
AIMS Mathematics, 8(3): 7437–7470. 
DOI: 10.3934/math.2023374 

Received: 21 August 2022 

Revised: 13 October 2022 

Accepted: 17 October 2022 

Published: 16 January 2023 

http://www.aimspress.com/journal/Math 

 

Research article 

Some new versions of Jensen, Schur and Hermite-Hadamard type 

inequalities for (𝒑, 𝕵)-convex fuzzy-interval-valued functions 

Muhammad Bilal Khan1,*, Gustavo Santos-García2,*, Hüseyin Budak3, Savin Treanțǎ4 and 
Mohamed S. Soliman5 

1 Department of Mathematics, COMSATS University Islamabad, Islamabad 44000, Pakistan 
2 Facultad de Economía y Empresa and Multidisciplinary Institute of Enterprise (IME), University of 

Salamanca, 37007 Salamanca, Spain 
3 Department of Mathematics, Faculty of Science and Arts, Düzce University, Düzce 81620, Turkey 
4 Department of Applied Mathematics, University Politehnica of Bucharest, 060042 Bucharest, Romania 
5 Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099, 

Taif 21944, Saudi Arabia 

* Correspondence: Email: bilal42742@gmail.com, santos@usal.es. 

Abstract: To create various kinds of inequalities, the idea of convexity is essential. Convexity and 
integral inequality hence have a significant link. This study's goals are to introduce a new class of 
generalized convex fuzzy-interval-valued functions (convex 𝘍𝘐𝘝𝘍s) which are known as 
(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s and to establish Jensen, Schur and Hermite-Hadamard type inequalities for 
(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s using fuzzy order relation. The Kulisch-Miranker order relation, which is based 
on interval space, is used to define this fuzzy order relation level-wise. Additionally, we have 
demonstrated that, as special examples, our conclusions encompass a sizable class of both new and 
well-known inequalities for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s. We offer helpful examples that demonstrate the 
theory created in this study's application. These findings and various methods might point the way in 
new directions for modeling, interval-valued functions and fuzzy optimization issues. 
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1. Introduction 

Integral inequality is well recognized to be important in both pure and practical mathematics; 
for examples, see [1–10]. The behavior of inequalities makes it clear that mathematical approaches 
are useless in the absence of inequalities. For this reason, exact inequalities are now required in order 
to demonstrate the validity and uniqueness of the mathematical procedures. Convexity also plays a 
big part in the subject of inequalities, owing to the behavior of its definition. 

Let 𝐾 be a convex set. Then, a real valued function 𝔊: 𝐾 → ℝ is named as convex on 𝐾 if 
the inequality 

𝔊(𝔰𝔵 + (1 − 𝔰)𝑦 ) ≤ 𝔰𝔊(𝔵) + (1 − 𝔰)𝔊(𝑦)       (1) 

holds for all 𝔵, 𝑦 ∈ 𝐾, 𝔰 ∈ [0, 1]. If 𝔊 is concave, then −𝔊 is convex. Over the years, convex sets 
and convex functions have been modified to a remarkable variety of convexities, such as harmonic 
convexity [11], quasi convexity [12], Schur convexity [13,14], strong convexity [15,16], p-convexity [17], 
generalized convexity [18] and so on. For more information, see [19–34] and the references therein.  

The Jensen inequality [35,36] is one of these inequalities for convex functions, and it can be 
stated as follows. 

Let 𝔴௝ ∈ [0, 1], 𝔞௝ ∈ [𝔞, 𝔟], (𝑗 = 1, 2, 3, … 𝜅, 𝜅 ≥ 2) and 𝔊 be a convex function. Then, 

𝔊൫∑ 𝔴௝
఑
௝ୀଵ 𝔵௝൯ ≤ ቀ∑ 𝔴௝

఑
௝ୀଵ 𝔊൫𝔵௝൯ቁ,       (2) 

with ∑ 𝔴௝
఑
௝ୀଵ = 1. If 𝔊 is concave, then inequality (2) is reversed.  

Research on the idea of convexity with integral problems is fascinating. As a result, several 
writers have proved numerous equalities or inequalities as applications of convex functions. Among 
the notable outcomes are the Gagliardo-Nirenberg inequality [37], the Hardy inequality [38], the 
Ostrowski inequality [39], the Olsen inequality [40] and the Hermite-Hadamard inequality 
(𝐻𝐻-inequality, in short) [41]. The 𝐻𝐻-inequality is an interesting outcome in convex analysis 
which is formulated for convex function 𝔊: 𝐾 → ℝା on an interval 𝐾 = [𝔞, 𝔟] by 

𝔊 ቀ
𝔞ା𝔟

ଶ
ቁ ≤

ଵ

𝔟ି𝔞
 ∫ 𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≤

𝔊(𝔞) ା 𝔊(𝔟)

ଶ
,       (3) 

for all 𝔞, 𝔟 ∈ 𝐾. If 𝔊 is concave, then inequality (3) is reversed. 
Fejér created the Hermite-Hadamard-Fejér inequality (𝐻𝐻-Fejér inequality), which is the most 

significant weighted extension of the 𝐻𝐻-inequality, in [42]. 
Let 𝔊: [𝔞, 𝔟] → ℝା be a convex function on a convex set 𝐾 and 𝔞, 𝔟 ∈ 𝐾 with 𝔞 ≤ 𝔟. Then,  

𝔊 ቀ
𝔞ା𝔟

ଶ
ቁ ≤

ଵ

∫ ఆ(𝔵)ௗ𝔵
𝔟

𝔞

 ∫ 𝔊(𝔵)𝛺(𝔵)𝑑𝔵
𝔟

𝔞
≤

𝔊(𝔞)ା 𝔊(𝔟)

ଶ
∫ 𝛺(𝔵))𝑑𝔵

𝔟

𝔞
.     (4) 

If 𝛺(𝔵) = 1 , then we obtain (3) from (4). With the assistance of inequality (4), many 
inequalities can be obtained through special symmetric function 𝛺(𝔵) for convex functions. 

Meanwhile, to increase the accuracy of measurement findings and to carry out error analysis 
automatically, interval analysis has been proposed and researched by Moore [43], Kulish and 
Miranker [44], and they have substituted interval operations with real operations. In this field, an 
interval of real numbers is used to represent an uncertain variable. Following their research, 
numerous authors concentrated on the literature and employed this idea in various contexts. An 
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h-convex interval-valued function (h-convex 𝘐𝘝𝘍) was first proposed in 2018 by Zhao et al. [45], 
who demonstrated that convex 𝘐𝘝𝘍 is a specific example of the 𝐻𝐻-inequality. 

Let 𝔊: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼
ା be a convex 𝘐𝘝𝘍 given by 𝔊(𝔵) = [𝔊∗(𝔵), 𝔊∗(𝔵)] for all 𝔵 ∈ [𝔞, 𝔟], 

where 𝔊∗(𝔵) is a convex function, and 𝔊∗(𝔵) is a concave function. If 𝔊 is Riemann integrable, 
then 

𝔊 ቀ
𝔞ା𝔟

ଶ
ቁ ⊇

ଵ

𝔟ି𝔞
 (𝐼𝑅) ∫ 𝔊(𝔵)𝑑𝔵

𝔟

𝔞
⊇

𝔊(𝔞)ା 𝔊(𝔟)

ଶ
.       (5) 

We refer readers to [46–63] and the references therein for more examination of the literature on the 
uses and characteristics of generalized convex functions and 𝐻𝐻-integral inequalities. 

Operation research, computer science, management sciences, artificial intelligence, control 
engineering and decision sciences are just a few of the applied sciences and pure mathematics 
problems that are studied in [64], where a large amount of research on fuzzy sets and systems has 
been devoted to the development of various fields. Similar to this, the concepts of convexity and 
non-convexity are crucial in optimization in the fuzzy domain because they allow us to distinguish 
the optimality condition of convexity and produce fuzzy variational inequalities. As a result, the 
theories of variational inequality and fuzzy complementary problems have powerful mechanisms of 
mathematical problems and a cordial relationship. This field is fascinating and has produced many 
writers. Additionally, the concepts of convex fuzzy mapping and finding its optimality condition with 
the aid of fuzzy variational inequality were studied by Nanda and Kar [65] and Chang [66]. Fuzzy 
convexity’s generalization and extension are crucial to its application in a variety of contexts. Let's 
remark that preinvex fuzzy mapping is one of the most often discussed kinds of nonconvex fuzzy 
mapping. This concept was first proposed by Noor [67], who also demonstrated some findings that 
show how fuzzy variational-like inequality distinguishes the fuzzy optimality condition of 
differentiable fuzzy preinvex mappings. For a more in-depth review of the literature on the uses and 
characterization of generalized convex fuzzy mappings and variational-like inequalities, see [68–85] 
and the references therein. 

Fuzzy-interval-valued functions are the fuzzy mappings. There are certain integrals that deal with 
𝘍𝘐𝘝𝘍s and have 𝘍𝘐𝘝𝘍s as their integrands. For instance, Oseuna-Gomez et al. [86] and Costa et al. [87] 
created the Kulisch-Miranker order relation to establish Jensen's integral inequality for 𝘍𝘐𝘝𝘍s. Costa and 
Floures provided Minkowski and Beckenbach's inequalities, where the integrands are 𝘍𝘐𝘝𝘍s, using 
the same methodology. Because Costa et al. [88] established a relationship between the components 
of fuzzy-interval space and interval space and introduced a level-wise fuzzy order relation on 
fuzzy-interval space through the Kulisch-Miranker order relation defined on interval space, these 
authors were particularly inspired by their work. By creating a fuzzy-interval integral inequality for 
extended convex 𝘍𝘐𝘝𝘍, where the integrands are (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍, we generalize the integral 
inequalities (2)–(4). For more information related to fuzzy sets, fuzzy functions and inequalities, 
see [89–101] and the references therein. 

The structure of this study is as follows: Preliminary ideas and findings in interval space, the 
space of fuzzy intervals and convex analysis are presented in Section 2. Additionally, the brand-new 
idea of (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s is also presented. For (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s, Section 3 derives discrete 
Jensen and Schur type inequalities. Using fuzzy Riemann integrals, Section 4 derives fuzzy-interval 
𝐻𝐻-inequalities for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s. To support our findings, some compelling instances are 
also provided. Section 5 gives conclusions and future plans. 
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2. Definitions and basic results 

In this section, we first provide a few definitions, rough notations and findings that will be 
beneficial for future research. Then, we give new (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s definitions and properties. 
Let 𝒦஼ be the space of all closed and bounded intervals of ℝ and 𝔬 ∈ 𝒦஼ be defined by 

𝔬 = [𝔬∗, 𝔬∗] = {𝔵 ∈ ℝ| 𝔬∗ ≤ 𝔵 ≤ 𝔬∗}, (𝔬∗, 𝔬∗ ∈ ℝ). 
If 𝔬∗ = 𝔬∗, then 𝔬 is named as degenerate. In this article, all intervals will be non-degenerate 
intervals. If 𝔬∗ ≥ 0, then [𝔬∗, 𝔬∗] is named as a positive interval. The set of all positive intervals is 
denoted by 𝒦஼

ା and defined as 𝒦஼
ା = {[𝔬∗, 𝔬∗]: [𝔬∗, 𝔬∗] ∈ ℝூ  and 𝔬∗ ≥ 0}.  

Let 𝜌 ∈ ℝ and 𝜌𝔬 be defined by 

𝜌. 𝔬 = ቊ

 
[𝜌𝔬∗, 𝜌𝔬∗] if 𝜌 ≥ 0,

[𝜌𝔬∗, 𝜌𝔬∗] if 𝜌 < 0.
 

Then, the Minkowski difference 𝔮 − 𝔬, addition 𝔬 + 𝔮 and 𝔬 × 𝔮 for 𝔬, 𝔮 ∈ 𝒦஼  are defined by 

[𝔮∗, 𝔮∗] − [𝔬∗, 𝔬∗]  = [𝔮∗ − 𝔬∗, 𝔮∗ − 𝔬∗], 

[𝔮∗, 𝔮∗] + [𝔬∗, 𝔬∗]  = [𝔮∗ + 𝔬∗, 𝔮∗ + 𝔬∗], 

and [𝔮∗, 𝔮∗] × [𝔬∗, 𝔬∗] = [𝑚𝑖𝑛{𝔮∗𝔬∗, 𝔮∗𝔬∗, 𝔮∗𝔬∗, 𝔮∗𝔬∗}, 𝑚𝑎𝑥{𝔮∗𝔬∗, 𝔮∗𝔬∗, 𝔮∗𝔬∗, 𝔮∗𝔬∗}]. The inclusion “⊆” 
means that 𝔮 ⊆ 𝔬 If and only if, [𝔮∗, 𝔮∗] ⊆ [𝔬∗, 𝔬∗], if and only if 𝔬∗ ≤ 𝔮∗, 𝔮∗ ≤ 𝔬∗. 
Remark 2.1. [44] The relation " ≤ூ " is defined on 𝒦஼ by 

[𝔮∗, 𝔮∗] ≤ூ [𝔬∗, 𝔬∗] if and only if 𝔮∗ ≤ 𝔬∗, 𝔮∗ ≤ 𝔬∗, 
for all [𝔮∗, 𝔮∗], [𝔬∗, 𝔬∗] ∈ 𝒦஼ , and it is an order relation. For given [𝔮∗, 𝔮∗], [𝔬∗, 𝔬∗] ∈ 𝒦஼ , we say 
that [𝔮∗, 𝔮∗] ≤ூ [𝔬∗, 𝔬∗] if and only if 𝔮∗ ≤ 𝔬∗, 𝔮∗ ≤ 𝔬∗ or 𝔮∗ ≤ 𝔬∗, 𝔮∗ < 𝔬∗. 

For [𝔮∗, 𝔮∗], [𝔬∗, 𝔬∗] ∈ ℝூ ,  the Hausdorff-Pompeiu distance between intervals [𝔮∗, 𝔮∗]  and 
[𝔬∗, 𝔬∗] is defined by 

𝑑([𝔮∗, 𝔮∗], [𝔬∗, 𝔬∗]) = 𝑚𝑎𝑥{[𝔮∗, 𝔮∗], [𝔬∗, 𝔬∗]}. 

It is a familiar fact that (ℝூ , 𝑑) is a complete metric space. 
The concept of a Riemann integral for 𝘐𝘝𝘍 first introduced by Moore [43] is defined as follows: 
Theorem 2.2. [43] If 𝔊: [𝔞, 𝔟] ⊂ ℝ → ℝூ is an 𝘐𝘝𝘍 such that 𝔊(𝔵) = [𝔊∗(𝔵), 𝔊∗(𝔵)], then 𝔊 is 
Riemann integrable over [𝔞, 𝔟] if and only if 𝔊∗(𝔵) and 𝔊∗(𝔵) both are Riemann integrable over 
[𝔞, 𝔟] such that 

(𝐼𝑅) ∫ 𝔊(𝔵)𝑑𝔵
𝔟

𝔞
=  ቂ(𝑅) ∫ 𝔊∗(𝔵)𝑑𝔵

𝔟

𝔞
, (𝑅) ∫ 𝔊∗(𝔵)𝑑𝔵

𝔟

𝔞
ቃ. 

The collections of all Riemann integrable real valued functions and Riemann integrable 𝘐𝘝𝘍s are 
denoted by ℛ[𝔞,𝔟] and ℐℛ[𝔞,𝔟], respectively. 

Let ℝ be the set of real numbers. A fuzzy subset set 𝒜 of ℝ is distinguished by a function 
𝔤: ℝ → [0,1] called the membership function. In this study, this depiction is approved. Moreover, the 
collection of all fuzzy subsets of ℝ is denoted by 𝔽(ℝ). 

A real fuzzy-interval 𝔤 is a fuzzy set in ℝ with the following properties: 
(1) 𝔤 is normal, i.e., there exists 𝔵 ∈ ℝ such that 𝔤(𝔵) = 1. 
(2) 𝔤 is upper semi continuous, i.e., for given 𝔵 ∈ ℝ, and for every 𝔵 ∈ ℝ there exist 𝜀 > 0 

there exist 𝛿 > 0 such that 𝔤(𝔵) − 𝔤(𝑦) < 𝜀 for all 𝑦 ∈ ℝ with |𝔵 − 𝑦| < 𝛿. 
(3) 𝔤 is fuzzy convex, i.e., 𝔤൫(1 − 𝔰)𝔵 + 𝔰𝑦൯ ≥ 𝑚𝑖𝑛൫𝔤(𝔵), 𝔤(𝑦)൯, ∀ 𝔵, 𝑦 ∈ ℝ and 𝔰 ∈ [0, 1]. 
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(4) 𝔤 is compactly supported, i.e., 𝑐𝑙{𝔵 ∈ ℝ| 𝔤(𝔵) > 0} is compact. 
The collection of all real fuzzy-intervals is denoted by 𝔽஼(ℝ). 
Since 𝔽஼(ℝ) denotes the set of all real fuzzy-intervals and let 𝔤 ∈  𝔽஼(ℝ) be real fuzzy-interval, if 
and only if, 𝒿-levels [𝔤]𝒿 is a nonempty compact convex set of ℝ. This is represented by 

[𝔤]𝒿 = {𝔵 ∈ ℝ| 𝔤(𝔵) ≥ 𝒿}, 

and from these definitions, we have  

[𝔤]𝒿 = [𝔤∗(𝒿), 𝔤∗(𝒿)], 

where 

𝔤∗(𝒿) = 𝑖𝑛𝑓{𝔵 ∈ ℝ| 𝔤(𝔵) ≥ 𝒿}, 𝔤∗(𝒿) = 𝑠𝑢𝑝{𝔵 ∈ ℝ| 𝔤(𝔵) ≥ 𝒿}. 

