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Abstract: In this paper, we investigate the qualitative behavior of the fuzzy difference equation
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where n € Ny = NU {0}, (z,,) 1s a sequence of positive fuzzy numbers, A, B, C and the initial conditions
z-j, j = 0,1,..., s are positive fuzzy numbers and s is a positive integer. Moreover, two examples are
given to verify the effectiveness of the results obtained.
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1. Introduction

Difference equations play an important role in modeling problems that arise in biology, physics,
engineering, finance and many other areas [1,2]. In many cases, the obtained models are restricted in
their ability to describe phenomena due to the incomplete or uncertain information about the
variables, parameters and initial conditions available. To take into account these uncertainties or lack
of precision, we may use a fuzzy environment in variables, parameters and initial conditions, by
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turning general difference equations into fuzzy difference equations. The most striking applications of
the fuzzy notion can be seen in some branches of engineering. See [3,4] for a few applications from
mechanical engineering. The fuzzy notion also has applications in differential equations, which are
closely related to difference equations. See [5]. Most numerical methods convert differential
equations to difference equations, and their relationship is discussed in [6].

In [7], Bajo and Liz investigated the behavior of the ordinary difference equation

Xn—-1

Xpp) = ———, 1.1
n+1 a+ bx,,_lxn ( )
where the parameters a, b and the initial conditions x_y, x are real numbers.
Moreover, in [8], Rahman et al. investigated the behavior of the fuzzy difference equation
Xn-1
Xpp) = ——, 1.2
n+1 A+ Bx,,_lx,, ( )
where A, B and the initial conditions x_;, x( are positive fuzzy numbers.
In [9], Shojaei et al. investigated the behavior of the ordinary difference equation
ax,_
Xpel = n—2 , (1.3)
18 + YXn—2Xn-1Xn
where the parameters a, 8,y and the initial conditions x_,, x_, X are real numbers.
Also, in [10], Atak et al. investigated the behavior of the fuzzy difference equation
Zn—2
Zntl = - (1.4)

C+ 2022120

where (z,) is a sequence of positive fuzzy numbers, C and the initial conditions z_,, z_1, zo are positive
fuzzy numbers.

Motivated by above mentioned studies, in this paper, we investigate the qualitative behavior of the
fuzzy difference equation

T = —— (1.5)

where n € Ny = NU{0}, (z,) is a sequence of positive fuzzy numbers, A, B, C and the initial conditions
z-j (j =0,1, ..., 5) are positive fuzzy numbers and s is a positive integer. Moreover, some examples are
given to verify the effectiveness of the results obtained.

Recently some researchers have studied fuzzy difference equations and properties of their solutions
in different approaches. See, for example, [11-20]. We also refer to [21,22] for some fundamentals of
ordinary difference equations.

2. Preliminaries

In this section, we give some definitions which will be used in this paper. For more details see [23—
25].

Definition 2.1. Consider a fuzzy set A which is a function from the set of real numbers R into the
interval [0, 1]. We say that A is a fuzzy number if it satisfies the following properties
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(a) Ais normal, i.e., A xog € R with A(xp) = 1,

(b) A is fuzzy convex, i.e., A(tx; + (1 — t)xp) > min {A(x;), A(xp)}, Yt € [0, 1] and x1, x, € R,
(c) A is upper semicontinuous on R,

(d) A is compactly supported, i.e., {x € R : A(x) > 0} is compact.

Let us denote by Ry the space of all fuzzy numbers. For 0 < @ < 1 and A € Ry, we denote a-cuts
of fuzzy number A by [A]* = {x € R,A(x) > o} and [A]° = {x € R, A(x) > 0}. We call [A]°, the support
of fuzzy number A and denote it by supp (A).

The fuzzy number A is called positive if supp(A) C (0, c0). We denote by Ry, the space of all
positive fuzzy numbers.

