dx

bP—qaP

5
= 222716 (1, HO@dx + 1 [ 716" (5, (),
2

5
=22 - [fe*c—Dde+2(2—4) f e*(4— v)dx ~ 222 — ),
2

and

1

[(ﬁ*(a,j’) + @*(b,j)] f S(S).Q <[(1 - S)ap + pr]
|

1
P

1

)ds
1
(6°@) + 66.] [ 562 ([0 - o + ) ds
0
=1+ 4)[e +e*] [f§352dx + ff s(3 — 3s)ds] ~ 42—3(1 + 4).
1 2 (65)
=22 —Hle +e? [f05352dx + ff 5(3 — 35)d5] ~ 43(2 — 4).
From (64) and (65), we have
[11(1 + 4),222 = D] <, [42—3(1 +4),43(2 - ;)], for cach 7 € [0,1].

Hence, Theorem 4.9 is verified.
For Theorem 4.10, we have
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1
1 aP+bPTp . 61 X
a@®«[zrv>z?ﬂ+ﬂ'

\ (66)
1 « [ [a®+6°]p . 122 .
= (F5T ) - e,
fg(x)dx—j (x—l)dxf (4—x)dx—%
e A CHLIOU LR}
(67)

ﬁﬁagfﬁl®®ﬂmmuw—@_)

From (66) and (67), we have

Sarpee-lslEarp el

Hence, Theorem 4.10 is demonstrated.
5. Conclusions

The (p,J)-convex (concave, affine) class for FIVFs was established in this paper. For
(p,3)-convex FIVF, we created some brand-new discrete Jensen and Schur type inequalities.
Additionally, using fuzzy Riemann integrals, we discovered several HH -inequalities for
(p,J3)-convex FIVFs. Examples were used to demonstrate how our findings apply to a broad class of
previously undiscovered and well-known inequalities for (p,J)-convex FIVFs and their variant
forms. We will try to analyze Jensen and HH-inequalities for /VF and FIVFs on a temporal scale in
the future as we explore these ideas. We hope that the theories and methods presented in this paper
can serve as a springboard for additional study in this field.
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