Proposition 2.3. [88] Let 𝔤, 𝔡 ∈ 𝔽஼(ℝ). Then, relation “≼” given on 𝔽஼(ℝ) by 
𝔤 ≼ 𝔡 if and only if [𝔤]𝒿 ≤ூ [𝔡]𝒿 for all 𝒿 ∈ [0, 1] 

is a partial order relation. 
We now discuss some properties of real fuzzy-intervals under addition, scalar multiplication, 

multiplication and division. If 𝔤, 𝔡 ∈ 𝔽஼(ℝ) and 𝜌 ∈ ℝ, then arithmetic operations are defined by 

[𝔤+෥𝔡]𝒿  = [𝔤]𝒿 + [𝔡]𝒿,        (6) 

[𝔤 ×෥ 𝔡]𝒿 = [𝔤]𝒿 × [ 𝔡]𝒿,        (7) 

[𝜌. 𝔤]𝒿 = 𝜌. [𝔤]𝒿.          (8) 

Remark 2.4. Obviously, 𝔽஼(ℝ) is closed under addition and nonnegative scalar multiplication, and 
the above defined properties on 𝔽஼(ℝ) are equivalent to those derived from the usual extension 
principle. Furthermore, for each scalar number 𝜌 ∈ ℝ, 

[𝜌+෥ 𝔤]𝒿 = 𝜌 + [𝔤]𝒿.         (9) 

Theorem 2.5. [71,74] The space 𝔽஼(ℝ) dealing with a supremum metric, i.e., for 𝜓, 𝔡 ∈ 𝔽஼(ℝ) 

𝔒(𝜓, 𝔡) = sup
଴ஸ𝒿ஸଵ

𝐻([𝔤]𝒿, [ 𝔡]𝒿),       (10) 

is a complete metric space, where 𝐻 denotes the well-known Hausdorff metric on the space of intervals.  
Definition 2.6. [88] A mapping 𝔊: 𝐾 ⊂ ℝ → 𝔽஼(ℝ) is named as 𝘍𝘐𝘝𝘍. For each 𝒿 ∈ [0, 1], whose 
𝒿-levels define the family of 𝘐𝘝𝘍s 𝔊𝒿: 𝐾 ⊂ ℝ → 𝒦஼  are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for 

all 𝔵 ∈ 𝐾. Here, for each 𝒿 ∈ [0, 1], the end point real functions 𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿): 𝐾 → ℝ are 
called lower and upper functions of 𝔊. 
Remark 2.7. Let 𝔊: 𝐾 ⊂ ℝ → 𝔽஼(ℝ) be a 𝘍𝘐𝘝𝘍. Then, 𝔊(𝔵) is named as continuous at 𝔵 ∈ 𝐾 if 
for each 𝒿 ∈ [0, 1], both end point functions 𝔊∗(𝔵, 𝒿) and 𝔊∗(𝔵, 𝒿) are continuous at 𝔵 ∈ 𝐾. 
From the above literature review, the following results can be concluded (see [88,44,43,86]): 
Definition 2.8. Let 𝔊: [𝑐, 𝑑] ⊂ ℝ → 𝔽஼(ℝ)  be a 𝘍𝘐𝘝𝘍. The fuzzy Riemann integral of 𝔊 over 

[𝑐, 𝑑], denoted by (𝐹𝑅) ∫ 𝔊(𝔵)𝑑𝔵
ௗ

௖
, is defined level-wise by 

ቂ(𝐹𝑅) ∫ 𝔊(𝔵)𝑑𝔵
ௗ

௖
ቃ

𝓳

= (𝐼𝑅) ∫ 𝔊𝒿(𝔵)𝑑𝔵
ௗ

௖
= ቄ∫ 𝔊(𝔵, 𝒿)𝑑𝔵

ௗ

௖
: 𝔊(𝔵, 𝒿) ∈ ℛ[௖,ௗ]ቅ,   (11) 

for all 𝒿 ∈ [0, 1],  where ℛ[௖,ௗ]  is the collection of end point functions of 𝘐𝘝𝘍s. 𝔊  is 

(𝐹𝑅)-integrable over [𝑐, 𝑑] if (𝐹𝑅) ∫ 𝔊(𝔵)𝑑𝔵
ௗ

௖
∈ 𝔽஼(ℝ). Note that if both end point functions are 
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Lebesgue-integrable, then 𝔊 is fuzzy Aumann-integrable, see [81]. 
Theorem 2.9. Let 𝔊: [𝑐, 𝑑] ⊂ ℝ → 𝔽஼(ℝ) be a 𝘍𝘐𝘝𝘍, whose 𝒿-levels define the family of 𝘐𝘝𝘍s 
𝔊𝒿: [𝑐, 𝑑] ⊂ ℝ → 𝒦஼ are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝑐, 𝑑] and for all 𝒿 ∈

[0, 1]. Then, 𝔊 is (𝐹𝑅)-integrable over [𝑐, 𝑑] if and only if, 𝔊∗(𝔵, 𝒿) and 𝔊∗(𝔵, 𝒿) both are 
𝑅-integrable over [𝑐, 𝑑]. Moreover, if 𝔊 is (𝐹𝑅)-integrable over [𝑐, 𝑑], then 

ቂ(𝐹𝑅) ∫ 𝔊(𝔵)𝑑𝔵
ௗ

௖
ቃ

𝒿

= ቂ(𝑅) ∫ 𝔊∗(𝔵, 𝒿)𝑑𝔵
ௗ

௖
, (𝑅) ∫ 𝔊∗(𝔵, 𝒿)𝑑𝔵

ௗ

௖
ቃ = (𝐼𝑅) ∫ 𝔊𝒿(𝔵)𝑑𝔵

ௗ

௖
,  (12) 

for all 𝒿 ∈ [0, 1].  
The families of all (𝐹𝑅)-integrable 𝘍𝘐𝘝𝘍s and 𝑅-integrable functions over [𝑐, 𝑑] are denoted 
by ℱℛ([௖,ௗ],𝒿) and  ℛ([௖,ௗ],𝒿), for all 𝒿 ∈ [0, 1]. 

Definition 2.10. [51] A function 𝔊: [𝔞, 𝔟] → ℝା is named as a 𝑃-convex function if  

𝔊(𝔰𝔵 + (1 − 𝔰)𝑦) ≤ 𝔊(𝔵) + 𝔊(𝑦),       (13) 

for all 𝔵, 𝑦 ∈ [𝔞, 𝔟], 𝔰 ∈ [0, 1]. If (13) is reversed, then 𝔊 is named as 𝑃-concave. 
Definition 2.11. [47] A function 𝔊: 𝐾 → ℝା is named as an 𝑠-convex function in the second sense 
if  

𝔊(𝔰𝔵 + (1 − 𝔰)𝑦) ≤ 𝔰௦𝔊(𝔵) + (1 − 𝔰)௦𝔊(𝑦),     (14) 

for all 𝔵, 𝑦 ∈ [𝔞, 𝔟], 𝔰 ∈ [0, 1], where 𝑠 ∈ (0, 1). If (14) is reversed, then 𝔊 is named as 𝑠-concave 
in the second sense. 
Definition 2.12. [55] A function 𝔊: [𝔞, 𝔟] → ℝା is named as a 𝔍-convex function if for all 𝔵, 𝑦 ∈
[𝔞, 𝔟], 𝔰 ∈ [0, 1], we have 

𝔊(𝔰𝔵 + (1 − 𝔰)𝑦 ) ≤ 𝔍(𝔰) 𝔊(𝔵) + 𝔍(1 − 𝔰) 𝔊(𝑦),      (15) 

where 𝔍: ℒ → ℝା such that 𝔍 ≢ 0, [0, 1] ⊆ ℒ. If (15) is reversed, then 𝔊 is named as 𝔍-concave 
in the second sense. 
A function 𝔍: ℒ → ℝା is named as super multiplicative if for all 𝔵, 𝑦 ∈ ℒ, we have 

𝔍(𝔵𝑦) ≥ 𝔍(𝔵)𝔍(𝑦).          (16) 

If (16) is reversed, then 𝔍 is known as sub multiplicative. If the equality holds in (16), then 𝔍 is 
named as multiplicative. 
Definition 2.13. [17] Let 𝔭 ∈ ℝ with 𝔭 ≠ 0. Then, the interval 𝐾𝔭 is named as 𝔭-convex if  

[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭 ∈ 𝐾𝔭,        (17) 

for all 𝔵, 𝑦 ∈ 𝐾𝔭, 𝔰 ∈ [0, 1], where 𝔭 = 2𝑛 + 1 and 𝑛 ∈ 𝑁. 
Definition 2.14. [17] Let 𝔭 ∈ ℝ with 𝔭 ≠ 0 and 𝐾𝔭 = [𝔞, 𝔟] ⊆ ℝ. Then, the function 𝔊: [𝔞, 𝔟] →

ℝାis named as a 𝔭-convex function if  

𝔊 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭൰ ≤ 𝔰𝔊(𝔵) + (1 − 𝔰)𝔊(𝑦),     (18) 

for all 𝔵, 𝑦 ∈ [𝔞, 𝔟], 𝔰 ∈ [0, 1]. If the inequality (18) is reversed, then 𝔊 is named as a 𝔭-concave 
function. 
Definition 2.15. [52] Let 𝐾𝔭  be a 𝔭 -convex set and 𝔍: [0, 1] ⊆ ℒ → ℝା  be a nonnegative 
real-valued function such that 𝔍 ≢ 0 , where ℒ ⊆ ℝ . Then, function 𝔊: 𝐾𝔭 → ℝ  is named as 
(𝔭, 𝔍)-convex on 𝐾𝔭 such that  
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𝔊 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭  ൰ ≤ 𝔍(𝔰) 𝔊(𝔵) + 𝔍(1 − 𝔰) 𝔊(𝑦),    (19) 

for all  𝔵, 𝑦 ∈ 𝐾𝔭 = [𝔞, 𝔟], 𝔰 ∈ [0, 1],  where 𝔊(𝔵) ≥ 0  and 𝔍: ℒ → ℝା  such that 𝔍 ≢ 0  and 
[0, 1] ⊆ ℒ. If (19) is reversed, then 𝔊 is named as (𝔭, 𝔍)-concave on [𝔞, 𝔟]. 𝔊 is (𝔭, 𝔍)-affine if 
and only if it is both a (𝔭, 𝔍)-convex and (𝔭, 𝔍)-concave function. 
Definition 2.16. [65,66] Let 𝐾 be a convex set. Then, 𝘍𝘐𝘝𝘍 𝔊: 𝐾 → 𝔽஼(ℝ) is named as convex 
on 𝐾 if  

𝔊(𝔰𝔵 + (1 − 𝔰)𝑦 ) ≼ 𝔰𝔊(𝔵)+෥(1 − 𝔰)𝔊(𝑦),      (20) 

for all 𝔵, 𝑦 ∈ 𝐾, 𝔰 ∈ [0, 1], where 𝔊(𝔵) ≽ 0෨. If (20) is reversed, then 𝔊 is named as concave on 
[𝔞, 𝔟]. 𝔊 is affine if and only if it is both a convex and concave function. 
Definition 2.17. Let 𝐾𝔭 be a 𝔭-convex set and 𝔍: [0, 1] ⊆ ℒ → ℝା be a nonnegative real-valued 
function such that 𝔍 ≢ 0, where ℒ ⊆ ℝ. Then, 𝘍𝘐𝘝𝘍 𝔊: 𝐾𝔭 → 𝔽஼(ℝ) is named as (𝔭, 𝔍)-convex 
on 𝐾𝔭 such that  

𝔊 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭  ൰ ≼ 𝔍(𝔰) 𝔊(𝔵)+෥ 𝔍(1 − 𝔰) 𝔊(𝑦),     (21) 

for all 𝔵, 𝑦 ∈ 𝐾𝔭, 𝔰 ∈ [0, 1], where 𝔊(𝔵) ≽ 0෨  and 𝔍: ℒ → ℝା such that 𝔍 ≢ 0 and [0, 1] ⊆ ℒ. If (21) 
is reversed, then 𝔊 is named as (𝔭, 𝔍)-concave on [𝔞, 𝔟]. 𝔊 is (𝔭, 𝔍)-affine if and only if it is both 
(𝔭, 𝔍)-convex and (𝔭, 𝔍)-concave 𝘍𝘐𝘝𝘍. 
Remark 2.18. The (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s have some very nice properties similar to convex 𝘍𝘐𝘝𝘍: 
If 𝔊 is (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍, then 𝛶𝔊 is also (𝔭, 𝔍)-convex for 𝛶 ≥ 0. 
If ℱ and 𝔊 both are (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s, then max൫ℱ(𝔵), 𝔊(𝔵)൯ is also (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍. 
We now discuss some new and known special cases of (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s: 
If 𝔍(𝔰) = 𝔰௦ with 𝑠 ∈ (0,1), then (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 becomes (𝔭, 𝑠)-convex 𝘍𝘐𝘝𝘍, that is, 

𝔊 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭൰ ≼ 𝔰௦𝔊(𝔵)+෥(1 − 𝔰)௦𝔊(𝑦), ∀ 𝔵, 𝑦 ∈ 𝐾𝔭, 𝔰 ∈ [0, 1].  (22) 

If 𝔍(𝔰) = 𝔰, then (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 becomes 𝔭-convex 𝘍𝘐𝘝𝘍, that is, 

𝔊 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭൰ ≼ 𝔰𝔊(𝔵)+෥(1 − 𝔰)𝔊(𝑦), ∀ 𝔵, 𝑦 ∈ 𝐾𝔭, 𝔰 ∈ [0, 1]. (23) 

If 𝔭 ≡ 1, then (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 becomes 𝔍-convex 𝘍𝘐𝘝𝘍, that is, 

𝔊(𝔰𝔵 + (1 − 𝔰)𝑦) ≼ 𝔍(𝔰) 𝔊(𝔵)+෥ 𝔍(1 − 𝔰) 𝔊(𝑦), ∀ 𝔵, 𝑦 ∈ 𝐾, 𝔰 ∈ [0, 1].  (24) 

If 𝔍(𝔰) = 𝔰௦ with 𝑠 ∈ (0,1) and 𝔭 ≡ 1, then (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 becomes 𝑠-convex 𝘍𝘐𝘝𝘍, that is, 

𝔊(𝔰𝔵 + (1 − 𝔰)𝑦) ≼ 𝔰௦𝔊(𝔵)+෥(1 − 𝔰)௦𝔊(𝑦), ∀ 𝔵, 𝑦 ∈ 𝐾, 𝔰 ∈ [0, 1].   (25) 

If 𝔭 ≡ 1 and 𝔍(𝔰) = 𝔰, then (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 becomes convex 𝘍𝘐𝘝𝘍, see [65,66], that is, 

𝔊(𝔰𝔵 + (1 − 𝔰)𝑦) ≼ 𝔰𝔊(𝔵)+෥(1 − 𝔰)𝔊(𝑦), ∀ 𝔵, 𝑦 ∈ 𝐾, 𝔰 ∈ [0, 1].    (26) 

Theorem 2.19. Let 𝐾𝔭 be a 𝔭-convex set, non-negative real valued function 𝔍: [0, 1] ⊆ 𝐾𝔭 → ℝ 
such that 𝔍 ≢ 0, and let 𝔊: 𝐾𝔭 → 𝔽஼(ℝ) be a 𝘍𝘐𝘝𝘍, whose 𝒿-levels define the family of 𝘐𝘝𝘍s 
𝔊𝒿: 𝐾𝔭 ⊂ ℝ → 𝒦஼

ା ⊂ 𝒦஼ are given by 

𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)],        (27)  
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for all 𝔵 ∈ 𝐾𝔭 and for all 𝒿 ∈ [0, 1]. Then, 𝔊 is (𝔭, 𝔍)-convex on 𝐾𝔭 if and only if, for all 𝒿 ∈

[0, 1], 𝔊∗(𝔵, 𝒿) and 𝔊∗(𝔵, 𝒿) both are (𝔭, 𝔍)-convex functions. 
Proof. Assume that for each 𝒿 ∈ [0, 1], 𝔊∗(𝔵, 𝒿) and 𝔊∗(𝔵, 𝒿) are (𝔭, 𝔍)-convex on 𝐾𝔭. Then, 
from (19), we have  

𝔊∗ ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭 , 𝒿൰ ≤ 𝔍(𝔰) 𝔊∗(𝔵, 𝒿) + 𝔍(1 − 𝔰) 𝔊∗(𝑦, 𝒿), ∀ 𝔵, 𝑦 ∈ 𝐾𝔭, 𝔰 ∈ [0, 1], 

and 

𝔊∗ ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
ଵ
𝔭 , 𝒿൰ ≤ 𝔍(𝔰) 𝔊∗(𝔵, 𝒿) + 𝔍(1 − 𝔰) 𝔊∗(𝑦, 𝒿), ∀ 𝔵, 𝑦 ∈ 𝐾𝔭, 𝔰 ∈ [0, 1]. 

Then, by (27), (6) and (8), we obtain 

𝔊𝒿 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
ଵ
𝔭൰ = ൤𝔊∗ ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]

ଵ
𝔭 , 𝒿൰ , 𝔊∗ ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]

ଵ
𝔭 , 𝒿൰൨, 

≤ூ [𝔍(𝔰) 𝔊∗(𝔵, 𝒿), 𝔍(𝔰) 𝔊∗(𝔵, 𝒿)] + [𝔍(1 − 𝔰) 𝔊∗(𝑦, 𝒿), 𝔍(1 − 𝔰) 𝔊∗(𝑦, 𝒿)], 
that is, 

𝔊 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭൰ ≼ 𝔍(𝔰) 𝔊(𝔵)+෥ 𝔍(1 − 𝔰) 𝔊(𝑦), ∀ 𝔵, 𝑦 ∈ 𝐾𝔭, 𝔰 ∈ [0, 1]. 

Hence, 𝔊 is (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 on 𝐾𝔭. 
Conversely, let 𝔊 be (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 on 𝐾𝔭. Then, for all 𝔵, 𝑦 ∈ 𝐾𝔭 and 𝔰 ∈ [0, 1], we have 

𝔊 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
భ

𝔭൰ ≼ 𝔍(𝔰) 𝔊(𝔵)+෥ 𝔍(1 − 𝔰) 𝔊(𝑦). Therefore, from (27), we have  

𝔊𝒿 ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
ଵ
𝔭൰ = ൤𝔊∗ ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]

ଵ
𝔭 , 𝒿൰ , 𝔊∗ ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]

ଵ
𝔭 , 𝒿൰൨. 