Definition 2.2. (a) Let A, B € Ry with [A]* = [AY,AY] and [B]* = [B{, BY] for a € [0, 1]. We define
|A|l on the space of fuzzy numbers as follow;

a
Ar

Al = supmax“Al“ , },

where sup is taken for all a € [0, 1]. We recall the following metric

D(A, B) = sup {max “A}’ - By|,

- B

1A

where sup is taken for all @ € [0, 1].
(b) Let (x,) be a sequence of positive fuzzy numbers and x € Rg. Then, we say that

limx, = x if hm D(xn, X) =

The following lemma and definition are given in [24].

Lemma 2.1. Let X,Y € Rp and [X]* = [X], X]], [Y]" = [Y, Y?] for @ € [0, 1] be the a-cuts of X, Y,
respectively. Let Z be a fuzzy number such that [Z]* [Z",Z“ for a € [0, 1]. Then, MIN{\X,Y} = Z
(resp. MAX{X,Y} = Z) if and only if min {Xf, Yl"} Zy and min {X, Y} = Z (resp. max {Xf, Yl“} =

Z¢ and max {X?, Y} = Z°).

r>tr

Definition 2.3. (a) We say that a sequence of positive fuzzy numbers (x,) is bounded and persistent if
there exist ny € N and C, D € Ry, such that MIN{x,,C} = C and MAX{x,, D} = D for n > n.

(b) We say that (x,) for n € Ny is an unbounded sequence if the ||x,|| for n € Ny is an unbounded
sequence.

We need the following lemma which is given in [18] in the next section.

Lemma 2.2. Let f be a continuous function from R* X R* X ... X R* into R* and By, By, ..., By € Rp.
Then,

[f (Bo, By, ..., BI1* = f([Bol", [B1]%, ..., [Bx]") for a € (0, 1].
3. Main results

In this section, we study the existence and properties of the positive solutions to (1.5). If (z,)
is a sequence of positive fuzzy numbers which satisfies (1.5), we say (z,) is a positive solution of (1.5).
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Theorem 3.1. Consider (1.5) where A,B,C € Rj. Then, for any positive fuzzy numbers z_;
(j = 0,1,...,5) there exists a unique positive solution (z,) of (1.5) with the initial conditions z_;
(j=0,1,..,5).

Proof. Suppose that there exists a sequence of fuzzy numbers (z,) satisfying (1.5) with the initial
conditions z_; (j = 0, 1, ..., 5). Consider the a-cuts

[2]" = (L3, RS,
[A]" = [A7, A7),
[BI* = B, BY],
[l = [Cy, ¢

forn =—-s,—s+1,...and all @ € (0, 1]. Then, from (1.5)-(3.1) and Lemma 2.2, it follows that

(3.1

a

A n—s A “ n—s ¢
ENIL ) e

B+ C[lz-i [B]* + [C]* [1[zn-i]*
i=0 =0
(A}, AVIIL, s R

[BY, Be] + [CF, o1 [TILE . R®.]
i=0

AL, AVR, s

Be+Co[IR", BY+CUIILY,
i=0 i=0

n—i

from which we have

a A?LZ—S 101 A?RZ—S

n+l = s > Rn+1 = s > (32)
Be+CeTIRY, B +CyTT Ly,
i=0 i=0

for n € Ny and a € (0, 1]. Then, it is clear that for any (L;’,R‘J’.‘), j=-s,—s+1,..,0, there exists a
unique solution (Lg, R) with the initial conditions (Lj.’ , R?), j=-s,—s+1,..,0forall @ € (0, 1].

Now, we prove that [L], R] for all @ € (0, 1], where (L;, Ry)) is the solution of the system (3.2) with
the initial conditions (Lff, Rff), j=-s,—-s+1,..,0, determines the solution (z,) of (1.5) with the initial
conditions z_; (j = 0, 1, ..., s) such that

[z,)* =[L;,R)], € (0,1], n=—s,—s+ 1,.... (3.3)
Since A, B,C,z_j(j = 0,1,...,5) € R} for any a;,a, € (0, 1] and a; < a5, we have

0 <A <A <AP <AY,
0< B < B> <B” <B",
0<Cl"<CP<CP<Cy,
O0< LY <L <R®™<R™
J J J J’