Again, from (27), (6) and (8), we obtain 

𝔍(𝔰) 𝔊𝒿(𝔵)+෥ 𝔍(1 − 𝔰) 𝔊𝒿(𝔵)

= [𝔍(𝔰) 𝔊∗(𝔵, 𝒿), 𝔍(𝔰) 𝔊∗(𝔵, 𝒿)] + [𝔍(1 − 𝔰) 𝔊∗(𝑦, 𝒿), 𝔍(1 − 𝔰) 𝔊∗(𝑦, 𝒿)], 

Then by (𝔭, 𝔍)-convexity of 𝔊, we have  

𝔊∗ ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
ଵ
𝔭 , 𝒿൰ ≤ 𝔍(𝔰) 𝔊∗(𝔵, 𝒿) + 𝔍(1 − 𝔰) 𝔊∗(𝑦, 𝒿), 

and 

𝔊∗ ൬[𝔰𝔵𝔭 + (1 − 𝔰)𝑦𝔭]
ଵ
𝔭 , 𝒿൰ ≤ 𝔍(𝔰) 𝔊∗(𝔵, 𝒿) + 𝔍(1 − 𝔰) 𝔊∗(𝑦, 𝒿), 

for each 𝒿 ∈ [0, 1]. Hence, the result follows. 
Remark 2.20. If 𝔊∗(𝔵, 𝒿) = 𝔊∗(𝔵, 𝒿) with 𝒿 = 1, then (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 reduces to the classical 
(𝔭, 𝔍)-convex function (see [52]). 
If 𝔊∗(𝔵, 𝒿) = 𝔊∗(𝔵, 𝒿)  with 𝒿 = 1  and 𝔍(𝔰) = 𝔰௦  with 𝑠 ∈ (0, 1) , then (𝔭, 𝔍) -convex 𝘍𝘐𝘝𝘍 
reduces to the classical (𝔭, 𝑠)-convex function (see [47]). 
If 𝔊∗(𝔵, 𝒿) = 𝔊∗(𝔵, 𝒿) with 𝒿 = 1 and 𝔍(𝔰) = 𝔰, then (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 reduces to the classical 
𝔭-convex function (see [17]). 
If 𝔊∗(𝔵, 𝒿) = 𝔊∗(𝔵, 𝒿) with 𝒿 = 1 and 𝔭 = 1, then (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 reduces to the classical 
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𝔍-convex function (see [55]). 
Example 2.21. We consider 𝔍(𝔰) = 𝔰, for 𝔰 ∈ [0, 1], and the 𝘍𝘐𝘝𝘍 𝔊: [0, 1] → 𝔽஼(ℝ) defined by 

𝔊(𝔵)(𝜎) = ൞

ఙ

ଶ𝔵𝔭
           𝜎 ∈ [0, 2𝔵𝔭]

ସ𝔵𝔭ିఙ

ଶ𝔵మ
   𝜎 ∈ (2𝔵𝔭, 4𝔵𝔭]

0             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

        (28) 

Then, for each 𝒿 ∈ [0, 1], we have 𝔊𝒿(𝔵) = [2𝒿𝔵𝔭, (4 − 2𝒿)𝔵𝔭 ]. Since end point functions 𝔊∗(𝔵, 𝒿) 

and 𝔊∗(𝔵, 𝒿) both are (𝔭, 𝔍)-convex functions for each 𝒿 ∈ [0, 1]. Hence, 𝔊(𝔵) is (𝔭, 𝔍)-convex 
𝘍𝘐𝘝𝘍. 

3. Discrete Jensen and Schur type inequalities  

We introduce the idea of discrete Jensen and Schur type inequality for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s in 
this section. The discrete Jensen type inequality is further refined in several ways. The discrete 
Jensen type inequality for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 is shown first in the following result. 
Theorem 3.1. (Discrete Jensen type inequality for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍) Let 𝔴௝ ∈ ℝା, 𝔵௝ ∈ [𝔞, 𝔟], 
(𝑗 = 1, 2, 3, … 𝜅, 𝜅 ≥ 2) and 𝔊: [𝔞, 𝔟] → 𝔽஼(ℝ) be a (𝔭, 𝔍)-convex fuzzy 𝘍𝘐𝘝𝘍 with non-negative 
real valued function 𝔍: [0, 1] → ℝ, whose 𝒿-levels define the family of 𝘐𝘝𝘍s 𝔊𝒿: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼

ା 
are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)]  for all 𝔵 ∈ [𝔞, 𝔟]  and for all 𝒿 ∈ [0, 1] . If 𝔍  is a 

super-multiplicative function on ℒ, then  

𝔊 ቆቂ
ଵ

ௐഉ
∑ 𝔴௝

఑
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
ቇ ≼ ∑ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊൫𝔵௝൯఑

௝ ,      (29) 

where 𝑊఑ = ∑ 𝔴௝
఑
௝ୀଵ .  If function 𝔍  is sub-multiplicative and 𝔊  is (𝔭, 𝔍) -concave, then 

inequality (29) is reversed. 
Proof. When 𝜅 = 2, inequality (29) is true. Consider that inequality (19) is true for 𝜅 = 𝑛 − 1, and 
then 

𝔊 ቆቂ
ଵ

ௐ೙షభ
∑ 𝔴௝

௡ିଵ
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
ቇ ≼ ∑ 𝔍 ቀ

𝔴ೕ

ௐ೙షభ
ቁ 𝔊൫𝔵௝൯௡ିଵ

௝ୀଵ . 

Now, let us prove that inequality (29) holds for 𝜅 = 𝑛. 

𝔊 ቆቂ
ଵ

ௐ೙
∑ 𝔴௝

௡
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
ቇ = 𝔊 ቆቂ

ଵ

ௐ೙
∑ 𝔴௝

௡ିଶ
௝ୀଵ 𝔵௝

𝔭 +
𝔴೙షభା𝔴೙

ௐ೙
(

𝔴೙షభ

𝔴೙షభା𝔴೙
𝔵௡ିଵ

𝔭 +
𝔴೙

𝔴೙షభା𝔴೙
𝔵௡

𝔭ቃ

భ

𝔭
ቇ.  

Therefore, for each 𝒿 ∈ [0, 1], we have 

𝔊∗ ቆቂ
ଵ

ௐ೙
∑ 𝔴௝

௡
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
, 𝒿ቇ

𝔊∗ ቆቂ
ଵ

ௐ೙
∑ 𝔴௝

௡
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
, 𝒿ቇ
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= 𝔊∗ ቆቂ
ଵ

ௐ೙
∑ 𝔴௝

௡ିଶ
௝ୀଵ 𝔵௝

𝔭 +
𝔴೙షభା𝔴೙

ௐ೙
(

𝔴೙షభ

𝔴೙షభା𝔴೙
𝔵௡ିଵ

𝔭 +
𝔴೙

𝔴೙షభା𝔴೙
𝔵௡

𝔭ቃ

భ

𝔭
, 𝒿ቇ ,

= 𝔊∗ ቆቂ
ଵ

ௐ೙
∑ 𝔴௝

௡ିଶ
௝ୀଵ 𝔵௝

𝔭 +
𝔴೙షభା𝔴೙

ௐ೙
(

𝔴೙షభ

𝔴೙షభା𝔴೙
𝔵௡ିଵ

𝔭 +
𝔴೙

𝔴೙షభା𝔴೙
𝔵௡

𝔭ቃ

భ

𝔭
, 𝒿ቇ ,

  

≤ ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝ , 𝒿൯௡ିଶ

௝ୀଵ + 𝔍 ቀ
𝔴೙షభା𝔴೙

ௐ೙
ቁ 𝔊∗ ቆቂ

𝔴೙షభ

𝔴೙షభା𝔴೙
𝔵௡ିଵ

𝔭 +
𝔴೙

𝔴೙షభା𝔴೙
𝔵௡

𝔭ቃ

భ

𝔭
, 𝒿ቇ ,

≤ ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝ , 𝒿൯௡ିଶ

௝ୀଵ + 𝔍 ቀ
𝔴೙షభା𝔴೙

ௐ೙
ቁ 𝔊∗ ቆቂ

𝔴೙షభ

𝔴೙షభା𝔴೙
𝔵௡ିଵ

𝔭 +
𝔴೙

𝔴೙షభା𝔴೙
𝔵௡

𝔭ቃ

భ

𝔭
, 𝒿ቇ ,

  

≤ ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝ , 𝒿൯௡ିଶ

௝ୀଵ + 𝔍 ቀ
𝔴೙షభା𝔴೙

ௐ೙
ቁ ቂ 𝔍 ቀ

𝔴೙షభ

𝔴೙షభା𝔴೙
ቁ 𝔊∗(𝔵௡ିଵ, 𝒿) + 𝔍 ቀ

𝔴೙

𝔴೙షభା𝔴೙
ቁ 𝔊∗(𝔵௡, 𝒿)ቃ ,

≤ ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝ , 𝒿൯௡ିଶ

௝ୀଵ + 𝔍 ቀ
𝔴೙షభା𝔴೙

ௐ೙
ቁ ቂ𝔍 ቀ

𝔴೙షభ

𝔴೙షభା𝔴೙
ቁ 𝔊∗(𝔵௡ିଵ, 𝒿) +  𝔍 ቀ

𝔴೙

𝔴೙షభା𝔴೙
ቁ 𝔊∗(𝔵௡, 𝒿)ቃ ,

  

≤ ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝ , 𝒿൯௡ିଶ

௝ୀଵ + ቂ𝔍 ቀ
𝔴೙షభ

ௐ೙
ቁ 𝔊∗(𝔵௡ିଵ, 𝒿) + 𝔍 ቀ

𝔴೙

ௐ೙
ቁ 𝔊∗(𝔵௡, 𝒿)ቃ ,

≤ ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝ , 𝒿൯௡ିଶ

௝ୀଵ + ቂ𝔍 ቀ
𝔴೙షభ

ௐ೙
ቁ 𝔊∗(𝔵௡ିଵ, 𝒿) +  𝔍 ቀ

𝔴೙

ௐ೙
ቁ 𝔊∗(𝔵௡, 𝒿)ቃ ,

  

= ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝, 𝒿൯௡

௝ୀଵ ,

= ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝, 𝒿൯௡

௝ୀଵ .
  

From that, we have 

ቈ𝔊∗ ቆቂ
ଵ

ௐ೙
∑ 𝔴௝

௡
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
, 𝒿ቇ , 𝔊∗ ቆቂ

ଵ

ௐ೙
∑ 𝔴௝

௡
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
, 𝒿ቇ቉ ≤ூ ቂ∑ 𝔍 ቀ

𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝, 𝒿൯௡

௝ୀଵ , ∑ 𝔍 ቀ
𝔴ೕ

ௐ೙
ቁ 𝔊∗൫𝔵௝, 𝒿൯௡

௝ୀଵ ቃ,  

that is,  

𝔊 ቆቂ
ଵ

ௐ೙
∑ 𝔴௝

௡
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
ቇ ≼ ∑ 𝔍 ቀ

𝔴ೕ

ௐ೙
ቁ 𝔊൫𝔵௝൯௡

௝ୀଵ ,  

and the result follows. 
If 𝔴ଵ = 𝔴ଶ = 𝔴ଷ = ⋯ = 𝔴఑ = 1, then Theorem 3.1 reduces to the following result:  
Corollary 3.2. Let 𝔵௝ ∈ [𝔞, 𝔟], (𝑗 = 1, 2, 3, … 𝜅, 𝜅 ≥ 2) and 𝔊: [𝔞, 𝔟] → 𝔽஼(ℝ) be a (𝔭, 𝔍)-convex 
fuzzy 𝘍𝘐𝘝𝘍 with non-negative real valued function 𝔍: [0, 1] → ℝ, whose 𝒿-levels define the family 
of 𝘐𝘝𝘍s 𝔊𝒿: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼

ା are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] and for 

all 𝒿 ∈ [0, 1]. If 𝔍 is a super-multiplicative function, then 

𝔊 ቆቂ
ଵ

ௐഉ
∑ 𝔴௝

఑
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
ቇ ≼ ∑ 𝔍 ቀ

ଵ

఑
ቁ 𝔊൫𝔵௝൯఑

௃ୀଵ .       (30) 

If function 𝔍 is sub-multiplicative, and 𝔊 is a (𝔭, 𝔍)-concave, then inequality (30) is reversed.  
Next, Theorem 3.3 gives the Schur-type inequality for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s. 
Theorem 3.3. (Discrete Schur-type inequality for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍) Let 𝔊: [𝔞, 𝔟] → 𝔽஼(ℝ) be a 
(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 with non-negative real valued function 𝔍: [0, 1] → ℝ, whose 𝒿-levels define the 
family of 𝘐𝘝𝘍s 𝔊𝒿: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼

ା are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] 

and for all 𝒿 ∈ [0, 1] . If 𝔍: ℒ → ℝା  is a nonnegative super-multiplicative function, then for 
𝔵ଵ, 𝔵ଶ, 𝔵ଷ ∈ [𝔞, 𝔟], such that 𝔵ଵ <  𝔵ଶ < 𝔵ଷ and 𝔵ଷ

𝔭 − 𝔵ଵ
𝔭, 𝔵ଷ

𝔭 − 𝔵ଶ
𝔭, 𝔵ଶ

𝔭 − 𝔵ଵ
𝔭 ∈ ℒ, we have 
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𝔍(𝔵ଷ
𝔭 − 𝔵ଵ

𝔭) 𝔊(𝔵ଶ) ≼ 𝔍(𝔵ଷ
𝔭 − 𝔵ଶ

𝔭) 𝔊(𝔵ଵ) + 𝔍(𝔵ଶ
𝔭 − 𝔵ଵ

𝔭) 𝔊(𝔵ଷ).  (31) 

If the function 𝔍 is a nonnegative sub-multiplicative function, and 𝔊 is a (𝔭, 𝔍)-concave, then 
inequality (31) is reversed. 
Proof. Let 𝔵ଵ, 𝔵ଶ, 𝔵ଷ ∈ [𝔞, 𝔟] and 𝔍(𝔵ଷ

𝔭 − 𝔵ଵ
𝔭) > 0. Then, by hypothesis, we have  

𝔍 ቀ
𝔵య

𝔭ି𝔵మ
𝔭

𝔵య
𝔭ି𝔵భ

𝔭
ቁ =

𝔍(𝔵య
𝔭ି𝔵మ

𝔭)

𝔍(𝔵య
𝔭ି𝔵భ

𝔭)
 and 𝔍 ቀ

𝔵మ
𝔭ି𝔵భ

𝔭

𝔵య
𝔭ି𝔵భ

𝔭
ቁ =

𝔍(𝔵మ
𝔭ି𝔵భ

𝔭)

𝔍(𝔵య
𝔭ି𝔵భ

𝔭)
. 

Consider  𝔰 =
𝔵య

𝔭ି𝔵మ
𝔭

𝔵య
𝔭ି𝔵భ

𝔭
, and then 𝔵ଶ

𝔭 = 𝔰𝔵ଵ
𝔭 +  (1 − 𝔰)𝔵ଷ

𝔭. Since 𝔊  is a (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍, by 

hypothesis, we have 

𝔊(𝔵ଶ) ≼ 𝔍 ൬
𝔵ଷ

𝔭 − 𝔵ଶ
𝔭

𝔵ଷ
𝔭 − 𝔵ଵ

𝔭
൰ 𝔊(𝔵ଵ) + 𝔍 ൬

𝔵ଶ
𝔭 − 𝔵ଵ

𝔭

𝔵ଷ
𝔭 − 𝔵ଵ

𝔭
൰ 𝔊(𝔵ଷ). 

Therefore, for each 𝒿 ∈ [0, 1], we have 

𝔊∗(𝔵ଶ, 𝒿) ≤ 𝔍 ቀ
𝔵య

𝔭ି𝔵మ
𝔭

𝔵య
𝔭ି𝔵భ

𝔭
ቁ 𝔊∗(𝔵ଵ, 𝒿) + 𝔍 ቀ

𝔵మ
𝔭ି𝔵భ

𝔭

𝔵య
𝔭ି𝔵భ

𝔭
ቁ 𝔊∗(𝔵ଷ, 𝒿),

𝔊∗(𝔵ଶ, 𝒿) ≤ 𝔍 ቀ
𝔵య

𝔭ି𝔵మ
𝔭

𝔵య
𝔭ି𝔵భ

𝔭
ቁ 𝔊∗(𝔵ଵ, 𝒿) + 𝔍 ቀ

𝔵మ
𝔭ି𝔵భ

𝔭

𝔵య
𝔭ି𝔵భ

𝔭
ቁ 𝔊∗(𝔵ଷ, 𝒿),

    (32) 

=
𝔍(𝔵య

𝔭ି𝔵మ
𝔭)

𝔍(𝔵య
𝔭ି𝔵భ

𝔭)
𝔊∗(𝔵ଵ, 𝒿) +

𝔍(𝔵మ
𝔭ି𝔵భ

𝔭)

𝔍(𝔵య
𝔭ି𝔵భ

𝔭)
𝔊∗(𝔵ଷ, 𝒿),

=
𝔍(𝔵య

𝔭ି𝔵మ
𝔭)

𝔍(𝔵య
𝔭ି𝔵భ

𝔭)
𝔊∗(𝔵ଵ, 𝒿) +

𝔍(𝔵మ
𝔭ି𝔵భ

𝔭)

𝔍(𝔵య
𝔭ି𝔵భ

𝔭)
𝔊∗(𝔵ଷ, 𝒿).

      (33) 

From (33), we have 

𝔍(𝔵ଷ
𝔭 − 𝔵ଵ

𝔭) 𝔊∗(𝔵ଶ, 𝒿) ≤ 𝔍(𝔵ଷ
𝔭 − 𝔵ଶ

𝔭) 𝔊∗(𝔵ଵ, 𝒿) + 𝔍(𝔵ଶ
𝔭 − 𝔵ଵ

𝔭) 𝔊∗(𝔵ଷ, 𝒿),

𝔍(𝔵ଷ
𝔭 − 𝔵ଵ

𝔭) 𝔊∗(𝔵ଶ, 𝒿) ≤ 𝔍(𝔵ଷ
𝔭 − 𝔵ଶ

𝔭) 𝔊∗(𝔵ଵ, 𝒿) + 𝔍(𝔵ଶ
𝔭 − 𝔵ଵ

𝔭) 𝔊∗(𝔵ଷ, 𝒿),
 

that is, 

[𝔍(𝔵ଷ
𝔭 − 𝔵ଵ

𝔭) 𝔊∗(𝔵ଶ, 𝒿),  𝔍(𝔵ଷ
𝔭 − 𝔵ଵ

𝔭) 𝔊∗(𝔵ଶ, 𝒿)] 

≤ூ [𝔍(𝔵ଷ
𝔭 − 𝔵ଶ

𝔭) 𝔊∗(𝔵ଵ, 𝒿) + 𝔍(𝔵ଶ
𝔭 − 𝔵ଵ

𝔭) 𝔊∗(𝔵ଷ, 𝒿), 𝔍(𝔵ଷ
𝔭 − 𝔵ଶ

𝔭) 𝔊∗(𝔵ଵ, 𝒿) + 𝔍(𝔵ଶ
𝔭 −

𝔵ଵ
𝔭) 𝔊∗(𝔵ଷ, 𝒿)].  