(3.4)
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for j = —s,—s + 1,...,0. We prove by the induction that
O0<L'<L?<R}?<R], neN,. 3.5

n o

From (3.4), we see that (3.5) holds for n = —s,—s + 1,...,0. Suppose that (3.5) is valid for n < k,
ke {l1,2,...}. Then, from (3.2), (3.4) and (3.5) for n < k, it follows that

A(ll L(I] A(lzL(lz
@ 1 k—s l k—s @
Lk-:—l = K B K = Lkil
B+ CUTIRY,  BR+CRIIRY,
i=0 i=0
A(l/szz AO,/IRQ]
< — =R, < — =Ry,
B+ CPIILE, B+ C L,
Therefore, (3.5) is satisfied. Moreover, from (3.2), we have
ALY AYRY
L] = EEE— R} = ————, foralla € (0, 1]. (3.6)
B + C* [ R?, By + C7 1L,
i=0 i=0

Then, since A,B,C,z_; (j = 0,1,...,5) € R}, we have that A}, A}, B, By, C}, Cy, LY, R (j =
0,1, ..., 5) are left continuous. So, from (3.6) we see that L and R{ are also left continuous. Working
inductively we can easily obtain that L and R are left continuous for n € N.

Now, we prove that U,e,1)[L%, R?] is compact. It is sufficient to prove that U, 1[L;, R;] 1s
bounded. Letn = 1, since A, B,C,z_; (j =0, 1, ..., s) € Ry, there exist constants

MA7NA7M37NB’ MC’NC’ M—j’N—j >0

for j =0,1,..., s such that
[A],AT] C [My, Nal,
[B], BY] C [Mp, Ngl,

3.7
[C?, €] € [Mc, Nel, -7
[L7,.R"] € [M_j,N_}]
for j =0,1,..., s. Therefore, from (3.6) and (3.7) we can easily prove that
MM _ NAN_
[LY,RY] C = A (3.8)
NB+NCHN—i MB+MCHM—1'
i=0 i=0
from which it is clear that
MiM_; NuN_;
Ugeo.17 [LT, RT] C A , A . for all @ € (0, 1]. (3.9)

N+ N [IN-; Mg+ M. []M_
i=0 i=0
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Also, (3.9) implies that Uye,1j[L], R]] is compact and U,,11[L], R{] C (0, c0). Working inductively,
we can easily see that Uye,11[L?, R?] is compact and

Uge0.11[LY, R?] C (0, 00), forn € N. (3.10)

Therefore, using (3.5), (3.10) and since L, Ry are left continuous, we see that [L], R;/] determines a
sequence of positive fuzzy numbers (z,,) such that (3.3) holds.
We prove now that (z,) is the solution of (1.5) with the initial conditions z_; (j = 0, 1, ..., 5). Since

a

@ a o AEIL(—IS A(:Rg—s Azn—s
[Z'l+1] = [Ln+1’Rn+l = s > s = s
B*+C*[1R?, B*+CTIL,| |B+CTlzui
i=0 i=0 i=0

for all @ € (0, 1], we have that (z,) is the solution of (1.5) with the initial conditions z_; (j = 0, 1, ..., 5).
Suppose that there exists another solution (z,) of (1.5) with the initial conditions z_; (j = 0, 1, ..., 5).
Then, we can easily show that

[z.]" = [L,,R;] for @ € (0, 1] and n € Ny,. (3.11)

Then, from (3.3) and (3.11), [z,]* = [z,]* for @ € (0,1] and n = —s,—s + 1, ... from which we get
Zn =z, forn = —s,—s + 1, .... Thus, the proof is completed. O

In order to study the further dynamics of (1.5), we apply the results concerning the following system
of ordinary difference equations

A Uy—s ArVy—s
un+1 = s ’ vn+1 = s ’ ne NOa (312)
by +ci [1vai by + o [ tpi
i=0 i=0

where the parameters ay, by, ¢y, as, by, ¢; and initial conditions u_;,v_; (j = 0, 1, ..., 5) are positive real
numbers and s is a positive integer. Note that system (3.12) can be written as

x}’l—S yn—s
Xpl = — > Yn+l = S , n € Ny, (3.13)
q-+t _I_Toyn—i p+ _I_Toxn—i

s+

1
by the change of variables u, = (f—;)” Xp, Vy = (%) y, with ¢ = 2 and p = Z—z. The equilibrium

al
points of (3.13) are the solutions of the equations

- x _ y

X = —> y =

q+1:(1)§ p+I:£7C

We need the following results concerning the behavior of the solutions of the system (3.13) which
has been presented in [26].

If p <1, g < 1, then (3.13) has equilibrium points (0,0) and ( ”\1/1 -p, ”\‘/1 — ¢). In addition,
if p < 1, g = 1, then system (3.13) has an equilibrium ( *y/1 — p,0) and if p = 1, ¢ < 1, then
system (3.13) has an equilibrium (0, *y/1 — ¢). Finally, if p > 1, ¢ > 1, then system (3.13) has the
unique equilibrium (0, 0).

AIMS Mathematics Volume 8, Issue 3, 6309-6322.
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Theorem 3.2. Let (x,,y,) be any positive solution of system (3.13), then the following statements are
true:
(1) For every m > 0, the following results hold:

m+1
(é) X_g, n=(s+1m+1,
(l)mH X_gr1, B=(s+1m+2,
0<x, < 4 ‘ (3.14)
1 m+1
(5) X0, n=E+1m+s+1
and
m+1
()" o m=(s+Dmt L,
(l)m+1 Vostl, N=(s+1)m+2,
0<y, < P (3.15)

(%)mﬂyo, n=(s+ 1).m +p+1.

2)If p < 1 and q < 1, then the following statements are true for j = —s,—s + 1, ..., 0.
@) If (x;,y)) € (0, "Y1 = p) x (Y1 = q,00), then (x,,,) € (0, "Y1 = p) X (31 - g, ).
(i) If (x;,y)) € ("Y1 = p,00) X (0, "\/1 = g), then (*y/1 — p,00) X (0, "Y/1 - q).
Q) If p> 1and g > 1, then every positive solution (x,,y,) of system (3.13) converges to (0,0) as

n— oo,
The following corollary can be obtained from Theorem 3.2.

Corollary 3.1. Let (x,,y,) be positive solution to system (3.13), then the following statements are true.
M If p> 1and g > 1, then every positive solution (x,,y,) of system (3.13) is bounded and
persistent.
2)If p < 1andq < 1, then the system (3.13) has unbounded solutions:

) Ifx; € (0, V1 —p) andy; € ( V1 —q, oo)forj = —s5,—-s+1,...,0, then limx, = 0 and

n—oo

limy, = oo.

(ii) If x; € ( V1= p, 00) and y; € (0, 1= q)forj = —s5,-s+1,...,0, then limy, = 0 and

n—oo

limx, = oo.

Proof. (1) Let f = max {x_y, X_g41, ..., Xo} and ¥ = max {y_y, y_s+1, ..., Yo} , then it is easy to see from
system (3.13) that
0<x,<Band0<y, <y

for all n € Ny. Hence, every positive solution (x,, y,) of system (3.13) is bounded and persistent.
(2) We only prove the part (i), since the part (ii) can be proved similarly.
(i) Assume that (x,,y,) is a positive solution of system (3.13) such that
X; € (0, 1= p) andy; € ( V1—-gq, oo) for j = —s,—s+1,...,0. Then, from system (3.13), we obtain
the following inequalities

AIMS Mathematics Volume 8, Issue 3, 6309-6322.
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X—s

X_s
X1 = 5 < 5 = X_g
g+l a+I1 \1-¢
1=\ 1=l
Xos+1 X—s+1
x2 = s < s = -X—S+1’
q+_1'£y-;+1 q+1’£ N1-q
1= 1=\
— X_542 X_s542 —
x3 - s = < 5 ;: - x—S+2’
‘I+I—£)’—i+2 4+HO \/ -4
i=l =
and
Y-s Y-s
Y= —3 > — =Yy_5
p+1—{)x_,' p+1_!) ”‘k/l—p
= i=
— Y—s+1 Y—s+1 —
Y2 B > 3 = YV_s+1»
P+_r£x—i+l P+_r£ H\/ 1-p
1=\ 1=l
— V-s+2 V—s+2 _
y3 - sH > s :;r - y—s+2’
17+_1_£x—i+2 p+_l'£ ‘ \ll—p
1=\ 1=l
from which it follows that
limx, = 0 and limy, = oo.
n—oo n—0oo
So, the proof is completed. O

Theorem 3.3. Consider the fuzzy difference Eq (1.5). The the following statements are true.
(1) If A} < By for all a € (0, 1], then every positive solution of (1.5) is bounded and persistent.
(2) If there exists an @ € (0, 1] such that B® < AIE, then the Eq (1.5) has unbounded solutions.