Hence, 

𝔍(𝔵ଷ
𝔭 − 𝔵ଵ

𝔭) 𝔊(𝔵ଶ) ≼ 𝔍(𝔵ଷ
𝔭 − 𝔵ଶ

𝔭) 𝔊(𝔵ଵ) + 𝔍(𝔵ଶ
𝔭 − 𝔵ଵ

𝔭) 𝔊(𝔵ଷ). 

A refinement of a Jensen type inequality for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 is given in the following theorem. 
Theorem 3.4. Let 𝔴௝ ∈ ℝା , 𝔵௝ ∈ [𝔞, 𝔟],  (𝑗 = 1, 2, 3, … 𝜅, 𝜅 ≥ 2)  and 𝔊: [𝔞, 𝔟] → 𝔽஼(ℝ)  be a 
(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 with non-negative real valued function 𝔍: [0, 1] → ℝ, whose 𝒿-levels define the 
family of 𝘐𝘝𝘍s 𝔊𝒿: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼

ା are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] 

and for all 𝒿 ∈ [0, 1]. If (𝐿, 𝑈) ⊆ [𝔞, 𝔟] and 𝔍 is a nonnegative super-multiplicative function, then 

∑ 𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊൫𝔵௝൯఑

௝ୀଵ ≼ ∑ ቆ𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊(𝐿, 𝒿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊(𝑈, 𝒿)ቇ఑

௝ୀଵ ,  (34) 

where 𝑊఑ = ∑ 𝔴௝
఑
௝ୀଵ . If 𝔍 is a sub-multiplicative function and 𝔊 is (𝔭, 𝔍)-concave, then inequality (34) 

is reversed. 
Proof. Consider 𝐿 = 𝔵ଵ, 𝔵௝ = 𝔵ଶ, (𝑗 = 1, 2, 3, … 𝜅), 𝑈 = 𝔵ଷ. Then, by hypothesis and inequality (32), 
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we have 

𝔊൫𝔵௝൯ ≤ 𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔊(𝐿, 𝒿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔊(𝑈, 𝒿).  

Therefore, for each 𝒿 ∈ [0, 1], we have 

𝔊∗൫𝔵௝, 𝒿൯ ≤ 𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔊∗(𝐿, 𝒿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔊∗(𝑈, 𝒿),

𝔊∗൫𝔵௝ , 𝒿൯ ≤ 𝔍 ቀ
௎ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔊∗(𝐿, 𝒿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔊∗(𝑈, 𝒿).

  

The above inequality can be written as 

𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊∗൫𝔵௝, 𝒿൯ ≤ 𝔍 ቀ

௎𝔭ି𝔵ೕ
𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝐿, 𝒿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝑈, 𝒿),

𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊∗൫𝔵௝, 𝒿൯ ≤ 𝔍 ቀ

௎𝔭ି𝔵ೕ
𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝐿, 𝒿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝑈, 𝒿).

  (35) 

Taking the sum of all inequalities (35) for 𝑗 = 1, 2, 3, … 𝜅, we have 

∑ 𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊∗൫𝔵௝ , 𝒿൯఑

௝ୀଵ ≤ ∑ ቆ𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝐿, 𝒿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝑈, 𝒿)ቇ఑

௝ୀଵ ,

∑ 𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊∗൫𝔵௝ , 𝒿൯఑

௝ୀଵ ≤ ∑ ቆ𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝐿, 𝒿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝑈, 𝒿)ቇ఑

௝ୀଵ .

  

That is,  

∑ 𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊൫𝔵௝൯఑

௝ୀଵ = ቂ∑ 𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊∗൫𝔵௝, 𝒿൯఑

௝ୀଵ , ∑ 𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊∗൫𝔵௝ , 𝒿൯఑

௝ୀଵ ቃ  

       ≤ூ ቎∑ ቌ
𝔍 ቀ

௎𝔭ି𝔵ೕ
𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝐿, 𝒿)

+𝔍 ቀ
𝔵ೕ

𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝑈, 𝒿)

ቍ఑
௝ୀଵ , ∑ ቌ

𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝐿, 𝒿)

+𝔍 ቀ
𝔵ೕ

𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊∗(𝑈, 𝒿)

ቍ఑
௝ୀଵ ቏,  

 ≤ூ ∑ 𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ [𝔊∗(𝐿, 𝒿), 𝔊∗(𝐿, 𝒿)]఑

௝ୀଵ + ∑ 𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ [𝔊∗(𝑈, 𝒿),఑

௝ୀଵ

𝔊∗(𝑈, 𝒿)]. 

= ∑ 𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊(𝐿, 𝒿)఑

௝ୀଵ + ∑ 𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊(𝑈, 𝒿)఑

௝ୀଵ .  

Thus, 

∑ 𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊൫𝔵௝൯఑

௝ୀଵ ≼ ∑ ቆ𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊(𝐿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊(𝑈)ቇ ,఑

௝ୀଵ   

and this completes the proof. 
We now consider some special cases of Theorems 3.1 and 3.4. 
If 𝔊∗(𝔵, 𝒿) = 𝔊∗(𝔵, 𝒿), then Theorems 3.1 and 3.4 reduce to the following results: 
Corollary 3.5. [52] (Jensen inequality for (𝔭, 𝔍) -convex function) Let  𝔴௝ ∈ ℝା , 𝔵௝ ∈ [𝔞, 𝔟], 
(𝑗 = 1, 2, 3, … 𝜅, 𝜅 ≥ 2) and let 𝔊: [𝔞, 𝔟] → ℝା be a non-negative real-valued function. If 𝔊 is a 
(𝔭, 𝔍)-convex function, and 𝔍 is a nonnegative super-multiplicative function on ℒ, then 

𝔊 ቆቂ
ଵ

ௐഉ
∑ 𝔴௝

఑
௝ୀଵ 𝔵௝

𝔭ቃ

భ

𝔭
ቇ ≤ ∑ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊൫𝔵௝൯఑

௝ୀଵ ,      (36) 

where 𝑊఑ = ∑ 𝔴௝
఑
௝ୀଵ . If 𝔍 is a sub-multiplicative function, and 𝔊 is (𝔭, 𝔍)-concave function, 

then inequality (36) is reversed. 
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Corollary 3.6. Let 𝔴௝ ∈ ℝା , 𝔵௝ ∈ [𝔞, 𝔟],  (𝑗 = 1, 2, 3, … 𝜅, 𝜅 ≥ 2),  𝔍  be a nonnegative 
super-multiplicative function on ℒ and 𝔊: [𝔞, 𝔟] → ℝା be a non-negative real-valued function. If 
𝔊 is a (𝔭, 𝔍)-convex function, and 𝔵ଵ, 𝔵ଶ, … , 𝔵௝ ∈ (𝐿, 𝑈) ⊆ [𝔞, 𝔟], then 

 ∑ 𝔍 ቀ
𝔴ೕ

ௐഉ
ቁ 𝔊൫𝔵௝൯఑

௝ୀଵ ≤ ∑ ቆ𝔍 ቀ
௎𝔭ି𝔵ೕ

𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊(𝐿) + 𝔍 ቀ

𝔵ೕ
𝔭ି௅𝔭

௎𝔭ି௅𝔭
ቁ 𝔍 ቀ

𝔴ೕ

ௐഉ
ቁ 𝔊(𝑈)ቇ఑

௝ୀଵ ,  (37) 

where 𝑊఑ = ∑ 𝔴௝
఑
௝ୀଵ . If 𝔍 is a sub-multiplicative function, and 𝔊 is a (𝔭, 𝔍)-concave function, 

then inequality (37) is reversed. 

4. Hermite-Hadamard type inequalities 

In view of the 𝐻𝐻-inequality in Eq (3) and 𝐻𝐻-inequality in Eq (4), we can deduce the 
following version of the 𝐻𝐻-inequalities for (𝔭, 𝔍)-concave 𝘍𝘐𝘝𝘍s.  
Theorem 4.1. Let 𝔊: [𝔞, 𝔟] → 𝔽஼(ℝ) be a (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 with non-negative real valued 

function 𝔍: [0, 1] → ℝା and 𝔍 ቀ
ଵ

ଶ
ቁ ≠ 0, whose 𝒿-levels define the family of 𝘐𝘝𝘍s 𝔊𝒿: [𝔞, 𝔟] ⊂ ℝ →

𝒦஼
ା  are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] and for all 𝒿 ∈ [0, 1]. If 𝔊 ∈

 ℱℛ([𝔞,𝔟],𝒿), then 

ଵ

ଶ 𝔍ቀ
భ

మ
ቁ

 𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≤𝔭 [𝔊(𝔞)+෥𝔊(𝔟)] ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
.  (38) 

If 𝔊 is a (𝔭, 𝔍)-concave 𝘍𝘐𝘝𝘍, then  

ଵ

ଶ 𝔍ቀ
భ

మ
ቁ

 𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≽

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≽ [𝔊(𝔞)+෥𝔊(𝔟)] ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
.  (39) 

Proof. Let 𝔊 be a (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍. Then, by hypothesis, we have 

ଵ

𝔍ቀ
భ

మ
ቁ

𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼ 𝔊 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭൰ +෥𝔊 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰.  

Therefore, for each 
 𝒿 ∈ [0, 1], we have  

ଵ

𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≤ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭 , 𝒿൰ + 𝔊∗൫(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭, 𝒿൯,

ଵ

𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≤ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭 , 𝒿൰ + 𝔊∗൫(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭, 𝒿൯.

  

Then, 

ଵ

𝔍ቀ
భ

మ
ቁ

∫ 𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ 𝑑𝔰

ଵ

଴
≤ ∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭 , 𝒿൰ 𝑑𝔰
ଵ

଴
+ ∫ 𝔊∗൫(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭, 𝒿൯𝑑𝔰

ଵ

଴
,

ଵ

𝔍ቀ
భ

మ
ቁ

∫ 𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ 𝑑𝔰

ଵ

଴
≤ ∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭 , 𝒿൰ 𝑑𝔰
ଵ

଴
+ ∫ 𝔊∗൫(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭, 𝒿൯𝑑𝔰

ଵ

଴
.

  

It follows that 
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ଵ

𝟐 𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≤

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
,

ଵ

𝟐 𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≤

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
.

  

That is, 

ଵ

𝟐 𝔍ቀ
భ

మ
ቁ

ቈ𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ , 𝔊∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ቉ ≤ூ

𝔭

𝔟𝔭ି𝔞𝔭
ቂ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
, ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
ቃ.  

Thus, 

ଵ

ଶ 𝔍ቀ
భ

మ
ቁ

 𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
.     (40) 

In a similar way as above, we have 

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≼ [𝔊(𝔞)+෥𝔊(𝔟)] ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
.    (41) 

Combining (40) and (41), we have 

ଵ

𝟐 𝔍ቀ
భ

మ
ቁ

 𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≼ [𝔊(𝔞)+෥𝔊(𝔟)] ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
.  

Hence, we have the required result. 
Remark 4.2. If 𝔍(𝔰) = 𝔰௦, then Theorem 4.1 reduces to the result for (𝔭, 𝑠)-convex 𝘍𝘐𝘝𝘍 (see [85]): 

2௦ିଵ 𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≼

ଵ

௦ାଵ
[𝔊(𝔞)+෥𝔊(𝔟)].   (42) 

If 𝔍(𝔰) = 𝔰, then Theorem 4.1 reduces to the result for 𝔭-convex 𝘍𝘐𝘝𝘍 (see [85]): 

𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≼

𝔊(𝔞)ା෥𝔊(𝔟)

ଶ
.      (43) 

If 𝔊∗(𝔞, 𝒿) = 𝔊∗(𝔟, 𝒿)  with 𝒿 = 1 , then Theorem 4.1 reduces to the result for classical 
(𝔭, 𝔍)-convex function (see [52]): 

ଵ

ଶ 𝔍ቀ
భ

మ
ቁ

 𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≤

𝔭

𝔟𝔭ି𝔞𝔭
 (𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≤ [𝔊(𝔞) + 𝔊(𝔟)] ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
.  (44) 

If 𝔊∗(𝔞, 𝒿) = 𝔊∗(𝔟, 𝒿) with 𝒿 = 1  and 𝔍(𝔰) = 𝔰, then Theorem 4.1 reduces to the result for 
classical 𝔭-convex function (see [17]): 

𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≤

𝔭

𝔟𝔭ି𝔞𝔭
 (𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≤

𝔊(𝔞)ା𝔊(𝔟)

ଶ
.     (45) 

If 𝔊∗(𝔞, 𝒿) = 𝔊∗(𝔟, 𝒿) with 𝒿 = 1, 𝔭 = 1 and 𝔍(𝔰) = 𝔰, then Theorem 4.1 reduces to the result 
for classical convex function (see [41]): 

𝔊 ቀ
𝔞ା𝔟

ଶ
ቁ ≤

ଵ

𝔟ି𝔞
 (𝑅) ∫ 𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≤

𝔊(𝔞)ା𝔊(𝔟)

ଶ
.      (46) 
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Example 4.3. Let 𝔭 be an odd number and 𝔍(𝔰) = 𝔰 for 𝔰 ∈ [0, 1], and the 𝘍𝘐𝘝𝘍 𝔊: [𝔞, 𝔟] =

[2, 3] → 𝔽஼(ℝ) is defined by 

𝔊(𝔵)(𝜎) =

⎩
⎪
⎨

⎪
⎧

ఙ

൬ଶି𝔵
𝔭
మ൰

           𝜎 ∈ ቂ0, 2 − 𝔵
𝔭

మቃ

ଶ൬ଶି𝔵
𝔭
మ൰ିఙ

൬ଶି𝔵
𝔭
మ൰

   𝜎 ∈ (2 − 𝔵
𝔭

మ, 2 ቀ2 − 𝔵
𝔭

మቁ]

0             otherwise.

     (47) 

Then, for each 𝒿 ∈ [0, 1],  we have 𝔊𝒿(𝔵) = ቂ𝒿 ቀ2 − 𝔵
𝔭

మቁ , (2 − 𝒿) ቀ2 − 𝔵
𝔭

మቁቃ . Since end point 

functions 𝔊∗(𝔵, 𝒿) = 𝒿 ቀ2 − 𝔵
𝔭

మቁ, 𝔊∗(𝔵, 𝒿) = (2 − 𝒿) ൬2 − 𝔵

 
𝔭

మ൰ are (𝔭, 𝔍)-convex functions for each 

𝒿 ∈ [0, 1]. Then, 𝔊(𝔵) is a (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍. We now compute the following: 

ଵ

𝟐 𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ =

ସି√ଵ଴

ଶ
𝒿,

ଵ

𝟐 𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ =

ସି√ଵ଴

ଶ
(2 − 𝒿),

  

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
=  𝒿 ∫ ቀ2 − 𝔵

𝔭

మቁ 𝑑𝔵
ଷ

ଶ
=

ଶଵ

ହ଴
𝒿,

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
=  (2 − 𝒿) ∫ ቀ2 − 𝔵

𝔭

మቁ 𝑑𝔵
ଷ

ଶ
=

ଶଵ

ହ଴
(2 − 𝒿),

  

[𝔊∗(𝔞, 𝒿) +  𝔊∗(𝔟, 𝒿)] ∫ 𝔍(𝔰) 𝑑𝔰
ଵ

଴
=

ସି√ଶି√ଷ

ଶ
𝒿,

[𝔊∗(𝔞, 𝒿) +  𝔊∗(𝔟, 𝒿)] ∫ 𝔍(𝔰) 𝑑𝔰
ଵ

଴
=

ସି√ଶି√ଷ

ଶ
(2 − 𝒿),

  

for all 𝒿 ∈ [0, 1]. That means 

ቂ
ସି√ଵ଴

ଶ
𝒿,

ସି√ଵ଴

ଶ
(2 − 𝒿)ቃ ≤ூ ቂ

ଶଵ

ହ଴
𝒿,

ଶଵ

ହ଴
(2 − 𝒿)ቃ ≤ூ ቂ

ସି√ଶି√ଷ

ଶ
𝒿,

ସି√ଶି√ଷ

ଶ
(2 − 𝒿)ቃ, for all 𝒿 ∈ [0, 1], and 

the Theorem has been demonstrated.  
Theorem 4.4. Let 𝔊: [𝔞, 𝔟] → 𝔽஼(ℝ) be a (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 with non-negative real valued 

function 𝔍: [0, 1] → ℝା  and 𝔍 ቀ
ଵ

ଶ
ቁ ≠ 0, whose 𝒿-levels define the family of 𝘐𝘝𝘍s 𝔊𝒿: [𝔞, 𝔟] ⊂

ℝ → 𝒦஼
ା are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] and for all 𝒿 ∈ [0, 1]. If 𝔊 ∈

 ℱℛ([𝔞,𝔟],𝒿), then  

ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ  𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼ ⪧ଶ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
≼⪧ଵ≼ [𝔊(𝔞)+෥𝔊(𝔟)] ቂ

ଵ

ଶ
+ 𝔍 ቀ

ଵ

ଶ
ቁቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
, 

   (48) 

where  

⪧ଵ= ቈ
𝔊(𝔞)ା෥𝔊(𝔟)

ଶ
+෥𝔊 ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ቉ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
,  

⪧ଶ=
ଵ

ସ 𝔍ቀ
భ

మ
ቁ

ቈ𝔊 ቆቂ
ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
ቇ +෥𝔊 ቆቂ

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
ቇ቉,  
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and ⪧ଵ= ൣ⪧ଵ∗
, ⪧ଵ

∗൧, ⪧ଶ= ൣ⪧ଶ∗
, ⪧ଶ

∗൧.  

Proof. Take ቂ𝔞𝔭,
𝔞𝔭ା𝔟𝔭

ଶ
ቃ, and we have 

ଵ

𝔍ቀ
భ

మ
ቁ

𝔊 ቌቈ
𝔰𝔞𝔭ା(ଵି𝔰)

𝔞𝔭శ𝔟𝔭

మ

ଶ
+

(ଵି𝔰)𝔞𝔭ା𝔰
𝔞𝔭శ𝔟𝔭

మ

ଶ
቉

భ

𝔭

ቍ  

≼ 𝔊 ቆቂ𝔰𝔞𝔭 + (1 − 𝔰)
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
 ቇ +෥𝔊 ቆቂ(1 − 𝔰)𝔞𝔭 + 𝔰

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ.  

Therefore, for each 𝒿 ∈ [0, 1], we have 

ଵ

𝔍ቀ
భ

మ
ቁ

𝔊∗ ቌቈ
𝔰𝔞𝔭ା(ଵି𝔰)

𝔞𝔭శ𝔟𝔭

మ

ଶ
+

(ଵି𝔰)𝔞𝔭ା𝔰
𝔞𝔭శ𝔟𝔭

మ

ଶ
቉

భ

𝔭

, 𝒿ቍ

≤ 𝔊∗ ቆቂ𝔰𝔞𝔭 + (1 − 𝔰)
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ + 𝔊∗ ቆቂ(1 − 𝔰)𝔞𝔭 + 𝔰

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ,

ଵ

𝔍ቀ
భ

మ
ቁ

𝔊∗ ቌቈ
𝔰𝔞𝔭ା(ଵି𝔰)

𝔞𝔭శ𝔟𝔭

మ

ଶ
+

(ଵି𝔰)𝔞𝔭ା𝔰
𝔞𝔭శ𝔟𝔭

మ

ଶ
቉

భ

𝔭

, 𝒿ቍ

≤ 𝔊∗ ቆቂ𝔰𝔞𝔭 + (1 − 𝔰)
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ + 𝔊∗ ቆቂ(1 − 𝔰)𝔞𝔭 + 𝔰

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ .

  

In consequence, we obtain 

ଵ

ସ 𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ ≤

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔞𝔭శ𝔟𝔭

మ
𝔞

,

ଵ

ସ𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ ≤

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔞𝔭శ𝔟𝔭

మ
𝔞

.

  

That is, 

ଵ

ସ𝔍ቀ
భ

మ
ቁ

ቈ𝔊∗ ቆቂ
ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ , 𝔊∗ ቆቂ

ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ቉ ≤ூ

𝔭

𝔟𝔭ି𝔞𝔭
ቈ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔞𝔭శ𝔟𝔭

మ
𝔞

, ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵
𝔞𝔭శ𝔟𝔭

మ
𝔞

቉.  

It follows that 

ଵ

ସ𝔍ቀ
భ

మ
ቁ

𝔊 ቆቂ
ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔞𝔭శ𝔟𝔭

మ
𝔞

.     (49) 

In a similar way as above, we have 

ଵ

ସ 𝔍ቀ
భ

మ
ቁ

𝔊 ቆቂ
𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟
𝔞𝔭శ𝔟𝔭

మ

.     (50) 

Combining (49) and (50), we have 

ଵ

ସ𝔍ቀ
భ

మ
ቁ

ቈ𝔊 ቆቂ
ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
ቇ +෥𝔊 ቆቂ

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
ቇ቉ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
.  
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By using Theorem 4.1, we have 

ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ  𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ =

ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ  𝔊 ቆቂ
ଵ

ଶ
.

ଷ𝔞𝔭ା𝔟𝔭

ସ
+

ଵ

ଶ
.

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
ቇ.  

Therefore, for each 𝒿 ∈ [0, 1], we have 

ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ 𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ =

ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ  𝔊∗ ቆቂ
ଵ

ଶ
.

ଷ𝔞𝔭ା𝔟𝔭

ସ
+

ଵ

ଶ
.

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ ,

ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ 𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ =

ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ 𝔊∗ ቆቂ
ଵ

ଶ
.

ଷ𝔞𝔭ା𝔟𝔭

ସ
+

ଵ

ଶ
.

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ ,

  

≤
ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ  ቈ𝔍 ቀ
ଵ

ଶ
ቁ 𝔊∗ ቆቂ

ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ + 𝔍 ቀ

ଵ

ଶ
ቁ 𝔊∗ ቆቂ

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ቉ ,

≤
ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ ቈ𝔍 ቀ
ଵ

ଶ
ቁ 𝔊∗ ቆቂ

ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ + 𝔍 ቀ

ଵ

ଶ
ቁ 𝔊∗ ቆቂ

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ቉ ,

  

=⪧ଶ∗
,

=⪧ଶ
∗,

  

≤
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
,

≤
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
,
  

≤ ቂ
𝔊∗(𝔞,𝒿)ା 𝔊∗(𝔟,𝒿)

ଶ
+  𝔊∗ ቀ

𝔞೛ା𝔟೛

ଶ
, 𝒿ቁቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
,    

≤ ቂ
𝔊∗(𝔞,𝒿) ା 𝔊∗(𝔟,𝒿)

ଶ
+  𝔊∗ ቀ

𝔞೛ା𝔟೛

ଶ
, 𝒿ቁቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
,
  

=⪧ଵ∗
,

=⪧ଵ
∗,

  

≤ ቂ
𝔊∗(𝔞,𝒿)ା 𝔊∗(𝔟,𝒿)

ଶ
+ 𝔍 ቀ

ଵ

ଶ
ቁ ൫𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿)൯ቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
,   

≤ ቂ
𝔊∗(𝔞,𝒿) ା 𝔊∗(𝔟,𝒿)

ଶ
+ 𝔍 ቀ

ଵ

ଶ
ቁ ൫𝔊∗(𝔞, 𝒿)  + 𝔊∗(𝔟, 𝛾)൯ቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
,
  

= [𝔊∗(𝔞, 𝛾) +  𝔊∗(𝔟, 𝛾)] ቂ
ଵ

ଶ
+ 𝔍 ቀ

ଵ

ଶ
ቁቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
,   

= [𝔊∗(𝔞, 𝛾) +  𝔊∗(𝔟, 𝛾)] ቂ
ଵ

ଶ
+ 𝔍 ቀ

ଵ

ଶ
ቁቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
,
  

that is, 

ଵ

ସቂ𝔍ቀ
భ

మ
ቁቃ

మ  𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼ ⪧ଶ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝑑𝔵

𝔟

𝔞
  

≼⪧ଵ≼ [𝔊(𝔞)+෥𝔊(𝔟)] ቂ
ଵ

ଶ
+ 𝔍 ቀ

ଵ

ଶ
ቁቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
,  

and hence, the result follows. 
Example 4.5. Let 𝔭 be an odd number and 𝔍(𝔰) = 𝔰, for 𝔰 ∈ [0, 1], and the 𝘍𝘐𝘝𝘍 𝔊: [𝔞, 𝔟] =

[2, 3] → 𝔽஼(ℝ) defined by, 𝔊𝒿(𝔵) = ቂ𝒿 ቀ2 − 𝔵
𝔭

మቁ , (2 − 𝒿) ቀ2 − 𝔵
𝔭

మቁቃ, as in Example 4.3, then 𝔊(𝔵) 

is (𝔭, 𝔍) -convex 𝘍𝘐𝘝𝘍 and satisfying (38). We have 𝔊∗(𝔵, 𝒿) = 𝒿 ቀ2 − 𝔵
𝔭

మቁ  and 𝔊∗(𝔵, 𝒿) =

(2 − 𝒿) ቀ2 − 𝔵
𝔭

మቁ. We now compute the following  
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[𝔊∗(𝔞, 𝒿) +  𝔊∗(𝔟, 𝒿)] ቂ
ଵ

ଶ
+ 𝔍 ቀ

ଵ

ଶ
ቁቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
=

ସି√ଶି√ଷ

ଶ
𝒿,             

[𝔊∗(𝔞, 𝒿) +  𝔊∗(𝔟, 𝒿)] ቂ
ଵ

ଶ
+ 𝔍 ቀ

ଵ

ଶ
ቁቃ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
=

ସି√ଶି√ଷ

ଶ
(2 − 𝒿),

  

⪧ଵ∗
= ቈ

𝔊∗(𝔞,𝒿)ା 𝔊∗(𝔟,𝒿)

ଶ
+  𝔊∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ቉ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
=  

଼ି√ଶି√ଷି√ଵ଴

ସ
𝒿,            

⪧ଵ
∗= ቈ

𝔊∗(𝔞,𝒿) ା 𝔊∗(𝔟,𝒿)

ଶ
+  𝔊∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ቉ ∫ 𝔍(𝔰) 𝑑𝔰

ଵ

଴
=

଼ି√ଶି√ଷି√ଵ଴

ସ
(2 − 𝒿),

  

⪧ଶ∗
=

ଵ

ସ 𝔍ቀ
భ

మ
ቁ
 ቈ𝔊∗ ቆቂ

ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ + 𝔊∗ ቆቂ

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ቉ =

ହି√ଵଵ

ସ
𝒿,           

⪧ଶ
∗=

ଵ

ସ 𝔍ቀ
భ

మ
ቁ

ቈ𝔊∗ ቆቂ
ଷ𝔞𝔭ା𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ + 𝔊∗ ቆቂ

𝔞𝔭ାଷ𝔟𝔭

ସ
ቃ

భ

𝔭
, 𝒿ቇ቉ =

ହି√ଵଵ

ସ
(2 − 𝒿),

  

ଵ

ଶ 𝒽ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ =

ସି√ଵ଴

ଶ
𝒿,

ଵ

ଶ 𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ =

ସି√ଵ଴

ଶ
(2 − 𝒿).

  

Then, we obtain that 

ସି√ଵ଴

ଶ
𝒿 ≤

ହି√ଵଵ

ସ
𝒿 ≤

ଶଵ

ହ଴
𝒿 ≤

଼ି√ଶି√ଷି√ଵ଴

ସ
𝒿 ≤

ସି√ଶି√ଷ

ଶ
𝒿,             

ସି√ଵ଴

ଶ
(2 − 𝒿) ≤

ହି√ଵଵ

ସ
(2 − 𝒿) ≤

ଶଵ

ହ଴
(2 − 𝒿) ≤

଼ି√ଶି√ଷି√ଵ଴

ସ
(2 − 𝒿) ≤

ସି√ଶି√ଷ

ଶ
(2 − 𝒿).

  

Hence, Theorem 4.4 is verified. 
Next, Theorems 4.6 and 4.7 obtain the fuzzy interval integral inequalities for the product of 
(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s 
Theorem 4.6. Let 𝔊, 𝒥 ∶ [𝔞, 𝔟] → 𝔽஼(ℝ) be two (𝔭, 𝔍ଵ)-convex and (𝔭, 𝔍ଶ)-convex 𝘍𝘐𝘝𝘍s with 
non-negative real valued functions 𝔍ଵ, 𝔍ଶ: [0, 1] → ℝ,  respectively, whose 𝒿 -levels define the 
family of 𝘐𝘝𝘍s 𝔊𝒿, 𝒥𝒿: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼

ା are, respectively, given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] 
and 𝒥𝒿(𝔵) = [𝒥∗(𝔵, 𝒿), 𝒥∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] and for all 𝒿 ∈ [0, 1]. If 𝔊 ×෥ 𝒥 ∈ ℱℛ([𝔞,𝔟],𝒿), then 

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵) ×෥ 𝒥(𝔵)𝑑𝔵

𝔟

𝔞
≼ ℳ(𝔞, 𝔟) ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰

ଵ

଴
+෥𝒩(𝔞, 𝔟) ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰

ଵ

଴
, 

(51) 

where ℳ(𝔞, 𝔟) = 𝔊(𝔞) ×෥ 𝒥(𝔞)+෥𝔊(𝔟) ×෥ 𝒥(𝔟),  𝒩(𝔞, 𝔟) = 𝔊(𝔞) ×෥ 𝒥(𝔟)+෥𝔊(𝔟) ×෥ 𝒥(𝔞),  and 
ℳ(𝔞, 𝔟) = ൣℳ∗൫(𝔞, 𝔟), 𝒿൯, ℳ∗൫(𝔞, 𝔟), 𝒿൯൧ and 𝒩(𝔞, 𝔟) = ൣ𝒩∗൫(𝔞, 𝔟), 𝒿൯, 𝒩∗൫(𝔞, 𝔟), 𝒿൯൧. 
Proof. Since 𝔊 is a (𝔭, 𝔍ଵ)-convex 𝘍𝘐𝘝𝘍 and 𝒥 is a (𝔭, 𝔍ଶ)-convex 𝘍𝘐𝘝𝘍 then, for each 𝒿 ∈ [0, 1], 
we have  
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𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ ≤ 𝔍ଵ(𝔰)𝔊∗(𝔞, 𝒿) + 𝔍ଵ(1 − 𝔰)𝔊∗(𝔟, 𝒿),

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ ≤ 𝔍ଵ(𝔰)𝔊∗(𝔞, 𝒿) + 𝔍ଵ(1 − 𝔰)𝔊∗(𝔟, 𝒿),

  

and   

𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ ≤ 𝔍ଶ(𝔰)𝒥∗(𝔞, 𝒿) + 𝔍ଶ(1 − 𝔰)𝒥∗(𝔟, 𝒿),

𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ ≤ 𝔍ଶ(𝔰)𝒥∗(𝔞, 𝒿) + 𝔍ଶ(1 − 𝔰)𝒥∗(𝔟, 𝒿).

  

From the definition of (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s it follows that 𝔊(𝔵) ≽ 0෨  and 𝒥(𝔵) ≽ 0෨ , so 
  

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

ଵ
𝔭 , 𝒿൰                          

    ≤ ൬
𝔍ଵ(𝔰)𝔊∗(𝔞, 𝒿)

+𝔍ଵ(1 − 𝔰)𝔊∗(𝔟, 𝒿)
൰ × ൬

𝔍ଶ(𝔰)𝒥∗(𝔞, 𝒿)

+𝔍ଶ(1 − 𝔰)𝒥∗(𝔟, 𝒿)
൰ 

= 𝔊∗(𝔞, 𝒿) × 𝒥∗(𝔞, 𝒿)[𝔍ଵ(𝔰) 𝔍ଶ(𝔰)]      

+𝔊∗(𝔟, 𝒿) × 𝒥∗(𝔟, 𝒿)[𝔍ଵ(1 − 𝔰) 𝔍ଶ(1 − 𝔰)]

   +𝔊∗(𝔞, 𝒿) × 𝒥∗(𝔟, 𝒿) 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰)       

  +𝔊∗(𝔟, 𝒿) × 𝒥∗(𝔞, 𝒿) 𝔍ଵ(1 − 𝔰) 𝔍ଶ(𝔰),     

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

ଵ
𝔭 , 𝒿൰                          

    ≤ ൬
𝔍ଵ(𝔰)𝔊∗(𝔞, 𝒿)

+𝔍ଵ(1 − 𝔰)𝔊∗(𝔟, 𝒿)
൰ × ൬

𝔍ଶ(𝔰) 𝒥∗(𝔞, 𝒿)

+ 𝔍ଶ(1 − 𝔰) 𝒥∗(𝔟, 𝒿)
൰ 

= 𝔊∗(𝔞, 𝒿) × 𝒥∗(𝔞, 𝒿)[𝔍ଵ(𝔰) 𝔍ଶ(𝔰)]        

+𝔊∗(𝔟, 𝒿) × 𝒥∗(𝔟, 𝒿)[𝔍ଵ(1 − 𝔰) 𝔍ଶ(1 − 𝔰)]

   +𝔊∗(𝔞, 𝒿) × 𝒥∗(𝔟, 𝒿) 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰)       

+𝔊∗(𝔟, 𝒿) × 𝒥∗(𝔞, 𝒿) 𝔍ଵ(1 − 𝔰) 𝔍ଶ(𝔰),    

 

Integrating both sides of above inequality over [0, 1] we get 
  

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰
ଵ

଴
                 

=
𝔭

𝔟𝔭ି𝔞𝔭 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)
𝔟

𝔞
𝑑𝔵                     

  ≤ ൫𝔊∗(𝔞, 𝒿) × 𝒥∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿) × 𝒥∗(𝔟, 𝒿)൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰)
ଵ

଴
𝑑𝔰

      +൫𝔊∗(𝔞, 𝒿) × 𝒥∗(𝔟, 𝒿) + 𝔊∗(𝔟, 𝒿) × 𝒥∗(𝔞, 𝒿)൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰,
ଵ

଴

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰
ଵ

଴
                 

=
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)

𝔟

𝔞
𝑑𝔵                 

      ≤ ൫𝔊∗(𝔞, 𝒿) × 𝒥∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿) × 𝒥∗(𝔟, 𝒿)൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰
ଵ

଴

         +൫𝔊∗(𝔞, 𝒿) × 𝒥∗(𝔟, 𝒿) + 𝔊∗(𝔟, 𝒿) × 𝒥∗(𝔞, 𝒿)൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰.
ଵ

଴

  

It follows that 
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𝔭

𝔟𝔭ି𝔞𝔭 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)
𝔟

𝔞
𝑑𝔵                                       

≤ ℳ∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰)
ଵ

଴
𝑑𝔰 + 𝒩∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰,

ଵ

଴
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)

𝔟

𝔞
𝑑𝔵                                      

≤  ℳ∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰
ଵ

଴
+ 𝒩∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰,

ଵ

଴

  

that is, 

𝔭

𝔟𝔭ି𝔞𝔭
ቂ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
, ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)

𝔟

𝔞
𝑑𝔵ቃ 

                     ≤ூ ൣℳ∗൫(𝔞, 𝔟), 𝒿൯, ℳ∗൫(𝔞, 𝔟), 𝒿൯൧ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰)
ଵ

଴
𝑑𝔰 

                     +ൣ𝒩∗൫(𝔞, 𝔟), 𝒿൯, 𝒩∗൫(𝔞, 𝔟), 𝒿൯൧ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰.
ଵ

଴
 

Thus, 

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵) ×෥ 𝒥(𝔵)𝑑𝔵

𝔟

𝔞
≼ ℳ(𝔞, 𝔟) ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰

ଵ

଴
 +෥𝒩(𝔞, 𝔟) ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰

ଵ

଴
,  

and the theorem has been established. 
Theorem 4.7. Let 𝔊, 𝒥 ∶ [𝔞, 𝔟] → 𝔽஼(ℝ) be two (𝔭, 𝔍ଵ)-convex and (𝔭, 𝔍ଶ)-convex 𝘍𝘐𝘝𝘍s with 

non-negative real valued functions 𝔍ଵ, 𝔍ଶ: [0, 1] → ℝା such that 𝔍ଵ, 𝔍ଶ ≢ 0 and 𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ ≠ 0, 

respectively, whose 𝒿-levels define the family of 𝘐𝘝𝘍s 𝔊𝒿, 𝒥𝒿: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼
ା are, respectively, 

given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] and 𝒥𝒿(𝔵) = [𝒥∗(𝔵, 𝒿), 𝒥∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] and for all 
𝒿 ∈ [0, 1]. If 𝔊 ×෥ 𝒥 ∈  ℱℛ([𝔞,𝔟],𝒿), then  

ଵ

ଶ 𝔍భቀ
భ

మ
ቁ 𝔍మቀ

భ

మ
ቁ

 𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ×෥ 𝒥 ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵) ×෥ 𝒥(𝔵)𝑑𝔵 

𝔟

𝔞
 

+෥ℳ(𝔞, 𝔟) ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰
ଵ

଴
+෥𝒩(𝔞, 𝔟) ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰

ଵ

଴
,   (52) 

where  ℳ(𝔞, 𝔟) = 𝔊(𝔞) ×෥ 𝒥(𝔞)+෥𝔊(𝔟) ×෥ 𝒥(𝔟),  𝒩(𝔞, 𝔟) = 𝔊(𝔞) ×෥ 𝒥(𝔟)+෥𝔊(𝔟) ×෥ 𝒥(𝔞),  and 

ℳ(𝔞, 𝔟) = ൣℳ∗൫(𝔞, 𝔟), 𝒿൯, ℳ∗൫(𝔞, 𝔟), 𝒿൯൧ and 𝒩(𝔞, 𝔟) = ൣ𝒩∗൫(𝔞, 𝔟), 𝒿൯, 𝒩∗൫(𝔞, 𝔟), 𝒿൯൧. 