Proof. (1) Consider the following system of ordinary difference equations

/}/Asn— ﬁAtn—
S = g = — P e, (3.16)
Br + B¢ lj([)ln—i VBt Yc I}) Sn—i

where

(A1 = 147.47) € Upana AT A7 B
[B1" = [B}. B{] © Uacon B} Bf] C [ys.Bsl. G-17)
[C]a = [C;I’C;(fl] - UaE(O,l][Ca’ C}q] c [’)/C’ﬂC]'

Let (s,,1,) be a solution of system (3.16) with the initial conditions (s_;,7_;) = (y—;,-;) for j =
0,1,..., p where y_; and B_; are given

[L(l’

_j7

R ] € Ugeo[L7 . RT] C [y_;. -1 for j = —p,—p + 1,...,0. (3.18)

Then, from (3.16) and (3.17) it folows that

5. AoLe
sz A o T e (3.19)

p = )
Be+pBcllti B+ CY[[R?
i=0 i=0

AIMS Mathematics Volume 8, Issue 3, 6309-6322.
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and Bat AR
f = il R i SR 5 (3.20)

p - P
)/B+’)/CITOS_Z' B;Y+C?110lel

Hence, by induction, we get s, < L and R < 1, for n € N. Assume that A} < B} for all @ € (0, 1],
then it follows that y4 < 8z and 84 < yp. From (2) of Theorem 3.2, the solution (s, #,,) of system (3.15)
is bounded and persistent, which is the solution (z,,) of (1.5). This completes the proof of (1).

(2) Suppose that there exists an @ € (0, 1] such that BY < A?. If AT = ay, AY = a,, Bf = b, B = by,
LY =x,and R} =y, forn = —s,—s+ 1, ..., then we can apply (1) of (2) in Corollary 3.1 to system (3.2)
(We can use (ii) of (2) in Corollary 3.1, too). If there exists an @ € (0, 1] such that B* < A? and
Xj € (0, V1= p) and y; € ( V1 -q, oo) for j = —s,—s+ 1,...,0, then there exist solutions (x,, y,) of
system (3.13) where @ = a with initial conditions (x_;,y_;) for j = 0,1, ..., s such that

lim x, = 0 and limy, = co. (3.21)

n—oo n—00

Moreover, if x_; <y_; (j=0,1,...,5), we can find z_; € R} such that

[z;1 = [L},R}] for a € (0, 1] (3.22)

and ~ o
2" = [L5,RS] = [x;, y,] (3.23)
for j = —s,—s + 1,...,0. Let (z,) be a positive solution of (1.5) with the initial conditions z_;

(j=0,1,...,5) and [z,]* = [L],R}] for @ € (0, 1]. Since (3.22) and (3.23) hold and (L, R}}) satisfies
system (3.2), we have

[2a]" = [Ly, R}] = [Xu, Yl (3.24)
Therefore, from (3.21), (3.24) and since
llzall = sup maX{L;f . |Ry } > max{L;,7 , R‘;} =R"
@€(0,1]

where sup is taken for all @ € (0, 1], it is clear that solution (z,) is unbounded. This completes the proof
of (2). O

Theorem 3.4. If A} < By for all @ € (0, 1], then every positive solution (z,) of (1.5) converges to 0 as
n — oo.

Proof. Let (z,) be a positive solution of (1.5) such that (3.3) holds with A} < Bf for all @ € (0, 1].
Then, we can apply (3) of Theorem 3.2 to system (3.2). So, we get

lim L? = lim R” = 0. (3.25)

n—o00 n—oo

Therefore, from (3.25), we get

L -0

b

1111_r)130 D(z,,0) = lim ( sup {max{

=00 \qe(0,1]

RY - 0|}}) = 0.