Proof. By hypothesis, for each 𝒿 ∈ [0, 1], we have 

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ × 𝒥∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ 

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ × 𝒥∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ
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≤ 𝔍ଵ ൬
1

2
൰ 𝔍ଶ ൬

1

2
൰ ൦

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

ଵ
𝔭 , 𝒿൰

+𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭, 𝒿]

ଵ
𝔭൰

൪

+ 𝔍ଵ ൬
1

2
൰ 𝔍ଶ ൬

1

2
൰ ൦

𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

ଵ
𝔭 , 𝒿൰

+𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

ଵ
𝔭 , 𝒿൰

൪ ,

≤ 𝔍ଵ ൬
1

2
൰ 𝔍ଶ ൬

1

2
൰ ൦

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

ଵ
𝔭 , 𝒿൰

+𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

ଵ
𝔭 , 𝒿൰

൪

+ 𝔍ଵ ൬
1

2
൰ 𝔍ଶ ൬

1

2
൰ ൦

𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

ଵ
𝔭 , 𝒿൰

+𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
ଵ
𝔭 , 𝒿൰ × 𝒥∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭, 𝒿]

ଵ
𝔭൰

൪ ,

  

≤ 𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ ൦

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰

+𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰
൪

+ 𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ

⎣
⎢
⎢
⎢
⎡

൫𝔍ଵ(𝔰) 𝔊∗(𝔞, 𝒿) + 𝔍ଵ(1 − 𝔰) 𝔊∗(𝔟, 𝒿)൯

× ൫𝔍ଶ(1 − 𝔰) 𝒥∗(𝔞, 𝒿) + 𝔍ଶ(𝔰) 𝒥∗(𝔟, 𝒿)൯

+൫𝔍ଵ(1 − 𝔰) 𝔊∗(𝔞, 𝒿) + 𝔍ଵ(𝔰) 𝔊∗(𝔟, 𝒿)൯

× ൫𝔍ଶ(𝔰) 𝒥∗(𝔞, 𝒿) + 𝔍ଶ(1 − 𝔰) 𝒥∗(𝔟, 𝒿)൯⎦
⎥
⎥
⎥
⎤

,

≤ 𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ ൦

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰

+𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰
൪

+ 𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ

⎣
⎢
⎢
⎢
⎡

൫𝔍ଵ(𝔰) 𝔊∗(𝔞, 𝒿) + 𝔍ଵ(1 − 𝔰) 𝔊∗(𝔟, 𝒿)൯

× ൫𝔍ଶ(1 − 𝔰) 𝒥∗(𝔞, 𝒿) + 𝔍ଶ(𝔰) 𝒥∗(𝔟, 𝒿)൯

+൫𝔍ଵ(1 − 𝔰) 𝔊∗(𝔞, 𝒿) + 𝔍ଵ(𝔰) 𝔊∗(𝔟, 𝒿)൯

× ൫𝔍ଶ(𝔰) 𝒥∗(𝔞, 𝒿) + 𝔍ଶ(1 − 𝔰) 𝒥∗(𝔟, 𝒿)൯⎦
⎥
⎥
⎥
⎤

,

  

= 𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ ൦

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰

+𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰
൪  

+ 2𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ ቈ

{𝔍ଵ(𝔰) 𝔍ଶ(𝔰) + 𝔍ଵ(1 − 𝔰) 𝔍ଶ(1 − 𝔰)}𝒩∗൫(𝔞, 𝔟), 𝒿൯

+{𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) + 𝔍ଵ(1 − 𝔰) 𝔍ଶ(𝔰)}ℳ∗൫(𝔞, 𝔟), 𝒿൯
቉,  
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 = 𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ ൦

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰

+𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ × 𝒥∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰
൪

+ 2𝔍ଵ ቀ
ଵ

ଶ
ቁ 𝔍ଶ ቀ

ଵ

ଶ
ቁ ቈ

{𝔍ଵ(𝔰) 𝔍ଶ(𝔰) + 𝔍ଵ(1 − 𝔰) 𝔍ଶ(1 − 𝔰)}𝒩∗൫(𝔞, 𝔟), 𝒿൯

+{𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) + 𝔍ଵ(1 − 𝔰) 𝔍ଶ(𝔰)}ℳ∗൫(𝔞, 𝔟), 𝒿൯
቉ .

  

Integrating over [0, 1], we have  
  

ଵ

ଶ 𝔍భቀ
భ

మ
ቁ 𝔍మቀ

భ

మ
ቁ
 𝔊∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ × 𝒥∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≤

𝔭

𝔟𝔭ି𝔞𝔭
 (𝑅) ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)𝑑𝔵 

𝔟

𝔞
     

             + ℳ∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰
ଵ

଴
 + 𝒩∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰

ଵ

଴
,    

ଵ

ଶ 𝔍భቀ
భ

మ
ቁ 𝔍మቀ

భ

మ
ቁ
 𝔊∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ × 𝒥∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≤

𝔭

𝔟𝔭ି𝔞𝔭
 (𝑅) ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)𝑑𝔵 

𝔟

𝔞
      

           + ℳ∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰
ଵ

଴
 + 𝒩∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰

ଵ

଴
,      

  

that is,  

ଵ

ଶ 𝔍భቀ
భ

మ
ቁ 𝔍మቀ

భ

మ
ቁ

 𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ×෥ 𝒥 ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵) ×෥ 𝒥(𝔵)𝑑𝔵

𝔟

𝔞
 

+෥ℳ(𝔞, 𝔟) ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰
ଵ

଴
+෥𝒩(𝔞, 𝔟) ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰

ଵ

଴
. 

Hence, we have the required result.  
Example 4.8. Let 𝔭  be an odd number and 𝔍ଵ(𝔰) = 𝔰,  𝔍ଶ(𝔰) = 1,  for 𝔰 ∈ [0, 1] , and the 
(𝔭, 𝔍ଵ)-convex and (𝔭, 𝔍ଶ)-convex 𝘍𝘐𝘝𝘍s 𝔊, 𝒥: [𝔞, 𝔟] = [2, 3] → 𝔽஼(ℝ) are, respectively, defined 

by 𝔊𝒿(𝔵) = ቂ𝒿 ቀ2 − 𝔵
𝔭

మቁ , (2 − 𝒿) ቀ2 − 𝔵
𝔭

మቁቃ, as in Example 4.3, and 𝒥𝒿(𝔵) = [𝒿𝔵𝔭, (2 − 𝒿)𝔵𝔭 ]. Since 

𝔊(𝑥)  and 𝒥(𝑥)  both are (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s, 𝔊∗(𝔵, 𝒿) = 𝒿 ൬2 − 𝔵

 
𝔭

మ൰ , 𝔊∗(𝔵, 𝒿) = (2 − 𝒿) ቀ2 −

𝔵
𝔭

మቁ, and 𝒥∗(𝔵, 𝒿) = 𝒿𝔵𝔭, 𝒥∗(𝔵, 𝒿) = (2 − 𝒿)𝔵𝔭, we compute the following.  

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
= 𝒿ଶ,         

𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿) × 𝒥∗(𝔵, 𝒿)𝑑𝔵

𝔟

𝔞
= (2 − 𝒿)ଶ,

  

ℳ∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰
ଵ

଴
= ൫10 − 2√2 − 3√3൯

𝒿మ

ଶ
,     

ℳ∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰
ଵ

଴
= ൫10 − 2√2 − 3√3൯

(ଶି𝒿)మ

ଶ
,
  

𝒩∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰
ଵ

଴
= ൫10 − 3√2 − 2√3൯

𝒿మ

ଶ
 

𝒩∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰
ଵ

଴
= ൫10 − 3√2 − 2√3൯

(ଶି𝒿)మ

ଶ
,
  

for each 𝒿 ∈ [0, 1], which means  
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𝒿ଶ ≤ ൫20 − 5√2 − 5√3൯
𝒿మ

ଶ
,

(2 − 𝒿)ଶ ≤ ൫20 − 5√2 − 5√3൯
(ଶି𝒿)మ

ଶ
.
  

Hence, Theorem 4.6 is demonstrated. 
For Theorem 4.7, we have 

ଵ

ଶ 𝔍భቀ
భ

మ
ቁ 𝔍మቀ

భ

మ
ቁ
 𝔊∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ × 𝒥∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ =

ଶ଴ିହ√ଵ଴

ସ
𝒿ଶ,         

ଵ

ଶ 𝔍భቀ
భ

మ
ቁ 𝔍మቀ

భ

మ
ቁ
 𝔊∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ × 𝒥∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ =

ଶ଴ିହ√ଵ଴

ସ
(2 − 𝒿)ଶ,

  

ℳ∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰
ଵ

଴
 = ൫10 − 2√2 − 3√3൯

𝒿మ

ଶ
,    

ℳ∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(1 − 𝔰) 𝑑𝔰
ଵ

଴
 = ൫10 − 2√2 − 3√3൯

(ଶି𝒿)మ

ଶ
,
  

𝒩∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰
ଵ

଴
 = ൫10 − 3√2 − 2√3൯

𝒿మ

ଶ
,

𝒩∗൫(𝔞, 𝔟), 𝒿൯ ∫ 𝔍ଵ(𝔰) 𝔍ଶ(𝔰) 𝑑𝔰
ଵ

଴
 = ൫10 − 3√2 − 2√3൯

(ଶି𝒿)మ

ଶ
,
  

for each 𝒿 ∈ [0, 1], which means  

ଶ଴ିହ√ଵ଴

ସ
𝒿ଶ ≤ ቀ1 +

ଶ଴ିହ√ଶିହ√ଷ

ଶ
ቁ 𝒿ଶ ,

ଶ଴ିହ√ଵ଴

ସ
(2 − 𝒿)ଶ ≤  ቀ1 +

ଶ଴ିହ√ଶିହ√ଷ

ଶ
ቁ (2 − 𝒿)ଶ.

  

Hence, Theorem 4.7 is verified. 
Next, Theorems 4.9 and 4.10 give the second 𝐻𝐻-Fejér inequality and the first 𝐻𝐻-Fejér inequality 
for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍, respectively.  
Theorem 4.9. (Second 𝐻𝐻-Fejér inequality for 𝔍 -convex 𝘍𝘐𝘝𝘍) Let 𝔊: [𝔞, 𝔟] → 𝔽஼(ℝ)  be a 
(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 with 𝔞 <  𝔟 and 𝔍: [0, 1] → ℝା, whose 𝒿-levels define the family of 𝘐𝘝𝘍s 
𝔊𝒿: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼

ା are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] and for all 𝒿 ∈

[0, 1]. If 𝔊 ∈  ℱℛ([𝔞,𝔟],𝒿) and 𝛺: [𝔞, 𝔟] → ℝ, 𝛺(𝔵) ≥ 0, 𝔭-symmetric with respect to ቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, then 

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
≼ [𝔊(𝔞)+෥𝔊(𝔟)] ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

భ

𝔭൰ 𝑑𝔰
ଵ

଴
.  (53) 

If 𝔊 is (𝔭, 𝔍)-concave 𝘍𝘐𝘝𝘍, then inequality (53) is reversed. 
Proof. Let 𝔊 be a (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍. Then, for each 𝒿 ∈ [0, 1], we have    

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰                 

          ≤ ൫𝔍(𝔰)𝔊∗(𝔞, 𝒿) + 𝔍(1 − 𝔰)𝔊∗(𝔟, 𝒿)൯𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰ ,

𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰                  

         ≤ ൫𝔍(𝔰)𝔊∗(𝔞, 𝒿) + 𝔍(1 − 𝔰)𝔊∗(𝔟, 𝒿)൯𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰ .

   (54) 

Also,  
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𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰                        

 ≤ ൫𝔍(1 − 𝔰)𝔊∗(𝔞, 𝒿) + 𝔍(𝔰)𝔊∗(𝔟, 𝒿)൯𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ ,

𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰                        

   ≤ ൫𝔍(1 − 𝔰)𝔊∗(𝔞, 𝒿) + 𝔍(𝔰)𝔊∗(𝔟, 𝒿)൯𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ .

    (55) 

After adding (54) and (55) and integrating over [0, 1], we get 
  

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰                                 

+ ∫ 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰  

≤ ∫ ൦
𝔊∗(𝔞, 𝒿) ൜𝔍(𝔰)𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭൰ + 𝔍(1 − 𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ൠ

+𝔊∗(𝔟, 𝒿) ൜𝔍(1 − 𝔰)𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰ + 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ൠ
൪

ଵ

଴
𝑑𝔰

     = 2𝔊∗(𝔞, 𝒿) ∫ 𝔍(𝔰)𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰 + 2𝔊∗(𝔟, 𝒿) ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

భ

𝔭൰
ଵ

଴
𝑑𝔰,

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰                              

+ ∫ 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰 

≤ ∫ ൦
𝔊∗(𝔞, 𝒿) ൜𝔍(𝔰)𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭൰ + 𝔍(1 − 𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ൠ

+𝔊∗(𝔟, 𝒿) ൜𝔍(1 − 𝔰)𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰ + 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ൠ
൪

ଵ

଴
𝑑𝔰.

     = 2𝔊∗(𝔞, 𝒿) ∫ 𝔍(𝔰)𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰 + 2𝔊∗(𝔟, 𝒿) ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

భ

𝔭൰
ଵ

଴
𝑑𝔰.

  

Since 𝛺 is symmetric,   

= 2[𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿)] ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰,

= 2[𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿)] ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰.

    (56) 

Since 
 

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰                

              = ∫ 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰

=
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
,

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰                

              = ∫ 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰

=
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
.

   (57) 
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From (57) and integrating with respect to 𝔰 over [0, 1], we have   
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
≤ [𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿)] ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

భ

𝔭൰
ଵ

଴
𝑑𝔰,

 
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
 ≤ [𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿)] ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

భ

𝔭൰
ଵ

଴
𝑑𝔰,

  

that is, 
𝔭

𝔟𝔭ି𝔞𝔭
ቂ ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
, ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
ቃ  

≤ூ [𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿), 𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿)] ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰, 

and hence,  

𝔭

𝔟𝔭ି𝔞𝔭
 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
≼ [𝔊(𝔞)+෥𝔊(𝔟)] ∫ 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

భ

𝔭൰ 𝑑𝔰
ଵ

଴
. 

Theorem 4.10. (First 𝐻𝐻-Fejér inequality for 𝔍 -convex 𝘍𝘐𝘝𝘍) Let 𝔊: [𝔞, 𝔟] → 𝔽஼(ℝ)  be a 

(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍 with 𝔞 <  𝔟 and 𝔍: [0, 1] → ℝାsuch that 𝔍 ቀ
ଵ

ଶ
ቁ ≢ 0, whose 𝒿-levels define the 

family of 𝘐𝘝𝘍s 𝔊𝒿: [𝔞, 𝔟] ⊂ ℝ → 𝒦஼
ା are given by 𝔊𝒿(𝔵) = [𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿)] for all 𝔵 ∈ [𝔞, 𝔟] 

and for all 𝒿 ∈ [0, 1]. If 𝔊 ∈  ℱℛ([𝔞,𝔟],𝒿) and 𝛺: [𝔞, 𝔟] → ℝ, 𝛺(𝔵) ≥ 0, 𝔭-symmetric with respect to 

ቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, and ∫ 𝛺(𝔵)𝑑𝔵 > 0

𝔟

𝔞
, then 

ଵ

ଶ𝒽ቀ
భ

మ
ቁ

 𝔊 ቆቂ
𝔞೛ା𝔟೛

ଶ
ቃ

భ

೛
ቇ ≼

ଵ

∫ 𝔵೛షభఆ(𝔵)ௗ𝔵
𝔟

𝔞

 (𝐹𝑅) ∫ 𝔵௣ିଵ𝔊(𝔵)𝛺(𝔵)𝑑𝔵
𝔟

𝔞
.     (58) 

If 𝔊 is (𝔭, 𝔍)-concave 𝘍𝘐𝘝𝘍, then inequality (58) is reversed.  
Proof. Since 𝔊 is a (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍, for each 𝒿 ∈ [0, 1] we have    

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≤ 𝔍 ቀ

ଵ

ଶ
ቁ ቆ𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭 , 𝒿൰ + 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ቇ ,

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ  ≤ 𝔍 ቀ

ଵ

ଶ
ቁ ቆ𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]

భ

𝔭 , 𝒿൰ + 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ቇ .

  (59) 

By multiplying (59) by 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰ = 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ and integrating it by 𝔰 

over [0, 1], we obtain    

  𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ∫ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

భ

𝔭 , 𝒿൰ 𝑑𝔰
ଵ

଴
                          

≤ 𝔍 ቀ
ଵ

ଶ
ቁ ൮

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰ 𝑑𝔰
ଵ

଴

+ ∫ 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ 𝑑𝔰
ଵ

଴

൲ ,

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ∫ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]

భ

𝔭൰ 𝑑𝔰
ଵ

଴
                              

    ≤ 𝔍 ቀ
ଵ

ଶ
ቁ ൮

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰ 𝑑𝔰
ଵ

଴

+ ∫ 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰ 𝑑𝔰
ଵ

଴

൲ .