This completes the proof. m|

AIMS Mathematics Volume 8, Issue 3, 6309-6322.
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4. Numerical examples

In this section, to verify obtained results, we give two numerical examples for s = 3 with
different values of A, B, C where the initial conditions z_3, z_», 7_1, Zo are satisfied

b

a0 {4@“,015x30a
-3 = A~y
0.6 <x <1,

2 2

5-5
S 06<x<,

21 02<x<0.6,
Zoa(x) =

“4.1)
_ ﬂ;,OQSSxSQB,
z-1(x) = (.75 < x < 1.25,
5x—2.5’ 0.5<x<0.9,
Z0(x) =

2
83 09<x<13.

From (4.1), we get

— | 2a+04 4.4-2«a
[Z—3]a - [ 4 4 ]a

(221" = |24, 532

[Z—]]a — [204+1, 5—42&] ,
a — |2a+2.50 6.50-2«

[&]—[—?—fﬁT%

for all @ € [0, 1].

Example 4.1. Consider Eq (1.5) where the initial conditions are satisfied (4.1) and A, B, C are satisfied

Ao -1 025<x<05,

~ | 3-4x, 05<x<0.75,
x—1, 1<x<2,

B_{3—m 2<x<3, 2

C_{2x—L 05<x<1,
3-2x, 1<x<1.5.

Then, from (4.2), we get [A]" = [%2, 3], [BI* = [a+ 1,3~ 0] and [C) = |%*, 32| for all
a € (0, 1]. By Theorem 3.1, there exists a unique solution. Since A} < By for all @ € [0, 1], then by
case (1) in Theorem 3.3, the positive solution (z,) of fuzzy difference Eq (1.5) is bounded and persistent
and by Theorem 3.4, it converges to 0 as n — oo. For a; = 0.2 and a, = 0.8, the a—cuts of the solution
LY and R are depicted in Figures 1 and 2, respectively.

AIMS Mathematics Volume 8, Issue 3, 6309-6322.
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Example 4.2.

Then, from (4.3), we get [A]" = [a +2,4 - o], [B]* = [, 32| and [C]®

L(n) R(n)

10 20 30 40 50
n

Figure 1. a-cuts of the solution for @ = 0.2, in Example 4.1.

L(n) R(n)

L

10 20 30

n

40 50

Figure 2. a-cuts of the solution for @ = 0.8, in Example 4.1.

Consider Eq (1.5) where the initial conditions are satisfied (4.1) and A, B, C are satisfied

|
-
|

x—2, 2<x<3,
4—-x, 3<x<4,

4x -1, 025<x<0.5,

3—4x, 05<x<0.75, “@.3)
x—1, 1<x<2,
3—x, 2<x<3.

[+ 1,3 — a] for all

4074

a € (0, 1]. By Theorem 3.1 there exists a unique positive solution. For any a € [0, 1], we have AT > BY.

So, by case (2) in Theorem 3.3, the corresponding fuzzy difference equation has unbounded solutions.
For ay = 0.2 and a, = 0.8, the a-cuts of the solution L and R, are depicted in Figures 3 and 4,

respectively.

AIMS Mathematics
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L(n) R(n)

3.x 10"

2% 10"

{L(n),R(n)

1.x10'

-

10 20 30 40 50
n

Figure 3. a-cuts of the solution for @ = 0.2, in Example 4.2.

L(n) R(n)

4.x 10"

3.x 10"

2.x 10"

{L(n),R(n)}
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Figure 4. a-cuts of the solution for @ = 0.8, in Example 4.2.

5. Conclusions

In this study, we investigated behavior of the fuzzy difference equation z,,,; = Az,—;/(B + C [ z4-1)-
i=0

We have shown that, under certain conditions, the positive solutions of this equation converge to zero.
We have also considered the case where the solutions are unbounded. Finally, we have supported our
theoretical results via two numerical examples. This study extends the results in the references [8, 10].
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