  (60) 
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Since  
 

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰               

           = ∫ 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰

         =
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
,                   

              

∫ 𝔊∗ ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[𝔰𝔞𝔭 + (1 − 𝔰)𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰               

               = ∫ 𝔊∗ ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭 , 𝒿൰ 𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
భ

𝔭൰
ଵ

଴
𝑑𝔰

            =
𝔭

𝔟𝔭ି𝔞𝔭
 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
,                   

  (61) 

from (61), (60) we have 
  

ଵ

ଶ𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ  ≤

ଵ

∫ 𝔵𝔭షభఆ(𝔵)ௗ𝔵
𝔟

𝔞

 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵
𝔟

𝔞
,

ଵ

ଶ𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ  ≤

ଵ

∫ 𝔵𝔭షభఆ(𝔵)ௗ𝔵
𝔟

𝔞

 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵
𝔟

𝔞
.

  

From that, we have 

  

ଵ

ଶ𝔍ቀ
భ

మ
ቁ

ቈ𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ , 𝔊∗ ቆቂ

𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ቉                                      

                    ≤ூ
ଵ

∫ 𝔵𝔭షభఆ(𝔵)ௗ𝔵
𝔟

𝔞

ቂ ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵
𝔟

𝔞
, ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

𝔟

𝔞
ቃ ,

  

that is, 

ଵ

ଶ𝔍ቀ
భ

మ
ቁ

𝔊 ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
ቇ ≼

ଵ

∫ 𝔵𝔭షభఆ(𝔵)ௗ𝔵
𝔟

𝔞

 (𝐹𝑅) ∫ 𝔵𝔭ିଵ𝔊(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵
𝔟

𝔞
.  

This completes the proof. 
Remark 4.11. If in the Theorems 4.9 and 4.10 𝔍(𝔰) = 𝔰௦, then we obtain the appropriate theorems 
for (𝔭, 𝑠)-convex 𝘍𝘐𝘝𝘍s on the second sense (see [85]): 
If in the Theorems 4.9 and 10 𝔍(𝔰) = 𝔰, then we obtain the appropriate theorems for 𝔭-convex 
𝘍𝘐𝘝𝘍s (see [85]). 
If 𝔊∗(𝔞, 𝒿) = 𝔊∗(𝔞, 𝒿) with 𝒿 = 1, then Theorems 4.9 and 4.10 reduce to classical first and second 
𝐻𝐻-Fejér inequality for (𝔭, 𝔍)-convex function. 
If in the Theorems 4.9 and 4.10, 𝔊∗(𝔞, 𝒿) = 𝔊∗(𝔞, 𝒿) with 𝒿 = 1 and 𝔍(𝔰) = 𝔰, then we obtain the 
appropriate theorems for 𝔭-convex function (see [53]). 
If in the Theorems 4.9 and 4.10, 𝔊∗(𝔞, 𝒿) = 𝔊∗(𝔞, 𝒿) with 𝒿 = 1, 𝔍(𝔰) = 𝔰 and 𝔭 = 1, then we 
obtain the appropriate theorems for convex function, [42]. 
If 𝛺(𝔵) = 1, then combining Theorems 4.9 and 4.10, we get Theorem 4.1. 
Example 4.12. We consider 𝔍(𝔰) = 𝔰, for 𝔰 ∈ [0, 1], and the 𝘍𝘐𝘝𝘍 𝔊: [1, 4] → 𝔽஼(ℝ) defined by, 
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𝔊(𝔵)(𝜎) =

⎩
⎪
⎨

⎪
⎧ ఙି௘𝔵𝔭

௘𝔵𝔭 ,       𝜎 ∈ ൣ𝑒𝔵𝔭
, 2𝑒𝔵𝔭

൧,

ସ௘𝔵𝔭
ିఙ

ଶ௘𝔵𝔭 ,   𝜎 ∈ ൫2𝑒𝔵𝔭
, 4𝑒𝔵𝔭

൧,

0,             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

       (62) 

Then, for each 𝒿 ∈ [0, 1], we have 𝔊𝒿(𝔵) = ൣ(1 + 𝒿)𝑒𝔵𝔭
, 2(2 − 𝒿)𝑒𝔵𝔭

൧. Since end point functions 

𝔊∗(𝔵, 𝒿), 𝔊∗(𝔵, 𝒿) are (𝔭, 𝔍)-convex functions, for each 𝒿 ∈ [0, 1], 𝔊(𝔵) is (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍. If  

𝛺(𝔵) = ቐ
𝔵𝔭 − 1,      𝜎 ∈ ቂ1,

ହ

ଶ
ቃ ,

4 − 𝔵𝔭,   𝜎 ∈ ቀ
ହ

ଶ
, 4ቃ ,

        (63) 

where 𝔭 = 1, then we have  

  
𝔭

𝔟𝔭ି𝔞𝔭 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵
ସ

ଵ
=

ଵ

ଷ
∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

ସ

ଵ
                       

=
ଵ

ଷ
∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

ఱ

మ
ଵ

+
ଵ

ଷ
∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

ସ
ఱ

మ

,

              =
ଵ

ଷ
(1 + 𝒿) ∫ 𝑒𝔵(𝔵 − 1)𝑑𝔵

ఱ

మ
ଵ

+
ଵ

ଷ
(1 + 𝒿) ∫ 𝑒𝔵(4 − 𝔵)𝑑𝔵

ସ
ఱ

మ

≈ 11(1 + 𝒿),   

𝔭

𝔟𝔭ି𝔞𝔭 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵
ସ

ଵ
=

ଵ

ଷ
∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

ସ

ଵ
                   

=
ଵ

ଷ
∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵

ఱ

మ
ଵ

+
ଵ

ଷ
∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵,

ସ
ఱ

మ

 

 

          =
ଶ

ଷ
(2 − 𝒿) ∫ 𝑒𝔵(𝔵 − 1)𝑑𝔵

ఱ

మ
ଵ

+
ଶ

ଷ
(2 − 𝒿) ∫ 𝑒𝔵(4 − 𝔵)𝑑𝔵

ସ
ఱ

మ

≈ 22(2 − 𝒿),
              

  (64) 

and 
  

[𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿)] න 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
ଵ
𝔭൰

ଵ

଴

𝑑𝔰

 

[𝔊∗(𝔞, 𝒿) + 𝔊∗(𝔟, 𝒿)] න 𝔍(𝔰)𝛺 ൬[(1 − 𝔰)𝔞𝔭 + 𝔰𝔟𝔭]
ଵ
𝔭൰

ଵ

଴

𝑑𝔰

 

= (1 + 𝒿)[𝑒 + 𝑒ସ] ൤∫ 3𝔰ଶ𝑑𝔵
భ

మ
଴

+ ∫ 𝔰(3 − 3𝔰)𝑑𝔰
ଵ

భ

మ

൨ ≈
ସଷ

ଶ
(1 + 𝒿).

 

= 2(2 − 𝒿)[𝑒 + 𝑒ସ] ൤∫ 3𝔰ଶ𝑑𝔵
భ

మ
଴

+ ∫ 𝔰(3 − 3𝔰)𝑑𝔰
ଵ

భ

మ

൨ ≈ 43(2 − 𝒿).

   (65) 

From (64) and (65), we have 

[11(1 + 𝒿), 22(2 − 𝒿)] ≤ூ ቂ
ସଷ

ଶ
(1 + 𝒿), 43(2 − 𝒿)ቃ, for each 𝒿 ∈ [0, 1]. 

Hence, Theorem 4.9 is verified. 
For Theorem 4.10, we have  
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ଵ

ଶ𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≈

଺ଵ

ହ
(1 + 𝒿),

ଵ

ଶ𝔍ቀ
భ

మ
ቁ

𝔊∗ ቆቂ
𝔞𝔭ା𝔟𝔭

ଶ
ቃ

భ

𝔭
, 𝒿ቇ ≈

ଵଶଶ

ହ
(2 − 𝒿) ,

              

       (66) 

න 𝛺(𝔵)𝑑𝔵
𝔟

𝔞

= න (𝔵 − 1)𝑑𝔵

ହ
ଶ

ଵ

න (4 − 𝔵)𝑑𝔵
ସ

ହ
ଶ

=
9

4
, 

  
ଵ

∫ 𝔵𝔭షభఆ(𝔵)ௗ𝔵
𝔟

𝔞

 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵
ସ

ଵ
≈

଻ଷ

ହ
(1 + 𝒿),

ଵ

∫ 𝔵𝔭షభఆ(𝔵)ௗ𝔵
𝔟

𝔞

 ∫ 𝔵𝔭ିଵ𝔊∗(𝔵, 𝒿)𝛺(𝔵)𝑑𝔵
ସ

ଵ
≈

ଶଽଷ

ଵ଴
(2 − 𝒿)

              

.       (67) 

From (66) and (67), we have 

൤
61

5
(1 + 𝒿),

122

5
(2 − 𝒿)൨ ≤ூ ൤

73

5
(1 + 𝒿),

293

10
(2 − 𝒿)൨. 

Hence, Theorem 4.10 is demonstrated. 

5. Conclusions 

The (𝔭, 𝔍)-convex (concave, affine) class for 𝘍𝘐𝘝𝘍s was established in this paper. For 
(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍, we created some brand-new discrete Jensen and Schur type inequalities. 
Additionally, using fuzzy Riemann integrals, we discovered several 𝐻𝐻 -inequalities for 
(𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s. Examples were used to demonstrate how our findings apply to a broad class of 
previously undiscovered and well-known inequalities for (𝔭, 𝔍)-convex 𝘍𝘐𝘝𝘍s and their variant 
forms. We will try to analyze Jensen and 𝐻𝐻-inequalities for 𝘐𝘝𝘍 and 𝘍𝘐𝘝𝘍s on a temporal scale in 
the future as we explore these ideas. We hope that the theories and methods presented in this paper 
can serve as a springboard for additional study in this field. 

Acknowledgments 

The Rector of COMSATS University Islamabad in Islamabad, Pakistan, is acknowledged by the 
writers for offering top-notch research and academic settings. 

Conflict of interest 

The authors declare that they have no competing interests. 

References 

1. Y. Bai, L. Gasiński, P. Winkert, S. D. Zeng, W1,p versus C1: The nonsmooth case involving critical 
growth, Bull. Math. Sci., 10 (2020), 2050009. https://doi.org/10.1142/S1664360720500095 

2. Y. Bai, S. Migórski, S. D. Zeng, A class of generalized mixed variational-hemivariational 
inequalities I: Existence and uniqueness result, Comput. Math. Appl., 79 (2020), 2897–2911. 
https://doi.org/10.1016/j.camwa.2019.12.025 



7465 

AIMS Mathematics  Volume 8, Issue 3, 7437–7470. 

3. H. J. Brascamp, E. H. Lieb, J. M. Luttinger, A general rearrangement inequality for multiple 
integrals, J. Funct. Anal., 17 (1974), 227–237. https://doi.org/10.1016/0022-1236(74)90013-5 

4. A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential 
equations, Elsevier, Amsterdam, 2006. 

5. Z. Lin, Z. Bai, Probability inequalities of random variables, Probability Inequalities, Springer, 
Berlin, Heidelberg, 2010, 37–50. https://doi.org/10.1007/978-3-642-05261-3_5 

6. T. H. Zhao, O. Castillo, H. Jahanshahi, A. Yusuf, M. O. Alassafi, F. E. Alsaadi, et al., A 
fuzzy-based strategy to suppress the novel coronavirus (2019-NCOV) massive outbreak, Appl. 
Comput. Math., 20 (2021), 160–176. 

7. T. H. Zhao, M. K. Wang, Y. M. Chu, On the bounds of the perimeter of an ellipse, Acta Math. 
Sci., 42B (2022), 491–501. https://doi.org/10.1007/s10473-022-0204-y 

8. T. H. Zhao, M. K. Wang, G. J. Hai, Y. M. Chu, Landen inequalities for Gaussian hypergeometric 
function, RACSAM Rev. R. Acad. A, 116 (2022), 1–23. https://doi.org/10.1007/s13398-021-01197-y 

9. M. K. Wang, M. Y. Hong, Y. F. Xu, Z. H. Shen, Y. M. Chu, Inequalities for generalized 
trigonometric and hyperbolic functions with one parameter, J. Math. Inequal., 14 (2020), 1–21. 
https://doi.org/10.7153/jmi-2020-14-01 

10. T. H. Zhao, W. M. Qian, Y. M. Chu, Sharp power mean bounds for the tangent and hyperbolic 
sine means, J. Math. Inequal., 15 (2021), 1459–1472. https://doi.org/10.7153/jmi-2021-15-100 

11. M. U. Awan, N. Akhtar, S. Iftikhar, M. A. Noor, Y. M. Chu, New Hermite-Hadamard type 
inequalities for n-polynomial harmonically convex functions, J. Inequal. Appl., 2020 (2020). 
https://doi.org/10.1186/s13660-020-02393-x 

12. M. A. Latif, S. Rashi, S. S. Dragomir, Y. M. Chu, Hermite-Hadamard type inequalities for 
co-ordinated convex and quasi-convex functions and their applications, J. Inequal. Appl., 2019 
(2019). https://doi.org/10.1186/s13660-019-2272-7 

13. Y. M. Chu, G. D. Wang, X. H. Zhang, The Schur multiplicative and harmonic convexities of the 
complete symmetric function, Math. Nachr., 284 (2011), 53–663. 
https://doi.org/10.1002/mana.200810197 

14. Y. M. Chu, W. F. Xia, X. H. Zhang, The Schur concavity, Schur multiplicative and harmonic 
convexities of the second dual form of the Hamy symmetric function with applications, J. 
Multivariate Anal., 105 (2012), 412–42. https://doi.org/10.1016/j.jmva.2011.08.004 

15. S. Z. Ullah, M. A. Khan, Z. A. Khan, Y. M. Chu, Integral majorization type inequalities for the 
functions in the sense of strong convexity, J. Funct. Space., 2019 (2019). 
https://doi.org/10.1155/2019/9487823 

16. S. Z. Ullah, M. A. Khan, Y. M. Chu, Majorization theorems for strongly convex functions, J. 
Inequal. Appl., 2019 (2019). https://doi.org/10.1186/s13660-019-2007-9 

17. K. S. Zhang, J. P. Wan, p-convex functions and their properties, Pure Appl. Math., 23 (2007), 
130–133. 

18. S. Z. Ullah, M. A. Khan, Y. M. Chu, A note on generalized convex functions, J. Inequal. Appl., 
2019 (2019). https://doi.org/10.1186/s13660-019-2242-0 

19. S. N. Hajiseyedazizi, M. E. Samei, J. Alzabut, Y. M. Chu, On multi-step methods for singular 
fractional q-integro-differential equations, Open Math., 19 (2021), 1378–1405. 
https://doi.org/10.1515/math-2021-0093 

20. F. Jin, Z. S. Qian, Y. M. Chu, M. Rahman, On nonlinear evolution model for drinking behavior 
under Caputo-Fabrizio derivative, J. Appl. Anal. Comput., 12 (2022), 790–806. 
https://doi.org/10.11948/20210357 



7466 

AIMS Mathematics  Volume 8, Issue 3, 7437–7470. 

21. F. Z. Wang, M. N. Khan, I. Ahmad, H. Ahmad, H. Abu-Zinadah, Y. M. Chu, Numerical solution 
of traveling waves in chemical kinetics: Time-fractional fisher’s equations, Fractals, 30 (2022), 
2240051. https://doi.org/10.1142/S0218348X22400515 

22. T. H. Zhao, B. A. Bhayo, Y. M. Chu, Inequalities for generalized Grötzsch ring function, 
Comput. Meth. Funct. Th., 22 (2022), 559–574. https://doi.org/10.1007/s40315-021-00415-3 

23. M. B. Khan, M. A. Noor, M. M. Al-Shomrani, L. Abdullah, Some novel inequalities for 
LR-h-convex interval-valued functions by means of pseudo order relation, Math. Meth. Appl. Sci., 
45 (2022), 1310–1340. https://doi.org/10.1002/mma.7855 

24. M. B. Khan, J. E. Macías-Díaz, S. Treanta, M. S. Soliman, H. G. Zaini, Hermite-Hadamard 
inequalities in fractional calculus for left and right harmonically convex functions via 
interval-valued settings, Fractal Fract., 6 (2022), 178. https://doi.org/10.3390/fractalfract6040178 

25. M. B. Khan, M. A. Noor, J. E. Macías-Díaz, M. S. Soliman, H. G. Zaini, Some integral 
inequalities for generalized left and right log convex interval-valued functions based upon the 
pseudo-order relation, Demonstr. Math., 55 (2022), 387–403. https://doi.org/10.1515/dema-2022-0023 

26. T. H. Zhao, Z. Y. He, Y. M. Chu, Sharp bounds for the weighted Hölder mean of the 
zero-balanced generalized complete elliptic integrals, Comput. Meth. Funct. Th., 21 (2021), 
413–426. https://doi.org/10.1007/s40315-020-00352-7 

27. T. H. Zhao, M. K. Wang, Y. M. Chu, Concavity and bounds involving generalized elliptic integral of 
the first kind, J. Math. Inequal., 15 (2021), 701–724. https://doi.org/10.7153/jmi-2021-15-50 

28. T. H. Zhao, M. K. Wang, Y. M. Chu, Monotonicity and convexity involving generalized elliptic 
integral of the first kind, RACSAM Rev. R. Acad. A, 115 (2021), 1–13. 
https://doi.org/10.1007/s13398-020-00992-3 

29. H. H. Chu, T. H. Zhao, Y. M. Chu, Sharp bounds for the Toader mean of order 3 in terms of 
arithmetic, quadratic and contra harmonic means, Math. Slovaca, 70 (2020), 1097–1112. 
https://doi.org/10.1515/ms-2017-0417 

30. T. H. Zhao, Z. Y. He, Y. M. Chu, On some refinements for inequalities involving zero-balanced 
hyper geometric function, AIMS Math., 5 (2020), 6479–6495. https://doi.org/10.3934/math.2020418 

31. T. H. Zhao, M. K. Wang, Y. M. Chu, A sharp double inequality involving generalized complete 
elliptic integral of the first kind, AIMS Math., 5 (2020), 4512–4528. 
https://doi.org/10.3934/math.2020290 

32. T. H. Zhao, L. Shi, Y. M. Chu, Convexity and concavity of the modified Bessel functions of the 
first kind with respect to Hölder means, RACSAM Rev. R. Acad. A, 114 (2020), 1–14. 
https://doi.org/10.1007/s13398-020-00825-3 

33. T. H. Zhao, B. C. Zhou, M. K. Wang, Y. M. Chu, On approximating the quasi-arithmetic mean, J. 
Inequal. Appl., 2019 (2019), 42. https://doi.org/10.1186/s13660-019-1991-0 

34. T. H. Zhao, M. K. Wang, W. Zhang, Y. M. Chu, Quadratic transformation inequalities for 
Gaussian hyper geometric function, J. Inequal. Appl., 2018 (2018), 251. 
https://doi.org/10.1186/s13660-018-1848-y 

35. M. A. Khan, J. Pečarić, Y. M. Chu, Refinements of Jensen’s and McShane’s inequalities with 
applications, AIMS Math., 5 (2020), 4931–4945. https://doi.org/10.3934/math.2020315 

36. S. Khan, M. A. Khan, Y. M. Chu, Converses of the Jensen inequality derived from the Green 
functions with applications in information theory, Math. Meth. Appl. Sci., 43 (2020), 2577–2587. 
https://doi.org/10.1002/mma.6066 

37. Y. Sawano, H. Wadade, On the Gagliardo-Nirenberg type inequality in the critical Sobolev-Orrey 
space, J. Fourier Anal. Appl., 19 (2013), 20–47. https://doi.org/10.1007/s00041-012-9223-8 



7467 

AIMS Mathematics  Volume 8, Issue 3, 7437–7470. 

38. P. Ciatti, M. G. Cowling, F. Ricci, Hardy and uncertainty inequalities on stratified Lie groups, 
Adv. Math., 277 (2015), 365–387. https://doi.org/10.1016/j.aim.2014.12.040 

39. B. Gavrea, I. Gavrea, On some Ostrowski type inequalities, Gen. Math., 18 (2010), 33–44. 
40. H. Gunawan, Fractional integrals and generalized Olsen inequalities, Kyungpook Math. J., 49 

(2009), 31–39. https://doi.org/10.5666/KMJ.2009.49.1.031 
41. J. Hadamard, Étude sur les propriétés des fonctions entières en particulier d’une fonction 

considérée par Riemann, J. Math. Pure Appl., 58 (1893), 171–215. 
42. L. Fejér, Uberdie Fourierreihen II, Math. Naturwise. Anz Ungar. Akad. Wiss., 24 (1906), 369–390. 
43. R. E. Moore, Interval analysis, Prentice Hall, Englewood Cliffs, 1966. 
44. U. Kulish, W. Miranker, Computer arithmetic in theory and practice, Academic Press, New 

York, 2014. 
45. D. Zhao, T. An, G. Ye, W. Liu, New Jensen and Hermite-Hadamard type inequalities for 

h-convex interval-valued functions, J. Inequal. Appl., 2018 (2018), 1–14. 
https://doi.org/10.1186/s13660-017-1594-6 

46. B. Bede, Studies in fuzziness and soft computing, Math of fuzzy sets fuzzy logic, Springer, 
Berlin/Heidelberg, 295 (2013). https://doi.org/10.1007/978-3-642-35221-8 

47. W. W. Breckner, Stetigkeitsaussagen für eine Klasse verallgemeinerter konvexer funktionen in 
topologischen linearen Räumen, Pupl. Inst. Math., 23 (1978), 13–20. 

48. Y. Chalco-Cano, A. Flores-Franulič, H. Román-Flores, Ostrowski type inequalities for 
interval-valued functions using generalized Hukuhara derivative, Comput. Appl. Math., 31 
(2012), 457–472. https://doi.org/10.1109/IFSA-NAFIPS.2013.6608617 

49. Y. Chalco-Cano, W. A. Lodwick, W. Condori-Equice, Ostrowski type inequalities and 
applications in numerical integration for interval-valued functions, Soft Comput., 19 (2015), 
3293–3300. https://doi.org/10.1007/s00500-014-1483-6 

50. T. M. Costa, H. Román-Flores, Y. Chalco-Cano, Opial-type inequalities for interval-valued 
functions, Fuzzy Set. Syst., 358 (2019), 48–63. https://doi.org/10.1016/j.fss.2018.04.012 

51. S. S. Dragomir, J. Pecaric, L. E. Persson, Some inequalities of Hadamard type, Soochow J. 
Math., 21 (1995), 335–341.  

52. Z. B. Fang, R. J. Shi, On the (p, h)-convex function and some integral inequalities, J. Inequal. 
Appl., 2014 (2014). https://doi.org/10.1186/1029-242X-2014-13 

53. M. Kunt, İ. İşcan, Hermite-Hadamard-Fejer type inequalities for p-convex functions, Arab J. 
Math. Sci., 23 (2017), 215–230. https://doi.org/10.1016/j.ajmsc.2016.11.001 

54. H. Román-Flores, Y. Chalco-Cano, W. A. Lodwick, Some integral inequalities for interval-valued 
functions, Comput. Appl. Math., 37 (2018), 1306–1318. https://doi.org/10.1007/s40314-016-0396-7 

55. S. Varošanec, On h-convexity, J. Math. Anal. Appl., 326 (2007), 303–311. 
https://doi.org/10.1016/j.jmaa.2006.02.086 

56. Y. M. Chu, T. H. Zhao, Concavity of the error function with respect to Hölder means, Math. 
Inequal. Appl., 19 (2016), 589–595. https://doi.org/10.7153/mia-19-43 

57. W. M. Qian, H. H. Chu, M. K. Wang, Y. M. Chu, Sharp inequalities for the Toader mean of 
order –1 in terms of other bivariate means, J. Math. Inequal., 16 (2022), 127–141. 
https://doi.org/10.7153/jmi-2022-16-10 

58. T. H. Zhao, H. H. Chu, Y. M. Chu, Optimal Lehmer mean bounds for the nth power-type Toader 
mean of n = −1, 1, 3, J. Math. Inequal., 16 (2022), 157–168. https://doi.org/10.7153/jmi-2022-16-12 

59. T. H. Zhao, M. K. Wang, Y. Q. Dai, Y. M. Chu, On the generalized power-type Toader mean, J. 
Math. Inequal., 16 (2022), 247–264. https://doi.org/10.7153/jmi-2022-16-18 



7468 

AIMS Mathematics  Volume 8, Issue 3, 7437–7470. 

60. M. B. Khan, T. Savin, H. Alrweili, T. Saeed, M. S. Soliman, Some new Riemann-Liouville 
fractional integral inequalities for interval-valued mappings, AIMS Math., 7 (2022), 15659–15679. 
https://doi.org/10.3934/math.2022857 

61. M. B. Khan, O. M. Alsalami, S. Treanțǎ, T. Saeed, K. Nonlaopon, New class of convex 
interval-valued functions and Riemann Liouville fractional integral inequalities, AIMS Math., 7 
(2022), 15497–15519. https://doi.org/10.3934/math.2022849 

62. T. Saeed, M. B. Khan, S. Treanțǎ, H. H. Alsulami, M. S. Alhodaly, Interval Fejér-type inequalities 
for left and right-λ-preinvex functions in interval-valued settings, Axioms, 11 (2022), 368. 
https://doi.org/10.3390/axioms11080368 

63. M. B. Khan, A. Cătaş, O. M. Alsalami, Some new estimates on coordinates of generalized convex 
interval-valued functions, Fractal Fract., 6 (2022), 415. https://doi.org/10.3390/fractalfract6080415 

64. L. A. Zadeh, Fuzzy sets, Inform. Cont., 8 (1965), 338–353. 
https://doi.org/10.1016/S0019-9958(65)90241-X 

65. S. Nanda, K. Kar, Convex fuzzy mappings, Fuzzy Sets Syst., 48 (1992), 129–132. 
https://doi.org/10.1016/0165-0114(92)90256-4 

66. S. S. Chang, Y. G. Zhu, On variational inequalities for fuzzy mappings, Fuzzy Set. Syst., 32 
(1989), 359–367. https://doi.org/10.1016/0165-0114(89)90268-6 

67. M. A. Noor, Fuzzy preinvex functions, Fuzzy Set. Syst., 64 (1994), 95–104. 
https://doi.org/10.1016/0165-0114(94)90011-6 

68. B. Bede, S. G. Gal, Generalizations of the differentiability of fuzzy-number-valued functions 
with applications to fuzzy differential equations, Fuzzy Set. Syst., 151 (2005), 581–599. 
https://doi.org/10.1016/j.fss.2004.08.001 

69. A. Ben-Isreal, B. Mond, What is invexity? Anziam J., 1986, 1–9. 
https://doi.org/10.1017/S0334270000005142 

70. Y. Chalco-Cano, M. A. Rojas-Medar, H. Román-Flores, M-convex fuzzy mappings and 
fuzzy integral mean, Comput. Math. Appl., 40 (2000), 1117–1126. 
https://doi.org/10.1016/S0898-1221(00)00226-1 

71. P. Diamond, P. E. Kloeden, Metric spaces of fuzzy sets: Theory and applications, World 
Scientific, 1994. https://doi.org/10.1142/2326 

72. J. R. Goetschel, W. Voxman, Elementary fuzzy calculus, Fuzzy Set. Syst., 18 (1986), 31–43. 
https://doi.org/10.1016/0165-0114(86)90026-6 

73. O. Kaleva, Fuzzy differential equations, Fuzzy Set. Syst., 24 (1987), 301–317. 
https://doi.org/10.1016/0165-0114(87)90029-7 

74. M. L. Puri, D. A. Ralescu, Fuzzy random variables, Read. Fuzzy Set. Intell. Syst., 114 (1986), 
409–422. https://doi.org/10.1016/0022-247X(86)90093-4 

75. S. A. Iqbal, M. G. Hafez, Y. M. Chu, C. Park, Dynamical analysis of nonautonomous RLC 
circuit with the absence and presence of Atangana-Baleanu fractional derivative, J. Appl. Anal. 
Comput., 12 (2022), 770–789. https://doi.org/10.11948/20210324 

76. T. R. Huang, L. Chen, Y. M. Chu, Asymptotically sharp bounds for the complete p-elliptic integral 
of the first kind, Hokkaido Math. J., 51 (2022), 189–210. https://doi.org/10.14492/hokmj/2019-212 

77. T. H. Zhao, W. M. Qian, Y. M. Chu, On approximating the arc lemniscate functions, Indian J. 
Pure Appl. Math., 53 (2022), 316–329. https://doi.org/10.1007/s13226-021-00016-9 

78. G. Santos-García, M. B. Khan, H. Alrweili, A. A. Alahmadi, S. S. Ghoneim, Hermite-Hadamard 
and Pachpatte type inequalities for coordinated preinvex fuzzy-interval-valued functions 
pertaining to a fuzzy-interval double integral operator, Mathematics, 10 (2022), 2756. 
https://doi.org/10.3390/math10152756 



7469 

AIMS Mathematics  Volume 8, Issue 3, 7437–7470. 

79. J. E. Macías-Díaz, M. B. Khan, H. Alrweili, M. S. Soliman, Some fuzzy inequalities for 
harmonically s-convex fuzzy number valued functions in the second sense integral, Symmetry, 
14 (2022), 1639. https://doi.org/10.3390/sym14081639 

80. M. B. Khan, M. A. Noor, H. G. Zaini, G. Santos-García, M. S. Soliman, The new versions of 
Hermite-Hadamard inequalities for pre-invex fuzzy-interval-valued mappings via fuzzy Riemann 
integrals, Int. J. Comput. Intell. Syst., 15 (2022), 66. https://doi.org/10.1007/s44196-022-00127-z 

81. M. B. Khan, M. A. Noor, K. I. Noor, Y. M. Chu, New Hermite-Hadamard type inequalities for 
(h1, h2)-convex fuzzy-interval-valued functions, Adv. Differ. Equ., 2021 (2021), 6–20. 
https://doi.org/10.1186/s13662-020-03166-y 

82. M. B. Khan, M. A. Noor, L. Abdullah, Y. M. Chu, Some new classes of preinvex 
fuzzy-interval-valued functions and inequalities, Int. J. Comput. Intell. Syst., 14 (2021), 1403–1418. 
https://doi.org/10.2991/ijcis.d.210409.001 

83. P. Liu, M. B. Khan, M. A. Noor, K. I. Noor, New Hermite-Hadamard and Jensen inequalities for 
log-s-convex fuzzy-interval-valued functions in the second sense, Complex Intell. Syst., 8 (2022), 
413–427. https://doi.org/10.1007/s40747-021-00379-w 

84. G. Sana, M. B. Khan, M. A. Noor, P. O. Mohammed, Y. M. Chu, Harmonically convex 
fuzzy-interval-valued functions and fuzzy-interval Riemann-Liouville fractional integral inequalities, 
Int. J. Comput. Intell. Syst., 14 (2021), 1809–1822. https://doi.org/10.2991/ijcis.d.210620.001 

85. M. B. Khan, S. Treanțǎ, H. Budak, Generalized p-convex fuzzy-interval-valued functions and 
inequalities based upon the fuzzy-order relation, Fractal Fract., 6 (2022), 63. 
https://doi.org/10.3390/fractalfract6020063 

86. R. Osuna-Gómez, M. D. Jiménez-Gamero, Y. Chalco-Cano, M. A. Rojas-Medar, Hadamard and 
Jensen inequalities for s-convex fuzzy processes, Soft Methodology and Random Information 
Systems, Advances in Soft Computing, Springer, Berlin, Heidelberg, l26 (2004), 1–15. 
https://doi.org/10.1007/978-3-540-44465-7_80 

87. T. M. Costa, Jensen’s inequality type integral for fuzzy-interval-valued functions, Fuzzy Set. 
Syst., 327 (2017), 31–47. https://doi.org/10.1016/j.fss.2017.02.001 

88. T. M. Costa, H. Roman-Flores, Some integral inequalities for fuzzy-interval-valued functions, 
Inform. Sci., 420 (2017), 110–125. https://doi.org/10.1016/j.ins.2017.08.055 

89. M. B. Khan, M. A. Noor, K. I. Noor, K. S. Nisar, K. A. Ismail, A. Elfasakhany, Some 
inequalities for LR-(h1, h2)-convex interval-valued functions by means of pseudo order relation, 
Int. J. Comput. Intell. Syst., 14 (2021), 1–15. https://doi.org/10.1007/s44196-021-00032-x 

90. M. B. Khan, M. A. Noor, H. M. Al-Bayatti, K. I. Noor, Some new inequalities for 
LR-log-h-convex interval-valued functions by means of pseudo order relation, Appl. Math., 15 
(2021), 459–470. https://doi.org/10.18576/amis/150408 

91. M. B. Khan, M. A. Noor, T. Abdeljawad, A. A. A. Mousa, B. Abdalla, S. M. Alghamdi, 
LR-preinvex interval-valued functions and Riemann-Liouville fractional integral inequalities, 
Fractal Fract., 5 (2021), 243. https://doi.org/10.3390/fractalfract5040243 

92. J. E. Macías-Díaz, M. B. Khan, M. A. Noor, A. M. A. Allah, S. M. Alghamdi, Hermite-Hadamard 
inequalities for generalized convex functions in interval-valued calculus, AIMS Math., 7 (2022), 
4266–4292. https://doi.org/10.3934/math.2022236 

93. M. B. Khan, H. G. Zaini, S. Treanțǎ, M. S. Soliman, K. Nonlaopon, Riemann-Liouville fractional 
integral inequalities for generalized pre-invex functions of interval-valued settings based upon 
pseudo order relation, Mathematics, 10 (2022), 204. https://doi.org/10.3390/math10020204 



7470 

AIMS Mathematics  Volume 8, Issue 3, 7437–7470. 

94. M. B. Khan, S. Treanțǎ, M. S. Soliman, K. Nonlaopon, H. G. Zaini, Some Hadamard-Fejér type 
inequalities for LR-convex interval-valued functions, Fractal Fract., 6 (2022), 6. 
https://doi.org/10.3390/fractalfract6010006 

95. M. B. Khan, G. Santos-García, M. A. Noor, M. S. Soliman, Some new concepts related to fuzzy 
fractional calculus for up and down convex fuzzy-number valued functions and inequalities, 
Chaos Soliton. Fract., 164 (2022), 112692. https://doi.org/10.1016/j.chaos.2022.112692 

96. Z. H. Liu, D. Motreanu, S. D. Zeng, Generalized penalty and regularization method for 
differential variational- hemivariational inequalities, SIAM J. Optim., 31 (2021), 1158–1183. 
https://doi.org/10.1137/20M1330221 

97. Y. J. Liu, Z. H. Liu, C. F. Wen, J. C. Yao, S. D. Zeng, Existence of solutions for a class of 
noncoercive variational-hemivariational inequalities arising in contact problems, Appl. Math. 
Optim., 84 (2021), 2037–2059. https://doi.org/10.1007/s00245-020-09703-1 

98. S. D. Zeng, S. Migorski, Z. H. Liu, Well-posedness, optimal control, and sensitivity analysis for 
a class of differential variational-hemivariational inequalities, SIAM J. Optim., 31 (2021), 2829–
2862. https://doi.org/10.1137/20M1351436 

99. Y. J. Liu, Z. H. Liu, D. Motreanu, Existence and approximated results of solutions for a class of 
nonlocal elliptic variational-hemivariational inequalities, Math. Method. Appl. Sci., 43 (2020), 
9543–9556. https://doi.org/10.1002/mma.6622 

100. Y. J. Liu, Z. H. Liu, C. F. Wen, Existence of solutions for space-fractional parabolic 
hemivariational inequalities, Discrete Contin. Dyn. Syst. Ser. B, 24 (2019), 1297–1307. 
https://doi.org/10.3934/dcdsb.2019017 

101. Z. H. Liu, N.V. Loi, V. Obukhovskii, Existence and global bifurcation of periodic solutions to a 
class of differential variational inequalities, Int. J. Bifurcat. Chaos Appl. Sci. Eng., 23 (2013), 
1350125. https://doi.org/10.1142/S0218127413501253 

© 2023 the Author(s), licensee AIMS Press. This is an open access 
article distributed under the terms of the Creative Commons 
Attribution License (http://creativecommons.org/licenses/by/4.0) 


